Appendix A

Solving Some Auxiliary Optimization
Problems

A.1 Newton’s Method for Univariate Minimization
Let us show that Newton’s Method is very efficient in finding the maximal root of
increasing convex univariate functions. Consider a univariate function f such that
f (τ∗ ) = 0,

f (τ ) > 0, for τ > τ∗ ,

(A.1.1)

and it is convex for τ ≥ τ∗ . Let us choose τ0 > τ∗ . Consider the following Newton
process:
τk+1 = τk −

f (τk )
gk ,

(A.1.2)

where gk ∈ ∂f (τk ). Thus, we do not assume f to be differentiable for τ ≥ τ∗ .
Theorem A.1.1 Method (A.1.2) is well defined. For any k ≥ 0 we have
f (τk+1 )gk+1 ≤ 14 f (τk )gk .
Thus, f (xk ) ≤

 k
1
2

(A.1.3)

g0 (τ0 − τ∗ ).

Proof Let fk = f (τk ). Let us assume that fk > 0 for all k ≥ 0. Since f is convex
for τ ≥ τ∗ , 0 = f (τ∗ ) ≥ fk + gk (τ∗ − τk ). Thus,
gk (τk − τ∗ ) ≥ fk > 0.

(A.1.4)

This means that gk > 0 and τk+1 ∈ [τ∗ , τk ). In particular, we conclude that
τk − τ∗ ≤ τ0 − τ∗ .
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Further, for any k ≥ 0 we have:
fk ≥ fk+1 + gk+1 (τk − τk+1 )
+ ggk+1
≥2
Thus, 1 ≥ ffk+1
k
k
for τ ≥ τ∗ , we have
g0

(A.1.4)

≥

(A.1.5)

≥





fk+1 gk+1
fk gk ,

f0 g0 (A.1.3)
≥
τ0 −τ∗

2k

(A.1.2)

=

fk+1 +

fk gk+1
gk .

and this is (A.1.3). Finally, since f is convex



fk gk (A.1.4)
≥
τ0 −τ∗


2k

k
2k τ0f−τ
.
∗

fk2
(τ0 −τ∗ )(τk −τ∗ )




Thus, we have seen that method (A.1.2) has linear rate of convergence, which does
not depend on the particular properties of the function f . Let us show that in a
non-degenerate situation this method has local quadratic convergence.
Theorem A.1.2 Let a convex function f be twice differentiable. Assume that it
satisfies the conditions (A.1.1) and its second derivative increases for τ ≥ τ∗ . Then
for any k ≥ 0 we have
f (τk+1 ) ≤

f  (τk )
2(f  (τk ))2

· f 2 (τk ).

(A.1.6)

If the root τ∗ is non-degenerate:
f  (τ∗ ) > 0,
then f (τk+1 ) ≤

f  (τ0 )
2(f  (τ∗ ))2

(A.1.7)

· f 2 (τk ).

Proof In view of conditions of the theorem, f  (τ ) ≤ f  (τk ) for all τ ∈ [τk+1 , τk ].
Therefore,
f (τk+1 )

≤

f (τk ) + f  (τk )(τk+1 − τk ) + 12 f  (τk )(τk+1 − τk )2

2
(A.1.2) 1 
= 2 f (τk ) (ff (τ(τk))) 2 .
k

To prove the last statement, it remains to note that f  (τk ) ≤ f  (τ0 ) and f  (τk ) ≥
f  (τ∗ ). 
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A.2 Barrier Projection onto a Simplex
In the case K = Rn+ , we can take
F (x) = −

n


ln x (i) ,

ν = n.

i=1

Consider P̂ = {x ∈ Rn+ : ēn , x = 1}. Then, at each iteration of method (7.3.14)
we need to solve the following problem:
def

φ ∗ = max



x

s, x +

n

i=1

ln x (i) :

n

i=1


x (i) = 1 .

(A.2.1)

Let us show that its complexity does not depend on the size of particular data (that
is, the coefficients of the vector s ∈ Rn ).
Consider the following Lagrangian:
L (x, λ) = s, x +

n

i=1

ln x (i) + λ · 1 −

n


x (i) ,

i=1

x ∈ Rn , λ ∈ R.

The dual function



n

def
φ(λ) = max L (x, λ) :
x (i) = 1 = L (x(λ), λ)
x

i=1

is defined by the vector x(λ) : x (i) (λ) =

1
,
λ−s (i)

i = 1, . . . , n. Thus,

n

ln λ − s (i) ,
φ(λ) = −n + λ −
i=1


φ∗ = min φ(λ) : λ > max s (i) .
λ

(A.2.2)

1≤i≤n

Note that φ(·) is a standard self-concordant function. Therefore we can apply
to its minimization the intermediate Newton’s Method (5.2.1), Item C), which
converges quadratically starting from any λ from the region
Q(s) = {λ : 4(φ  (λ))2 ≤ φ  (λ)}
(see Theorem 5.2.2). Let us show that the complexity of finding a starting point from
this set does not depend on the initial data.
n

1
Consider the function ψ(λ) = −φ  (λ) =
− 1. Clearly, the probλ−s (i)
i=1

lem (A.2.2) is equivalent to finding the largest root λ∗ of the equation
ψ(λ) = 0.

(A.2.3)
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Let λ0 = 1 + max s (i) . Then ψ(λ0 ) ≥ 0 and therefore λ0 ≤ λ∗ . Consider the
1≤i≤n

following process:
ψ(λk )
ψ  (λk ) ,

λk+1 = λk −

k ≥ 0.

(A.2.4)

This is a standard Newton’s method for solving the Eq. (A.2.3), which can be also
interpreted as a Newton’s method for the minimization problem (A.2.2).
 k
1
φ  (λk ).
Lemma A.2.1 For any k ≥ 0 we have (φ  (λk ))2 ≤ n7 · 16
Proof Note that function ψ is decreasing and strictly convex. Therefore, for any
k ≥ 0 we have
ψ  (λk ) < 0 ,

λk < λk+1 < λ∗ ,

ψ(λk ) > 0.

Since ψ(λk ) ≥ ψ(λk+1 ) + ψ  (λk+1 )(λk − λk+1 ) = ψ(λk+1 ) +
we obtain1

ψ  (λk+1 )
ψ(λk+1 )ψ  (λk+1 )
k+1 )
1 ≥ ψ(λ
+
≥
2
ψ(λk )
ψ  (λk )
ψ(λk )ψ  (λk ) .

ψ  (λk+1 )
ψ  (λk ) ψ(λk ),

Thus, for any k ≥ 0 we get
 k

φ  (λk ) · |φ  (λk )| ≤

1
4

φ  (λ0 ) · |φ  (λ0 )|.

(A.2.5)

Further, in view of the choice of λ0 we have
|φ  (λ0 )| = ψ(λ0 ) =
φ  (λ0 ) =
Finally, since 0 ≤ ψ(λk ) =

n

i=1
n


i=1

n

i=1

1
(λ0 −s (i) )2

1
λk −s (i)

φ  (λk ) =

1
λ0 −s (i)

− 1 < n − 1,

≤ n.

− 1, we conclude that

n

i=1

1
(λk −s (i) )2

≥

1
n.

1 We use the same arguments as in the proof of Theorem A.1.1, but for a decreasing univariate
function.
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Using these bounds in (A.2.5), we obtain
1

φ  (λ

(φ  (λk ))2 ≤
k)

 k
1
16

(φ  (λ0 ))2 (φ  (λ0 ))2
(φ  (λk ))3

≤

 k
1
16

· n7 .




Comparing the statement of Lemma A.2.1 with the definition of Q(s), we
conclude that the process (A.2.4) arrives at the region of quadratic convergence at
most after

1
(A.2.6)
4 (2 + 7 log2 n)
iterations. Each such iteration takes O(n) arithmetic operations.
A similar technique can be used for finding the barrier projection in the cone of
positive-semidefinite matrices:
max{ S, X + ln det X : In , X = 1}.
X

The most straightforward strategy consists in finding an eigenvalue decomposition
of the matrix S and solving the problem (A.2.1) with s being the spectrum of the
matrix. In a more efficient strategy, we transform S into tri-diagonal form by an
orthogonal transformation, compute its maximal eigenvalue and apply the Newton’s
method to the corresponding dual function.

Bibliographical Comments

In the past few decades, numerical methods for Convex Optimization have become
widely studied in the monographic literature. The reader interested in engineering
applications can benefit from the introductory exposition by Polyak [55], excellent course by Boyd and Vandenberghe [6], and lecture notes by Ben-Tal and
Nemirovski [5]. Mathematical aspects are described in detail in the older lectures
by A. Nemirovski (see [33] for the Internet version) and in the original versions
of the theory for Interior-Point Methods by Renegar [57], Roos et al. [59], and Ye
[63]. Recent theoretical highlights can be found in the monographs by Beck [3]
and Bubeck [7]. In our book, we have tried to be more balanced, combining the
comprehensive mathematical theory with many examples of practical applications,
sometimes supported by numerical experiments.

Chapter 1: Nonlinear Optimization
Section 1.1 The complexity theory for black-box optimization schemes was developed in [34], where the reader can find different examples of resisting oracles and
lower complexity bounds similar to that of Theorem 1.1.2.
Sections 1.2 and 1.3 There exist several classical monographs [11, 12, 30, 53]
treating different aspects of Nonlinear Optimization. For understanding Sequential
Unconstrained Minimization, the best source is still [14]. Some facts in Sect. 1.3,
related to conditions for zero duality gap, are probably new.
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Chapter 2: Smooth Convex Optimization
Section 2.1 The original lower complexity bounds for smooth convex and strongly
convex functions can be found in [34]. The proof used in this section was first
published in [39].
Section 2.2 Gradient mapping was introduced in [34]. The first optimal method for
smooth and strongly convex functions was proposed in [35]. The constrained variant
of this scheme is taken from [37]. However, the framework of estimating sequences
was suggested for the first time in [39]. A discussion of different approaches for
generating points with small norm of the gradient can be found in [48].
Section 2.3 Optimal methods for discrete minimax problems were developed in
[37]. The approach of Sect. 2.3.5 was first described in [39].

Chapter 3: Nonsmooth Convex Optimization
Section 3.1 A comprehensive treatment of different topics of Convex Analysis can
be found in [24]. However, the classical monograph [58] is still very useful.
Section 3.2 Lower complexity bounds for nonsmooth minimization problems can
be found in [34]. The framework of Sect. 3.2.2 was suggested in [36]. For detailed
bibliographical comments on the early history of Nonsmooth Minimization see [55,
56].
Section 3.3 The example of a difficult function for Kelley’s method is taken from
[34]. The presentation of the Level Method in this section is close to [28].

Chapter 4: Second-Order Methods
Section 4.1 Starting from the seminal papers of Bennet [4] and Kantorovich [26],
Newton’s Method became an important tool for numerous applied problems. In
the last 50 years, the number of different suggestions for improving the scheme is
extremely large (see, for example, [11, 12, 15, 21, 29, 31]). The reader can consult
an exhaustive bibliography in [11].
Most probably, the natural idea of using cubic regularization to improve the
stability of the Newton scheme was first analyzed in [22]. However, the author
was very sceptical about the complexity of solving the auxiliary minimization
problem in the case of nonconvex quadratic approximation (and indeed, it can
have an exponential number of local minima). As a result, this paper was never
published. Twenty five years later, in an independent paper [52] this idea was
checked again, and it was shown that this problem is solvable by standard techniques
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of Linear Algebra. The authors also developed global worst-case complexity
bounds for different problem classes. This paper forms the basis of Sect. 4.1. The
interested reader can also consult the complementary approach [8, 9], where cubic
regularization is coupled with a line search along the gradient direction. However,
note that this feature, though improving somewhat the numerical stability, forces
the algorithm to stop at saddle points. A historical exposition of the development in
this field with recent results, including lower complexity bounds for gradient norm
minimization, can be found in [10].
Section 4.2 This section is based on the paper [45].
Section 4.3 This section is based on very recent and partially unpublished results.
The first lower complexity bounds for second-order methods were obtained in [2].
At the same time,
 one
 of the second-order schemes in [32] achieves the rate of
1
convergence Õ k 7/2
, which is optimal. However, each iteration of this method
needs an expensive search procedure based on additional calls of oracle. So, its
practical efficiency is questionable.
In our presentation, we use a simpler derivation of the lower complexity bounds
and a simpler conceptual version of the “optimal” second-order scheme, based on
iteration of the Cubic Newton Method.
Section 4.4 Methods for solving systems of nonlinear equations have attracted a lot
of attention (see [11, 12, 53, 54]). However, we have not been able to find any global
worst-case efficiency estimates for them in the literature. Our presentation follows
the paper [43].

Chapter 5: Polynomial-Time Interior-Point Methods
This chapter contains an adaptation of the main concepts from [51]. We added
several useful inequalities and a slightly simplified presentation of the path-following scheme. We refer the reader to [5] for numerous applications of interior-point
methods, and to [57, 59, 62] and [63] for a detailed treatment of different theoretical
aspects.
Section 5.1 In this section, we introduce the definition of a self-concordant function
and study its properties. As compared with Section 4.1 in [39], we add Fenchel
duality and the Implicit Function Theorem. The main novelty is an explicit treatment
of the constant of self-concordance. However, most of the material can be found in
[51].
Section 5.2 In this new section, we analyze different methods for minimizing selfconcordant functions. We propose a new step-size rule for the Newton scheme
(intermediate step), which gives better constants for the path-following approach.
Complexity estimates for a path-following scheme, as applied to a self-concordant
function, were obtained only recently [13].
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Section 5.3 In this section we study the properties of a self-concordant barrier and
give the complexity analysis for the path-following method. This is an adaptation of
Section 4.2 in [39].
Section 5.4 In this section, we give examples of self-concordant barriers and related
applications. This is an extension of Section 4.3 in [39] by the results of [49].

Chapter 6: The Primal-Dual Model of an Objective Function
This is the first attempt at presenting in the monographic literature the fast primaldual gradient methods based on an explicit minimax model of the objective function.
In the first three sections we present different aspects of the smoothing technique,
following the papers [40, 41], and [42]. It seems that the Fast Gradient Method in
the form of the Method of Similar Triangles (6.1.19) was published for the first time
only recently (see [20]).
The last Sect. 6.4 is devoted to the new analysis of the old Conditional Gradient
Method (or, the Frank–Wolfe algorithm [16, 18, 19, 23, 25]). Our presentation
follows the paper [50], which is close in spirit to [17].

Chapter 7: Optimization in Relative Scale
The presentation in this new chapter is based on the papers [44, 46], and [47].
Some examples of application were analyzed in [5], however, from the viewpoint of
the applicability of Interior-Point Methods. Algorithms for computing the rounding
ellipsoids are studied in [1, 27, 61], and in the recent book [60]. Constant quality
of semidefinite relaxation for Boolean quadratic maximization with general matrix
was proved in [38]. The material of Sect. 7.4 is new.
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linear, 19
local, 18
in p -norms, 417
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analytic, 224
self-concordant, 369
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Black box concept, 9
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Cholesky factorization, 327
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lower bounds, 12
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Computational effort, 9
Computational stability
for entropy function, 445
Condition number, 77
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normal, 177
positive semidefinite matrices, 395
second-order, 393
tangent, 178
Conjugate directions, 47
Constant step scheme
minimax problem, 125
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smooth convex functions, 93
smooth strongly convex functions, 94
unconstrained, 92
Constrained minimization schemes, 132
Contraction mapping, 33
Convex
combination, 141
differentiable function, 61
function, 140
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Cubic power function, 274
Cutting plane scheme, 218
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second-order methods, 281
Euclidean projection, 109
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condition, 448
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Fast gradient method, 431
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Function
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β-compatible with self-concordant barrier,
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closed and convex, 143
conjugate, 349, 424
convex, 140
nonlinear transformation, 259
smooth approximation, 425
strictly positive, 561
with degree of homogeneity one, 173, 499
Fenchel dual, 164, 349, 424
for entropy, 438
gradient dominated, 255
growth measure, 199
logarithmically homogeneous, 392
objective, 4
smooth approximation, 429
positively homogeneous, 173
self-concordant, 330
star-convex, 252
strongly convex, 74
growth property, 105
lower complexity bounds, 212
uniformly convex, 274
growth condition, 277
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General iterative scheme, 8
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Gradient, 19, 271
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Hessian, 469
Hyperplane
separating, 160
supporting, 160

Inequality
Cauchy–Schwarz, 20, 66, 273, 437
Jensen, 141
von Neumann, 463
Infinity norm, 146
Informational set, 8
Inner product, 4
standard, 328

Kelley’s method, 226
Krylov subspace, 46

Lagrange
dual problem, 51
function, 51
multipliers, 183
Lagrangian, 51, 107
dual problem, 108
relaxation, 50
Level set, 19, 101, 143, 243
Levenberg–Marquardt regularization, 242
Linear operator
adjoint, 271, 306
dual non-degeneracy, 306
norm, 273, 426, 437, 439, 467, 501
positive semidefinite, 272
primal non-degeneracy, 306
of rank one, 273
self-adjoint, 272
Linear optimization oracle
composite form, 468
Lipschitz condition
function, 10

Index
gradient, 24, 66, 430
of smooth approximation, 425, 429, 448
Hessian, 243, 268, 273, 328, 329, 364
cubic power function, 277
high-order derivative, 278
Jacobian, 308
Local decrease of Gauss–Newton model, 310
Localization set, 200
Local norm, 541
dual, 344
primal, 337
Logarithmic barrier
for ellipsoid, 332
for level set of self-concordant function,
335
for ray, 331, 370
for second-order region, 370
standard, 392
Making decisions in uncertain environment,
555
Matrix
positive definite, 21
positive semidefinite, 20
Maximal eigenvalue
entropy smoothing, 465
of symmetric matrix, 466
Max-type function, 118
Measure of
local optimality, 246
Method of
analytic centers, 224
barrier functions, 57
centers of gravity, 220
conditional gradients
with composite objective, 470
with contraction, 475
conjugate gradient, 46, 49
ellipsoids, 222
fast gradient, 88
Gauss–Newton
modified, 309
standard, 306
gradient, 28, 80, 114
inscribed ellipsoids, 224
optimal, 14, 32, 88
path-following, 381
penalty functions, 55
primal-dual, 191, 479
quasi-Newton, 42
similar triangles, 431

587
trust regions, 242
composite form with contraction, 483
uniform grid, 10
variable metric, 42, 44
volumetric centers, 225
Minimax
principle, 50
strategies for matrix games, 436
theorem, 156, 189
Minimax problem, 117
gradient method, 123
optimal method, 126
Minimum
global, 5
local, 5
Minkowski function, 151
Mixed accuracy, 567
Model of
convex function, 226
linear, 192
minimization problem, 7
barrier, 327, 378
functional, 10
objective function, 427

Newton’s method
affine invariance, 329
cubic regularization, 247, 249, 299
accelerated, 284
backtracking strategy, 267
optimal conceptual version, 300
damped, 37, 242, 348, 353
intermediate, 353
standard, 36, 242, 328, 353
Newton system, 36
No-gap property, 193
Non-degenerate
global minimum, 253
saddle point, 248
sum of squares, 256
Norm
dual, 65, 273, 306, 492, 500, 513
Euclidean, 19
Frobenius, 395, 506
1 , 146
p , 146, 408, 461
p -matrix, 462
∞ , 10, 146
self-dual, 66
squared p -matrix, 464

588
Optimality condition
composite form, 176
constrained problem, 105
first-order, 20, 61
with equalities, 21
minimax problem, 118
nonsmooth convex problem, 167, 179
second-order, 22
Optimality measure
first-order, 476
second-order, 484
Oracle
first-order, 10
local black box, 9
resisting, 12, 13, 215
second-order, 10
zero-order, 10
Parameter of
centering, 359, 379
self-concordant barrier, 369
smoothing, 429
uniform convexity, 274
Partial minimization of convex function, 187
Penalty
function, 54
for set, 54
Performance
on a problem, 7
on a problem class, 7
Piece-wise linear optimization, 443
Polar set, 390
Polynomial methods, 224
Portfolio management, 559
Positive orthant, 391
Problem
adjoint form, 427
of approximation in p -norms, 417, 418
of composite optimization, 430
of conic unconstrained optimization, 491
constrained, 4
of continuous location, 439
feasible, 5
general, 4
of geometric optimization, 416
of integer optimization, 6
linearly constrained, 4
of linear optimization, 4, 391
nonsmooth, 4
NP-hard, 15
quadratically constrained quadratic, 4, 393
of quadratic optimization, 4
of semidefinite optimization, 396

Index
of separable optimization, 415
smooth, 4
strictly feasible, 5
unconstrained, 4
unsolvable, 14
Production processes with full cycle, 559
Prox-function, 430, 447
definition, 429
entropy distance, 437
Euclidean distance, 436, 501

Quasi-Newton
method
Broyden–Fletcher–Goldfarb–Shanno,
45
Davidon–Fletcher–Powell, 45
rank-one correction, 45
for strictly positive functions, 564
rule1, 44

Rate of convergence, 31
gradient method, 35
linear, 40
Newton’s method, 39
quadratic, 40
sublinear, 39
Recession direction, 390
Region of quadratic convergence
disance to optimum, 328
function value, 288
norm of the gradient, 288
Regularization technique, 292
Relative accuracy, 490, 568
for bilinear matrix games, 532
for fractional covering problem, 551
for linear optimization, 504
for maximal concurrent flow problem, 552
for maximizing positive concave function,
548
for minimax problems with nonnegative
component, 553
for minimizing maximal absolute values,
527
for minimizing the spectral radius, 506, 535
for semidefinite relaxation of boolean
quadratic problems, 554
for truss topology design, 509
Relaxation, 18
sequence, 18
Restarting strategy, 49

Index
Rounding ellipsoids
for centrally symmetric sets, 513
for general convex sets, 519
for sign-invariant sets, 523
Scalar product, 272
Frobenius, 461, 506
standard, 4, 328, 461
Self-concordant
barrier
for cone of positive semidefinite
matrices, 397
definition, 369
for epigraph of entropy function, 408
for epigraph of p-norm, 408
for epigraph of self-concordant barrier,
372
for geometric mean, 412
for hypograph of exponent of
self-concordant barrier, 413
for level set of self-concordant function,
372
logarithmically homogeneous, 392
for Lorentz cone, 393
for matrix epigraph of inverse matrix,
414
for power cone, 406
function
barrier property, 335
definition, 330
local rate of convergence, 355
necessary and sufficient conditions, 342
non-degeneracy of Hessian, 338
standard, 330
Sequential quadratic optimization, 128
Sequential unconstrained minimization, 50
Set
convex, 61
feasible, 4
basic, 4
sign-invariant, 523
Singular value
minimal, 306
Slater condition, 5, 56, 182
linear equality constraints, 185
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Solution
approximate, 8, 69, 77, 195
global, 5
local, 5
Standard
minimization problem, 367
simplex, 171
Stationary point, 21
Step-size strategy, 28
Armijo rule, 28
full relaxation, 28
Strong separation, 160
Structural constraints, 5
Subdifferential, 162
constrained, 162
Subgradient, 162
Subgradient method
for finding Lagrange multipliers, 207
functional constraints, 205
for relative accuracy, 496
restarting strategy, 498
simple set, 202
Support function, 151
Supporting vector, 161
Theorem
Euler, 173
on implicit self-concordant barrier, 374
John
general convex sets, 522
for symmetric sets, 518
Karush–Kuhn–Tucker, 182
on recession direction, 348
von Neuman, 189
Third directional derivative, 329
Total variation of linear model, 476
Uniform dual non-degeneracy, 314
Unit ball, 146
Univariate convex function, 150, 153, 167,
345, 470, 571
Variational inequalities with linear operator,
440

