Appendix A

A.1 Solutions for the infinite domains

Asymptotic technique based on a small parameter characterizing certain dimensions
of the domain is one of the most frequently used approaches in mechanics. As a rule,
application of this technique implies that the sufficiently large domain is substituted
by an infinite or semi-infinite region, which substantially simplifies the solution
of the problem at hand. However, the following difficulty occurs in this approach;
namely, the uniqueness of the solution may disappear if the finiteness of the integral
of energy cannot be ensured, see [1]. Therefore, the problem of selection of the
required solution arises. In such situation, the procedure of the regularization of the
solution can be used. This approach is described below by an example of bending
of a circular plate with a central circular hole. The plate is subject to the uniformly
distributed load, and the boundary of the hole is free of load.

After obtaining the particular solution of the non-homogeneous equation, with
the nonzero right side, it is possible to turn to the boundary value problem for the
homogeneous equation with non-homogeneous boundary conditions. If the radius R
of the hole is small in comparison with the dimensions of the plate, then in the first
approximation, it is possible to consider a problem of bending of the infinite plane
with a circular hole instead of the original problem for a plate. This problem can be
formulated in the polar coordinate system as follows:

Aw =0, (A.1)
— -2 -1 -3 -2
LiWI=Wpp+ P " Woppe+ P Wop =20 " Wep—p W, (A2)
+ 1=y (pizw,ptpw - :073W,</7</>) = Fi(p) on p =R,
Lywl=w,, +v (p_zw,W — ,o_lw,p) = F(p) on p=R. (A.3)
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Let us represent the right sides of boundary conditions (A.2) and (A.3) in the form
of Fourier series

Fi(9) = fo+ D_(facosng + f,sinng),
- (A.4)
F(p) =¥ + Z(l/fn cosng + Y, sinng).

n=1

Then, the solution of boundary value problem (A.1)—(A.3) can be obtained as the
sum w = wy + w; of the solutions of the following two boundary value problems:

AiWQ = 0, (AS)

Li[wo]l = fo on p=R, (A.6)

Ly[wo] =40 on p=R, (A7)

Aiwl = 0, (AS)

Li[w] =Z(fncosn<p+f’n sinng) on p =R, (A.9)
n=1

Ly[wil =Y (Yucosng + ¥/, sinng) on p=R. (A.10)

n=1

Solution of boundary value problem (A.5)—(A.7) is not unique. In order to select
the required unique solution, a fictitious elastic foundation with the coefficient k is
introduced and the following problem of symmetrical bending of a plane with the
circular hole on this foundation is considered:

DA?wy = —kwy, (A.11)
Li[wo]l= fo on p=R, (A.12)
Ly[wol=vo on p=R. (A.13)

Solution of the problem (A.11)—(A.13) can be written as follows [2]:
wo = C1BerZ + CaBeiZ + C3KerZ + C4Kei Z, (A.14)

where Z = p+/k/D, and BerZ, BeiZ, KerZ, KeiZ are the Kelvin functions.
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Functions BerZ and BeiZ grow unlimitedly with an increase of argument [3].
Therefore, taking into account decaying condition at infinity, we obtain C; = C, = 0,
and therefore, Eq. (A.14) yields

wo = C3KerZ 4+ C4KeiZ. (A.15)

Using asymptotic expressions for the functions KerZ and KeiZ for the small
values of argument Z [3], and retaining only first terms for k — 0, we obtain the
following solution of boundary value problem (A.5)—(A.7):

wo =C111n,0+C22,021n,0, where Cy, Cy = const. (A.16)

The solution of boundary value problem (A.8)—(A.10) can be obtained easily. Note
that solution of the problem of bending of plane with the hole leaves the discrepancy in
the boundary conditions on the outer boundary of the plate, which can be compensated
by the solution of boundary value problem for the original domain without hole.

A.2 Bending plate. Formulae for the coefficients
of the Eqgs. 7.68, 7.71, 7.72,7.73

Coefficients of Eqgs. 7.68 and 7.72

Ca00 = (Wo.xx + Wo,yy) C200.  Baoa = (Wo.xx — Wo,yy) Baoas

n / / o
Drpy = (W().xx - Wo,yy) Dryp, B'21a =0, Bop=wo.B o,

’ Y 57y

D'y = woxyD 2p, Boip = (Wo,xx - WO,yy) B>y,

_ ) _,
D1y = (Woxx — Woyy) D212, B'aia = woxy B 212, (A17)
— , — .
Bois = (Wo.ex + Wo,yy) Bata,  D'212 = oy D 212,

Y /
D14 = (Wo,xx + Wo,yy) Data, D'214 =0,
Byi6 = (Wo,xx — Wo,yy) Baies  Date = (Wo.xx — Wo,yy) D2t

’ Y ’ —
B'216 = woxyB 216, D216 = Wo xy D 216.
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Coefficients of Eq. (A.17)

Cao = (1+v)[2(1 =] 'R*, Bapp =B —v)[123 + )]
Dyp=(1—-v)[43+w] 'R

Doy =— (64 17v) 3 +v) "B

Appendix A

+(5v7 =30 —4) [(1 =G+ )] 'R Do + G =BG+ ) 7' RY,

Bop =—45(1—v)[23 + U)Rz]_IEQQZ
— (11 = =13) 2B + V)] "Daga — (1 = v)(3 +v) ' R?,

Baw = —2Baiy, By = —2Baiy, Doy = —2Dan,
Bos = 2 —1)[5(1 = =13v)] ' R*Ca00, B'216 = 2Bass,
Doy = (1 —v) [3(1 = =13v)] 7' R*Copo,

5/212 = —2Dy15, D216 = 2Dyse,

Big = (61 +4v) [21(3 + v)] ' R*Ba

— (10v* + 17v — 53) [63(1 — V)3 + V)] ' R*Dopy
—G=30[R2I3B+v]"!

Dy =—7(1—v)[103 +v)]"'R*Bap»

+ S +)[303 + )] ' R*Dagy — (1 = v) [5G + )] 'R,
Coefficients of Eq. 7.71 and 7.72, see also Eq. A.22

(21)

(1) 1)

21 — 21 o 21 ral

AEL ) = Woxy A, B,(, )= Woxy B, ", Cr(l )= woxyCp s
. —@) ” —(22) 2 7

D,(Z ) = woxyD, 7, A}(1 ) = WoyA, s Bfg )= Woxy B,
27 —(22) 22 —((22)

Cr(l ) = wo.xyCp s Dr(l ' =wp oDy

(31)

—GD
AE?I) - (WO,xxx + WO,xyy)An

1 —(31)
C(3 ) = (WO,yyy + WO,yxx)C

32 —(32)
A( ) = (WO xxx T Wo, xvy)A
—(32)

C,(,32) = (WO yyy T Wo, Vxx)c

, B(31) = (WO yyy 1+ Wo, vxx)B

3 i
D( )= = (Wo,xxx + Wo, xyy)D

32 (32)
B( ) = (WO yyy T Wo, yxx)B

)

D G2 _ (32)

)

(WO xxx T Wo XV_))D

(A.18)

(A.19)
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Appendix A 319
Coefficients of Eq. A.19, see also Eq. A.24

=D

22
A, |:(2smhnn + nwcoshnr) KMV — coshnrrK,E'3)i| (4sinh2nn)_],
nim

— 3a
Bflm = |:(—sinhnn + acoshnn) K\
nmw

a _
— (—sinhnn + acoshnn) a2K,(ll4)] (4sinh2nn) 1,
niw

raa [a> K" — k(1] (4sinh2nn)_l,

n

- niw
He _ ( K13 _ K,EH)) (4sinhnm) ™",
ni

n n

122 _ 7Ch @2 —(21) ~22) _ ~Ch /02 /@b
Af(’l )=An ’ Bl(l )=Bn ’ Cls )=Cl‘l ’ Dlg ):Dn N

— , —
c’ 311 = \Wo,yyy — 3W0,yxx) C 311, D 311 = (WO,yyy - 3WO,yxx) D 311,

B313 = (Woxxx + WO,xyy) B33, D3;3 = (WO,xxx + WO,xyy) D33,

(A.20)
Coefficients of Eq. (A.20)
(11 3 2 2,1 nwé
K, =—4D [ £&(a”+&°) cos —=d§,
a
K\ =4Da"" / £ — £ + 69 cos 2o g,
a
_ ~ (A.21)
K1 = —8D/E(a2 —362)(a® +£2) " cos @ds,
a
a
K, =24Da”" / £ — 607 + £9)(@ + ) cos ",
a
D= 5/202 + 815/212-
Remaining coefficients of Eq. 7.72
Ci01 = (WO,xxx + Wo.xyy) Cso1, Do = (Wo,xxx + WO,xyy) D301,
C'301 = (Wo.yyy + Wo,yxx) Cs01, Do = (Wo.yyy + Wo,yxx) D'so1,
Bioz = (Wo,xxx — 3Wo.xyy) B30s: D3z = (Wo,xxx — 3W0,xyy) D303,
B'303 = (Wo,yyy — 3Wo,yxx) B3, D'z = (Wo,yyy — 3W0,yxx) D303, (A22)
Cs11 = (Woxrx — 3Woxyy) Ca11s - D3t = (Woxwx — 3Wo,xyy) Dait, '

—_ / el
B'313 = (Woxxx + W().xy_v) B33, Dij3i3= (WO,yyy + WO,yxx) D 3i3.
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Coefficients of Eq. (A.22)

C301 = (0% +4v = 5)[8(1 — v)] "' R?Ca0

+ (L +1)(6— W[4 — )]~ 'R*In RD»go

+ (1312 =320 — 109)[24(1 — v)] "' R*Dagg

+ 15+ 708 Bogy — (v +v — D[4 — )] R* Dy
— (5= +w3201 — )] 'R,

D301 = -G+ 147 Cagp — 2 — )27 RZIn RDagg
F13(1 =127 R2Dagp — 7(1 — )R " Bago
— @4 =27 "Dogy + (5 — )16~ 1R2,

B3z = —(? 4 18v — 19)[24(1 — )3 + v)] "' R®Boo
— 2= v+ D)B6(1 — )G+ 'R Dygy — (1 — —51)[288(3 + )]~ RO

Doz = —(7+ )43 + )" B
+ (4463 + )1 R¥ Do + (1 — v)[48(3 + )1 R,

Ta11 = —9(65 + 49v)(16R2) ™ B3gs
+ 37102 4320 — 129)[16(1 — v)] "' D303
—3(1+ )3 = W[8(1 — )] ' Baga — (13v2 — v — 20)[8(1 — v)]~ ' R? Dy
+ 15+ T8 Bapn — 2 +v — DA — )] 'RZDn — 3(1 + )16~ RY,

Diit = 441(1 — )BRY ™ Bsos + 36312 — T10(8RY) ' Dios
—0.75(1 + V)R ZBag — 0.25(20 — 13v) Dago
— (1= v)R 2By — 0.5(4 — v)Day2 + 0.375(1 — v)R2,

B31z = —(49 + 750)[48(3 + )]~ R?301 — [2(11u2 +530—84) — (1 — v)(I — =5v) In R]
x [144(1 — )3 + )] R* D31 + (1992 — 53v 4+ 92)[72(1 — v)3 + )]~ R*Cago
+ [590u2 + 18350 + 819 — 18(3v2 — 120+ I)In R] [48(1 — v)(3 + v)] ' RODygo
+10(7 — 31)[48(3 + V)]~ RZBygy — (5317 — 17v — 64)[72(1 — v)(3 + )] ' R* Dy
— (7 + 180 — 19241 = v)B + V)] R¥Bojz — (v — v + D[36(1 — 1) (3 + )]~
X R¥Da1o + 94 190)[123 + )]~ ' Bayg — 2307 = 28v — 3)[72(1 — )3 + v)] !

x RZDy1a — (5 — v)(1 — —5v)[144(1 — v)(3 + )] RO,

D313 = —33(1 - )[243 + )]~ '301 — [6 — 4v + (1 — v) In RI[24(3 + v)] ' R? D3
— 2 =[2G+ W] 'RZCa0 + [639v2 +226+18(1 —v) In R] 23 + ]~ R*Dago
—5(1 = )[4G 4+ )]~ "Baga + 8 = TW[123 + )]~ R*Dyga

— T+ WAG+WI " By + @+ )63+ )] R?Dypp

—1_ _
+31 - v)[2(3 + u)Rz] Bota + 3G = [4G + 0] 'Dajs + 5 — 243 + )]~ RY,

—/ = —/ = —/ — —/ —
B 303 = —B303, B313=-B313, C301 =C31, C311=C3py,

— —_ — — — =S — —
D 301 = D301, D303 = —D303, D311 =D311, D313 =-D3i3.
(A.23)
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Remaining coefficients of Eq. (A.19)

An _An ’ Bn _Bn 4
11 11 12 12 13 13 14 14
(K1 & LUV, K12 o 02 k09 o 03 g(9 o p o)

= —(31
AE,SZ) =A( )

= —(21 — —(21
e = b =B,

n

-G

= — (31 —(31
B =B E) a1

~(32) _ HG2) _
n n Cn _Cn ’ Dn _Dn ’

LY = / {(a®> + &%) [In (a* + &%) — 11/3] Daoo

—2((12 + %‘2)716301 —In (a2 + 52) 5301 } COS ?d%‘,

LU = / {ZE [In (a® + &) — 8/3] Do + 4£ (a® + 52)726/301

—2&(a”® + 52)_15/301} cos ?d&

a

LY = / [2[20%(a* + 67" + 31 (a® + €) — 8] Do +4 (36> — @?)

—a

x (a* + 52)736301 —2(38* +a?) (a* + 52)725301 } cos %dé,

a

L =4 [ [¢ (68 - @) (@ +£) D

— 126 (£ —a®) (a® + &2)_46/301 +28°(a® + 52)_35/301] cos ?d%ﬂ
(A.24)
Coefficients of Eq. 7.73

1
A=1+ W // [3Fl»7771 + ‘)Fl,éé + szff —(2—-3v) Fz,g,m] dédn,
k
o

1 1
B=1+ _|Q*| // [F3’§5 + Fypp + 41)F5!§,] + 5 [Fﬁqggg + F70m
k
Q

— (2= =3) (Foepy + Frpe) |} d&dn,
: " _
Fi = 2 (Cao + NDooo) In N + MN~" (BaoN~" + Do)

+ & [MN_I (EzlzN_l +5212) + LN (Esz_l +5214)
+ MKN~ (BN~ + Daig)]
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1 — — _
F = 5 {—%‘N (InN — 11/3) Dygo — 81$N73 (D214T + D216HN72)
+ 26N~ (C301 +&1C311) + £ In N (D301 + &1 D311)
+ ESN™' [— (D202 + &1D212) + 2N~ (B3os + 1 B313)
+2N " (D303 + 515313)]}
31 31) @
+ Z [(A sinh ! + D, ncosh ) cos —

n=1

nw nw
+ (Am)smh 7 + Dy(fz)ECOSh—g) cos —ni| ,
a a a

= —(3+U) [ (2()0+ND200) 1nN+81LN (_214N ~|—D214):|

- z B =) {MN"' (BooN~" + Do) + &1 [MN™' (B2nN~" + Da2)
+MKN7 (B2i6N~" + Das) |} .

1
= —(3+V) [ (200+ND2()()) 1nN+81LN (_214N +D214)]

+ 5 3-v) {MN_l (EzozN_l +5202) + &1 [MN—l (§2121\’_1 +5212)
+MKN7 (BygN ™" + Do)}

=QN! {EIZOZN_I +Dhn+e [E/zlzN_l +D\Hn
+2MN™ (5/2141\1_] +5/214) + PN (§/216N_] +5/216):|}

1
— A(21)smh B(Zl)cosh
+ 2 nzz; [ a + a

nw nw nw nw
+C®psinh 2 4 Dfl)ncosh—n) cos 175 + (Affz)sinh—S
a a

a a
nmw
+ B,(lzz)cosh—‘g
a

b1 i i
+ C,(,22)3;‘sinhE + D,(,zz)fcoshu) cos ui| ,
a a a

1 — _
Fe = 3 {=6N (InN —11/3) Dy — el N (D21uT — 3Dy HN?)

+ 26N (Cao1 — 361C311) + EIn N (D301 — 3e1D311)
+ESN™' [3Dap — 815212 —2N7?(3B303 — £1B313) — 2N ™' (3D303 — £1D313) ]}
nré&

(31)smh D(Sl) co sh—n) cos ——
B[ )

+ (Affz)sinh—’mE + D,(fz)écosh—nng) cos _nnn:| ;
a a a
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1 — _ _

Fr; = 3 {=nN (InN — 11/3) Dygo — £16 N> (D214Ty — 3D216H1N ?)
+ 29N~ (C301 — 361C311) + nIn N (5/301 - 3815/311)
+ SN~ [35202 — &1 Dy +2N 72 (35/303 - 815/313)

+2N7! (35/303 - 815/313)]] + Z [(Bff”coshmt—77 + Cff')nsinhnn—n)
1 a a

cos nz§ + (B,(fz)coshﬁ + sz)ésinhﬁ) cos @} : (A.25)
a a a a



324

Appendix A

A.3 Plane problem. Formulae for the coefficients entering

Egs. 7.172, 7.173, 7.180, 7.186

Az00 = A200(x, ¥),  C200 = (Po,xx + Po,yy) C200, Ca00 = —0.5R?,
Bz = (Po,yy — Po.xx) Bao2, Baoz = —0.25R%,
Daoy = (Po,yy — Poxx) D202, Dooz = 0.5R%, By = (I)O,xyE,ZOZ
B2 = 0.5R*, D'y = ¢0,xy5/202s D'ap = —R2,
Baiz = (®o,yy — Po,xx) B212, Bapp = —0.5R*, Dypp = (@0,yy — o,xx) D212,
Dai; =0.5R?*, By = d)o,x;f/z]z, Bon = —R*,
D'yn = cDO,xyB/ZlL Dn=R% Boa= (Po.xx + Po.yy) B214,
B4 =0.5RS, Doy = (Po.xx + Po,yy) D21s, Doig = —0.5R%,
B'y14=D"214 =0, Bais = (Po,yy — Poxx) B2t6. Bais = —0.5R8,
D16 = (Po,yy — Po.xx) D216, Daio = 0.5R®, B'216 = (DO,XyE/ZlG»
B =R, D= ¢’0,xy5/2167 D'y16 = —RC,
C301 = (Po,xxx + Po,xyy) Ca01, Cao1 = —0.25R%,
C'301 = (Po,yyy + CDO,xxy)f/SOIv
C'301 = —0.25R*, Dso1 = D'301 =0, Bio3 = (@o,xxx — 3P0,xyy) B303.
B3z = '/12R®, D3z = (®o,xxx — 3P0.xyy) D303, D3z = —0.25R*,
B'303 = (Po,yyy — 3<I)0,xxy)§/3037 B33 = /1R,
D'303 = (Po,yyy — 3P0,xxy) D'303, D303 = 0.25R%,
G311 = D311 = C'311 = D311 =0,
B313 = (Poxxx + Po.xyy) B313, B3z = —0.25R",
B'313 = (@, yyy + <D0,xxy)§/313a

— (D

B33 =025R%, D33 =D'33=0, AP) =) ,,4,,

—(1) =(1)
Brgzl) = (<I>o$xx + q)OJ')’) By, + ((DO,,V)' - QO-XX) By,

=) =0 —=()
Cr(lZI) = (‘DOM + q)O»y.v) Coy + (q)O,.vy - q)O,XX) Cops Dr(LZI) = Po,xy D5, .

2
Al = [(ZSinh(mT) + ncosh(nm)) Ko — “—cosh(nn)?gf)] (4sinh?(n)) ",
nmw

BY = [i (3sinh(n7r) + ncosh(nr)) Ko — “— (sinh(nrr)
nm nmw
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+ncosh(nm) Ky, | (dsh?(nm)) ',
o) = ( e Kéf)) (4sinh(n))~",
DY) = ( e EK;;D) (4sinh(n))~",

=0 _ =0 o _w (a2 T sy 1D
BZn = B2n’ 2n T 2n> K2n (_)KZn ;K2n < K2n ’

KUV = _4ar? R2(1 77281)/5(51 +ey)? ?ds

—a

nré&

¢ —sl)/us(a%szflcosTds :

KOV = 8aR? | 3R* (1 — —281)/5 (€% —a®) (@® + 5" cos "Z—gdg
a —51)75(352 —a®) (@ + &%) cos ?ds ,

K, =aR? / @+ cos'”{;—sds,

) = —ar? | R2(1 +2sl)/ag (362 — a?) (a® + £2)° cos ”aﬁdg

—4(1+sl>/sz(a2+sz)‘2cos?ds ,

—a

a
ng” ZaRz/ (352 — az) (@® + $2)73 cos @dé,
a
—a
4 a
=(14) _
K,, =12aR*|R*(1+¢)) / (a* — 10a%E* + 56%) (a* + &%) > cos @ds
B a
nw§
—4(1+¢y) 5 (a +§) Tdi: ,
2 =)
AP = Aén)' B = (@o,ux + Po,yy) By + (®0.yy — Poxx) By -
_ =) —
C}EZZ) = (‘DO.xx + CDO,yy) C2n + (CDO,yy - q)O,XX) C2n ’ Dr(zzz) = Do,xy D;n)’
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-2 _ = 5@ w0 F® =D —2 0 =@ =0 =@ =@
A2n :AZn’ B2n = Doy 2n — P2n» 2n = 2n C2n =L D2n — “on>

—(1) —(1)
ADD = (Po.yyy + Poxxy) Az + (Po.yyy —3Porxy) Asy s

—m —)
B;§3l) = (CD(),xxx + (bO,xyy) B3n + (cD(),xxx - 3q)()‘.ryy) B3n >

—() —(1)
Cfl) = (q)OJxx + ¢0-x,v.v) C3, + (‘1)0%” - 3¢‘0M’,V) C3p

—(1) —(1)
Dr(fl) = ((DO.y.vy + q)O,XXy) Ds, + ((DO.y.vy - 3¢0,xw) Dy,

- _ =) =) _ =0 =0 _ @ =D
A3n :AZn’ BSn :BZn’ C3n = om> A3n :A3n’

=0 =m =0 Sy FO O om w50
B3n:B3n7 C3n:C3n’ D3n:D3n7 D3n:D2n’

—(11) —(11) —(12) —(12) —(13) —(13) —(14) —(14)
(KZn (_)K3n ’K2n (_>K3n 7K2n (_)KSn ’K2n (_)KSn )7

—an =0 a2 =12 _q3 =03 _qq =04
<K3n (_)K371 ’K3n (_)K.?n 7K3n (_)KSH > A 3n (_)KSn ’

a a
f(glnl) =0.5aR* / (@® + 3;‘2)_1 cos @dé + €1R2/ (a2 — 352) (@® + 3;“2)_3 cos @d«f ,
: a a
~a —a
a
—(11) _
K5, =0.5aR* / (a® —38%) (@® + &%) % cos ﬁdé
a
—a

a

- %R2/ (a? — 362) (> + £9) " cos "Z—Sds ,
Ky = —aR* /é(u2 +€%) 7 cos "Z—sdg - 681R2/g (@ = &) @ +£) " cos "Z—Sdé :

Tl = aR /g (3a> — 562) (@® + &%) cos ?ds

—a

—2R? /S (a® — &%) (@ + ’;‘2)74 cos @dg ,

a

a
K5 =ar* / (@ =3EM)(@® +£2) " cos —"Zé dt
—a

a

466, R? / (a* — 104262 + 56%) (a® + £2) " cos nE e |
a
a
a
—(13) _
Ky, =aR* / (a* — 26277 +216%) (@® + &%) " cos I e
a
_2R2/ (a* — 10a%& + 56%) (a + £2) " cos s e |
a

—a

a

2 —4 nmw

Ko = —12aR* /s(a2—52)<a2+sz) cos "7 ¢
—a
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561 R2 /s (3a* — 10428 + 3&*) (a® + &) cos ”ngs} ,
—(14)

K3, =12aR* {/é (3a* — 20287 + 9%) (a® + &%) cos 75 g
a

- ng /g (3a* — 10a%E* + 38%) (a* + £2) "% cos "sts} ,

A2 = (@0, + B0.y) A5 + (0 = 300.y) Ay, Ay =AY Ay, = Ay,
3(32) (‘DO.yyy + q’O,XXy) B3n (‘DO,yy.v - 3¢0»My) E;i) Bgi) = B;L)’ :;i) = :;L)’

(32) = (‘DO-)'yy + ‘I)O,xry) C3n (‘I’O-Avyy - 3‘1)0«”)') F;i) 6(2) = Z(iil) f;i) = :;1,)’
DGZ) = (@0 xxx + o, m) ijl) (cb(lxxx - 34)0,)@’)’) ﬁii) Déi) = Dgz)’ ﬁgi) = Eiln)

Coefficients of Eqgs. 7.180 and 7.186

C=1+ |Q*| // 3Fies + Fipy + 2(Fagge + Fagyy) | dEdn,

F=1+ ] // (Fage + Fayy + 4Fsen + Fogee + Foeny + Frp + Frpee) dédn,

Fi =0.5C00In N — MN~' (BopoN ™' + Dag) + &1 [-MN~" (BaiaN ™' + Dap2)
+ LN (B2iaN ™" + Daia) — MKN7 (BN~ +5216)]

oo

(1) niwn a1 = .. nmn nwé&

+ Z] [[(an — B2 ) coshT (CZn — Czn) nsth] cos —=
n=

—=(2) =2
+ [(B;i) B,, ) co sh@—i- (cgf —C,, ) Ssinh@] cos @] ,
a a
= 0.5&'51\]_l (5202 + 2B303N_2 + 25303N_1) + -‘;:63()|N_1
+ &1 [O.SSSNA (5212 + 2?313N72) — 0.5§N73 (5214T —5216HN72)]

[e°]

(1) nmn (1) ., nmn nmé&

+ Z { |:(B3n + B3n ) coshT + (C3n + C3n) nsth] cos —
n—=1

a

=2
+ [(Agi) + A3n) nh@ + (Dgi) + Dy, ) Scoshﬁ] cos 21 } ,
a a

=Copoln N+ MN~! (BgozNil —I—ﬁzoz) + & [M[\771 (§212N71 +5212)
+2LN 7 (B21aN ™" + Da1a) + MKN7 (B2igN ™" +5216)]

o0
+> [ [(232} + Bz,,) cosh 1 4 (20(213 + Ty ) nsinh@] cos
—r a a

a

327


http://dx.doi.org/10.1007/978-3-319-65786-8_7
http://dx.doi.org/10.1007/978-3-319-65786-8_7

328 Appendix A

[(ZBSB + BQ”) coshﬁ.g_ (ZC(;[) + CZn ) ésinh@] cos m] ,
a a

Fy=Cooln N — MN~! (§202N_l + Do) + &2 [—MN—l (EZIZN_I + D)
+2LN73 (E2|4N_1 +5214) — MKN~ @2161\/—1 +52|6)]

0 :(1) nmwn @ =M . nmn nw&
+Z{|:(282n - Zn) cosh7+(2C2n C,, nsth COST
_@ =@ nwé —@ = . nwé nmwn
+112B,, — an coshT—i— 2C,, —C2 Ssth cos — =
Fs= QN (E/zozN71 +5/202) + &2 [QN71 (§/212N71 +5/212)
- 1 1
+QPNS (3/216N_1 +D’216)]+ 0.52[(A§,jsmh 7 DY yeosh ) cos
n=1
nmw
+ (Agl)smh—S + ng)éc sh” 5) cos —n]
a

Fo=—0.56SN™! [5202 —D'ap + 6N~ (BapsN ™! +5303)] +£C30 N

3

+ €1 {—0~5:§5N_1 (5212 ~ D — 2§3|3N_2)

—O.SSN_3 [5214T + (5212 — 5,216) HN_z]}
oo
1) =) nmwn @ =M . nmn nmwé
+ ; { [(Bgn 3B3n) cosh— + (C3n -Cy, nsth cos — =

=) =2
+ [(Agi) 34,5, ) sinh@Jr (Déi) 3D;, ) Scosh@] cos m—n} ,
a ; a a

F; =059 N~ [5202 —D'y0 — 6N~ (§/303N_1 + 5/303)] +nC 3N~
+ &1 {— 0.578 N~ (5212 ~Dhn+ 2§/313N72)

—0.5pN "3 [5214T1 + (5212 - 5/216) H1N72]}
o0
(1) =(1) nmwn —(1) =(1) nmn nmwé&
+ ’; [ [(A3" 345, smh— + | D3, —3D;, ncoshT cos ——

=) =(2)
+ [(Bgi) 3B3, ) cosh@—l— (C%) 3C,, ) Esinh@] cos @] . (A.26)
a a a
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