Appendix
The Subgroups of the Binary Polyhedral
Groups

In this Appendix, we study the structure of the subgroups of the binary polyhedral
groups T*, O*, I* that we refer to in the main body of the manuscript. More infor-
mation on these groups may be found in [1-5].

Proposition 85

(a) The proper subgroups of the binary tetrahedral group T* are {e}, Zy, 73, Za, Z¢
and Qg. Its maximal subgroups are isomorphic to Z¢ or Qs, its maximal cyclic
subgroups are isomorphic to Z4 or Ze, and its non-trivial normal subgroups are
isomorphic to Zy or Qs.

(b) The proper subgroups of the binary octahedral group O* are isomorphic to {e},
Lo, 73, Za, L6, 78, Qg, Dicya, Q16 or T*. Its maximal subgroups are isomorphic
to Dicya, Q16 or T*, its maximal cyclic subgroups are isomorphic to Z4, Z¢ or
7, and its non-trivial normal subgroups are isomorphic to Z,, Qg or T*.

(c) The proper subgroups of the binary icosahedral group I* are isomorphic to {e},
Lo, 73, Z4, Zs, Z¢, Qs, Z10, Dicya, Dicyy or T, its maximal subgroups are
isomorphic to Dicyy, Dicyy or T, its maximal cyclic subgroups are isomorphic
to L4, Ze or Zy0, and it has a unique non-trivial normal subgroup, isomorphic
to 7.

Proof Recall first that if G is a binary polyhedral group, it is periodic [1] and has a
unique element of order 2 that generates Z(G). By periodicity, the group G satisfies
the p?-condition (if p is prime and divides the order of G then G has no subgroup
isomorphic to Z, x Z), which implies that every Sylow p-subgroup of G is cyclic
or generalised quaternion, as well as the 2 p-condition (every subgroup of order 2p
is cyclic).

(a) Consider first the binary tetrahedral group 7*. It is isomorphic to Qg x Z3. Using
the presentation given by Eq. (1.10), one may check that 7* \ Qg consists of the
eight elements of

{S*/'Xf ‘ jef=1,1}and S e {1, P, O, PQ}},
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and of the eight elements of order 6 that are obtained from those of order 3 by
multiplication by the unique (central) element P> of order 2. The proper non-
trivial subgroups of 7* are isomorphic to Zy, Z3, Z.4, Z¢ and Qg. The fact that T*
has a unique element of order 2 rules out the existence of subgroups isomorphic
to S3. Since Qg is a Sylow 2-subgroup of T*, Zg cannot be a subgroup of 7*.
Further, since T*/Z(T*) = A4, the quotient by Z(T*) of any order 12 subgroup
of T* would be a subgroup of A4 of order 6, which is impossible. Also, any copy
of Z3 (resp. Z4) is contained in a copy of Zg (resp. Qg). The maximal subgroups
of T* are thus isomorphic to Zg or Qg, and its maximal cyclic subgroups are
isomorphic to Z4 or Ze. Among these possible subgroups, it is straightforward
to check that the normal non-trivial subgroups are those isomorphic to Z, or Q.
Consider the binary octahedral group O*, with presentation given by Eq. (2.14).
Recall from Lemma 74(b) that (P, Q, X) is the unique subgroup of O* iso-
morphic to 7*. The twenty-four elements of O* \ T* are comprised of twelve
elements of order 4 and twelve of order 8. Under the canonical projection onto
O0*/Z(0*) = S4, these elements are sent to the six transpositions and the six 4-
cycles of S4 respectively. The squares of the elements of order 8 are the elements
of T* of order 4. Consequently, the elements of O* \ T* of order 4 generate
maximal cyclic subgroups. Thus O* has three subgroups isomorphic to Zg. The
Sylow 2-subgroups are copies of Q1¢, and since each copy of Zg is contained in a
copy of Q¢ and each copy of Q¢ contains a unique copy of Zg, it follows from
Sylow’s Theorems that O™ possesses exactly three (maximal and non-normal)
copies of Qj¢, and that the subgroups of O* of order 8 are isomorphic to Zg
or Qg.

It remains to determine the subgroups of order 12. Under the projection onto
the quotient O*/Z(0*), such a subgroup would be sent to a subgroup of Ss of
order 6, so is the inverse image under this projection of a copy of S3, isomorphic
to Dicyp. It is not normal because the subgroups of Ss isomorphic to S3 are
not normal. Further it cannot be a subgroup of (P, Q, X) since projection onto
0*/Z(0*) would imply that the image of (P, Q, X), which is isomorphic to
A4, would have a subgroup of order 6, which is impossible. We thus obtain the
isomorphism classes of the subgroups of O* given in the statement, as well as
the isomorphism classes of the maximal and maximal cyclic subgroups.

We now determine the normal subgroups of O*. As we already mentioned, the
subgroups of O* isomorphic to Dicjz or Q16 are not normal, and the fact that
each of the three cyclic subgroups of order 8 is contained in a single copy of
Q16 implies that these subgroups are not normal in O*. Clearly Z(0*) = Z,
and (P, Q, X) = T* are normal in O*. Since T* is normal in O* and possesses
a unique copy (P, Q) of Qg, this copy of Qg is normal in O*. The subgroups
isomorphic to Z3 or Zg are not normal because they are contained in (P, Q, X)
and are not normal there. The same is true for the subgroups isomorphic to Z4
and lying in (P, Q, X). Finally, under the canonical projection onto O*/Z(0*),
any subgroup of order 4 generated by an element of O*\ T* is sent to a subgroup
of Sy generated by a transposition, so cannot be normal in O*. This yields the
list of isomorphism classes of normal subgroups of O*.
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(c) Finally, consider the binary icosahedral group I* of order 120. It is well known
that 7* admits the presentation (S JT(ST)? =83 =13 ), is isomorphic to the
group SL(2, Fs),and I*/Z(I*) = As. The group I* has thirty elements of order
4 (which project to the fifteen elements of As of order 2), twenty elements each
of order 3 and 6 (which project to the twenty 3-cycles of As), and twenty-four
elements each of order 5 and 10 (which project to the twenty-four 5-cycles of
As). Its proper subgroups of order less than or equal to 10 are Z,, Z3, Z4, Zs,
Ze, Qg and Zj¢. The only difficulty here is the case of order 8 subgroups: I*
has no element of order 8 since under the projection onto */Z(I*), such an
element would project onto an element of As of order 4, which is not possible.
Since I* possesses a unique element of order 2, the Sylow 2-subgroups of 7*,
which are of order 8, are isomorphic to Qg. Any subgroup of order 15 or 30
(resp. 60) would project to a subgroup of As of order 15 (resp. 30), which is
not possible either. Note that 7* has no element of order 12 (resp. 20) since
such an element would project to one of order 6 (resp. 10) in As. Since /* has
a unique element of order 2, any subgroup of order 12 (resp. 20) must thus be
isomorphic to Dicyy (resp. Dicyg) using the classification of the groups of these
orders up to isomorphism. Such a subgroup exists by taking the inverse image
of the projection of any subgroup of As isomorphic to Dihg (resp. Dihj).

Any subgroup of I* of order 24 projects to a subgroup of As of order 12, which
must be a copy of A4. Hence any subgroup of As of order 12, which is isomorphic
to Ay, lifts to a subgroup of 7* isomorphic to 7*. So any subgroup of /* of order
24 is isomorphic to 7*, and such a subgroup exists.

Let G be a subgroup of I* of order 40, and let G’ be its projection in I*/Z (I*).
Then G’ is of order 20, and the Sylow 5-subgroup K of G’ is normal. Now G’ has
no element of order 4 since I* has no element of order 8, so G'/K = Z, ® 7.
We thus have a short exact sequence:

1—>Z5—>G/—>226922—>1

which splits since the kernel and the quotient have coprime orders [6, Theo-
rem 10.5]. Since Aut(Zs) = Z4, the action of any non-trivial element of Z, ® Z»
on Zs must be multiplication by —1 (it could not be the identity, for otherwise
As would have an element of order 10, which is impossible), but this is not
compatible with the structure of Z, @ Z;. Hence I* has no subgroup of order
40. We thus obtain the list of subgroups of 7* given in the statement. The cyclic
subgroups of order 3 and 5 of /* are contained in the cyclic subgroups of order 6
and 10 respectively obtained by multiplying a generator by the central element
of order 2. Thus the maximal cyclic subgroups of I* are isomorphic to Za4, Zg
or Z]o.

We now consider the maximal subgroups. Clearly, any subgroup of I* isomor-
phic to Dicyp or T* is maximal. Further, since 7* has no subgroup of order
12, any subgroup of /* isomorphic to Dicj; is also maximal. The subgroups
of I'* isomorphic to Qg are its Sylow 2-subgroups, so are conjugate, and since
one of these subgroups is contained in a copy of T*, the same is true for any
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such subgroup. Thus the subgroups of I* isomorphic to Qg are non maximal.
Replacing Qg by Z3 (resp. Qg by Zs and T™* by Dicyg) and applying a similar
argument shows that the subgroups of 7* isomorphic to Zg (resp. Zo) are also
non maximal. This yields the list of the isomorphism classes of the maximal
subgroups of I* given in the statement. Finally, since As is simple, the only
non-trivial normal subgroup of 7* is its unique subgroup of order 2. (I
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