APPENDIX

A

The Topology of Subsets
of Rn
In this appendix, we brieﬂy review some notions from topology that are used
throughout the book. The exposition is intended as a quick review for readers
with some previous exposure to these topics.
1. Open and Closed Sets and Limit Points
The natural distance function on Rn is deﬁned such that for all a, b ∈ Rn ,

dist(a, b) = |a − b| = a − b, a − b.
Its most important property is the triangle inequality:
Proposition A.1 (The Triangle Inequality).
For all a, b, c ∈ Rn ,
dist(a, c) ≤ dist(a, b) + dist(b, c).
Proof. The Schwarz inequality (Lemma 1.12) says that | v, w | ≤
|v||w| for all v, w ∈ Rn . Thus,
|v + w|2

= |v|2 + 2 v, w + |w|2
≤ |v|2 + 2|v| · |w| + |w|2 = (|v| + |w|)2 .
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So |v + w| ≤ |v| + |w|. Applying this inequality to the vectors pictured
in Fig. A.1 proves the triangle inequality.


Figure A.1. Proof of the triangle inequality
Topology begins with precise language for discussing whether a subset of
Euclidean space contains its boundary points. First, for p ∈ Rn and r > 0,
we denote the ball about p of radius r by
B(p, r) = {q ∈ Rn | dist(p, q) < r}.
In other words, B(p, r) contains all points closer than a distance r from p.
Definition A.2.
A point p ∈ Rn is called a boundary point of a subset S ⊂ Rn if
for all r > 0, the ball B(p, r) contains at least one point in S and at
least one point not in S. The collection of all boundary points of S is
called the boundary of S.
Sometimes, but not always, boundary points of S are contained in S.
For example, consider the “open upper half-plane”
H = {(x, y) ∈ R2 | y > 0},
and the “closed upper half-plane”
H = {(x, y) ∈ R2 | y ≥ 0}.
The x-axis, {(x, 0) | x ∈ R2 }, is the boundary of H and also of H. So H
contains none of its boundary points, while H contains all of its boundary
points. This distinction is so central that we introduce vocabulary for it:
Definition A.3.
Let S ⊂ Rn be a subset.
(1) S is called open if it contains none of its boundary points.
(2) S is called closed if it contains all of its boundary points.
In the previous example, H is open, while H is closed. If part of the
x-axis is adjoined to H (say the positive part), the result is neither closed
nor open, since it contains some of its boundary points but not all of them.
/ S} clearly have
A set S ⊂ Rn and its complement S c = {p ∈ Rn | p ∈
the same boundary. If S contains none of these common boundary points,
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then S c must contain all of them, and vice versa. So we learn a relationship
between a subset and its complement:
Lemma A.4.
A set S ⊂ Rn is closed if and only if its complement, S c , is open.
The following provides a useful alternative deﬁnition of “open”:
Lemma A.5.
A set S ⊂ Rn is open if and only if for all p ∈ S, there exists r > 0 such that
B(p, r) ⊂ S.
Proof. If S is not open, then it contains at least one of its boundary
points, and no ball about such a boundary point is contained in S. Conversely, suppose that there is a point p ∈ S such that no ball about p is
contained in S. Then p is a boundary point of S, so S is not open.

The proposition says that if you live in an open set, then so do all of your
suﬃciently close neighbors. How close is suﬃcient depends on how close you
live from the boundary. For example, the set
S = (0, ∞) ⊂ R
is open because for every x ∈ S, the ball B(x, x/2) = (x/2, 3x/2) lies inside
of S; see Fig. A.2. When x is close to 0, the radius of this ball is small.
Similarly, for every p ∈ Rn and r > 0, the ball B = B(p, r) is itself open,
lies in B by the
because about every q ∈ B, the ball of radius r−dist(p,q)
2
triangle inequality; see Fig. A.3.

Figure A.2. The set (0, ∞) ⊂ R is open because it contains
a ball about each of its points

Figure A.3. The set B(p, r) ⊂ Rn is open because it contains a ball about each of its points
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Lemma A.6.
The union of a collection of open sets is open. The intersection of a finite
collection of open sets is open. The intersection of a collection of closed sets
is closed. The union of a finite collection of closed sets is closed.
The collection of all open subsets of Rn is called the topology of Rn . It
is surprising how many important concepts are topological, that is, deﬁnable
purely in terms of the topology of Rn . For example, the notion of whether a
subset is closed is topological. The distance between points of Rn is not topological. The notion of convergence is topological by the second deﬁnition
below, although it may not initially seem so at ﬁrst:
Definition A.7.
An infinite sequence {p1 , p2 , . . .} of points of Rn is said to converge
to p ∈ Rn if either of the following equivalent conditions holds:
(1) limn→∞ dist(p, pn ) = 0.
(2) For every open set, U , containing p, there exists an integer
N such that pn ∈ U for all n > N (Fig. A.4).

Figure A.4. A convergent sequence is eventually inside of
every open set containing its limit

Definition A.8.
A point p ∈ Rn is called a limit point of a subset S ⊂ Rn if there
exists an infinite sequence of points of S that converges to p.
Every point p ∈ S is a limit point of S, as evidenced by the redundant
inﬁnite sequence {p, p, p, . . .}. Every point of the boundary of S is a limit
point of S as well. In fact, the collection of limit points of S equals the union
of S and the boundary of S. Therefore, a set S ⊂ Rn is closed if and only
if it contains all of its limit points, since this is the same as requiring it to
contain all of its boundary points.
It is possible to show that a sequence converges without knowing its limit,
just by showing that the terms get closer and closer to each other:
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Definition A.9.
An infinite sequence of points {p1 , p2 , . . .} in Rn is called a Cauchy
sequence if for every  > 0, there exists an integer N such that
dist(pi , pj ) <  for all i, j > N .
It is straightforward to prove that every convergent sequence is Cauchy.
A fundamental property of Euclidean space is the converse:
Proposition A.10.
Every Cauchy sequence in Rn converges to some point of Rn .
We end this section with an important relative notion of open and closed:
Definition A.11.
Let V ⊂ S ⊂ Rn be subsets.
(1) V is called open in S if there exists an open subset of Rn
whose intersection with S equals V.
(2) V is called closed in S if there exists a closed subset of Rn
whose intersection with S equals V.
For example, setting S 2 = {(x, y, z) ∈ R3 | x2 + y 2 + z 2 = 1}, notice
that the hemisphere {(x, y, z) ∈ S 2 | z > 0} is open in S 2 , because it is the
intersection with S 2 of the following open set: {(x, y, z) ∈ R3 | z > 0}.
It is straightforward to show that V is open in S if and only if {p ∈ S |
p∈
/ V } is closed in S. The following is a useful equivalent characterization
of “open in” and “closed in”:
Proposition A.12.
Let V ⊂ S ⊂ Rn be subsets.
(1) V is open in S if and only if for all p ∈ V, there exists r > 0
such that {q ∈ S | dist(p, q) < r} ⊂ V.
(2) V is closed in S if and only if every p ∈ S that is a limit
point of V is contained in V.
Part (1) says that if you live in a set that’s open in S, then so do all of
your suﬃciently close neighbors in S. Part (2) says that if you live in a set
that’s closed in S, then you contain all of your limit points that belong to S.
For example, the interval [0, 1) is neither open nor closed in R, but is open
in [0, 2] and is closed in (−1, 1).
Let p ∈ S ⊂ Rn . A neighborhood of p in S means a subset of S that
is open in S and contains p. For example, (1 − , 1 + ) is a neighborhood of
1 in (0, 2) for every  ∈ (0, 1]. Also, [0, ) is a neighborhood of 0 in [0, 1] for
every  ∈ (0, 1].
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The collection of all subsets of S that are open in S is called the topology
of S. It has many natural properties. For example, the relative version of
Lemma A.6 is true: the union of a collection of subsets of S that are open in
S is itself open in S, and similarly for the other statements.
In the remainder of this appendix, pay attention to which properties
of a set S are topological, that is, deﬁnable in terms of only the topology
of S. For example, the notion of a sequence of points of S converging to
p ∈ S is topological. Why? Because convergence means that the sequence is
eventually inside of any neighborhood of p in Rn ; this is the same as being
eventually inside of any neighborhood of p in S, which has only to do with
the topology of S. The idea is to forget about the ambient Rn , and regard S
as an independent object, with a topology and hence a notion of convergence.

2. Continuity
n1

n2

Let S1 ⊂ R and S2 ⊂ R . A function f : S1 → S2 is called continuous
if it maps nearby points to nearby points; more precisely:
Definition A.13.
A function f : S1 → S2 is called continuous if for every infinite
sequence {p1 , p2 , . . .} of points in S1 that converges to a point p ∈ S1 ,
the sequence {f (p1 ), f (p2 ), . . .} converges to f (p).
For example, the “step function” f : R → R deﬁned as

f (x) =

0
1

if x ≤ 0,
if x > 0,

is not continuous. Why? Because the sequence
{1/2, 1/3, 1/4, . . .}
in the domain of f converges to 0, but the sequence of images
{f (1/2) = 1, f (1/3) = 1, f (1/4) = 1, . . .}
converges to 1 rather than to f (0) = 0.
Notice that f is continuous if and only if it is continuous when regarded
as a function from S1 to Rn2 . It is nevertheless useful to forget about the
ambient Euclidean spaces, and regard S1 and S2 as independent objects.
This vantage point leads to the following beautiful, although less intuitive,
way to deﬁne continuity:
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Proposition A.14.
For a function f : S1 → S2 , the following are equivalent:
(1) f is continuous.
(2) For every set U that’s open in S2 , f −1 (U ) is open in S1 .
(3) For every set U that’s closed in S2 , f −1 (U ) is closed in S1 .
Here, f −1 (U ) denotes the set {p ∈ S1 | f (p) ∈ U }. The above step
function fails this continuity test, because


1 1
−1
f
− ,
= (−∞, 0],
2 2
which is not open in R.
It is now clear that continuity is a topological concept, since this alternative deﬁnition involved only the topologies of S1 and S2 .
Familiar functions from R to R, such as polynomial, rational, trigonometric, exponential, and logarithmic functions, are all continuous on their
domains. Furthermore, the composition of two continuous functions is continuous.
We next wish to describe what it means for S1 and S2 to be “topologically
the same.” There should be a bijection between them that pairs open sets
with open sets. More precisely:
Definition A.15.
A function f : S1 → S2 is called a homeomorphism if f is bijective
and continuous and f −1 is continuous. If such a function exists, then
S1 and S2 are said to be homeomorphic.

Figure A.5. Homeomorphic sets
Homeomorphic sets have the same “essential shape,” such as the two
subsets of R3 pictured in Fig. A.5. The hypothesis that f −1 is continuous is
necessary. To see this, consider the function f : [0, 2π) → S 1 ⊂ R2 deﬁned
as f (t) = (cos t, sin t). It is straightforward to check that f is continuous and
bijective, but f −1 is not continuous. (Why not?) We will see in Sect. 4 that
[0, 2π) is not homeomorphic to S 1 , since only the latter is compact.
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3. Connected and Path-Connected Sets
Definition A.16.
A subset S ⊂ Rn is called path-connected if for every pair p, q ∈ S,
there exists a continuous function f : [0, 1] → S with f (0) = p and
f (1) = q.
The terminology comes from visualizing the image of such a function f
as a path in S beginning at p and ending at q.
For example, the disk A = {(x, y) ∈ R2 | x2 + y 2 < 1} is path-connected,
since every pair p, q ∈ A can be connected by the straight line segment
between them, explicitly parametrized as
f (t) = p + t(q − p).
But the disjoint union of two disks,
B = {p ∈ R2 | dist(p, (−2, 0)) < 1 or dist(p, (2, 0)) < 1},
is not path-connected, because no continuous path exists between points in
diﬀerent disks; see Fig. A.6.

Figure A.6. A is path-connected, while B is not
In the non-path-connected example, the right disk is clopen (both open
and closed) in B, and therefore so is the left disk. In other words, B decomposes into the disjoint union of two subsets that are both clopen in B.
Definition A.17.
A set S ⊂ Rn is called connected if there is no subset of S (other
than all of S and the empty set) that is clopen in S (both open in S
and closed in S).
Such a separation of a path-connected set is impossible:
Proposition A.18.
Every path-connected set S ⊂ Rn is connected.
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Proof. We ﬁrst prove that the interval [0, 1] has no clopen subsets other
than itself and the empty set. Suppose A ⊂ [0, 1] is another such set. Let t
denote the inﬁmum of A. Since A is closed, t ∈ A. Since A is open, there
exists r > 0 such that all points of [0, 1] with distance < r from t lie in A.
This contradicts the fact that t is the inﬁmum of A unless t = 0. Therefore,
0 ∈ A. Since the complement, Ac , of A is also clopen, the same argument
proves that 0 ∈ Ac , which is impossible.
Next, let S ⊂ Rn be a path-connected set. Suppose that A ⊂ S is
a clopen subset. Suppose there exist points p, q ∈ S such that p ∈ A
and q ∈
/ A. Since S is path-connected, there exists a continuous function
f : [0, 1] → S with f (0) = p and f (1) = q. Then f −1 (A) is a clopen subset of
[0, 1] that contains 0 but not 1, contradicting the previous paragraph.

In practice, to prove that a property is true at all points of a connected
set, it is often convenient to prove that the set of points where the property
holds is nonempty, open, and closed. For example:
Proposition A.19.
If S ⊂ Rn is connected, and f : S → R is a continuous function that
attains only integer values, then f is constant.
Proof. Let y0 ∈ Z denote an integer value attained by f . The nonempty
set f −1 (y0 ) = {x ∈ S | f (x) = y0 } is closed in S because the singleton set
{y0 } is closed in R. It is also open in S because it equals f −1 (U ), where
U = y0 − 12 , y0 + 12 is a neighborhood of y0 in R that is small enough not
to include any other integers. Since S is connected, f −1 (y0 ) must equal all
of S, so f does not attain any other values.

Connectedness and path-connectedness are topological notions. In particular, If S1 ⊂ Rn1 and S2 ⊂ Rn2 are homeomorphic, then either both
are path-connected or neither is path-connected. Similarly, either both are
connected or neither is connected.
4. Compact Sets
The notion of compactness is fundamental to topology. We begin with
the most intuitive deﬁnition.
Definition A.20.
A subset S ⊂ Rn is called bounded if S ⊂ B(p, r) for some p ∈ Rn
and some r > 0. Further, S is called compact if it is closed and
bounded.
Compact sets are those that contain their limit points and lie in a ﬁnite
chunk of Euclidean space. Unfortunately, this deﬁnition is not topological,
since “bounded” cannot be deﬁned without referring to the distance function
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on Rn . In particular, boundedness is not preserved by homeomorphisms,
since the bounded set (0, 1) is homeomorphic to the unbounded set R. Nevertheless, compactness is a topological notion, as is shown by the following
alternative deﬁnition:
Definition A.21.
Let S ⊂ Rn .
(1) An open cover of S is a collection, O, of sets that are open
in S and whose union equals S.
(2) S is called compact if every open cover, O, of S has a finite
subcover, meaning a finite subcollection {U1 , . . ., Un } ⊂ O
whose union equals S.
The equivalence of our two deﬁnitions of compactness is called the Heine–
Borel theorem. The easy half of its proof goes like this: Suppose that S is
not bounded. Then the collection
{p ∈ S | dist(0, p) < k},
for k = 1, 2, 3, . . ., is an open cover of S with no ﬁnite subcover. Next suppose
that S is not closed, which means it is missing a limit point q ∈ Rn . Then
the collection {p ∈ S | dist(p, q) > 1/k}, for k = 1, 2, 3, . . ., is an open cover
of S with no ﬁnite subcover.
The other half of the proof is substantially more diﬃcult. We content
ourselves with a few examples.
The open interval (0, 1) ⊂ R is not compact because it is not closed, or
because
O = {(0, 1/2), (0, 2/3), (0, 3/4), (0, 4/5). . .}
is an open cover of (0, 1) that has no ﬁnite subcover.
The closed interval [0, 1] is compact because it is closed and bounded.
It is somewhat diﬃcult to prove directly that every open cover of [0, 1] has
a ﬁnite subcover; attempting to do so will increase your appreciation of the
Heine–Borel theorem.
Our second deﬁnition of compactness is topological. Therefore, if S1 ⊂
Rn1 and S2 ⊂ Rn2 are homeomorphic, then either both are compact or neither
is compact.
There is a third useful equivalent characterization of compactness, which
depends on the notion of subconvergence.
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Proposition and Definition A.22.
(1) An infinite sequence of points {p1 , p2 , p3 , . . .} in Rn is said
to subconverge to p ∈ Rn if there is an infinite subsequence
{pi1 , pi2 , pi3 , . . .} (with i1 < i2 < i3 < · · · ) that converges
to p.
(2) A subset S ⊂ Rn is compact if and only if every infinite
sequence of points in S subconverges to some p ∈ S.
For example, the sequence {1/2, 2/3, 3/4, . . .} in S = (0, 1) subconverges
only to 1 ∈
/ S, which gives another proof that (0, 1) is not compact. One
consequence of this “subconvergence” characterizations of compactness is the
following:
Proposition A.23.
If S ⊂ Rn is compact and O is an open cover of S, then there exists a
number δ > 0 (called the Lebesgue number of O) such that for any
pair of points in S separated by a distance < δ, there exists an open
sets from the collection O that contains both points.

Proof. Suppose to the contrary that there is no such number δ. Then
for each positive integer n, there exist points pn , qn ∈ S with dist(pn , qn ) < n1
that do not both belong to any member of O. The sequences {pn } and {qn }
must subconverge to points p, q ∈ S respectively, and it is straightforward
to show that p = q. Since O is an open cover, there exists U ∈ O such
that p ∈ U . Since U is open, both subsequences are eventually inside U ,
contradicting the fact that for every n, pn and qn do not both belong to any
single member of O.

The next proposition says that the continuous image of a compact set is
compact.
Proposition A.24.
Let S ⊂ Rn . Let f : S → Rm be continuous. If S is compact, then the
image, f (S), is compact.

Proof. The function f is also continuous when regarded as a function
from S to f (S). Let O be an open cover of f (S). Then f −1 (U ) is open in S for
every U ∈ O, so f −1 (O) := {f −1 (U ) | U ∈ O} is an open cover of S. Since S is
compact, there exists a ﬁnite subcover {f −1 (U1 ), . . ., f −1 (Uk )} of f −1 (O). It
is straightforward to check that {U1 , U2 , . . ., Uk } is a ﬁnite subcover of O. 
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Corollary A.25.
If S ⊂ Rn is compact and f : S → R is continuous, then f attains is
supremum and infimum.
The conclusion that f attains is supremum means two things. First, the
supremum of f (S) is ﬁnite (because f (S) is bounded). Second, there is a
point p ∈ S for which f (p) equals this supremum (because f (S) is closed).
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https://commons.wikimedia.org/wiki/File:Tissot mercator.png
• Chapter 4 title photo, page 194: used with permission of the Children’s
Museum of Virginia, Portsmouth, photographer: Jeﬀrey Ringer with Arengee
Branding,
https://plus.google.com/u/0/+ChildrensMuseumofVirginiaPortsmouth/
photos

IMAGE CREDITS

361

• Figure 4.14 (right), page 226: Dog looking at and listening to a phonograph,
Francis Barraud, 1895, public domain,
https://en.wikipedia.org/wiki/Horn loudspeaker#/media/
File:OriginalNipper.jpg
• Figure 4.19 (left), page 231: Photo personnelle destinée à illustrer l’article
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en:User:Krallja, Creative Commons License 3.0,
https://commons.wikimedia.org/wiki/File:Foucault pendulum at north
pole accurate.PNG
• Chapter 6 title photo: German banknote of the fourth series (since 1989/90),
public domain,
https://commons.wikimedia.org/wiki/File:10 DM Serie4 Vorderseite.jpg
• Figure 6.18 (left), page 344: Costa’s minimal surface, a three ended, complete embedded minimal surface. Rendered from a polygon mesh from the
Scientific Graphics Project at MSRI, Anders Sandberg, Creative Commons License 3.0,
https://commons.wikimedia.org/wiki/File:Costa%27s Minimal
Surface.png
• Figure 6.18 (right), page 344: Approximation of the Schwarz P minimal
surface generated using Ken Brakke’s Surface Evolver program, Anders
Sandberg, Creative Commons License 3.0,
https://commons.wikimedia.org/wiki/File:Schwarz P Surface.png
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acceleration function, 16
angle displacement, 283
angle function, 35, 63, 283
antipodal map, 53
arc length, 4
Archimedes’s theorem, 171
area, 161
area distortion, 147
inﬁnitesimal, 164
astroid, 8, 110
asymptotic, 212
atlas, 125
ball, 346
Bonnet’s theorem, 308
boundary component, 320
boundary point, 346
bounded, 353
Catalan’s surface, 235
catenary, 8
catenoid, 232
Cauchy sequence, 349
d-, 275
chain rule, 119
for surfaces, 146
Christoﬀel symbols, 289
circulation, 83
Clairaut’s Theorem, 251
closed in, 349
closed set, 346
compact, 353
complete surface, 276
component, 10
component functions, 2, 82, 113

cone, 137
conformal, 173
conjugate point, 315
connected, 352
conservation of energy, 88
conservative vector ﬁeld, 86
continuous, 350
convergence, 348
convex
curve, 72, 78
neighborhood, 265
surface, 217, 344
coordinate chart, 125
corner, 68
Costa surface, 344
covariant derivative, 280
critical point, 123, 146, 205
cross product, 41
curvature
Gaussian, 196
geodesic, 209
mean, 196
minimal, 168
normal, 206
of a curve, 26
signed, 33
curve, 2
parametrized, 2
piecewise-regular, 68
piecewise-regular in a surface, 298
regular, 5
in a surface, 141
simple closed, 21
cusp, 69, 300
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cycloid, 101, 103
generalized, 109
cylinder, 128
generalized, 136, 343
deformation, 228
deltoid curve, 8
derivative
of a curve, 3
of a function between Euclidean spaces,
116
of a function between surfaces, 143
diameter, 279, 308
diﬀeomorphic, 122
diﬀeomorphism, 122
local, 169
Dini’s surface, 227
directional derivative, 86, 115
distance circle, 271
distance function
intrinsic, 254
on Rn , 345
divergence, 94
edge, 327
interior/exterior, 328
ellipse, 72, 77, 101, 110
Enneper’s surface, 139, 182, 225, 235
envelope, 108
epicycloid, 110
epitrochoid, 8, 40
equiareal, 170
escape velocity, 96
Euclidean space, Rn , 1
Euler characteristic, 327
evolute, 30, 106
exponential map, 258
fake sphere, 222
Fary–Milnor theorem, 238
Fenchel’s theorem, 79, 237
Fermi coordinates, 295
ﬁrst fundamental form, 166
in local coordinates, 183
ﬂux, 94
Foucault’s pendulum, 284
four vertex theorem, 72
Frenet equations, 45
Frenet frame, 42
Gall–Peters map, 173
Gauss map, 196
Gauss’s lemma, 260
generalized, 317
Gauss’s Theorema Egregium, 269

Gauss–Bonnet theorem
for compact surfaces, 334
for small geodesic triangles, 297
global, 329
local, 321
genus, 334
geodesic, 248
equations, 290
variational characterization, 305
geodesic curvature, 248
geodesic triangle, 325
gnomonic projection, 181
gradient, 86, 160
Gram–Schmidt process, 16
gravitational force, 89
great circle, 79, 249
Green’s theorem, 91
ﬂux version, 95
hairy ball theorem, 339
height function, 76, 240
Heine–Borel theorem, 354
helicoid, 186, 225, 233
generalized, 226
helix, 2, 186, 250
Hessian, 124, 146, 205, 224
Hilbert’s theorem, 342
holonomy, 283, 298
homeomorphism, 351
homogeneity, 273
Hopf’s Umlaufsatz, 62
generalized, 69
Hopf–Rinow theorem, 277
hyperboloid, 134
hypocycloid, 110
index, 336, 337
inﬁnitesimal area distortion, 161
inﬁnitesimal circulation, 90
inner product, 9
interior angle, 71, 325
interval, 2
intrinsic, 167, 183, 184
covariant diﬀerentiation, 287
distance function, 254
Gaussian curvature, 269
geodesic curvature, 266
geodesics, 266
Jacobi ﬁelds, 318
minimal curvature is not, 168
volume is not, 169
inverse function theorem
for Euclidean space, 120
for surfaces, 143

INDEX

involute, 105
isometric, 167
isometry, 167
local, 169
isoperimetric inequality, 98
Jacobi equation, 312
Jacobi ﬁeld, 309
Jacobi’s theorem, 318, 332
Jacobian matrix, 117
Jordan curve theorem, 62
kinetic energy, 85
knotted, 238
Lambert projection, 173
latitude, 132
Lebesgue number, 355
lemniscate of Bernoulli, 8
level set, 134
limit point, 348
line integral, 83
line of curvature, 211, 224
Lissajous curve, 40
local coordinates, 127
locally isometric, 273
logarithmic spiral, 6, 15
longitude, 132
longitude problem, 101
loxodrome, 182
Möbius strip, 156, 188, 225
mean curvature, 196
ﬁeld, 230
ﬂow, 232
Mercator projection, 177
minimal surface, 231
conjugate pair, 235
minimizing, 255
property of geodesics, 263
monkey saddle, 217, 226, 275

of a plane in R3 , 149
of a simple closed curve, 62
of a surface, 153
orientation-preserving
diﬀeomorphism between surfaces, 155
linear transformation, 150
reparametrization, 20
orthogonal
matrix, 49
vectors, 9
orthonormal, 11
osculating circle, 30
osculating plane, 29
parallel, 9
parallel transport, 283, 298
partial derivative, 114
path-connected, 352
path-independent, 88
permutation matrix, 58
planimeter, 61, 97, 101
Plateau’s problem, 231
Poincaré’s theorem, 338
polygonal region, 161, 320
potential function, 86
preimage, 133
principal curvatures, 206
principal directions, 206
projection, 10, 12
pseudosphere, 225
twisted, 227
quadratic form, 203

norm, 4
normal coordinates, 260
normal ﬁeld, 152
normal neighborhood, 159, 259
normal polar coordinates, 260
normal section, 208
normal vector, 151

ray, 279
rectifying plane, 48
region, 320
regular region, 320
regular value, 133
reparametrization
of a closed curve, 22
of a curve, 19
Reuleaux triangle, 41
rhumb line, 182
rigid motion, 49
proper/improper, 52
rotation index, 37, 40
ruled parametrized surface, 140

open cover, 354
open in, 349
open set, 346
orientation
of a basis of Rn , 53
of a curve, 20, 24

Scherk’s surface, 235
Schwarz inequality, 9
Schwarz surface, 344
second fundamental form, 206
in local coordinates, 218
self-adjoint, 202
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signed angle, 68, 299
simple region, 329
singular point, 336
skew-symmetric matrix, 59
smooth
multivariable, 114
on an arbitrary set, 121
single variable, 2
south-pointing chariot, 38, 305
spanning disk, 238
speed, 4
sphere, S n , 26
spherical cap, 165
spherical coordinates, 129
stereographic projection, 175
subconvergence, 355
surface
of revolution, 131, 182, 186, 188, 221,
226, 251
generalized, 226
oriented/orientable, 153
parametrized, 135
regular, 125
ruled, 139
surface patch, 125
tangent developable, 138, 188, 225
tangent ﬁeld, 152
tangent plane, 141
tautochrone clock, 102
tautochrone curve, 102
tire tracks, 37, 303
topology, 348
toroidal spiral, 8
torsion, 43
torus, 138

INDEX

torus knot, 244
total curvature, 78
total geodesic curvature, 321
trace, 18
tractrix, 6, 225
transition map, 162
translation, 52
trefoil knot, 8
triangle, 327
triangle inequality, 254, 345
triangulation, 327
generalized, 333
tubular neighborhood, 66, 124, 238
twisted cubic, 8
twisted sphere, 227
umbilical point, 206
unit binormal vector, 42
unit normal vector, 27, 42
unit tangent vector, 27, 42
unknotted, 238
variation, 303
geodesic, 309
of arc length, 304, 306
vector ﬁeld
along a curve, 280
along a piecewise-regular curve, 298
on Rn , 82
on a surface, 152
parallel, 280
velocity function, 16
vertex, 72, 299
Weingarten map, 196
work, 83

