Appendices

These appendices are intended to provide a convenient reference for some prerequisite background material. Use only as needed!

Appendix A

Advanced Calculus

A.1 Differentiation in RN
Here we’ll review those parts of the theory of differentiation of vector-valued functions of several variables needed for our proof of the Brouwer Fixed-Point Theorem.
For more details see, e.g., [101, Chap. 9], [2, Chap. 6] or the freely available online
textbooks [110] and [118].
Definition and Basic Properties. We’ll think of RN as a space of column vectors,
with RN -valued functions on a subset V of RN to be thought of as column vectors
with each component a real-valued function on V . If V is an open subset of RN , to
say that a function f : V → RN is differentiable at a point x0 ∈ V means that there is
a linear transformation on RN (which we denote by f  (x0 )) such that
| f (x0 + h) − f (x0) − f  (x0 )h|
= 0.
h→0
|h|
lim

(A.1)

Suppose f is differentiable at x0 . Then it’s clear from the definition that f is continuous at x0 . Furthermore, upon letting h = te j where e j is the j-th standard basis
vector for RN (the vector with 1 in the j-th position and zeros elsewhere) and t is
real, we have from the definition above:
lim

t→0

f (x0 + te j ) − f (x0 )
= f  (x0 )e j .
t

f  (x

Thus
0 )e j , the j-th column of our matrix, is the partial derivative (∂ f /∂ x j )(x0 )
of the vector-valued function f with respect to the j-th variable. Consequently the
derivative f  (x0 ) is uniquely defined by (A.1), each coordinate function fi is differentiable at x0 , and with respect to the standard basis of RN the matrix of f  (x0 )
has:
• As its j-th column the partial derivative of f with respect to its j-th variable,
• As its i-th row the gradient of the coordinate function fi , and
• As its (i, j)-th element the partial derivative (∂ fi /∂ x j )(x0 ).
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There is a partial converse1:
Suppose f is an RN -valued function defined on a neighborhood V of a
point x0 ∈ RN , and that each partial derivative (∂ fi /∂ x j )(x0 ) exists (i, j =
1, 2, . . . , N) and is continuous on V . Then f is differentiable at x0 , and f  is
continuous on V .
Here the continuity of f  at a point x ∈ V can be interpreted in several equivalent
ways. Perhaps easiest is to demand for every vector h ∈ RN that f  (xk )h → f  (x)h
in RN whenever xk → x in V . Equivalently, we may, for x ∈ V , identify f  (x) with
its matrix with respect to the standard basis and demand that each matrix entry
2
be continuous on V , or equivalently that f  , viewed as a mapping V → RN , be
continuous.
The Chain Rule and Some Consequences
Theorem A.1 (The Chain Rule). Suppose f and g are RN -valued functions, with f
defined on a neighborhood of x0 ∈ RN and g defined on a neighborhood of f (x0 ).
If f is differentiable at x0 and g is differentiable at f (x0 ) then g ◦ f is differentiable
at x0 and (g ◦ f ) (x0 ) = g ( f (x0 )) f  (x0 ), where on the right-hand side we see a
composition of linear transformations.
The proof is almost identical with that of the one-variable case. For the details see
[101, Theorem 9.15, p. 214].
Theorem A.2 (The Mean-Value Inequality). Suppose f is an RN -valued function
defined on an open subset V of RN , that f ∈ C1 (V ), and that K is a compact, convex
subset of V . Then there exists a positive constant M such that
| f (y) − f (x)| ≤ M|y − x|
for every pair x, y of points of K.
Proof. Let M = maxx∈K  f  (x), where the norm of f  (x) is defined to be



 f (x) =

∑
i, j



2  12
∂ fi
(x)
,
∂xj

the norm that results when the matrix of f  (x) is viewed as a vector in RN .
Define γ : [0, 1] → RN by γ (t) = (1 −t)x +ty for 0 ≤ t ≤ 1. Thus γ (0) = x, γ (1) =
y, and γ  ≡ y − x. The convexity of K insures that γ ([0, 1]) ⊂ K, so g = f ◦ γ maps
[0, 1] into K, hence
2

1

See, e.g., [101, Theorem 9.21, p. 219].

A.2 Approximation by Smooth Functions
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| f (y) − f (x)| = |g(1) − g(0)| =  g (t) dt 
0
≤
≤

 1
0

 1
0

|g (t)| dt =

 1
0

| f  (γ (t)) γ  (t)| dt

| f  (γ (t))| |γ  (t)| dt ≤ M|y − x|

Some explanation is needed in the calculation above. In the first line the functions being integrated are RN -valued; the integrals are vectors obtained by integrating each coordinate of the integrand. In the second line the inequality obtained by
passing the norm through the integral sign is Exercise A.1 below, while the following equality comes from the Chain Rule. The first inequality in the third line
follows from our definition of matrix norm and the Cauchy–Schwarz inequality,
while the final inequality comes from the definition of the constant M and the fact
that γ  ≡ y − x.

 


Exercise A.1. Suppose h : [0, 1] → RN is continuous. Show that  01 h(t) dt  ≤ 01 |h(t)| dt.
Suggestion: For each vector x ∈ RN \{0} we have (trivially) that |x| = x, w where w =
Use this with x =

1
0

x
|x| .

h(t) dt, which can be assumed to be non-zero.

Theorem A.3 (The Inverse-Function Theorem). Suppose V is an open subset of
RN , x0 ∈ V , and f : V → RN is a C1 -map for which the derivative f  (x0 ) is invertible
(i.e., for which det f  (x0 ) = 0). Then there is a neighborhood of x0 upon which the
restriction of f is a homeomorphism with C1 inverse.
For the proof, see, e.g., [101, Theorem 9.24, p. 221].

A.2 Approximation by Smooth Functions
In Sect. 4.3 our proof of the Brouwer Fixed-Point Theorem required that continuous, real-valued functions on the unit ball B of RN be uniformly approximated by
functions having continuous derivatives. Here is a proof of this fact.
Suppose f : B → R is continuous. By Exercise A.2 below it’s enough to assume
that f extends to a function continuous on all of RN , with compact support.
The rest of the proof begins with a C1 “bump function.” Let ϕ be a non-negative
1
C function on RN supported in B, with ϕ = 1 (here unadorned integrals extend
2
over all of RN ). For example, take ϕ (x) to be vol(B)
cos2 ( π2 |x|) when |x| ≤ 1, and 0
when |x| > 1.
Now fix δ > 0 (to be later specified precisely) and set ϕδ (x) = δ −N ϕ (x/δ ).Then
ϕδ has the same properties as ϕ (C1 , non-negative, compact support, integral = 1),
but now its support lies in δ B = {x ∈ RN : |x| ≤ δ }. Define
g(x) =



f (t)ϕδ (x − t) dt

(x ∈ RN ),

(A.2)
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where the integral on the right (and all further integrals in this proof) are understood
[101, Theorem
to extend over all of RN . “Differentiation under the integral sign” (cf.

9.42, pp. 236–237]) shows that g is a C1 function on RN . Since ϕδ = 1 the same
is true of the t-integral of ϕδ (x − t), so we have for x ∈ K:

 



| f (x) − g(x)| =  [ f (x) − f (t)]ϕδ (x − t) dt  ≤ | f (x) − f (t)|ϕδ (x − t) dt (A.3)
In the estimate above the integrands are supported in the ball
Bx,δ := x + δ B = {t ∈ RN : |x − t| < δ }
so the integrals extend only over that ball, hence


| f (x) − f (t)|ϕδ (x − t) dt ≤ ω ( f , δ ) := max{| f (x) − f (t)| : x,t ∈ RN }.

(A.4)

Because f has compact support it is uniformly continuous on RN , so ω ( f , δ ) is
finite for each δ > 0 and → 0 as δ → 0. Thus for each x ∈ RN we obtain from the
estimates (A.3) and (A.4) above:
| f (x) − g(x)| ≤ ω ( f , δ )



ϕδ (x − t) dt = ω ( f , δ )

which, upon choosing δ so that ω ( f , δ ) < ε , insures that g provides the desired
uniform approximation to f , even on all of RN .
Exercise A.2. Show that: given f : B → R continuous and ε > 0, there exists a continuous,
compactly supported function f 0 on RN such that | f (x) − f 0(x)| < ε for every x ∈ B.
Suggestion: First show that for r > 1, but sufficiently close to 1, the function f 1 : x → f (x/r)
approximates f to within ε and is continuous on the ball rB. Next, create a function ψ ,
continuous on RN and supported on rB such that ψ ≡ 1 on B and ψ ≡ 0 off rB. Let f 0 = ψ f 1 .

A.3 Change-of-Variables in Integrals
Here is the fundamental result about changing variables in Riemann integration of
functions of several variables.
Theorem A.4 (The Change-of-Variable Theorem). Suppose ϕ is an RN -valued C1
mapping of an open subset of RN that contains a compact, connected subset K
whose boundary has volume zero. Suppose further that on K the mapping ϕ is oneto-one and that det ϕ  is never zero. Then for every continuous, real-valued function
f defined on ϕ (K):

ϕ (K)

f (y) dy =


K

f (ϕ (x))| det ϕ  (x)| dx

A.3 Change-of-Variables in Integrals
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The “volume-zero” condition in the hypotheses means that for every ε > 0 the
boundary of K can be covered by open “boxes” with sides parallel to the coordinate
axes (i.e., N-fold cartesian products of intervals), the sum of whose volumes is < ε .
This is precisely the condition needed to insure that every real-valued continuous
function on K is Riemann integrable.

Notes
Approximation by smooth functions. The integral defining the smooth approximation g in (A.2) is called the convolution of f and ϕδ , written g = f ∗ ϕδ . Exercise 9.5
also featured a convolution integral in the context of topological groups.
Regarding Exercise A.2. Thanks to the Tietze Extension Theorem (see, e.g., [102,
Sect. 20.4, p. 389]) the extension promised by this exercise exists with B replaced
by any compact subset of RN .
The change-of-variable formula. A proof of the theorem as stated above can be
found in many places, e.g., Apostol’s classic text [2, Theorem 10.30, p. 271], or
the textbooks of Shurman [110, Theorem 6.7.1, p. 313], and Trench [118, Theorem
7.3.8, p. 496], which are freely available online.
Some authors finesse the hypothesis of zero boundary-volume by demanding
that the function f have compact support and that the integrals on both sides of the
formula extend over all of RN ; see, e.g., [101, Theorem 10.9, p. 252] for this point
of view.

Appendix B

Compact Metric Spaces

We introduced the definition of metric space in Sect. 3.1, p. 27. In what follows we’ll
be working in a metric space (X, d), which we’ll usually just call “X”.
Notation. For a point x0 ∈ X, and a positive real number r, let B(x0 , r) denote the
open ball of radius r in X centered at x0 , i.e., B(x0 , r) = {x ∈ X : d(x, x0 ) < r}.

B.1 ε -Nets and Total Boundedness
Definition B.1 (ε -net). For ε > 0 and E ⊂ X, an ε -net is a finite subset F of X with
the property that E ⊂ c∈F B(c, ε ).
In other words: An ε -net is a finite subset F ⊂ X that is “ε -dense” in E in the
sense that each point of E lies within ε of some point of F.
Definition B.2. To say a subset E of a metric space is relatively compact means that
its closure is compact.
Proposition B.3. If a subset of a metric space is relatively compact then it has, for
every ε > 0, an ε -net.
Proof. Suppose E is a relatively compact subset of X, so that E, the closure of E in
X, is compact. Let ε > 0 be given. Each point of E lies within ε of some point of E,
i.e., the collection of balls {B(e, ε ) : e ∈ E} is an open cover of E, so by compactness
there is a finite subcover. The centers of the balls in this subcover form the desired
ε -net for E.
Definition B.4. To say a metric space is totally bounded means that it has an ε -net
for every ε > 0.
With this definition Proposition B.3 can be rephrased:
If a subset of a metric space is relatively compact then it is totally bounded.
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The converse of Corollary B.3 is not true in general. Example: the set of rationals
in the closed unit interval is closed in itself, not compact, but still totally bounded.
However, as the Exercise below shows, the converse does hold for complete metric
spaces.
Exercise B.1. In a complete metric space, if a subset is totally bounded, then it is relatively
compact.

Suggestion: Suppose our subset S is totally bounded, so that for each positive integer n
there is a 1/n-net Sn in S. Fix a sequence of elements in S; we wish to find a subsequence
that is convergent in the ambient metric space X. Show by a diagonal argument that there is
a subsequence of the original which, for each n, lies eventually within 1/n of some element
of Sn . Show that this subsequence is Cauchy, hence by completeness, convergent.

B.2 Continuous Functions on Compact Spaces
Definition B.5 (Partition of unity). For an n-tuple U = (U1 ,U2 , . . . Un ) of open
sets that cover a metric space X, a partition of unity subordinate to U is an n-tuple
(p1 , p2 , . . . pn ) of continuous functions X → [0, 1], the j-th one vanishing off U j , for
which the totality sums to 1 on X.
Proposition B.6. Every finite open cover of a compact metric space has a subordinate partition of unity.
Proof. As usual, denote our metric space by X, and its metric by d. Note that d : X ×
X → [0, ∞) is continuous, and—because of the compactness of X—bounded (this is
our only use of compactness here). Suppose U = (U1 ,U2 , . . . Un ) is our finite open
cover of X. Define d j : X → [0, ∞] by
d j (x) = dist (x, X\U j ) := inf d(x, ξ )
ξ ∈U
/ j

(x ∈ X)

The boundedness and continuity of d insures that d j is a continuous function X →
[0, ∞), and d j vanishes on U j (note that if we’re working with intervals of the real
line, then the graph of d j is a “tent” over U j ). Thus the collection of functions
p j :=

dj
n
∑k=1 dk

( j = 1, 2, . . . n)

is easily seen to have the desired properties (the denominator above never vanishes
because dk > 0 on Vk , and the Vk ’s cover X).
Proposition B.7 (Separability). If X is a compact metric space then both X and
C(X) are separable.

B.2 Continuous Functions on Compact Spaces
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Proof. To see that X is separable, for each positive integer n cover X by the collection of all open balls of radius 1/n; by compactness this open cover has a finite
subcover Bn . Let Sn be the collection of centers of the balls in Bn ; this is a finite
set with the property that each point of X lies within 1/n of one of its points. Thus
∪n Sn is a countable dense subset of X.
As for the separability of C(X), we know from Proposition B.6 that there is a
partition of unity Pn = {p1 , p2 , . . . , pN } on X subordinate to the covering Bn . The
countable dense subset of C(X) we seek is going to be the collection of rational
linear combinations of vectors in n Pn . To see why this is true, fix f ∈ C(X) and let
ε > 0 be given. Since f is continuous on the compact metric space G it is uniformly
continuous so there exists δ > 0 such that if x, y ∈ X with d(x, y) < δ then | f (x) −
f (y)| < ε . Choose a positive integer n > 1/δ and let x j be the center of the ball
U j ∈ Bn . Define g ∈ C(G) by g = ∑Nj=1 f (x j )p j . Then for x ∈ G



N


| f (x) − g(x)| =  ∑ [ f (x) − f (x j )]p j (x) ≤

 j=1

N

∑

| f (x) − f (x j )| p j (x) < ε ,

j=1

<ε on U j

≡0 off U j

i.e.,  f − g < ε . To finish the proof, go back to the linear combination defining g
and replace each coefficient f (x j ) by a rational number sufficiently close that the
new g still lies within ε of f in C(X).
Equicontinuity. Suppose X is a metric space with metric d. To say a subset E
of C(X) is equicontinuous means that: for every ε > 0 there exists δ > 0 (which
depends only on ε ) such that for x, y ∈ X:
d(x, y) < δ =⇒ | f (x) − f (y)| < ε

∀ f ∈ E.

Theorem B.8 (Arzela–Ascoli, 1883–1885). If X is a compact metric space then
every bounded, equicontinuous subset of C(X) is relatively compact.
Proof. Let X be a compact metric space and B a bounded, equicontinuous subset of
C(X). Suppose ( fn )∞
1 is a sequence in B. We desire to show that there is a subsequence that converges in C(X), i.e., uniformly on X.
To this end let S be a countable dense subset of X (which we know exists by
Proposition B.7) and enumerate its elements as (s1 , s2 , . . . ). The first order of business is to find a subsequence of ( fn ) that converges pointwise on S. This follows
from a standard diagonal argument. By the boundedness of B in C(I) the numerical sequence ( fn (s1 ))∞
n=1 is bounded, so by Bolzano-Weierstrass it has a convergent subsequence, which we’ll write using double subscripts: ( f1,n (s1 ))∞
n=1 . Now
the numerical sequence ( f1,n (s2 ))∞
is
bounded,
so
it
has
a
convergent
subsequence
n=1
∞
( f2,n (s2 ))∞
n=1 . Note that the sequence of functions ( f 2,n )n=1 , since it is a subsequence
∞
of ( f1,n )n=1 , converges at both s1 and s2 . Proceeding in this fashion we obtain a
countable collection of subsequences of our original sequence:
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f1,1 f1,2 f1,3 · · ·
f2,1 f2,2 f2,3 · · ·
f3,1
..
.

f3,2
..
.

f3,3 · · ·
.. . .
.
.

where the sequence in the nth row converges at the points s1 , . . . , sn , and each row
is a subsequence of the one above it. Thus the diagonal sequence ( fn,n ) is a subsequence of the original sequence ( fn ), and it converges at each point of S.
For simplicity of notation let gn = fn,n . Let ε > 0 be given, and choose δ > 0
by the equicontinuity of the set B to which these functions belong. Thus d(x, y) < δ
implies |gn (x) − gn (y)| < ε /3 for each x, y ∈ X and each positive integer n. Since
the sequence (gn ) converges at every point of S there exists for each s ∈ S a positive
integer N(s) such that
m, n > N(s) =⇒ |gn (s) − gm (s)| < ε /3.

(*)

The open balls in X with centers in S and radius δ cover X, so there is a finite
subcover with centers in a finite subset Sδ of S. Let N = max{N(s) : s ∈ Sδ }. Fix
x ∈ X. Then x lies within δ of some s ∈ Sδ , so if n, m > N:
|gn (x) − gm (x)| ≤ |gn (x) − gn(s)| + |gn (s) − gm (s)| + |gm (s) − gm (x)| .
The first and last terms on the right are < ε /3 by our choice of δ (which was possible
because of the equicontinuity of the original sequence), and the same estimate holds
for the middle term by our choice of N in (*). In summary: given ε > 0 we have
produced N so that for each x ∈ X,
m, n > N =⇒ |gn (x) − gm (x)| < ε /3 + ε /3 + ε /3 = ε .
Thus the subsequence (gn ) of ( fn ) is Cauchy in C(X), hence convergent there.

Notes
Arzela–Ascoli converse. If X is a compact metric space and B is a relatively compact subset of C(X) then B is bounded and equicontinuous (exercise).

Appendix C

Convex Sets and Normed Spaces

C.1 Convex Sets
Suppose V is a real vector space. In Sect. 1.6 we defined a subset C of V to be convex
provided that whenever x and y are points of C then so is tx + (1 − t)y for each real
number t with 0 ≤ t ≤ 1 (Definition 1.4, p. 10). The empty set is trivially convex, as
is every singleton. It’s an easy exercise to check that the intersection of a family of
convex sets is convex.
Definition C.1. A convex combination of vectors x1 , x2 , . . . , xN in V is a linear combination ∑Nj=1 λ j x j where (λ1 , λ2 , . . . , λN ) is an N-tuple of non-negative real numbers that sum to 1 (i.e., a vector the standard simplex ΠN of RN , introduced in
Sect. 1.7).
Proposition C.2. A subset of V is convex if and only if it contains every convex
combination of its vectors.
Proof. Since for 0 ≤ t ≤ 1 the sum tx + (1 − t)y is a convex combination of the
vectors x and y, a set that contains every convex combination of its vectors is surely
convex. Conversely, suppose C is a convex subset of V and x1 , x2 , . . . , xN ∈ C. Consider a convex combination x = ∑Nj=1 λ j x j of these vectors. To show: x ∈ C.
We’ll prove this by induction on N. It’s trivial for N = 1, and the case N = 2
follows from the definition of convexity. So suppose N > 2 and we know that every
convex combination of N − 1 vectors in C also belongs to C. Let t = ∑N−1
j=1 λ j so
that 0 ≤ t ≤ 1 and λN = 1 − t. Suppose t = 0 (else x = xN , so trivially x ∈ C). Then
x = ty+ (1 −t)xN where y = ∑N−1
j=1 (λ j /t)x j is a convex combination of N − 1 vectors
in C, hence belongs to C by our induction hypothesis. Thus x ∈ C.
Definition C.3 (Convex Hull). If S is a subset of V then the convex hull of S, denoted
convS, is the intersection of all the convex sets that contains S.
The collection of such convex sets contains V itself, so is nonempty, and we’ve
noted above that the intersection of convex sets is convex. Thus convS is the smallest
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convex subset of V that contains S. With this definition, Proposition C.2 can be
rephrased: A subset C of V is convex if and only if C = convC.
Proposition C.4. The convex hull of a subset S of V is the collection of all convex
combinations of vectors in S.
Proof. Let Ŝ denote the collection of all convex combinations of vectors in S.
Clearly Ŝ contains S. To see why Ŝ is convex, suppose x and y are vectors therein.
We may assume each is a convex combination of vectors x1 , x2 , . . . , xN in S, say
x = ∑Nj=1 λ j x j and y = ∑Nj=1 μ j x j . Suppose 0 < t < 1. Then tx + (1 −t)y = ∑Nj=1 η j x j
where for each index j we have η j = t λ j + (1 −t)μ j . Thus (η1 , η2 , . . . , ηn ) ∈ ΠN so
tx + (1 − t)y ∈ Ŝ, proving the convexity of Ŝ. To prove that Ŝ is the smallest convex
set containing S, suppose C is convex and C ⊃ S. Then by Proposition C.2 we know
that C contains all the convex combinations of its vectors, hence in particular all the
vectors in conv S.
Example. The standard simplex ΠN (see Definition 1.7, page 11) is the convex hull
of the standard unit vectors e1 , . . . , eN in RN .

C.2 Normed Linear Spaces
Norms. A normed linear space is a real or complex vector space X upon which is
defined a function  ·  : X → [0, ∞) that is
(a)
(b)
(c)

Subadditive: x + y ≤ x + y for all x, y ∈ X,
Positively homogeneous: tx = |t|x for every x ∈ X and scalar t, and for
which
x = 0 if and only if x = 0.

Examples of norms are:
• The Euclidean norm on RN or CN .
• More generally, the norm
induced on any real or complex vector space by an
x, x .
inner product ·, · : x =
• The one-norm introduced on RN by Eq. (1.5) of Sect. 1.7 (p. 11).
Norm-Induced Metric. Any norm  ·  on a vector space X induces a metric d
thereon via the equation: d(x, y) := x − y, (x, y ∈ X). The metric d so defined is
translation-invariant:
d(x + h, y + h) = d(x, y)

(x, y, h ∈ X).

If X is complete in this metric it’s called a Banach space.

C.2 Normed Linear Spaces
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Proposition C.5. In any normed linear space the convex hull of a finite set of vectors
is compact.
Proof. Suppose E := {x1 , x2 , . . . , xN } is our finite set of vectors. By Proposition C.4,
convE is the set of convex combinations of these vectors, i.e., the set of vectors xλ =
∑N1 λ j x j where λ = (λ j )N1 is a vector in the standard simplex ΠN of RN . Suppose
∞
(yn )∞
1 is a sequence of vectors in convE. Then yn = xηn for some sequence (ηn )1 of
N
vectors in ΠN . Since ΠN is a compact subset of R we can extract a subsequence of
(ηn ) that converges to an element η ∈ ΠN . The corresponding subsequence of (yn )
therefore converges to xη ∈ conv E, thus establishing the compactness of conv E.
Recall that a subset of a metric (or topological) space is called relatively compact
if its closure is compact. With this terminology we have the following generalization
of the previous result:
Proposition C.6. The convex hull of a relatively compact subset of a Banach space
is relatively compact.
Proof. In our Banach space X let Br denote the open ball of radius r centered at the
origin. Given subsets A and B of that space, we’ll denote by A + B the collection of
sums a+b where a ranges through A and b through B. Thanks to the completeness of
X, a subset is relatively compact if and only if it is totally bounded (Proposition B.3
and Exercise B.1 of Appendix B). Thus if A ⊂ X is totally bounded, we wish to show
that conv (A) is totally bounded. To this end, fix ε > 0. Then A has an ε /2-net F,
i.e., A ⊂ F + Bε /2 . Then conv(F), being the convex hull of a finite set, is compact,
hence totally bounded, and so possesses an ε /2-net G, i.e., conv (F) ⊂ G + Bε /2 .
Thus
A ⊂ F + Bε /2 ⊂ conv(F) + Bε /2
and since the latter set, being the algebraic sum of two convex sets, is convex, we
have conv (A) ⊂ conv (F) + Bε /2 . Putting it all together:
conv(A) ⊂ conv(F) + Bε /2 ⊂ G + Bε /2 + Bε /2 = G + Bε .
Thus G is an ε -net for conv (A), so conv(A) is totally bounded.
Remark C.7. Proposition C.6 is not true in the generality of normed linear spaces.
For an example, in the sequence space 2 let X be the dense subspace that consists
of real sequences with only finitely many non-zero terms. This is an incomplete
2
normed linear space. Let (en )∞
1 be the standard orthonormal basis of  , and for
−1
∞
each positive integer n set xn = n en . Let E = {xn }1 ∪ {0}, a compact subset of X.
−n
However conv E is not compact; it contains each partial sum of the series ∑∞
1 2 xn ,
2
which converges in  to a sum that does not belong to X.
The proof of Proposition C.6 really shows that in a normed linear space, convex
hulls inherit total boundedness. The example just presented shows that one needs to
assume completeness in order to assert that convex hulls inherit compactness.
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Operators on Normed Spaces. Let X and Y denote normed linear spaces. We’ll
denote the norm in either space by  · , letting context will determine the space to
which the notation applies.
Proposition C.8. Suppose X and Y are normed linear spaces and T : X → Y is a
linear map. Then T is continuous on X if and only if it is bounded on some (equivalently: on every) ball therein.
Proof. Let B(x0 , r) denote the open ball in X of radius r > 0, with center x0 . Let
B = B(0, 1), the open unit ball of X. Suppose T is bounded on some ball in X, say
with center x0 . Then T is bounded on some open ball B(x0 , r), i.e., there exists R > 0
such that T (B(x0 , r)) ⊂ B(0, R). Thus by the linearity of T :
RB = B(0, R) ⊃ T (B(x0 , r)) = T (rB + x0) = rT (B) + T x0
hence T (B) ⊂ (R/r)B − (1/r)T x0 which implies, upon letting M = Rr + 1r T x0  and
using the triangle inequality that T (B) ⊂ MB, i.e., that T x ≤ M whenever x ∈ B.
If x ∈ X\{0} then ξ = x/(x) ∈ B, so T ξ  ≤ Mξ , which translates—thanks
to the linearity of T —into the inequality T x ≤ Mx, now valid for every x ∈ X.
The continuity of T on X follows from this and the fact that if x, y ∈ X then
T x − Ty = T (x − y) ≤ Mx − y.
Conversely, if T is continuous on X then the inverse image of the open unit ball
in Y is an open subset of X that contains the origin, and so contains, for some r > 0,
the open ball of radius r in X centered at the origin. Thus the values of T on this ball
are bounded in norm by 1. By an argument similar to the one of the last paragraph,
the linearity of T insures its boundedness on any ball in X.
Terminology. Continuous linear maps between normed spaces are often called operators or, thanks to the above Proposition, bounded operators. Here’s an application of the previous results to convex sets.
Another proof of Proposition C.5. Suppose F = {x1 , . . . xN } is a finite set of points
in the normed linear space X. Define the linear transformation T : RN → X by
Tx =

N

∑ ξ j x j where x := (ξ1 , ξ2 , . . . , ξN ) ∈ RN .

j=1

By the Cauchy–Schwarz inequality:

T x ≤ ∑ |ξ j |x j  ≤ M
j

1/2

∑

ξ j2

= Mx,

j

where M = (∑ j x j 2 )1/2 . This shows that T is bounded on the (euclidean) unit ball
of RN , and so by Proposition C.8 is continuous on RN .
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Let C denote the convex hull of the original set F. Then C = T (ΠN ), where ΠN
is the standard N-simplex. Since ΠN is compact in RN and T is continuous there, C
is compact.
Exercise C.1. For a normed linear space X let L (X) denote collection of continuous linear
transformations X → X.
(a)

Show that L (X) is an algebra under the usual algebraic operations on linear transformations.

(b)

Define the norm of T ∈ L (X) to be: T  := sup{T x : x ∈ X, x ≤ 1} (T  < ∞
by Proposition C.8). Show that  ·  is a norm on L (X) that makes it into a Banach
space (note that it’s not required here that X itself be complete).

(c)

Show that L (X), in the norm defined above, is a Banach algebra, i.e., that operator
multiplication is a continuous map L (X) × L (X) → L (X).

C.3 Finite Dimensional Normed Linear Spaces
Here we’ll work in normed linear spaces over the complex field C. However everything we do will apply equally well to normed spaces over the reals.
Proposition C.9. If X is a normed linear space and dim(X) = N < ∞, then X is
linearly homeomorphic to CN .
Proof. Let (e j )N1 be the standard unit vector basis in CN (so e j is the vector with 1
in the j-th coordinate and zeros elsewhere), and let (x j )N1 be any basis for X. Define
the map T : CN → X by T v = ∑ j λ j (v)x j where λ j (v) is the j-th coordinate of the
vector v ∈ CN (i.e., T is the linear map that takes e j to x j for 1 ≤ j ≤ N). Thus T is a
linear isomorphism taking CN onto X. We’ve already seen in the course of proving
Theorem C.5 (page 195) that T is continuous on CN (actually, this proof was carried
there out for RN , but it’s the same for CN ). Left to prove is the continuity of T −1 .
If X were a Banach space this would follow immediately from the Open Mapping
Theorem (see [103, Theorem 2.11, pp. 48–49], for example).
Here is a more elementary argument that does not require X to be complete.
Let B denote the closed unit ball of CN and ∂ B its boundary—the unit sphere, a
compact subset of CN that does not contain the origin. Thus T (∂ B) is, thanks to
the continuity and injectivity of T , a compact subset of X that does not contain the
origin. Consequently T (∂ B) is disjoint from some open ball W in X that is centered
at the origin.
Claim. Ω := T −1 (W ) is contained in B◦ , the open unit ball of CN .
This will show that T −1 is bounded on W , hence continuous on X (Proposition C.8).
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Proof of Claim. Note that:
(a)
(b)
(c)

Ω is convex (thanks to the linearity of T −1 ), hence arcwise connected.
Ω contains the origin, and
Ω does not intersect ∂ B (thanks to the injectivity of T −1 ).

That does it! If Ω were not contained entirely in B◦ its connectedness would force
it to pass through ∂ B, which it does not.
Corollary C.10. Every finite dimensional normed linear space is complete.
Proof. Suppose X is a finite dimensional normed linear space. By Proposition C.9,
for some positive integer N there is a linear homeomorphism T taking X onto CN . To
see that X inherits the completeness of CN recall from the proof of Proposition C.8
that the continuity of T is equivalent to the existence of a positive constant M such
that T x ≤ Mx for every x ∈ X. Thus if (xn ) is a Cauchy sequence in X:
T xn − T xm  = T (xn − xm ) ≤ Mxn − xm ,
so the image sequence (T xn ) is Cauchy in CN , hence convergent there. Thus (xn ) is
the image of a convergent sequence under the continuous map T −1 , so it converges
in X.
Warning: It’s crucial here that our homeomorphism of X onto CN is linear. In general,
a metric space homeomorphic to a complete one need not be complete. For an example,
consider the arctangent function, which effects a homeomorphism of the (complete) real
line onto the (incomplete) open interval (π /2, π /2).

Thanks to Proposition C.9 and the exercise below: Every linear transformation on
a finite dimensional normed linear space is continuous.
Exercise C.2. Show that every linear transformation on CN is continuous.

Consequently, when working on a finite dimensional normed linear space one often
uses the words ”operator” and “linear transformation” interchangeably, and assumes
as familiar the connection between operators and matrices.

Notes
Proposition C.9. The proof given here is taken from [103, Theorem 1.21, pp. 17–
18], where it is proved in the setting of topological vector spaces. Consequently,
every N dimensional subspace of a topological vector space is linearly homeomorphic to Euclidean space N-space.
Proposition C.5. The two proofs given for this result work as well for topological
vector spaces.

Appendix D

Euclidean Isometries

This appendix concerns the group of isometric transformations of RN with particular
emphasis on the case N = 3, for which we’ll show that the subgroup of rotations
about the origin is isomorphic to the matrix group SO(3) of 3 × 3 real matrices with
columns orthonormal in R3 and determinant 1.

D.1 Isometries and Orthogonal Matrices
By an isometry of a metric space we mean a mapping of the space into itself that preserves distances. In Euclidean space, translations and rotations are isometries. For
RN the isometries are easily characterized in terms of orthogonal matrices, whose
definition and basic properties we’ll now review.
Notation. For RN we will denote the inner product by ·, · and the standard unit
vector basis by (e j : 1 ≤ j ≤ N); e j is the vector with 1 in the j-th coordinate and
zeros elsewhere. We’ll think of RN as a space of column vectors. For any matrix A
we’ll denote its transpose by At .
There is a fundamental connection between the inner product in RN and the matrix transpose.
Proposition D.1. For any N × N real matrix A,
Av, w = v, At w

(v, w ∈ RN ).

Proof. It’s enough to prove the result for vectors in the standard basis, so let v = ei
and w = e j . Then the left-hand side of the identity is just the (i, j)-element of the
matrix A, while the right-hand side is, by the symmetry of the real inner product,
At e j , ei , the ( j, i)-element of the transpose of A. Thus the right-hand side equals
the left-hand side for these vectors hence, by the bilinearity of the inner product, for
all vectors.
© Springer International Publishing Switzerland 2016
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Definition D.2 (Orthogonal Matrices). To say a square matrix with real entries is
orthogonal means that its transpose is its inverse.
More precisely: an N × N matrix A orthogonal if and only if AAt = At A = I where
I is the n × n identity matrix. We’ll use O(N) to denote the collection of all N × N
orthogonal matrices.
Exercise D.1. O(N) is, for each positive integer N, a group under matrix multiplication.

Proposition D.3. An N × N real matrix is orthogonal if and only if its columns form
an orthonormal basis for RN .
Proof. For an N-tuple of vectors in RN , orthonormality implies linear independence,
and hence “basis-ness.” Suppose A is an n × n real matrix. Its j-th column is Ae j , so
by Proposition D.1 the inner product of the j-th and k-th columns is
Ae j , Aek = At Ae j , ek = the (k, j)-element of At A
Thus the N-tuple of vectors ( f j : 1 ≤ j ≤ N) is orthonormal if and only if At A =
I. Linear algebra (or the argument above, with A replaced by At ) shows that this
happens if and only if At and A are inverse to each other, i.e., if and only if A is
orthogonal.
Proposition D.4. If A is an N × N orthogonal matrix, then:
(a)
(b)

Av, Aw = v, w for any pair v, w of vectors in RN .
The linear transformation v → Av is an isometry taking RN onto itself.

Proof.(a) Using successively Proposition D.1 and the definition of orthogonality:
Av, Aw = At Av, w = v, w .
(b) Upon setting v = w in part (a) we obtain
Av2 = Av, Av = v, v = v2,
so the mapping induced on RN by A is an isometry of RN into itself. Being
an isometry this map is one-to-one, hence the matrix A is nonsingular, thus the
induced map itself is surjective.
Now for the converse direction: “isometry implies linearity.”
Lemma D.5. If T : RN → RN is an isometry with T (0) = 0, then
T (u), T (v) = u, v
for every pair u, v of vectors in RN .
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Proof. This follows immediately from the relationship between norms of differences and inner products. For u, v ∈ RN :
u − v2 = u − v, u − v = u2 − 2 u, v + v2.

(D.1)

Upon replacing u and v in the above calculation with T (u) and T (v), respectively
(being careful not to inadvertently assume linearity for T ):
T (u) − T (v)2 = T (u)2 − 2 T (u), T (v) + T (v)2
= u2 − 2 T (u), T (v) + v2

(D.2)

where the second equality arises from the fact that the distance from the vector 0 to
v is the same as that from 0 = T (0) to T v. Similarly the distance from u to v is the
same as that from Tu to T v, so the left-hand sides of Eqs. (D.1) and (D.2) are equal,
hence so are the right-hand sides, and this yields the desired identity.
Proposition D.6. If T is an isometry taking RN into RN with T (0) = 0, then there
exists A ∈ O(N) for which T (v) = Av for every v ∈ RN .
Proof. Let (e1 , e2 , . . . eN ) denote the standard orthonormal basis for RN . Let f j =
Te j for 1 ≤ j ≤ N. Since T preserves inner products (Lemma D.5 above) there
results another orthonormal basis ( f1 , f2 , . . . fN ) for RN . Let A be the matrix that
has as its j-th column the coefficients of f j with respect to the original basis (e j ).
Then A ∈ O(N) by Proposition D.3, and T (e j ) = Ae j for each index j. Thus for
every v ∈ RN :
T (v) =

N

∑

j=1

T (v), f j f j =

N

∑

T (v), T (e j ) T (e j ) =

j=1

N

∑

v, e j Ae j = Av,

j=1

as desired.
Theorem D.7. A mapping T : RN → RN is an isometry if and only if there exists
A ∈ O(N) such that
T (v) = Av + T (0)
(D.3)
for each v ∈ RN . The matrix A is uniquely determined by T .
Proof. Proposition D.4 provides one direction. For the other one note that if T is an
isometry RN → RN then T − T (0) is also an isometry RN → RN that additionally
fixes the origin. Thus by Proposition D.6 there is an orthogonal matrix A such that
T (v) = Av + T (0) for each v ∈ RN . The matrix A is unique since its columns are the
images of the standard basis vectors for RN under the action of T − T (0).
Let BN denote the closed unit ball of RN .
Corollary D.8. T : BN → BN is an isometry if and only if there exists A ∈ O(N)
such that T v = Av for every v ∈ BN .
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Proof. The proof of Theorem D.7 actually showed that:
An isometry T : BN → RN must have the form (D.3) for each v ∈ BN .
Suppose, in addition, that T maps BN into itself. It seems obvious that the translation
vector T (0) must then equal 0; for a picture-free argument let’s suppose this is not
the case. Let x0 = T (0) and u = A−1 (x0 /x0 ). Since A−1 = At is also an orthogonal
matrix, u is a unit vector (Proposition D.4), so belongs to BN . However
Tu =

x0
x0
+ x0 = (1 + x0)
,
x0 
x0 

so Tu > 1, contradicting our assumption that T (BN ) ⊂ BN . Thus x0 = 0.
Corollary D.9. Isometries RN → RN and BN → BN must be surjective.
Corollary D.10. For N ≥ 2 the isometry groups of RN and BN are not commutative.
Proof. In view of Theorem D.7 and Corollary D.8 it’s enough to note that:
If N ≥ 2 then the matrix group O(N) is not commutative.
Indeed, here are two matrices in O(2) that do not commute:
⎞
⎞
⎛
⎛
√1 − √1
1
0
2⎠
⎠
⎝
⎝ 2
and
√1
√1
0
−1
2
2
the first of which induces rotation through an angle of 45 degrees, while the second
induces reflection about the horizontal axis. To get an example in O(N) for N > 2
just put each of the above matrices in the upper left-hand corner of an N × N matrix,
and fill in the remaining entries with ones on the main diagonal and zeros off it.

D.2 Rotations of R2 and R3
Every orthogonal matrix has determinant ±1; those with determinant 1 are called
special-orthogonal. The special-orthogonal matrices of a given size form a subgroup
of all the invertible matrices of that size. Here we’ll be concerned with SO(2) and
SO(3), the special-orthogonal matrices respectively of sizes 2 × 2 and 3 × 3.
Proposition D.11. Each matrix in SO(2) induces on R2 a rotation about the origin.
If a matrix in O(2) has determinant −1, then it induces on R2 a reflection in a line
through the origin.
Proof. Each A ∈ O(2) takes the pair of unit vectors (e1 , e2 ) (respectively along the
horizontal and vertical axes) to an orthogonal pair (u, v) of unit vectors, where u is
the rotate of e1 through some angle θ , and v is either the rotate of e2 through that
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angle—in which case the determinant of A is 1 and A is the mapping of “rotation by
θ ”—or v is the negative of that vector. In this latter case detA = −1, and A effects
the mapping of reflection in the line through the origin parallel to u.
Proposition D.12. If A ∈ SO(3) then the map x → Ax is a rotation of R3 , with center
at the origin.
We’re saying that for each A ∈ SO(3) the associated linear transformation fixes
a line through the origin, and acts as a rotation about this line (the so-called axis of
rotation).
Proof. Suppose A ∈ SO(3). To find the axis of rotation we need to show that Av = v
for some unit vector v ∈ R3 , i.e., that 1 is an eigenvalue of A, or equivalently that
det(A − I) = 0. For this, note that since AAt = I we have
(A − I)At = AAt − At = I − At = −(A − I)t
hence, since det A = det At = 1:
det(A − I) = det(A − I) det(At ) = det[(A − I)At ]
= det[−(A − I)t ] = (−1)3 det(A − I)t
= − det(A − I)
so det(A − I) = 0, as desired.
Let v1 ∈ R3 be the unit vector promised by the last paragraph: Av1 = v1 . Let
(v2 , v3 ) be an orthonormal basis for the subspace E of R3 orthogonal to v1 . Then
(v1 , v2 , v3 ) is an orthonormal basis for R3 , relative to which the matrix of the transformation x → Ax has block diagonal form
⎡
⎤
1 0
⎣
⎦
(D.4)
0 B
where B is a 2 × 2 orthogonal matrix. Thus A and B have the same determinant, so
detB = 1, i.e., B ∈ SO(2), so by the previous proposition B induces on E either the
identity map or a rotation about the origin.
Corollary D.13. A map T : R3 → R3 is a rotation about the origin if and only if
there exists a matrix A ∈ SO(3) such that T (v) = Av for every v ∈ R3 .
Proof. We already know (Proposition D.12) that maps of R3 represented by matrices in SO(3) are rotations about the origin. For the converse, suppose T is a rotation
of R3 about the origin, i.e., an isometry of R3 that fixes a line through the origin
about which it acts as a two dimensional rotation. By Corollary D.8 we know that
T is represented as left multiplication by an orthogonal matrix A. Thus A must have
the block-diagonal form (D.4) with B ∈ SO(2), i.e., A ∈ SO(3).
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It’s easy to see that the rotation group of the ball does not share the commutativity
of that of the disc; take, for an example, a pair of 45◦ rotations about different
orthogonal axes. Thus, while the matrix group SO(2) is commutative, SO(3) is not.
Exercise D.2. SO(N) is not commutative for every N ≥ 3.

The matrix of a rotation in space. Rotations about the origin in three-space are
linear transformations, and linear transformations have matrix representations. Let
Ru (ρ ) denote the matrix (with respect to the standard basis of R3 ) of the transformation of rotation about the origin through angle ρ with axis the unit vector u ∈ R3
(the “right-hand rule” determining the positive direction of ρ ). Although somewhat
complicated, this matrix factors readily as a product of simpler matrices. We start
with the three “elementary” rotation matrices; the ones that represent rotations about
the coordinate axes:
1. Rotation through angle ρ about the z-axis
⎤
⎡
cos ρ − sin ρ 0
⎥
⎢
⎥
⎢
Rz := ⎢ sin ρ
cos ρ 0⎥
⎦
⎣
0
0
1
2. Rotation through angle ρ about the x-axis
⎡
⎤
1
0
0
⎢
⎥
⎢
⎥
Rx := ⎢0 cos ρ − sin ρ ⎥
⎣
⎦
0 sin ρ
cos ρ
3. Rotation through angle ρ about the y-axis
⎤
⎡
cos ρ 0 sin ρ
⎥
⎢
⎥
⎢
Ry := ⎢ 0
1 0 ⎥
⎦
⎣
− sin ρ 0 cos ρ
Now fix the unit vector u ∈ R3 and the angle ρ ∈ [−π , π ), and let Lu denote the
oriented line through the origin in the direction of u. We’re going to understand the
transformation Ru (ρ ) of rotation about Lu through angle ρ by factoring it into a
product of several elementary ones. For this let (ϕ , θ ) be the spherical coordinates
of u, i.e.,
u = [sin ϕ cos θ , sin ϕ sin θ , cos ϕ ]t
where ϕ ∈ [0, π ] is the angle between u and the z-axis, and θ ∈ [−π , π ] is the angle
between the x-axis and the projection of the u into the x, y-plane.
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Let T = Ry (−ϕ )Rz (−θ ), so that T rotates u through angle −θ about the z-axis,
depositing it into the x, z-plane, then in that plane (i.e., about the y-axis) rotates the
resulting vector through angle ρ so that it ends up at the “north pole” e3 := [0, 0, 1]t .
Thus T −1 Rz (ρ )T fixes u and, since T belongs to SO(3), and therefore preserves
both distances and angles, it rotates points of R3 about Lu through angle ρ , i.e., it’s
none other than Ru (ρ ). Explicitly:
Ru (ρ ) = Rz (θ )Ry (ϕ )Rz (ρ )Ry (−ϕ )Rz (−θ ).

(D.5)

To find the matrix of Ru (ρ ) (with respect to the standard unit vector basis of R3 )
one “need only” multiply the elementary matrices for the five transformations on
the right-hand side of (D.5). This is best done with your favorite computer-algebra
program; the result is nevertheless quite a mess. To bring it into some kind of reasonable form it helps to invert
coordinate representation of u, not the spherical
√
2 (non-negative square root because
ing that cos ϕ = z, sin ϕ√= x2 + y2 = 1 − z√
2
0 ≤ ϕ ≤ π ), cos θ = x/ 1 − z , and sin θ = y/ 1 − z2.
Again with the help of your computer-algebra program, most likely aided by
some paper and pencil algebraic simplifications, there will result the following matrix representation of Ru (ρ ):
⎤
⎡
x2 + (1 − x2) cos ρ
xy(1 − cos ρ ) − z sin ρ xz(1 − cos ρ ) + y sin ρ
⎥
⎢
⎥
⎢
⎢xy(1 − cos ρ ) + z sin ρ
y2 + (1 − y2) cos ρ
yz(1 − cos ρ ) − x sin ρ ⎥ .
⎦
⎣
xz(1 − cos ρ ) − y sin ρ yz(1 − cos ρ ) + x sin ρ
z2 + (1 − z2) cos ρ

Notes
Rotations in R3 and beyond. Proposition D.12 (or more accurately, the statement
that each rotation in R3 about the origin has a fixed axis), was first proved by Euler
in 1775–1776; it’s called “Euler’s Rotation Theorem.” For a lively article that gives
much more detail about this result, see [90]. The results above on SO(2) and SO(3)
generalize to higher dimensions, but now reflections can be present. For O(N) the
full story is this (see, e.g., [14, Theorem 10.12, p. 152]):
For A ∈ O(N) there exists an orthonormal basis for RN relative to which the
transformation x → Ax has block diagonal matrix (I p , −Iq , B1 , . . . , Br ) where
the I’s are identity matrices of orders p and q respectively, the B’s are 2 × 2
orthogonal matrices, and p + q + 2r = n.

Appendix E

A Little Group Theory, a Little Set Theory

We’ll write groups multiplicatively, denoting the identity element by “e”. For subsets A and B of a group G we’ll write AB for the collection of all products ab with
a ∈ A and b ∈ B, using the abbreviation aB for the product {a}B. If H is a subgroup
of G (i.e., a group in the operation inherited from G, whose identity is the identity
element of G), and g ∈ G, then gH is the left coset of G modulo H, and Hg is the
corresponding right coset.

E.1 Normal Subgroups
Definition E.1 (Normal Subgroup). Suppose G is a group and H a subgroup (notation: H < G). To say H is a normal subgroup of G (notation: H  G) means that
gH = Hg for any g ∈ G, i.e., there is no distinction between left and right cosets. In
this case we’ll use G/H to denote the collection of all cosets of G modulo H.
Proposition E.2. Suppose H is a subgroup of G. Then H  G if and only if G/H
forms a group under the multiplication
(g1 H)(g2 H) = g1 g2 H

(g1 , g2 ∈ G).

Proof. If H  G and g1 , g2 ∈ G, then
(g1 H)(g2 H) = g1 (Hg2 )H = g1 g2 HH = g1 g2 H
and from this we have for each g ∈ G:
(gH)(g−1 H) = gg−1 H = eH = H.
Thus G/H is a group under the inherited multiplication, with H being the identity
and (gH)−1 = g−1 H.
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Conversely, if G/H is a group under the multiplication (g1 H)(g2 H) = g1 g2 H
(where it’s being assumed that the multiplication is well defined), then H is the
identity, and for any g ∈ G:
gHg−1 ⊂ gHg−1H = gg−1H = eH = H
so gH ⊂ Hg. For the opposite inclusion just replace g by its inverse in this one and
take inverses of both sides of the resulting inclusion.

E.2 Solvable Groups
Let G be a group. For each pair a, b of elements of G let [a, b] denote the commutator
a−1 b−1 ab (so named because if c = [a, b] then ab = bac). To think about solvability
for G let’s consider chains of subgroups
{e} = G0 < G1 < . . . < Gn = G .

(E.1)

Here’s a restatement of Definition 12.2(c) of “solvable group.”
Definition E.3. To say that G is a solvable group means that there is a chain of
subgroups (E.1) with each subgroup Gk containing all the commutators of Gk+1
(0 ≤ k < n).
Good things happen whenever a subgroup contains all the commutators of its
parent group.
Proposition E.4. Suppose G is a group and H a subgroup of G. Then the following
are equivalent:
(a)
(b)

H contains all the commutators of G.
H is a normal subgroup of G and the quotient group G/H is abelian.

Proof. (a) → (b): Suppose H contains all the commutators of G, i.e., for every pair
a, b of elements of G there is an element h ∈ H (namely h = [a, b] = a−1 b−1 ab) such
that ab = bah. In particular, for any a ∈ G and h1 ∈ H there exists h ∈ H such that
a−1 (h1 a) = a−1 (ah1 h) = h1 h ∈ H.
Thus for each a ∈ G we have a−1 Ha ⊂ H, so Ha ⊂ aH, hence—as we’ve seen above
(last part of proof of Proposition E.2)—this implies Ha = aH, i.e., H is a normal
subgroup of G. As for the commutativity of the quotient group G/H, note that if
a, b ∈ G then, as noted above, ab = bah for h = [a, b] ∈ H hence abH ⊂ baH and so
abH = baH.
(b) → (a): Consider the statement
(*)

H < G and abH = baH for each pair a, b of elements of G.
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Then for all a, b ∈ G and h1 ∈ H there exists h2 ∈ H such that abh1 = bah2, i.e.,
[a, b] = h2 h−1
1 ∈ H. Thus statement (*) implies that each commutator of G belongs
to H, which by the first part of our proof is enough to guarantee normality for H,
and hence—again by (*)—commutativity for G/H.

E.3 The Axiom of Choice and Zorn’s Lemma
If we are given a family of sets, the Axiom of Choice allows us to choose one
element from each member of the family. More precisely:
The Axiom of Choice. Suppose X is a set and E is a family of nonempty subsets of
X. Then there is a “choice function” f : E → X such that f (E) ∈ E for each E ∈ E .
Definition. A partial order on a set X is a binary relation “≤” such that for all
x, y, z ∈ X:
x ≤ x (reflexivity),
x ≤ y and y ≤ x =⇒ x = y (antisymmetry), and
x ≤ y and y ≤ z =⇒ x ≤ z (transitivity).
Suppose “≤” is a partial order on X and S ⊂ X. An element b ∈ X for which each
s ∈ S is ≤ b is called an upper bound for S. An element m ∈ X is called maximal if
no other element of X “exceeds” m, i.e., if x ∈ X and m ≤ x then x = m. S ⊂ X is
said to be totally ordered if for every pair of elements s,t ∈ S either s ≤ t or t ≤ s.
Zorn’s Lemma. If X is a partially ordered set in which every totally ordered subset
has an upper bound, then X has a maximal element.
Zorn’s Lemma and the Axiom of Choice are equivalent in the sense that each one
can be derived from the other. Halmos [46, Sects. 15 and 16] gives an delightful introduction to these two principles of mathematics, with a proof of their equivalence.

Notes
Non-normal pathology. The following exercise, taken from taken from Milne’s
freely downloadable introduction to group theory [77], shows that we can’t expect
to extend the definition used to multiply cosets modulo normal subgroups to cosets
modulo arbitrary subgroups.
Exercise E.1. Let G denote the collection of all 2 × 2 invertible
 matrices with rational
entries, and let H denote the set of 2 × 2 matrices of the form 10 n1 where n runs through
the integers. Then G is a group under matrix multiplication and H is a subgroup (isomorphic
to the group of integers under addition).
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(a)

 
Show that H is not a normal subgroup of G. In fact, if g = 50 01 then g ∈ G and gH
is a proper subset of Hg. Moreover, g−1 H is not even contained in Hg−1 .

(b)

Show that for g as in part (a), g−1 HgH = H.

The usual definition of “solvable.” Proposition E.4 shows that our definition of
“solvable group” can be restated
G is a solvable group if and only if there exists a chain (E.1) of normal subgroups such that each group Gk /Gk−1 is commutative.
This is the usual definition of “solvable” for groups.
The Axiom of Choice. Consequences such as the existence of non-measurable subsets of the real line, and more spectacularly the Banach-Tarski Paradox, initially
gave the Axiom of Choice something of a bad reputation. To quote Halmos [46,
Sect. 15, p. 60]:
It used to be considered important to examine, for each consequence of the axiom of choice,
the extent to which the axiom is needed in the proof of the consequence. An alternative proof
without the axiom of choice spelled victory; a converse proof, showing that the consequence
is equivalent to the axiom . . . meant honorable defeat. Anything in between was considered
exasperating.

The Axiom of Choice is now much better understood. In Chap. 13 of Wagon’s
book [121] there is a detailed discussion of the role it plays in set theory. On page
214 (Fig. 13.1) of that chapter there is a useful diagram showing the logical connections between the Axiom of Choice and various well-known theorems of mathematics that follow from it (e.g., the Tychonoff Product Theorem, the Hahn-Banach
Theorem). Jech’s monograph [55] provides an in-depth treatment of such matters.
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intégrales. Fund. Math. 3, 133–181 (1922)
6. Banach, S.: Sur le probleme de la mesure. Fund. Math. 4, 7–33 (1923)
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equidecomp’ble, 137, 141
maximal element, 209
paradoxical, 132
using n pieces, 133
totally ordered, 209
Shields, Allen L., 96
Simplex, 12, 30
Smith, Kennan T., 96
Space
O(N), 200
SO(2), SO(3), 202
alg. dual, 109, 111
Banach, 79, 83
compact Hausdorff, 115
dual
algebraic, 105
topological, 167, 171
Hilbert, 50, 83
inner product, 167
metric, 27
normed linear, 75, 83, 194
topological vector, 106
Spalsbury, Angela, 179
Sperner, Emanuel, 25
labelling, 19

T
Tao, Terry, 143
Tarski, Alfred, 16, 144
Theorem
Abel’s, 162
Approximate-Selection, 68
Arzela-Ascoli, 79
Banach Mapping, 8
Banach–Tarski
“ultimate”, 143
for B3 , 140
for S2 , 139
Banach-SchröderBernstein, 142
Brouwer Fixed-Point, 10
Change-of-Variable, 186
Contraction-Mapping, 28
Convex Brouwer
Fixed-Point, 10, 48
Euler’s Rotation, 205
Hahn–Banach, 124, 129,
164
Invariant, 124
Heine–Borel for RS , 111
Kakutani Equicontinuity,
178
Kakutani-Schauder, 81
Knaster–Tarski, 16
Krein–Milman, 166, 168
Lomonosov, 92
Markov–Kakutani, 105,
107
solvable, 146, 159
Minimax, 63
No-Retraction, 42
Peano’s, 79
Perron, 13
Picard–Lindelöf, 79
Picard-Lindelöf, 35

Riesz Representation
compact spaces, 104, 154
loc. compact spaces, 158
Ryll–Nardzewski, 163
“full strength”, 171
“lite”, 169
Schauder Fixed-Point, 75,
83, 94
Schröder–Bernstein, 8
Schröder-Bernstein, 141
Schur Triangularization,
86, 88, 95
Spectral: hermitian, finite
dimensional, 88
Spectral: normal, finite
dimensional, 89
Stone-Weierstrass, 44
Tietze Extension, 187
Transference, 133
Topology
locally compact, 157
of ptwise convergence, 110
product, 110
vector, 106, 110, 111
locally convex, 164
weak-star, 111
Toricelli, Evangalista, 80
Troitsky, Vladimir G., 96
Tucker, Albert W., 64
Tychonoff, Andrei, 119
Tychonoff, Andrey, 81

U
Urysohn’s Lemma, 119

V
von Neumann, John, 64, 71,
96, 144, 162
Paradox, 162

W
Wagon, Stan, 144, 210
Wapner, Leonard, 144
Web page, 16
importance, 5
Weil, André, 179
Williamson, John H., 96
Word, 135
admissible, 136

List of symbols

At The transpose of the matrix A. 199
B(S) The space of bounded real-valued functions on a set S. 113
C(X) All continuous, real-valued functions on a topological space X. 158
F2 The free group on two generators. 128
H  G “H is a normal subgroup of G”. 207
S2 The unit sphere of R3 (the set of vectors in R3 with Euclidean norm = 1). 134
B3 The closed unit ball of R3 (the set of vectors in R3 with euclidean norm ≤ 1).
BN is the closed unit ball of RN . 140
C The set of complex numbers. 197
CN N-dimensional (complex) Euclidean space. 12
N The set of positive integers. 127
R The set of real numbers. 3
RN N-dimensional (real) Euclidean space. 6
RN+ The set of vectors in RN , all of whose entries are non-negative. 11
RS All functions on the set S with values in R. More generally, Y X denotes the
collection of all functions on the set X with values in the set Y . 109
Z The set of integers. 117
0/ The empty set. 110
O(N) The collection of N × N orthogonal matrices. 200
ω (S) The weak-star topology on RS ( the product topology on ∏s∈S R). 109
∏s∈S Rs The topological product space of copies of R indexed by the set S. 110
G The group of isometries of R3 . 140
P(S) The collection of subsets of a set S. 9
R The group of rotations of R3 about the origin. 134
SO(2) The collection of 2 × 2 orthogonal matrices with determinant 1 (SO(3) is
the corresponding collection of 3 × 3 matrices). 145
ΠN The standard simplex in RN . 11
RBPM “Regular Borel probability measure”. 103
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