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List of Exercises

I hope the telegraphic descriptions given below will help you recall in most
cases roughly what the exercises are. When they don’t, you can always look
back to the page in question (shown at the left). If you ﬁnd any of the
descriptions incorrect, or think of a more eﬀective wording to brieﬂy describe
some exercise, let me know.

1

Chapter 1: About the
Course, and These Notes.

11

Chapter 2: Making Some
Things Precise.

"
"
12
13
"
14
15
"
17
"
18
"
"
19
"
20
21
"
22
"

2.1. Generalities.
2.2. What is a group?.
2.2:1 precise def. of homomorphism
2.2:2 δ(x, y) = x y −1
2.2:3 σ(x, y) = x y −1 x
2.3. Indexed sets.
2.4. Arity.
2.5. Group-theoretic terms.
2.5:1 T ↔ T  (terms)
2.5:2 (a), (b) =⇒ (c) in def. of T ?
2.5:3 “(s · t)” etc. are OK
2.5:4 are “μ s t” etc. OK?
2.5:5 is symb(x) = x OK?
2.6. Evaluation.
2.6:1 construct “eval”: T → |G|
2.7. Terms in other families of
operations.
2.7:1 derived op.s of majority M3
2.7:2 Aut(C, +, ·, exp) = ?
2.7:3 testing whether β is derived op
 s2 H
 ... ?
2.7:4 Can s1 H

25

Chapter 3: Free Groups.

" 3.1. Motivation.
26 3.1:1 if a, b, c don’t generate F . . .
" 3.1:2 free =⇒ gen’d by {a, b, c}
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Symbol Index

Boldface numbers indicate pages where deﬁnitions are given. If a symbol is
deﬁned in one place and used again without explanation more than a page
or so away, I show the page(s) where it is deﬁned, and often some of the
pages where it is used or where the entity it symbolizes is discussed; but I do
not attempt to show all signiﬁcant occurrences of each subject. For that, the
Word Index, with its headings and subheadings, is more useful.
Symbols are ordered alphabetically. For Greek letters, I use their Latin
spelling, e.g., “Omega” for Ω. Other symbols are alphabetized in various
ways; e.g., ∨ and ∧ are alphabetized as “vee” and “wedge” based on
their LATEX names; the symbol =, and related symbols such as ∼
=, are
alphabetized, in an arbitrary order, under “equals”; and → and ↓ are
similarly alphabetized under “arrow”. Fortunately, you do not have to know
all the details; some symbols will require more search than others, but this
index is only a few pages long.
Font-diﬀerences, capitalization, and “punctuation” such as brackets, do not
aﬀect ordering unless everything else is equal. Operator-symbols are often
shown in combination with letters with which they are commonly used, e.g.,
X | Y is alphabetized under XY.
Category theory, introduced in Chapter 6, brings with it a proliferation
of symbols for categories. I do not record below cases where the meaning
is obvious, like Group, nor cases discussed only brieﬂy, like GermAnal
(germs of analytic functions, which can be found in the Word Index), but only
category names used in more than one place, for which some aspect of the
deﬁnition (e.g., the associativity assumption in Ring1 ) or the abbreviation
(as with Ab) is not obvious.
|A|
∗

A

underlying set (etc.) of object A, 12, 380, 462.
set determined by A under a Galois connection,
205–211.

A/∼,
A/(si = ti )i∈I
Ab
ℵ0 , ℵα
∀

quotient-set or factor-algebra of A, 30, 48, 82.
category of abelian groups; preﬁx for “abelian” in
categories such as AbMonoid, 221, 525.
least (respectively, α-th) inﬁnite cardinal, 35, 158,
159.
“for all”, 11, 211.
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Ar(C)
ariΩ , ari
↓
→
Aut(X)
β : (A, B) → C
e

Binar, Binar

arity function (cf. Ω below), 20, 379.
see “ (S ↓ T ), (S ↓ C), (C ↓ T ) ” below.
action of a function on elements, 11.
automorphism group of X, 59, 213, 241–242.
bilinear map (temporary notation), 75–79.
variety of sets with a binary operation, resp., a binary
operation and neutral element, 505, 514, 525.

C

the complex numbers.

D

category of all functors D → C, 278, 287–290.

pt

category of pointed objects of C, 264, 275, 506, 524.

C
C

the class of morphisms (‘arrows’) of the category C,
217.

C(X, Y )
card(X)
Cat, CatU
cl
Cl(V), Cln (V)

set (or in Chapter 10, algebra) of morphisms X → Y
in the category C, 218, 462, 466.
cardinality of the set X, 156.
category of all U -small categories, 243.
general symbol for a closure operator, 194.
clonal theory of variety V, and its nth object, 441.

Clone,
Clone(γ)

category of all covariant (≤ γ-)clonal categories,
440–441–453, 528.

CommRing1

variety of all commutative associative rings with unity,
221, 314, 457–461, 468, 472.

deg(x)

in § 10.6, degree of element x in a comonoid object of
Monoid, 481–485.

Δ

diagonal functor C → CD , 313, 337, 340, 346, 349.

E(X)

lattice of equivalence relations on X, 191–193, 299.

End(X)
≈
∼
=
η, ε
∃
∃1
FΩ , FV
f |X

monoid of endomorphisms of X, 59, 214.
equivalence of categories, 285.
isomorphism (of algebras, categories, etc.).
unit and counit of an adjunction, 309.
“there exists”, 11, 211.
“there exists a unique”, 47.
free-algebra functors (see mainly “free” in Word
Index), 393, 408, 416.
restriction of the function f to the set X, 40, 135.
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Gcat
G

ab

see “ Scat , Gcat , Pcat ” below.
see “group: abelianization of” in Word Index.

γ0 , γ1 , γ

in Chapters 9 (for γ0 , γ1 ) and 10 (for γ): inﬁnite
cardinals bounding arities in a type, 401, 461.

GL(n, K)

general linear group, 59, 60, 373, 477, 510.

Gmd
H(C)
hY , hY
Hom(X, Y )
HtpTop
HtpTop(pt)

“underlying” monoid of the group G, 85–87, 222,
240.
in § 9.6, set of all homomorphic images of algebras in
the set C, 416, 514.
covariant and contravariant hom functors, C(Y, −)
and C(−, Y ), 246, 250, 253.
set of homomorphisms from X to Y ; mostly
superseded by C(X, Y ) after §7.1.
category of topological spaces, with homotopy classes
of maps for morphisms, 225, 241, 244, 251.
as above, but for pointed topological spaces, 469, 527.

IdC

identity functor of the category C, 240, 281, 285,
290.

idX

identity morphism of the object X, 218.

Kf

congruence determined by the map f, 81, 84.

K[t],
Z[x1 , . . . , xn ]

polynomial algebra or ring, 36, 89.

K t ,
Z x1 , . . . , xn
KS, Z S
λ, μ, ρ

free K-algebra or ring (“noncommutative polynomial
ring”), 89–91.
monoid algebra or group algebra, 93.
indices in coproducts of copies of R (e.g.,
Rλ Rμ Rρ ) and their elements (e.g., xλ ),
481–488, 495, 507.

≤, <, ≥,
, ≺, etc.
lim, lim
←− −→
lim sup
M3

symbols for partial orderings and preorderings,
119–141.
limits and colimits (including inverse and direct
limits); see mainly Word Index, 325–335–368.
limit superior, 22, 131.
ternary majority vote operation (but see also next),
21, 519.
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M 3 , N5
μ, μG , etc.

5-element “forbidden sublattices” in characterizations
of distributivity and modularity, 180, 187.
explicit notation for composition operation of a group,
monoid, or category, 11, 218.

N

natural numbers as subcategory of Set, 439.

N

natural numbers as monoid, ordered set, etc., 439.

Ob(C)
Ω

object-set of the category C, 217.
algebra type (family of operation-symbols with
speciﬁed arities), 20, 22, 379–414.

Ω-Alg

variety of all algebras of type Ω, 381–387, 393–397,
406.

ω, ωα

least inﬁnite ordinal, respectively least ordinal of
cardinality ℵα , 148–160, 166–167.

1, 1L

multiplicative neutral element of ring; greatest
element in a lattice, 88, 183, 506.

( )op

opposite (of a partially ordered set, semigroup,
monoid, ring, or category), 121, 240, 248–249,
255.

P(C)

in § 9.6, set of all products of algebras in the set C;
otherwise, see P(S) below, 416, 514.

Pcat
P(S)
π1 (X, x0 )

see “ Scat , Gcat , Pcat ” below.
power set of S, 100–103, 120, 123, 144, 166, 175, 299.
fundamental group of the pointed topological space
(X, x0 ), 213, 216, 225, 246, 287, 470, 527.

POSet,
POSet<
i∈I
i∈I

categories of partially ordered sets with isotone,
respectively, strict isotone, maps, 221.

Xi ,
Xi

R BS

Rλ , xρ , etc.
R-Mod-S

product, coproduct of a family of objects, 266–268.
notation indicating that B is an (R, S)-bimodule,
498.
see “ λ, μ, ρ ”.
variety of all (R, S)-bimodules, 498, 526.

R-Mod,
Mod-R

categories of left, respectively right R-modules, 221,
496.
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|R|σ

RelSet
Rep(C, V)
Ring1

in § 10.6, set of elements in coproduct monoid
Rλ Rμ Rρ associated with index-string σ,
481–482.
category with sets for objects, relations for
morphisms, 225, 238, 242, 251, 259.
category of all representable functors from C to V,
469–529.
variety of associative rings with unity, 221, 496.

(S ↓ T ),
(S ↓ C), (C ↓ T )
S(C)

comma categories, 275.
in § 9.6, set of all subalgebras of algebras in the set C,
416, 514.

Scat ,
Gcat , Pcat

s, sR , sd

category constructed from the monoid, group, or
partially ordered set S, G, P, 222, 223, 224,
227, 244, 249.
co-operations in coalgebras, 466, 496.

Set(U) ,
Group(U) , etc.
sf , sA

S gp
SL(n, K)
⊆, ⊂, ⊇, ⊃
symbT

explicit notation for categories of U-small objects,
234.
symbol for the value of a term s at the tuple f,
respectively for its action on the whole algebra A,
19–20–32, 39–41, 57, 411.
universal enveloping group of the monoid S (obtained
by adjoining inverses to all elements), 85–87.
special linear group, 44, 457–461, 472, 475, 510.
inclusion relations, 122.
map X → T taking each element of X to the symbol
representing it, 17–19, 30, 39.

T,
T

X, ·, −1 , e

, TX, Ω

⊗
Tred
2

in Chapters 2–4, the set of all terms in a set X, and
given operation-symbols, 16–17–32, 39–43, 49,
138.
tensor product, 75–79, 214, 500, 502.
in §3.4, set of reduced group-theoretic terms, 39.
diagram category with picture · → ·, 224, 293, 313,
403.
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U

a set-theoretic universe; see “universe” and “Axiom of
Universes” in Word Index, 233.

UΩ , UV

underlying-set functors on categories of algebras (see
mainly “functors: forgetful” in Word Index), 393,
408.


V(J)
VW

Var(C)

X ∩ Y,
X ∪ Y,

disjoint union of sets, 63, 104.
variety of Ω-algebras deﬁned by a set J of identities,
402.
variety equivalent to category of W-algebra objects of
V, and to category of V-algebra objects of W,
523–529.
variety generated by a set C of algebras, 402,
416–418, 420–421.

∨

“join” (in a (semi)lattice); “or” (disjunction of
propositions), 11, 173, 174, 211.

∧

“meet” (in a (semi)lattice); “and” (conjunction of
propositions), 11, 29, 211.

[x]

frequently: equivalence class of x under some
equivalence relation, 30, 129.

Xi

intersection (of X and Y ; of the sets Xi ), 22, 100.

Xi

union (of X and Y ; of the sets Xi ), 22, 100.

X

the set of all maps I → X, 14.




I

X |Y ,
X|Y

V

[x, y]

xy
X0

. . . Xn−1
Z

Z(p)

object (of V) presented by generators X, relations
Y, 51, 396, 408.
variously: commutator in a group or ring; Lie bracket;
interval in a partially ordered set, 42, 58, 124,
312.
conjugate of x by y, i.e., y −1 x y, 42.
coproduct of objects in a category, 266.
the integers, 14.
the p-adic integers, 319–322.

Z x1 , . . . ,
xn

, Z[t], Z S

see K t , K[t], KS, respectively.

Z, Zn

the cyclic groups of inﬁnite order; order n, 54, 78,
322–323.

0, 0L

additive neutral element; least element in a lattice,
88, 183, 506.

Word and Phrase Index

I have tried to include in this index not only the locations where terms are
deﬁned, but also all signiﬁcant occurrences of the concepts in question; but it
has not been easy to decide which occurrences are signiﬁcant. I would welcome
readers’ observations on the types of cases they would ﬁnd it useful to have
in the index, and on entries that are erroneous, unnecessary, or missing.
Pages where terms are deﬁned or where conventions are made relating to
them are shown with boldface page numbers. (Sometimes a formal deﬁnition
occurs after the ﬁrst page of discussion of a topic, and sometimes more than
one version of a concept is deﬁned, leading to occasional entries such as 172173-187-234.)
Terms used by other authors for which diﬀerent words are used here
are, if referenced, put in single quotes; e.g., ‘free product’, for what we call a
coproduct.
In cross-references, I often truncate multiword entries; e.g., I may say
“see rings” though the actual heading is “rings and k-algebras”. But where
this would be confusing, I add “. . . ”. E.g., under “associative algebra” I write
“see rings . . . ”.
In referring to secondary headings, I use a colon, writing “see mainheading: subheading”. Within subheadings, the main current heading is
abbreviated “–”. In particular, “see –: subheading” points to another
subheading under the current main heading.
In the few cases where an entry ends with a numeral (e.g., “matrices:
with determinant 1”), I have put the numeral in double quotes, so that it
cannot be mistaken for a page number.

abelian group, 56-60, 168, 180, 348, see
also group: abelianization of,
module, tensor product, and
bilinear
additive groups of rings, 83, 88, 90,
93, 99, 240, 312, 316, 475
– as Z-module, 75, 496, 502
category of all –s, 221
coproduct of –s, 69-71, 313, 495
divisible –, 255, 330
duality of –s via Q/Z , 251, 519
endomorphism ring of –, 208
free –, 56-58, 60, 76, 90-91, 279, 288,
316
normal forms in free –, 57

Pontryagin duality of topological –s,
251, 519
representable functors on –s, 410,
476, 478, 495-496, 505, 519
–s of Z-valued functions, 57, 58, 247
structure of the product and squaring
functors on –s, 451
structure on hom-sets of –s, 70, 314,
495, 496, see also module: . . .
subgroup lattice of –, 181, 198
torsion –, 268, 478
abelianization, see group: . . .
above and below, see constructions:
from –
‘abstract class’ of algebras, 416
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abuse of language or notation, see loose
usage
ACC, DCC, see chain: conditions
action, see representation and G-set
adjoint, see mainly adjunction
– operators on Hilbert space, 310
adjunction, 305-310-316, 337, 368
– and empty algebras, 395
– between varieties of algebras, 406,
470-529
composition of –s, 316, 473-474, 477,
489-490, 501-503, 520-521
contravariant left –, 375
contravariant right –, 374-375-377,
451, 514-522
Freyd’s adjoint functor theorems,
365, 368, 393, 396, 406, 478
functors with adjoints on both sides,
311, 313-314, 476, 509
morphisms among adjoint functors,
368-374
relations with other universal
constructions, 311, 337, 342-347
SL(n) and its adjoint, 458-459
“Structure is adjoint to Semantics”,
450
underlying-set-preserving functors
have adjoints, 444-446, 474-476,
505
unit and counit of –, 309-310-311,
316, 343, 369-372, 486-487, 491,
527
universal constructions which are not
adjoints, 314, 315
aﬃne geometry, aﬃne subspace of a
vector space, 178, 179, 181
algebra, see also free, and for
k-algebras, see rings . . .
ambiguity of the word “–”, 380, 473
C-based –, see –: (co)– object . . .
(co)– object in a category,
461-462-466-529
co–, other senses of the word, 473
– deﬁned by one binary operation,
505, 514, 525
empty –, 382-383, 395, 400, 423, 435
ﬁnite and proﬁnite –s, 332, 413,
519-520
ﬁnitely generated –, 519
font-convention (not used here) on
underlying sets, 12
generating subset of –, 25-28, 382,
387-391
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generators and relations for –, see
presentations
homomorphic image of –, 382, 403,
415-418, see also congruences
many-sorted –, 438
Ω- –, 21, 379-380-414, 437, see also –:
(co)– object
origin of the word, 381
quotient or factor –, see under
congruence, group, and rings
residually ﬁnite –, 61, 274, 396
set-based if contrary not stated, 462
simple –, 478
sub–, 382-383, 387-390, 394, 403-418,
see also lattice: of . . . , and
“sub-” under group, rings, etc.
topological –, 519
trivial –, 403, 506
type of an –, 379-380, 461, see also
–: Ωunderlying set of –, see functor:
forgetful, and |A| in Symbol
Index
varieties of –s, see varieties . . .
‘algebraic’ closure operator, see
ﬁnitary . . .
algebraic geometry, 208, 479
algorithm, see normal forms
origin of the word –, 381
almost periodic function, 113
Amitsur-Levitzki theorem, 422
anthropology of mathematics, 203
antichain, 125, 166-167
antireﬂexive relation, 121
antisymmetric relation, 120
“Are mathematical objects real?”,
168-171
arity, 15, 20, 379-380, see also algebra:
type of
ﬁnite vs. inﬁnite –, 18, 22, 183, 190,
198, 380, 385, 387-390, 395, 418,
453
G-set as structure with all operations
unary, 49
– of a relation on a set, 119
Artinian ring, 134, see also rings: chain
conditions
ascending chain condition, see chain:
conditions
associative algebra, see rings . . .
associativity, see also coassociativity
– allows parenthesis-free notation, 38,
41
analog for clone of operations, 437
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– and “self-commuting” binary
operations, 516
– assumed for rings if contrary not
stated, 88
– expressed by diagram, 463
– in varieties V  W , 524
– of composition in a category, 216
– of group operation, 17, 20
– of lattice operations, 173, 175
– of product and coproduct
constructions, 67, 104
parentheses needed to express –, 18
variant description of –, 203
automorphism
– group, 205, 207, 213, 241-242, 254,
see also representations: of
groups . . .
–s of complex numbers with “ exp ”,
22
axiomatic model classes, theories, 208,
212
Axiom of Abstraction (rejected), 145
Axiom of Choice, 144-146, 155-156,
160-164, 170, 241, 286, see also
Zorn’s Lemma
– is independent of ZF, 168
Axiom of Projective Determinacy (not
in ZFC), 170
Axiom of Regularity, 137-138, 143-144,
149-151
Axiom of Replacement, 143, 152
Axiom of Universes, 232-233-238, 243,
279, 412, 479, see also –: set vs.
class
axioms of ZFC, see Zermelo-Fraenkel
set theory
base-p expansions of real numbers, of
p-adics, etc., 320
bicommutants in groups, semigroups,
rings, 208, 210
bifunctor, 252-253, 287, 291, 302-315,
368-372
bilinear map, 75-79, 314, 502, see also
tensor product, and category:
Ab-based
– as part of ring structure, 75, 88
‘balanced –’, 503
category of –s, 315
image of –, 77
– is not a homomorphism on product,
75, 78
bimodule, 314, 433, 498-505, 509, 526
category with –s as morphisms, 227,
292

555
bimonoid (temporary name), 215-220,
221
binary, see arity and algebra: deﬁned
...
Birkhoﬀ’s HSP Theorem, 416-419
Bohr compactiﬁcation of topological
groups, 113
Boolean algebra, Boolean ring,
100-103, 249, 284, 407, 422
analogs using other primes than “2”,
517
duality with ﬁnite sets, 286, 519
free –, 102, 517
identities of –s, 101-102
lattice-structure of –, 175, 181, 444
nonexistence of free complete –, 367
normal forms for –, 102
– of idempotents in a ring, 102, 312,
475, 517
power set as a –, 103, 247
representation by subsets of sets, 102,
103
subring lattice of –, 181
Brouwerian lattice, 171
Burnside problem, Burnside group,
60-62
Cantor set, 397-399
cardinal, cardinality, see ordinals and
cardinals
category, 217-234-293, see also
varieties . . .
attitudes regarding –ies, 231, 257
auxiliary –ies where universal objects
become initial or terminal,
295-297, 364-365
Ab-based, Cat-based, k-linear –,
291, 374
category of categories, 243, 249,
287-290, 291-293, see also
functor
‘(co)complete –’, see limit, colimit:
categories having . . .
comma –, 275, 298, 315, 364, 440,
513, see also –: pointed and
augmented objects
commutative square in –, 223, 278
concrete –, 245, 254-259, 264,
449-452, see also free: objects in
...
– constructed from monoid or
ordered set, see monoid: group
or . . . , and ordered set: made . . .
contravariant equivalences of –ies,
518-520

556
diagram –, 223-224, 241, 277-278, 293
directed (inversely directed) system
in –, 325
diversity of conventions, 228-231
empty –, 238, 350, 357
equivalence of –ies, 285-286, 290, 374,
377, 441, 452-454, 493, 507, 509
full sub–, 244, 261, 281, 286, 340
functor –, 278, 282, 287-290, 293,
369, see also functor: morphisms
of –s
heuristics of thinking about –ies,
231-232
isomorphism of –ies, 284, 286
large, small, legitimate –ies,
232-234-238, 243, 244-245, 279,
335, 344-345, 441, 452
literature on – theory, 6
morphisms (‘arrows’) in –, 217
motivation for concept of –, 213-220
no element-chasing in –, 231, 355, 463
objects of –, 217
opposite –, dualization of results
on –ies, 248-249, 255, 296, 368,
374-377, 469, 514-522, see also
functor: contravariant
pointed –, 507
pointed and augmented objects of –,
264, 275, 423-424, 493, 506-507,
508, 524
products and coproducts of –ies, 252,
253
representations by sets and set maps,
220, 244-245, 442, 464, 468, 523
“Should hom-sets be disjoint?”,
229-231
skeleton of a –, 286, 287
sources of confusion regarding –ies,
218-220, 222, 231
sub–, 238, 240, see also –: full sub–
subobject, 261-262, 283-284, 361, see
also monomorphism:
distinguished . . .
U-small etc., see –: large, small . . .
– with ﬁnitely generated hom-set,
356, 359, 360, 453
“– without objects”, 230, 292
zero object of –, see under initial: . . .
Cayley’s theorem, see under
representations
chain, see also ordered sets: chains in
and ordered sets: totally
– conditions (ACC, DCC),
133-134-141, 144, 146, 151,
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165-167, 185, 191, see also
well-ordered set
non-order-theoretic sense of –, 125
product of –s, as lattice, 176
class, see Axiom of Universes
clone, clonal theory, 436-439-441-453,
464, 465, 468, 517-518, 522-529, see
also operation: derived, and
functor: underlying-set-preserving
– as generalization of monoid, 436,
529
center of a –, 523-529
closure operator, 29, 194-203, 211, 235
– determined by subset of P(S) × S ,
195-200
dual concept to – (“interior
operator”), 201
equivalence with closure system,
closure family, 200
ﬁnitary (‘algebraic’) –, 198-199, 453
–s and Galois connections (q.v.), 205,
207
–s on classes of algebras, see
Birkhoﬀ’s HSP Theorem
– with exchange property (matroid),
204
co–, see under base word if term not
listed; e.g., group: co– for cogroup
coassociativity, 480-484, 505
codomain
– of a morphism in a category, 218
“Should a function determine its –?”,
229-231
coequalizer, 224, 269-270, 385, 403-405,
453
– as functor, 277
constructing all colimits from –s and
coproducts, 339-340, 350
– of monoid maps, 85
relation with surjectivity and
epimorphicity, 270, 337, 405
– respects other colimits, 342
coﬁnal, coﬁnality, see under ordered
sets, and ordinals. . . : regular. . .
coﬁnite subset, 103, 227
cokernel of a group or monoid map, 73,
84
comma category, see under category
commutant of a set of (semi)group or
ring elements, 208, 210
commutative ring, see under rings
commutativity, see also abelian group
and under rings, lattice, and
category
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– and morphisms of composite
functors, 289
– between operations of arbitrary
arities, 515-517, 521-529
co–, 508
– of (co)product construction, 67
– of End(IdC ) , 281, 529
partial –, 69
commutator
– of group elements, 20, 42, 58, 329
– of ring elements, 312, 425-428, 430,
433, 444
– subgroup and – -factor group of a
group, 58, see also group:
abelianization
compact
– element in a lattice, 191, 192-193,
198, 390
–iﬁcation, see under Stone-Čech,
Bohr
– topological space, 141, 191, 453-454
comparability of cardinals, 162
comparison map, see under limit . . . ,
and functor
compatibility identities for lattices,
175-176, 190
complex numbers, 22, 204, 207
“composite” vs. “composition”, 232
composition, see also under adjunction
and functor
– in an enriched category, 291-293
– of morphisms, 217-220, 228, 230,
232, 248
– of morphisms of functors (in several
senses), 278, 288-290
– of operations of arbitrary arity, 436
– of relations, 225
– of representable functors, 473-474,
477, 489-490, 501-503, 520-521
order of writing –, 11, 228, 261, 440,
497, 499, 503
compositum of ﬁeld extensions, 98
concrete category, concretization
functor, see under category
cones and (co)limits, 338, 344-352
congruence, 82-85, 383-384-385, see
also equivalence relation
algebras without nontrivial proper –s,
478
– as subalgebra of product, 84, 384,
405
factor-algebra (quotient) by a –, 82,
384
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– generated by set of pairs, 82, 85,
104, 384, 390, 396, 406, 409
– invariant under all endomorphisms,
419-421
lattice of –s, 384, see also under
lattice
left – on monoid, 359, 386
– on factor-algebra, 82
– on group corresponds to normal
subgroup, 82
– on monoid, 82-85
– on ring, corresponds to ideal, 83
conjugate morphisms between adjoint
functors, 373-374
conjugation (in groups), 20, 42
conjunction of propositions, 11
– as intersection, 29, 210-211
universal quantiﬁcation as –, 211
consistency results in set theory, 237
constant operation, see zeroary
operation and functor: diagonal
(constant)
constructions, see also recursion, Zorn’s
Lemma, and functor
completing partial –, 161
– from above and below, 29, 31, 46,
173, 195, 211, 387, 415
– made into functors, 303-313
– of the natural numbers, ordinals,
and cardinals, 141-142, 148-151
continued fraction, 22
contravariant, see under functor,
adjunction, and category
convex set, 208
co-operation, see operation: co– and
coproduct: as codomain . . .
coproduct, 66, 265-268, 339, 350, see
also limits and colimits
– as (adjoint) functor, 252, 312-313,
348
– as codomain of co-operation,
459-461, 466, see also algebra:
(co)– objects
– as initial object of auxiliary
category, 296
– as representing object, 300
associativity and commutativity of –
construction, 67, 104
codiagonal maps from a –, 69
constructing all colimits from –s and
coequalizers, 339-340, 350
coprojection map to –, 266, 468, 481
– depends on category in which
taken, 69, 340, 342
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–
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–
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of
of
of
of
of
of
of
of

abelian groups, 69-71, 313, 495
categories, 253, 288
empty family, 96, 266, 460
groups, 62-69, 342, 511
monoids, 84, 481
partially ordered sets, 123
rings, 96-100
sets (disjoint union), 63, 104,
342, 346, 358-360
presentation of –, 62-63
coprojection map
– to colimit object, 325, 335, 348
– to coproduct object, 266, 468, 481
– to pushout object, 271
counit, see adjunction: unit and –
countability, uncountability, 33-35, 58,
145, 156, 157, 158, 159, 166, 179,
186, 245, 328, 360, 367, 387-389,
401, 413, see also ordinals and
cardinals
course taught from these notes, 1-5
covariant functor, 247, 252
covering, see under ordered sets, and
universal covering space
derivation (on a ring), 425, 432-433
– viewed heuristically as inﬁnitesimal
automorphism, 432
derived
– operation, 20-21, 194, 225,
411-444, 463-465, 467, 522-525
– subgroup, see commutator:
subgroup
descending chain condition, see chain:
conditions
diagonal, see under functor
diagram category, 223-224
functor on –, 241, 277-278, 293, 336,
340, 355
diﬀerential equation, 137, 322
diﬀerentiation of polynomials, 94, 210
dihedral group, 20, 52, 376
directed, see under ordered sets and
category: – system
direct limit, see under limit . . .
direct product, 66, see also product
‘direct sum’, 70, see also coproduct and
retraction
disjoint union, see coproduct: of sets
disjunction of propositions, 11
– as union, 210-211
existential quantiﬁcation as –, 211
distinguished element, see operation:
zeroary, and set: pointed

divisibility ordering on integers etc.,
120, 129, 176
divisible group, 255, 330
division ring, division algebra, 36, 204
domain of a morphism in a category,
218
duality, see ordered set: opposite,
category: opposite, Pontryagin –,
and under abelian group, vector
space, lattice, Boolean algebra
electrical circuit, 442-443
“element chasing”, see category: no –
embedding, embeddability, see also
monomorphism: distinguished, and
Yoneda
– of algebras, 86, 102, 130, 413, 427,
512, see also representations:
Cayley’s theorem, and next
subheading:
– of ordinals, partially ordered sets,
(semi)lattices, 151, 187, 191-193,
196-197
– of topological spaces, 109, 111, 113
empty set, see also free: algebra on –,
and under product, coproduct,
operation, category, limit, and
algebra
– and zeroary operations, 15, 480, see
also algebra: empty
– and Zorn’s Lemma, 164
– as starting point for set theory, 142,
143
closure of – under a closure operator,
194
inverse limits of non—s, 327, 489
meets and joins over –, 183-186, 188
products and coproducts over –, 266
universal constructions in other cases
involving –, 53, 96, 104, 340, 346,
351, 363, 395, 409, 459, 460, 475,
506
empty string, convention on, 64, 99
endomorphism, see also ring: of –s, and
under abelian group, lattice
monoid of –s, 53, 214, 227, 395
–s of IdC , 281, 529
enveloping
universal – algebra of a Lie algebra,
see under Lie algebra
universal – group of a monoid, 86,
see also group: constructions
relating –s and monoids
epimorphism, 255-260, 270, 371, 477,
see also under coequalizer
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conﬂicting meanings of –, 258
epimorphs of initial objects, 410, 528
–s and pushouts, 274-275
–s of various familiar structures,
256-257
– vs. surjective map, 256-259
equalizer, 224, 269-270, 271, 346, 348,
383, 403, 418
– as a functor, 277
– as a limit, 334
constructing all limits from –s and
products, 339-340, 350, 362-363
– of monoid maps, 85
– of representable functors, 510
– respects other limits, 342, 351
–s, one-one-ness, and
monomorphicity, 270, 336, 363,
405
equational theory, see varieties and –
equivalence of categories, see under
category
equivalence relation, 104, 129, 142,
201-203, 226, 254, 285, see also
congruence, term: construction . . . ,
and category: equivalence . . .
– as closed set of a closure operator,
195
lattice (semilattice, set) of –s,
191-193, 247, 249, 299, 369-370
union of directed system of –s, 327
E-system, see monoid: functors . . .
evaluation of terms, 19-20, 26, 30, 41,
411-414
exchange property, see matroid
exercises in these notes, 6
exponents of group elements, 55, 240,
246, 283, 330, 476, see also group:
Burnside
expression, see term
extension of scalars, 505
factor algebra, see under congruence,
group, rings
family, see tuple
Fibonacci numbers, 135, 136, 139
ﬁeld, see also rational, complex, p-adic
algebraic closure of a –, 242
compositum of – extensions, 98
Galois theory, 98, 205, 207, 212
inﬁnite Galois theory, 329
“Is there a concept of free – or
division ring?”, 36
matrix group over a –, 59, 60
– of fractions, 36, 87, 256, 258, 329
skew –, see division ring
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‘ﬁltered’, see ordered sets: directed
ﬁnitary, see also arity
– closure operator, 198-199, 453
– operations and algebras, 18, 198,
327, 328, 353, 380, 385-390, 395,
396, 400-401, 413-414, 418, 441,
452-453, 461, 513, 517-520, 522,
526
ﬁnite, see natural numbers, and under
arity, group, presentation, algebra,
set, Boolean algebra, category
ﬁnitely presented object, 53, 60, 95,
273, 359
direct limits of –s, 328, 353
ﬁxed-point set of a G-set, 336, 337, 356,
358-359, 476
forgetful functor, see under functor
Fredman’s conjecture on ordered sets,
126-128
free
– abelian group, 56-58, 60, 76, 90-91,
279, 288, 316
– algebra in a variety, 406-413, 416,
419, 438-441, 449-453, 473, 475,
see also –: Ω-algebra
– algebra on the empty set, 96, 459
– algebra with unspeciﬁed generating
set, 28, 394
– Boolean ring, 102, 517
– commutative ring (i.e., polynomial
ring), 36, 89, 207, 252, 299, 315,
322
– complete Boolean ring
(nonexistence), 367
– group, 25-27-44, 47, 52, 53, 66, 279,
282, 288, 295-297, 299, 305, 307,
309, 311, 316, 329, 342, 361, 363,
369-370, 373, 394, 414
“Is there a concept of – ﬁeld or
division ring?”, 36
– lattice, semilattice, 43, 178-179,
367, 394
– Lie algebra, 43, 430
– monoid, 80, 90-91, 130, 316,
394-395, 488
nonexistence of some – objects, 28,
36, 367
– object constructions as functors,
239
– objects in a concrete category,
264-265, 268, 299, 305, 311, 346
– Ω-algebra, 391-401, 406-416,
419-421
‘– product’, see coproduct
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relatively – algebra, 419-421-422
– ring, 89-91, 316, 394, 422
– set-representations of a category,
301
subalgebras of – algebras, 394
universal property of – objects,
27-28, 33, 35, 40
Freyd’s adjoint functor theorems, 365,
368, 393, 396, 406, 478
Friedman, Harvey, question of, 414
full, see under category and functor
function
algebras of –s and algebra-valued
representable functors, 462
almost periodic –, 113
– as a binary relation, 259
conventions on notation, 11, 228, 499
germ of a –, 225-226, 323
indexed set (family) as a –, 14
polynomial –, 147, 176
relation, as generalization of –, 225
restriction of a –, 135
rings of bounded –s, 111-113
“Should a – determine its
codomain?”, 229-231
support of a –, 57
functor, 238-253, see also subheading
“. . . as functors” under various
constructions etc., and category:
equivalence of
adjoint –, see adjunctions
bi–, 252-253, 287, 291, 302-315,
368-372
– categories, see under category
comparison –, 451-452
composition of –s, 243, 247, 252, 289,
290, 316
concretization –, see category:
concrete
constructions that are not –s, 241-242
contravariant –, 123, 247-252, 259,
280, 285, 499, see also
subheading contravariant under
adjunctions and under category
covariant –, 247, 252
diagonal (constant) –, 313, 315,
337-340, 346, 349
faithful –, 243-246, 251, 255, 281, 285
forgetful –, 240, 244, 246, 268, 299,
307, 309, 311-312, 316, 342, 343,
346, 369, 373, 393, 408, 435, 438,
441, 444, 451, 469, 471, 477, 491,
492, 513
full –, 244, 281, 285
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G-set as –, 334-335
hom –, 246, 250-251, 253, 255, 259,
280, 297-298, 300-305, 308, see
also –, representable, and
Yoneda’s Lemma
–ial operation, 36-37, 111, 280, 373,
412-414, 513
identity –, 240, 243, 281, 284, 285,
290, 340, 363, 529
morphisms of –s, 277-278-290, see
also –: sub–, and morphism: of
(co)algebra objects . . .
non-representable –, 299, 350, 366,
489
– of several variables, 252, see also –:
bi–
– on a diagram category, 241,
277-278, 293, 336, 340, 355
– on the category of ﬁnite sets, 243,
251, 253
power (product of copies) of a –, see
under power
power set –, 103, 123, 179, 249, 250,
280, 283, 299, 451
representable algebra-valued –,
466-469-529, see also algebra:
(co)– objects
representable set-valued –,
296-298-309, 337, 343-353,
364-366, 409-410, 449, 452, 459,
see also Yoneda’s Lemma
– respecting various constructions,
see under product, limit . . . ,
initial . . .
sub–, see subfunctor
underlying-set –, see –: forgetful
underlying-set-preserving –, 443-445,
449, 474-475, see also –: forgetful
and under adjunction: . . .
fundamental group of a topological
space, 213, 216, 225, 246, 287, 470,
527
Galois connection, 205-206-212, 376,
see also ﬁeld: Galois theory
– and pushout, pullback, 274
– between algebras and identities,
401-402, 415
heuristics for characterizing closed
sets under –, 211, 415
– measuring “what respects what”,
351-352, 360
Gaussian integers, 100
Gel’fand-Kirillov dimension of a monoid
or algebra, 131-132
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“General Algebra” or “Universal
Algebra”?, 5, 381
generating set, see also presentation
a homomorphism is determined by its
action on a –, 25, 34, 51, 362
– for a congruence, 82, 85, 104, 384,
390, 396, 406, 409
generators and relations, see
presentation
germ of a function, 225-226, 323
Golod-Shafarevich construction, 60
graph, 443, see also monoid: functors
...
reconstruction problem for –s, 128
greatest element, see ordered sets:
minimal . . .
greatest lower bound, see ordered sets,
semilattice, and lattice
Grothendieck group of an abelian
monoid, 86
group, see also under automorphism,
variety, and fundamental –
abelian –, see abelian group (and
cross-listings shown there)
abelianization of a –, 58-59, 69, 71,
74, 77, 240, 244, 295-296, 305,
311, 316, 329, 360
– acting on an object of a category,
276, 279, 334
– acting on an ordered set, 335
– acting on a set, see G-set and
permutation
aﬃne algebraic –, 479
Bohr compactiﬁcation, 113
Burnside problem, Burnside group,
60-62
category of –s, 221, 287, 292
center of a –, 241
centralizer subgroup of a –, 210
co–, 461, 470, 476
cokernel of a homomorphism of –s, 73
commutator of – elements, 20, 42, 58,
329
congruence on a –, 82
constructions relating –s and
monoids, 85-87, 222, 238, 283,
284, 306, 311, 420, 445, 476-477,
486, 488, 491-493, 494-496, 505
coproduct of –s, 62-69, 342, 511
cyclic –, 55, 66, 78, 214, 223, 246,
322, 476
– deﬁnition examined, 11-13, 201-203,
404
derived operations of –, 20-21, 423

561
‘derived sub- –’, see commutator:
subgroup . . .
dihedral –, 20, 52, 376
divisible –, 255
– elements of exponent “2”, 510-512
exponents of – elements, 55, 240,
246, 283, 330, 476, see also –:
Burnside
ﬁnite –, 37, 44, 59-62, 67
ﬁnitely and non-ﬁnitely generated –s,
33, 54, 176, 180, 190, 355, 358
free –, see free: group
fully invariant sub–, 284
functors between category of groups
and category of group maps, 313
growth rates of –s, 131
inner automorphisms of –s, 20, 42,
512
Lie –, 255, 300, 332, 430-432
– made into a category, see monoid:
group or . . .
motivation for concept of –, 41, 213
normal forms in –s, 42-43, 63-66, 67,
481
normal sub–, 48, 50, 72
– of automorphisms, 205, 207
– of invertible matrices, 59, 60, 265,
373, 374, 457-461, 468, 472, 509
order of a – element, 55, 60, 67, 241
presentation of a –, 49-51-62, 86
product of –s, 62, 507
quotient or factor –, 47-49, 50, 82
– redeﬁned, without zeroary
operation, 435
second universal property of product
of –s, 67-68
simple –, 479
solvable –, 59
subgroup and normal subgroup
generated by a set, 46-47
subgroup lattice of –, 176, 181, 195,
250
sub– of ﬁnite index, 226
symmetric –, 20, 35, 140
symmetry –, 52, 53
ternary operation xy −1 z on –, see
heap
three sub- –s theorem, 42
topological –, 113, 251, 527, see also
group: Lie
torsion (‘periodic’) –, 268, 330
trivial homomorphism of –s, 67, 507
various universal constructions for –s,
46-79
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– with distinguished cyclic subgroup,
365
growth rates of sequences, semigroups,
groups, k-algebras, etc., 130-132
G-set (G a group or monoid), 49, 73,
202, see also permutation and
under varieties
analog of – in a general category, see
group: acting on an object . . .
– as functor, 276, 334-335
category of –s, 221
ﬁxed-point set of –, 334, 336, 337,
356, 358-359, 476
– made into category, 227
orbit set of –, 334-335, 336, 360, 376,
475
Hall-Witt identity for groups, 42
handwaving in proofs, 3
Hasse diagrams (pictures) of partially
ordered sets, 124
heap, 423-424, 444-445, 447, 495, 527
– of isomorphisms, 423
height of an ordered set or of an
element thereof, 125, 151, 167
Hensel’s Lemma, 321
hom functor, see under functor
homomorphism, 12, 381, see also under
algebra
homotopy of maps between topological
spaces, 114-115, 225, 241, 244, 246,
251, 469
hom-sets, see under abelian group,
category, module
Hopf algebra, 473
hyperidentity, 446
ideal of a lattice, 197
ideal of a ring, 94
Nullstellensatz, 208
prime –, 98, 112, 247
idempotent
Boolean ring of –s in a ring, 102,
312, 475, 517
– element, with respect to an
operation, 102, 173, 493
– endomorphism, 261, see also
retraction
– operation, 173, 177, 203, 447
– operator (closure etc.), 194, 206,
417
variety – under  , 528-529
identities, 13, 399-403, 406, 414, 415,
420-423, see also associativity, etc.,
and group: Burnside
– and normal forms, 43
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(co)– in (co)algebra objects of a
category, 463-465-466, 468, 514
– for G-sets, 49
– holding in all groups, 39, 52
hyper–, 446
imposing – on an algebra, 406, 475,
see also group: abelianization
– in ﬁnite groups, 44
Mal’cev conditions, 448
motivation for group –, 41, 213
– of Boolean rings and algebras,
101-102
– of lattices, 173, 175, 181
polynomial –, see rings: with –
xn = 1 , see group: Burnside
identity (other senses)
‘– element’, see neutral element
– functor, see under functor, and
limit . . .
– morphism, see under morphism
imposing relations on an algebra, 47-49,
80-84, 94-95, 123, 384, 472
inaccessible cardinals, 236, see also
Axiom of Universes
incomparable elements in a partially
ordered set, see antichain
independence results in set theory, 168
indexed family, see tuple
induction, 133-141, 184, see also
recursion, and Zorn’s Lemma
inductive
‘– limit’, 325
– partially ordered set, 162-165
initial and terminal objects, 263-264,
270, see also under epimorphism
– as (co)domains of zeroary
(co-)operations, 15, 460, 477, 480
category with small limits but no
initial object, 366
classes of functors respecting –, 349
existence results for –, 362-364
– expressed in terms of other
constructions, 266, 300, 340
– of categories Rep(V, W) , 513-514
other constructions expressed as –,
295-297, 301, 458, 460, see also
category: auxiliary
– represent trivial functors, 300, 506
zero objects, 263-264, 267, 270,
506-507
initial segment of ordered set, 147,
155-156
injection, see monomorphism and
one-one-ness
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integers, 14, see also natural numbers,
growth rates, Fibonacci numbers
integral domain, 94, 128, 129, 135, 141,
320, 403, 522
interpolation properties on ordered sets,
188-189, 324
intersection
conjunction as –, 210-211
family closed under –s, see closure
operator
intervals in partially ordered sets, 124
intuitionism, 169, 171
inverse limit, see limit . . . : direct and
...
inversely directed, see ordered sets:
. . . and category: directed . . .
invertible, see also one-sided
– elements in monoids, 87, 238, 244,
283, 299, 306, 402, 409, 476-477
– elements in rings, 320-321, 373
– morphisms in categories, see
isomorphism
isomorphism
classes of algebras closed under –
(‘abstract classes’), 416
– in a category, 254, 260, 263, 285
– of bifunctors, 304-315, 368-372, 375
– of categories, 284, 286, see also
category: equivalence of
– of functors, 279-280, 283, 285, 286,
290, 297-299, 303-311, 451,
486-487, 488, 491, 509, see also
functor: representable, and
category: equivalence of
– of ordered sets, 120
the –s between two objects form a
heap, 423
isotone maps of ordered sets, 120-121,
177-178, 417
strict –, 121
Jordan algebra, 433
K-theory, 87
large and small sets, 232, 233-234-238,
402, 412, 414, see also under sets,
solution-set, category, Axiom of
Universes
lattice, 6, 175-194, 204, 312, 447, see
also semilattice
(< α-)(semi)complete –, 183-184-194,
196-197, 198, 268, 367, 382, 403,
452, 454
antiisomorphism of –s, 206
Boolean algebra as –, 175, 181
Brouwerian –, 171
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closure operators and –s, 196-201
coﬁnal sub–, 179
compact elements in a –, 191,
192-193, 198, 390
concrete –, see closure operator
distributive –, 181, 508
duality between distributive –s and
partially ordered sets, 251, 518
ﬁxed point theorem for complete –,
186
free –, 179, 367, 394
greatest and least elements in –, 177,
518
homomorphisms of various sorts,
177-179, 187-189, 192-193
ideals and principal ideals in –, 197
– made into a category, 355
modular –, 43, 181
– of equivalence relations,
congruences, 191-193, 247, 249,
299, 369-370, 384
– of subalgebras of an algebra, 176,
183, 190, 382-383
– of subgroups of abelian group, 181,
198
– of sub(semi)lattices of a
(semi)lattice, 181
– of varieties of algebras, 401
power set as –, 175, 181
representable functors to and from
–s, 508
ring-theoretic notation for –s (not
used here), 176
sub–, 177
underlying semilattices and partially
ordered set of a –, 175, 178, 312
universal constructions for –s,
178-179
upward and downward generating
numbers of a –, 189
– -valued metric space, 192
– with group action, 335
Lawvere’s approach to varieties of
algebras, 439, 442
least element, see ordered sets: minimal
...
legitimate, see under category: large . . .
lexicographic order, 139-140
Lie algebra, 204, 425-426-433
– of vector ﬁelds, 428-430
p- – or ‘restricted –’, 433
relation to Lie groups, 430-432
super –, 433
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universal enveloping algebra of –,
312, 426, 475
limit, colimit, 334-335-368, 445
– as adjoints to diagonal functors, 337
– as objects with universal cones,
338, 344-352
– as representing objects, 337
categories having small –s, 335,
353-358, 362-368
– commute with same, 349, 353-360
comparison morphisms for –,
352-353, 354-364
direct and inverse limits,
321-325-336, 339-341, 348, 351,
356-360, 385-390, 403, 413, 418,
489
functors respecting –s, 342-344-361,
478-479, see also –: comparison
morphisms
‘inductive’ and ‘projective’ ( = direct
and inverse) limits, 325, 332
– in functor category, 282, 509-510
– in varieties of algebras, 383, 397,
403-404, 406
– of identity functors and empty
functors, 340, 346, 351, 363
– of partially ordered sets, 518
– of system of representable functors,
489
other universal constructions
obtained from –s, 362-366,
471-472, 473, see also Freyd’s . . .
limit ordinals and cardinals, 152-154,
159-161
linearization, see ordered sets:
extensions
linearly compact, see under vector space
‘linear’ ordering, see ordered set: totally
localization of commutative rings, 87,
320
loose usage, 12, 13, 27, 36, 46, 51, 52,
104, 120, 174, 230, 292, 325, 384,
394, 399
majority vote operation, 21, 519
majorize an element or subset under an
ordering, to, 125
Mal’cev condition, 448
many-sorted algebra, 438
map, 12, 228, see also category:
morphism, and function
map coloring, 327-328
matrices
category with – for morphisms, 216,
224, 285
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determinants of –, 373, 374, 380, 510
free groups of –, 44
groups of invertible –, 59, 60, 265,
373, 374, 457-461, 468, 472, 509
identities satisﬁed by rings of –, 422
rings of –, 286, 422, 475, 477, 509
– with determinant “1”, 44, 457-459,
468, 472
matroid, 204
maximal elements, see ordered sets:
minimal . . .
metric space, 109, 201-202
completion of –, 319-320
lattice-valued –, 192
minimal elements, see under ordered
sets
module, 74, 78, 208, 314, 496, see also
abelian group, vector space,
bimodule, tensor product, varieties
...
abelian group structure on hom-sets
of –s, 291, 501, see also abelian
group: . . .
– case, as model for thinking of
representable functors, 503
categories of –s, 221, 292, see also
other headings here, and rings:
Morita . . .
clones with Ab in center are
theories of – varieties, 526
– over matrix ring, 509, see also
rings: Morita . . .
– over semiring with “0” and “1”,
526, 528
projective –, 257-258
representable functors among
varieties of –s, 496-505, 509, 526
restriction and extension of scalars,
505
submodule lattice of a –, 181
writing – homomorphisms on
opposite side to ring action, 499
monoid, 79-88, 130-132, see also under
endomorphism, and variety
abelian –, 86, 524
categories of –s, 221
clone as generalization of –, 436, 529
coequalizer of – maps, 85
congruences on –, 82-85
constructions relating –s and groups,
85-87, 222, 238, 283, 284, 306,
311, 420, 445, 476-477, 486, 488,
491-493, 494-496, 505
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constructions relating –s and
semigroups, 80, 87
coproduct of –s, 84, 481
equalizer of – maps, 85
free –, 80, 90-91, 130, 316, 394-395,
488
functors from –s to –s, 480-494, 510
Grothendieck group of an abelian –,
86
group or – made into a category, 222,
244, 249, 254, 262, 266, 276, 279,
281, 292, see also G-set: as
functor
kernel, cokernel of a –
homomorphism, 84
left congruence on a –, 359, 386
multiplicative – structure of a ring,
87, 88-91, 92, 214, 240, 312, 316,
475, 477
normal forms in –s, 80, 83, 84, 87, 487
– of endomorphisms of an object, 53,
214, 227, 395
– of endomorphisms of IdC , 281, 529
one-sided invertible elements in a –,
83, 299, 487, 488-490
opposite –, 240, 487-489
partially ordered – of operators on
classes of algebras, 417-418
presentations of –s, 80-87, 93
product of –s, 84, 132
– ring, 92-93, 99, 312, 316, 343, 475
“Should one just say semigroup with
e ?”, 79, 530
trivial –, 96
– with cancellation, 86
monomorphism, 255-262, 265, 282, 371,
see also equalizer: maps . . .
conﬂicting meanings of –, 258
distinguished classes of –s, called
embeddings, inclusions, 261,
283-284
non-one-to-one –, 255, 260
–s and pullbacks, 274-275
–s are usually the one-to-one maps,
255, 261-262, 405
Morita theory, 216-217, 227, 286, 509
morphism, 217, see also under category
and functor
category with group –s as objects,
313
composition of –s, 217-220, 228, 230,
232, 248
domain and codomain of –, 218
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identity –, 218, 228, 292, 297-302,
307-308, 309, 343, see also
Yoneda’s Lemma
– of (co)algebra objects in a category;
of representable functors,
462-463, 466, 487, 490, 492
natural numbers, 133, 144, 169, see
also growth rates
category of –, 439, 442, see also clone
functions on – induced by functors on
ﬁnite sets, 243, 251, 253
semiring of –, 528
von Neumann construction of –,
141-142, 148
‘natural transformation’, see functor:
morphisms of –s
neutral element, 11, 79, 201-203, 487,
516, see also group, monoid, rings
co–, 480-482, 495, 505-506
one-sided –, 494
Noetherian ring, 134, see also rings:
chain conditions
nonempty sets, inverse limits of, 327,
489
normal forms, see also van der
Waerden’s trick
– in Boolean rings, 102
– in coproducts of groups and
monoids, 63-66, 67, 84, 481
– in free abelian groups, 57
– in free groups, 42-43
– in free lattices, semilattices, 43, 178
– in monoids, 80, 83, 84, 87, 487
– in objects with particular
presentations, 53, 69, 83, 87, 94
– in rings, 89-91, 94-99
problem of obtaining –, 43, 61
– vs. unsolvable word problems, 43,
61
n-tuples, convention on, 14, 152
Nullstellensatz, 208
object, see under category
Ω-algebra, 21, 379-380-414, 437
free –, 391-401, 406-416, 419-421
one-one-ness, see monomorphism and
equalizer: maps . . .
– and functors, 395
– is not characterizable
category-theoretically, 254
– of map from X to free object on
X , 27
one-sided invertible
– element in a monoid, 83, 299, 487,
488-490
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– morphism in category, 254, 259-261,
270, see also retraction
onto, see surjectivity
open questions, 44, 60, 126, 128, 180,
193, 200, 330, 386, 407, 414, 494
list of – in group theory, 55
questions I don’t know answer to, nor
whether they’ve been studied,
21, 180, 228, 351, 360, 368, 508,
514, 528, 529
operad, 448
operation, 15, 380, 461, see also arity
associative –s and the empty string,
64, 99, 183-186, 203
co–, 399, 461, 466, see also algebra:
(co). . .
– depending on only a subset of its
indices, 434-436
derived –, 20-21, 194, 225, 411-444,
463-465, 467, 522-525
functorial –, 36-37, 111, 280, 373,
412-414, 513
idempotent –, 173, 177, 203, 447
majority vote –, 21, 519
mutually commuting –s, see
commutativity: between . . .
– on an object of a category, 461, see
also algebra: (co)–
– on a quotient set, 30
pointwise –, see product, and under
pointwise
primitive –, 20, 411, 437, 442,
444-451
projection –, 20, 436-439, 442, 449,
464-465, 522-525, see also
projection maps: from product
object
zeroary –, 15, 21, 382-383, 403,
434-435, 493, 503, 506-508, 513,
516, 524, see also neutral element
opposite, see under monoid, rings,
ordered sets, category
orbit set of a G-set, 334-335, 336, 360,
376, 475
ordered pair, 142
ordered sets (partial and total),
119-141, 178, 201-202, 350, 351,
see also lattice, preorder, and
well-ordered set
<α-directed –, 359, 385-387, 390, 403
antichains in –, 125, 166-167
categories of –, 221, 262
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chains in –, 125, 162-166, 179,
184-188, 198, see also –: totally
. . . and chain conditions
coﬁnal subsets of –, coﬁnality of –,
125, 159-160, 165, 179, 187, 326
coproduct of –, 123
‘covering’ relation in –, 122
directed and inversely directed –,
168, 324-333, see also limits and
colimits: direct and inverse limits
divisibility ordering on integers etc.,
120, 128, 129, 176
duality with distributive lattices, 251,
518
duals of –, see –: opposite
extensions and linearizations of
orderings, 125-126, 165-166
‘ﬁltered’ –, see –: directed
Fredman’s conjecture on –, 126-128
Galois connection between two –,
206-207, 376
group actions on –, 335
heights and widths of –, 125, 151,
167
incomparable elements in –, see
antichain
induced ordering on a subset, 120,
177
inductive –, 162-165
initial segments of –, 147, 155-156
interpolation properties, 188-189, 324
intervals in –, 124
isomorphisms of –, 120
isotone maps of –, 120, 121, 177-178,
417
limits and colimits of –, 518
l.u.b.’s and g.l.b.’s in –, 173-176,
183-186, 188, see also
semilattice, lattice
– made into categories, 222-223, 244,
249, 254, 262, 263, 266, 268, 325,
351, 356, 358
minimal, maximal, least, greatest
elements in –, 123, 133, 135, 177,
326, 518, see also well-ordered
set, chain: condition, and lattice:
(< α-)(semi)complete
opposite –, 121, 138, 174, 240-249
pictures (‘Hasse diagrams’) of –, 124
power sets as –, 123, 215
presentations of –, 122
product of –, 122, 139, 518
reconstruction problem for ﬁnite –,
128
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strict ordering relation “ < ”, strict
isotone map, 121-122, 221, 335
totally (‘linearly’) ordered set,
126-128, 139, 146, 162, 166, 176
underlying – of (semi)lattices, 174,
312
ways that – arise, 215
ordinals and cardinals,
148-149-156-162, 166
– and the process of generating an
algebra, 33, 35, 108, 199, 367,
387-391, 392-393, 401, see also
solution-set condition
arithmetic of –, 152-154, 156-158
cardinality, 156
comparability of cardinals, 162
inaccessible cardinals, 236
limit – and successor –, 152-154,
159-161
ordinal = limit ordinal + ﬁnite
ordinal, 367
regular –, singular –, coﬁnality of –,
159-160, 165, 236, 389-390, 401,
461, 466
von Neumann construction of –,
148-151
p-adic
– integers, 317-319-323, 330-332
– rationals, 320
pair, see tuple
path-lifting property in covering space,
113
permutation, 49, see also group:
symmetric
properties of –s as source of group
concept, 41, 65, 202, 214
sign of a –, 422
Péter Frankl’s question, 200
p-Lie algebra, 433
Poincaré-Birkhoﬀ-Witt Theorem, 312,
427
pointed, see under category, set, rings
Poisson algebra, 433
polyhedra, 208
polynomial, see free: commutative
rings, symmetric: ring, and under
function
polynomial identity (“PI”), rings with,
257, 422-423
Pontryagin duality of topological
abelian groups, 251, 519
power of an object or a functor (i.e.,
product of copies), 269, 281, 409,
492, see also operation
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an object with ﬁnite powers yields a
clonal category, 449
power series, see under rings
power set, 100-103, 123, 144, 249, see
also under Boolean, lattice, ordered
set, functor, and topological space
– as functor, 299
structure on – functor, 451
preorder, 128-129-133, 147, 203
presentation, 296, 299, 396-397,
406-409, 458, 471, 474, 484, 490,
see also under group, ring, etc.
bounds on numbers of generators,
relations needed, 53, 60
canonical – of an algebra, 307
every algebra is direct limit of ﬁnitely
presented algebras, 328, 353
ﬁnitely presented object, 53, 60, 95,
273, 359
normal forms in objects given by –s,
53, 69
– of a coproduct, 62-63
– of representing algebra for a
functor, 459, 467, 475-476
– of tensor product, 75-77, 500-502
–s of groups, 49-51-62, 86
–s of lattices, semilattices, 178
–s of monoids, 80-87, 93
–s of partially ordered sets, 122
–s of rings, 93, 94-95, 99-100
–s of sets, 104
– with empty set of relations or
generators, 53, 409, 475
primitive operation, 20, 411, 437, 442,
444-451
principal ideal domain, 329
product (of sets, algebras, objects in a
category), 66, 75, 265-268,
271-272, 358, 383, 461, see also
power
– as adjoint, 312-313
– as domain-object of operation, 461
– as functor, 252, 268-282, 291
– as limit, 334, 350-351
– as representing object, 300
associativity and commutativity of –
construction, 67, 104
– as terminal object of auxiliary
category, 296
category having –s, 266, 290, see also
clone
constructing all limits from –s and
equalizers, 339-340, 350, 362-363
diagonal map into a –, 69
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‘direct –’ (classical term), 70, 383
example of – not based on – of
underlying sets, 268
functors respecting –s, 268, 386, 461,
see also clone
– of algebras doesn’t depend on
variety, 69, 383
– of categories, 252, 287-290
– of chains, as lattice, 176
– of empty family, 96, 104, 266, 506
– of functors, 489
– of groups, 62, 69-72
– of monoids, 84, 132
– of partially ordered sets, 122, 139,
518
– of rings, 95, 98, 101-102
– of –s, 266
– of sets, 104, 142
– of too many objects, 268
second universal property of –
groups, 67-68, 99
subobject-of- – constructions, 32-37,
48, 50, 56, 80, 107-109, 110,
339-340, 361-363, 393, 406, see
also solution-set
topology on –, 107, 331, 398
varieties are closed under –s, 403,
405, 415-418
proﬁnite, see algebra: ﬁnite . . .
projection maps
– from limit object, 321, 325, 335
– from product object, 62, 252, 266,
325, 441-442, see also operation:
projection
– from pullback object, 271
projective
– geometry, 178, 181
‘– limit’, 325, 332
– modules, and other objects, 257-258
proofs
handwaving in –, 3
petty details in –, 1
propositions (logical statements)
– form a preordered set, 128, 215
Galois connection between – and
models, 208, 210-211
pullbacks and pushouts, 270-275
– as (co)products in auxiliary
categories, 271
– as functors, 278
– as initial and terminal objects in
auxiliary category, 296
– as limits, colimits, 334, 355
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– obtained from (co)products and
(co)equalizers, 271
relation with monomorphisms,
epimorphisms, 274-275
quantiﬁcation, universal and existential,
11
– as conjunction and disjunction, 211
quantum mechanics, 94
quasi-small sets, etc., 238, 412, 413,
449, 452
questions, see open questions
quotient algebra, see under congruence,
group, and rings
rational functions, ﬁeld of, 36
reconstruction problem for graphs, 128
recursion, 19, 29, 135-139, 147,
152-153-154, 155, 160-161, 163,
387, 392-393, see also Zorn’s
Lemma
– using DONE, 148, 155
reﬂexive relation, 120
regular cardinal, see under ordinals . . .
relation (holding in an algebra), 15,
25-33, 395, see also term. Cf. other
sense of relation below
– expressed using elements of free
algebra, 52, 409
imposing –s on an algebra, 47-49,
80-83, 84, 94-95, 123, 384, 472,
see also presentation, relator,
coequalizer, and under identity
– in a ﬁeld, 36
– in G is identity of G-sets, 49, 422
–s and identities, 399
–s and representable functors, 409
relation (structure on a set or family of
sets), 29, 119, 530, see also ordered
set, and equivalence relation. Cf.
other sense of relation above
antireﬂexive –, 121
antisymmetric –, 120
arity of –, 119
– as generalization of function, 225,
see also RelSet in Symbol
Index
composition of –s, 225
– induces Galois connection, 205,
206, 274, 351-352, 360
reﬂexive –, 120
restriction of – to a subset, 119
symmetric –, 129
transitive –, 120
relatively free algebra, 419-421-422
relator, 52, 76
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representable functors, see also under
functor
composition of –, 473-474, 477,
489-490, 501-503, 520-521
module case, as heuristic model, 503
representing objects for –, see under
presentation
representations (of algebraic
structures), 43
Cayley’s theorem and analogs,
214-220, 244-245, 301
– of Boolean rings by subsets of sets,
102, 103
– of categories by sets and set maps,
220, 244-245, 442, 464, 468, 523
– of clonal categories by algebras, 441
– of groups and monoids by set-maps,
algebra automorphisms, etc., 44,
93, 213, 214, see also
permutation and G-set
– of partially ordered sets in power
sets, 123, 215
– of rings by linear maps (module
endomorphisms), 91, 208, 475
– of (semi)lattices, 175-176, 191-193,
196-198
universal –, 475, see also –: Cayley
. . . and van der Waerden’s trick
representing object, see functor,
representable
residually ﬁnite algebra, 61, 274, 396
respecting . . . , see mainly under limit
. . . : functors –, and Galois
connection: measuring
restriction
– of a function, 135
– of a relation, 119
– of scalars, 505
retract, retraction, 259-261, 267
– of a category, 491
– of a group, 260
rings and k-algebras, 88-89-103,
131-132, 316, 334, 343, 350, 373,
374, see also Boolean, ﬁeld, ideal,
integers, Lie algebra, matrices,
module, semiring, Weyl algebra,
and under abelian group, monoid,
p-adic, tensor product, variety
additive group structures of –, 83, 88,
90, 93, 99, 240, 312, 316, 475
associative, unless contrary is stated,
88
(bi)commutants in –, 208, 210
categories of –, 221
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chain conditions (q.v.) on – (Artinian
and Noetherian conditions),
134-135, 138
characteristic of –, 422
commutative –, 88, 140, 204, 250,
457-461, 468, 472, 479, 504
commutators of elements in –, 312,
425-428, 430, 433, 444
congruences on –, 83
derivations on –, 425, 432-433
division –, see division ring
factor –, 83
factoring elements into irreducibles,
135
free –, 89-91, 316, 394, 422
functor from – to Lie algebras, 312,
426, 444, 475
Golod-Shafarevich construction, 60
Hensel’s Lemma, 321
ideal and subring lattices of –, 181
integral domains, 94, 320, 403, 522
invertible elements in –, 320-321, 373
Jordan algebras, 433
localization of commutative –, 87, 320
Morita contexts, Morita equivalent –,
216-217, 227, 286
nonassociative –, 88, see also Lie
algebra, Jordan algebra
normal forms for –, 89-91, 94-99
– of bounded functions, 111-113
– of endomorphisms (linear maps),
91, 208, 475
– of formal power series, 299, 315,
322, 330, 475
– of ‘noncommuting polynomials’, see
–: free
opposite –, 240, 503-504
pointed – are trivial, 507
Poisson algebras, 433
presentations of –s, 93, 94-95, 99-100
principal ideal domains, 329
products and coproducts of –s, 95-102
restriction and extension of scalars,
505
symmetric – on abelian groups and
k-modules, 93
tensor products of –s, 97-99, 132, 503
tensor rings and algebras, 93, 312,
316, 475
– with and without “ 1 ”, 88, 496
– with involution, 204
– with polynomial identity (“PI”),
257, 422-423
Russell’s Paradox, 145
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semigroup, 96, 445, 493-494, 505-506,
514, see also monoid
categories of –s, 221
constructions relating –s and
monoids, 80, 87
zero and one-sided zero elements
in –s, 494
semilattice, 173-174, 176-179, 201-204,
312, 369-370, 447, see also lattice
(< α-)complete –, 183-184-194
free –, 394
homomorphism of –s, 177-179, 189
normal forms in –s, 178
representable functors to or from –s,
527
sub–, 177
underlying partially ordered set of –,
174, 178, 312
universal constructions for –s,
178-179
semiring (or ‘half-ring’), 88, 526, 528
set
category of ﬁnite –s, 243, 251, 253,
281, 286
category of –s, 221, 233, 238, 240,
245-246, 336, 337, 353-360, 377,
386, 395, 402, 418, 445, 454, 514,
517-518, 525
coﬁnite sub- –, 103, 227
coproduct (disjoint union) of –s, 63,
104, 342, 346, 358-360
disjoint union of –s, see –: coproduct
duality between ﬁnite –s and ﬁnite
Boolean rings, 286, 519
heuristics on generalizing from Set
to other categories, 291
large and small –s, see solution-set,
Axiom of Universes, quasi-small,
and under category
opposite of category of –s, 493
pointed –, 493
presentations of –s, 104
product of –s, 104, 142
representations of categories by sets
and set maps, 220, 244-245, 442,
464, 468, 523
structure of the product and squaring
functors on –s, 451
“– vs. class” questions, 33, 36, 146,
150, 153, 218, 232-233, 237, 413,
see also Axiom of Universes
‘sﬁeld’, ‘skew ﬁeld’, see division ring . . .
singular cardinal, see under
ordinals . . . : regular . . .
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sloppy usage, see loose usage
small, see solution-set, and Axiom of
Universes
– limits, see limit . . . : categories
having . . .
solution-set condition, 362-364-368,
391, 406, 449, 478-479
S-set (S a monoid), see G-set
Stone-Čech compactiﬁcation of a
topological space, 105-107-113,
160, 312, 367, 453
strict ordering, strictly isotone map, see
under ordered sets
Structure and Semantics, 449-450-452,
504, 510, 517-518, 522
“Structure is adjoint to Semantics”,
450
subcategory, see under category
subfunctor, 283-284, 404, 477, 487,
488, 489
subobject, see algebra: sub–,
monomorphism: distinguished
classes, and category: subobject
substitution into terms, see terms:
evaluation
successor ordinals and cardinals,
152-154, 159-161
super Lie algebra, 433
surjectivity, see under coequalizer and
epimorphism
– and functors, 395, 453
– is not characterizable
category-theoretically, 254
symmetric
– elements in free algebras and
coproduct algebras, 92, 140, 507
– group, 20, 35, 140
– relation, 129
– ring on an abelian group or
module, 93
symmetry group, 52, 53
tensor product
– and adjunctions, 314, 315, 500-501
– and the Hom functor, 78, 314, 500
– as functor, 252, 291, 478
commutativity of – bifunctor, 280
“nonabelian –”, 77
– of abelian groups, 75-79
– of modules and bimodules, 75-76,
227, 500-502-505
– of rings and k-algebras, 97-99, 132,
503
presentation of –, 75-77, 500-502
tensor powers of a vector space, 284

Word and Phrase Index
tensor rings and algebras, 93, 312,
316, 475
term, 17, 21, 25, 28-32, 36, 37-44, 49,
51, 391
– algebra as free Ω-algebra, 391-393
constructions by –s modulo
equivalence relation, 28-32, 48,
50, 56, 406
evaluation of –s, 19-20, 26, 30, 41,
411-414
group theoretic –, 16-20
terminal object, see initial . . .
ternary, see arity, heap
theory, see axiomatic model classes and
varieties
“threes”, pattern of, 201-204
three subgroups theorem, 42
topological space, see also metric space,
vector space: linearly compact,
Cantor set and under abelian
group, algebra
cohomotopy groups of –s, 251, 470
compact –, 141, 191, 327, 453-454
compact –s and compactness results
of model theory, 332
connected components of –, 109
embeddings of –s, 109, 111, 113
ﬁnite –, 133
fundamental group of –, 213, 216,
225, 246, 287, 470, 527
homotopic maps between –s, 114-115,
225, 241, 244, 246, 251, 469
lattice and closure operator
associated with –, 181, 186, 194,
195, 199
neighborhood bases in –s, 125
order-of-limits questions in –s, 350
path-lifting property, 113
power set as –, 249
product topology, 107, 331, 398
Stone-Čech compactiﬁcation of –,
105-107-113, 160, 312, 367, 453
topological group, 113, 251, 527, see
also group: Lie
(universal) covering space of –,
113-114-115
vector bundles on –, 87
– with ACC on open sets, 141
totally ordered set, see under ordered
set
transitive relation, 120
tuple, 14, 18
convention on n- –s, 14, 152
“pair” vs. “2- –” in foundations, 143
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type, see under algebra
ultraﬁlter, ultraproduct, 107, 530
unary, see arity
uncountability, see countability
underlying set, 12, see also functor:
forgetful
unit, see neutral element, invertible
element and under adjunction
universal constructions, see other
phrases beginning with universal,
and also free, product, coproduct,
presentation, limit, initial, empty
set, adjunction, and under Lie
algebra
universal covering space, 113-114-115
universal element, 27, 297-299, see also
universal property
– for representable functor, 298, 300,
309
universal property, 27-114, 253,
334-335, 351, 361, see also speciﬁc
universal constructions
existence theorems (general) for
objects with –ies, 361-368, see
also product: subobject-of- . . .
heuristics for ﬁnding objects with
left –ies, 30, 43, 45, 48, 63, 71-73,
458, 500
heuristics for ﬁnding objects with
right –ies, 71-73, 113-114
nonexistence of objects with
some –ies, 28, 36, 74, 350,
366-367, 478
– of free groups, 27-28, 33, 35, 40
right vs. left –ies, 71-74, 296, 336,
342, 374-377, 383, 391
uniqueness of objects described
by –ies, 17, 27, 51, 81, 107, 263,
282, 296, 311
universe, 233, see also Axiom of
Universes
Urysohn’s Lemma on topological
spaces, 110, 367
U-small etc., see large . . . , and
category: large . . .
van der Waerden’s trick, 40-42, 43, 64,
272, 487
motivation of –, 41, 91
varieties and equational theories,
402-425, see also Birkhoﬀ, clone,
and Structure
– as categories of representations of a
clonal theory, 441
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categories that are not varieties, 402,
404, 405, 453
constructions under which varieties
are closed, 403, 415-416
equational theory generated by a set
of identities, 402
lattices of –, 401
Lawvere’s deﬁnitions of –, 439, 442
 -idempotent –, 528-529
subvarieties of varieties of groups and
monoids, 421, 445
subvarieties of varieties of G-sets and
R-modules, 422, 451, 454
subvarieties of varieties of rings,
422-423
trivial and nontrivial –, 518
universal constructions in varieties,
see under limit . . . , free,
adjunction, etc.
variety generated by a set of algebras,
402, 413, 415-425
“When do we consider two varieties
the same?”, 424, 523
“Which categories are equivalent to
varieties?”, 452
vector ﬁelds on manifolds, 428-430
vector space, see also tensor product
bases of –s, 160, 204, 241
category of –s, 285
duality of –s, 207, 209, 247, 250, 280,
285, 519, 521, 526
linearly compact and other
topological –s, 207, 209, 332, 519

Word and Phrase Index
– over Q obtained from any abelian
group, 329
von Neumann construction of natural
numbers, ordinals, cardinals,
141-142, 148-151
Vopěnka’s principle, 413
well-ordered set, 134, 139, 146-155,
162-168, see also ordinals . . .
well-ordering principle, 162
Weyl algebra, 94, 210
width of an ordered set, 125
word problems, see normal forms
Yoneda’s Lemma, Yoneda embedding,
300-303, 304, 308, 353, 412, 439,
452
– and (co)algebra objects in a
category, 461, 463, 465, 469
Zermelo-Fraenkel set theory with
Axiom of Choice, 143-146, 233-237
motivation for –, 141-143, 168-171
zeroary operation, 15, 21, 382-383, 403,
434-435, 493, 503, 506-508, 513,
516, 524
zero object, see under initial . . .
zero-sets of polynomials, 207, 251
ZFC, ZF, see Zermelo-Fraenkel . . .
Zorn’s Lemma, 160-162-165
– and empty set, 164
equivalence of – with formally weaker
statement, 163
Z-valued functions, abelian groups of –,
57, 58, 247

