PROBLEM SOLUTIONS

CHAPTER 1
1.1.

As we have discussed, a Fluids-DFT is typically formulated in an open ensemble in
which the state variables are the temperature T, volume V, and chemical potentials of all
the species, PD . Thus for a single-component membrane system consisting of lipids and
solvent, we must specify four variables: P s , P L , V, and T. In the CMS-DFT, the chemical
potentials are determined by the densities in the bulk reservoir. One way to set these is to
fix the total bulk site density U b  U L U s and then to consider bilayer properties as a
function of the solvent number fraction xs  U s / U b . Note that at fixed T, V, and Ub , the
additional constraint of J = 0 uniquely determines xs , so that there is only one bilayer for
this set of conditions. We identify this unique bilayer solution as the physical one for a
bilayer at that particular temperature (this assumes our choice of the overall density is a
realistic one, i.e., resulting in realistic overall fluid densities).
What happens if we now add a second component to the bilayer, such as the alcohols
discussed in the text? We now have three chemical potentials: P s , P L , and Pa for the alcohol. We still need to maintain the constraint J= 0. What is the dimensionality of the set
of possible membrane solutions at zero tension and fixed temperature and volume? How
might we choose the chemical potential variables to obtain physically realistic results?

Answer
We now have five variables that describe the thermodynamic state of the system. At fixed
T, V, and J = 0, we have three constraints, so the set of possible bilayers under these conditions forms a two-dimensional surface in phase space, which could be parameterized by
any two of the three chemical potentials (or any two combinations of these). If we follow
our previous work and again keep Ub fixed, we now have a one-dimensional “line” of
possible bilayers. There are various possible ways one could set, e.g., xs and xa  U a / U b
to choose a specific bilayer from this line. For a discussion, see the appendix in [16].
1.2.

Consider the CMS-DFT described in the text (§1.3.1). The free energy is given by a functional Taylor expansion about the bulk reference state up to second order in the density as
expressed in Eq. (10). Explain why this implies that the CMS-DFT cannot support a
fluid/vapor phase transition or interface.
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Answer
A fluid/vapor phase transition occurs in a single-component fluid. From Eq. (1.18), the
grand free energy for a bulk density U r w U (different than the reference density) is
given by

':  

V
U  Ur
N

1
drcDE (r ) ¢ U 2  Ur2 ¯± ,
2¨

The free energy is thus quadratic in r. A quadratic function cannot have two minima,
which is required for liquid/vapor coexistence (two minima in the free energy, one corresponding to the bulk liquid phase and the other to the bulk vapor phase). Thus, the CMSDFT cannot describe, e.g., free liquid interfaces or wetting phenomena where there is a
vapor phase. Also see the explanation beginning on p. 103 in Evans R. 1992. Density
functionals in the theory of nonuniform fluids. In Fundamentals of inhomogeneous fluids.
Ed D Henderson. New York: Marcel Dekker.

CHAPTER 2
2.1.

Prove Ricci’s lemma, namely, that both a gbc  0 and a g  0 .

Answer
Using the definition of the covariant derivative and the Christoffel symbols, we get
d
a gbc  s a gbc  * ab
gdc  * acd gbd
de
 s a gbc  12 g s a gbe s b gea s e gab gdc  12 g de s a gce s c gea  s e gac gbd
 s a gbc  12 G ce s a gbe s b gea  s e gab  12 G be s a gce s c gea  s e gac
 s a gbc  12 s a gbc s b gca s c gab  12 s a gcb s c gba  s b gac
 0.

We now use the fact that we can write the metric determinant as g  12 H abH cd gac gbd . Here,
H ab is the antisymmetric H-symbol (which is 1 if ab is an even permutation of 12 and 0
otherwise). This is nothing but a fancy way of writing the Leibniz formula for determinants. But now we readily see that a g  0 immediately follows from a gbc  0 and
this equation, since the epsilon tensor is of course also a constant under differentiation.
2.2.

Prove that the Gaussian curvature can be written as K G  12 K 2  K ab K ab .

Answer
2
Since K is the square of the trace of the curvature tensor, while K ab K ab is the trace of the
square of the curvature tensor, their difference can be written in terms of the eigenvalues
2
c1 and c2 in the following way: K 2  K ab K ab  c1 c2  c12 c22  2 c1 c2 . Half of this
is evidently the Gaussian curvature — the product of the two eigenvalues (which is identical to the determinant of the curvature tensor).

2.3.

Show that the metric determinant is indeed given by the square of the modulus of the
2
cross-product between the two tangent vectors, i.e., g  e1 q e2 .
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Answer
Let D be the angle between e1 and e 2 . By using the definition of the metric as the matrix
of scalar products between these vectors, we find
2

2

2

2

2

2

2

e1 q e 2  e1 e 2 sin 2 D  e1 e 2 1  cos2 D  e1 e 2  | e1 || e 2 | cos D
2
2
2
 e1 e 2  e1 ¸ e 2  g11 g22  g12 g21  g.
2.4.

2

Why is it true that e a ¸ s b n  n ¸ s b e a ?

Answer
Since the tangent vectors e a are perpendicular to the normal vector n, their scalar product
vanishes: e a ¸ n  0 . Differentiating this orthogonality condition with respect to u b (i.e.,
performing s b on both sides) immediately leads to the equation above.
2.5.

Given that the stretching modulus of typical phospholipid bilayers is K stretch x
250 mN/m , what value for Young’s modulus of the membrane interior would this imply,
if we make the simplifying assumptions that such an identification is permissible? Is that
value reasonable?

Answer
Using K stretch  Yh , where Y is Young’s modulus and where h x 4 nm is the membrane
thickness, we arrive at Y x 60 MPa . This is a typical modulus for rubber. Given that
rubbers are often dense polymer chains with characteristic length scales in the nanometer
range, this modulus is indeed plausible.

2.6.

Show that an incompressible material has a Poisson’s ratio of Q  12 .

Answer
Recall that Poisson’s ratio is the negative ratio between the relative transverse material
deformation and the concomitant relative longitudinal deformation. Think now of a block
of material of length L and square cross-section a 2 . Its volume V  La 2 is supposed to
remain constant under stretching. Hence we must have
0  dV  d ( La 2 )  dLa 2

 dL
L 2 a da  V 
 L

2

da ¬
dL 
  V
1
a®
L 

2

da / a ¬
dL
1  2Q .
  V
dL / L ®
L

From this follows that Q  12 must hold if the material is incompressible.

CHAPTER 3
3.1.

Which lipid constitutes a better surfactant: triglyceride or DPPC?

Answer
Compare the hydrophobicity of lipids.
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3.2.

Depending on the temperature and surface pressure, lipid monolayers can form a variety
of phases — e.g., gas, liquid-expanded, liquid-condensed, and condensed. At a fixed
temperature and surface pressure, which monolayer has a higher molecular density:
DPPC or POPC?

Answer
Compare the main phase transition temperatures of the bilayers.

3.3.

The slope of the pressure–area isotherm gradually increases with increasing surface pressure. What can explain the decrease in isotherm slope at high pressures often observed
experimentally?

Answer
Partial loss of lipids from the interface.

3.4.

In simulations, molecular force fields often underestimate the surface tension at the water/vacuum interface. What is the possible result of a simulation, if the surface tension
applied to the monolayer is larger than the surface tension at the water/vacuum interface
(and smaller than the surface tension at the air/water interface in real systems).

Answer
Formation of pores in the monolayer; monolayer disruption if the applied tension is not
achievable.

CHAPTER 4
4.1.

What is the main driving force behind the concept of “Multiscale Modeling”?

Answer
Highly detailed models cannot describe large enough scales for collective motion. Even if
possible, atomistic simulations would lead to information overkill. See further reading on
multiscale modeling for more detailed information.

4.2.

Which characteristics of supported bilayers are different or similar to free bilayers?

Answer
In general, the distal leaflet is very similar to a free bilayer, whereas the structure of the
proximal leaflet is strongly influenced by the support. In comparison to real biomembranes, we always have to keep in mind that model membranes contain only a very limited subset of molecules.
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Why are supported bilayers such an widely used model system?

Answer
Many experimental techniques are very difficult to directly apply to free bilayers (e.g.,
AFM). In addition, mechanical stability makes things much easier. Real membranes contain many constituents that make the analysis very complicated.

CHAPTER 5
5.1.

In the chapter we discussed the overall process of pore-mediated lipid flip-flops and illustrated it for a dimyristoylphosphatidylcholine (DMPC) bilayer at T = 323 K. Make qualitative predictions regarding changes in the flip-flop rate when (a) temperature is decreased to e.g. the physiological value (T = 310 K); (b) DMPC lipids are replaced by
dipalmitoylphosphatidylcholine (DPPC) lipids whose acyl chains are two hydrocarbons
longer.

Answer
a. As there are no external forces applied to the bilayer system and the transmembrane lipid translocation across the bilayer is purely diffusive (driven exclusively
by thermal fluctuations), one can expect that decreasing temperature should make
the flip-flops slower and lead to a drop in the overall number of flip-flops,
thereby decreasing the flip-flop rate. In contrast, increasing temperature will
speed up flip-flop activity.
b. Longer hydrocarbon chains of DPPC lipids imply that a DPPC bilayer has a larger hydrophobic core than a DMPC does. This has two implications: (i) the energy required for pore formation and lipid desorption out of the monolayer (when
a pore has been formed) is larger in the case of DPPC, and (ii) the pathway for
lipid translocation is longer in a DPPC bilayer. Overall, both factors will lower
the flip-flop rate for a DPPC bilayer as compared to the DMPC case.
We note that the effects of temperature and acyl chain length on flip-flop activity were considered in detail in a very recent computational study of chemically induced lipid translocations across biological membranes [54].

5.2.

Assuming that the lipid lateral diffusion coefficient is D = 1 × 10 cm2/s, compute the
time that is needed to diffuse from one side of a cell to the opposing one, assuming the
cell radius to be R = 10 micrometers.

Answer
For diffusion in a plane, dimensional analysis yields t  A 2D / D , where A D is the length
scale to be crossed. Assuming spherical cells, A D  SR . Then the diffusion time asked is
t | 100 s. The intriguing relationship here is the dependence of t on A D , that is, t v A 2D . If
the cell size was increased by a factor of 10, then the diffusion time would increase by a
factor of 100, rendering diffusion of mass inefficient over a length scale of a cell. The
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fact that cells have a size of about tens of microns and the lipid diffusion coefficient is of
2
the order of 10 cm /s implies mass diffusion to be efficient.

CHAPTER 6
6.1.

Derive the cantilever amplification factor in the AFM detection system,
'z 

3L
'y ,
l

(6.11)

where 'z is deflection of the laser spot when reaching the photodiode and 'y is the
physical deflection of the cantilever end (see also §6.9).
Answer

Figure 6.12.

Deflection of the laser spot is related to the cantilever bending angle as: 'z  2 LD . The
cantilever shape is given as a relation: y(x). For small deflections (D | 0) we have
dy
dx  tan D  D , which means that
dy ¯
'z  2 L ¡ ° .
¡¢ dx °± end

(6.12)

We consider the situation were a force F is applied to the tip at the cantilever end. The
condition for static mechanical equilibrium is that for any value of x the torque W (x) from
internal stresses is equal to the torque due to force F:

W ( x )  F (l  x )  

EI
1
F (l  x )
º

R( x )
R( x )
EI

(6.13)
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Where E is Young’s modulus of the cantilever material, I is the area moment of inertia of
the cantilever, and R(x) is the curvature radius of the cantilever. When deflection D is
small, the curvature radius can be written as
1 d2 y

.
R dx 2
We therefore obtain
d2 y
F
 (l  x ) .
2
dx
EI

(6.14)

When this differential equation is integrated with boundary conditions [ dy / dx ]x =0 = 0 and
y(x = 0) = 0, we get the following equation for the cantilever shape, valid for small bending angles:
y( x ) 

F  1 3 1 2 ¬
 x  lx  .
EI  6
2 ®

(6.15)

Specifically, we can find the deflection 'y at the cantilever end:

'y  y(l )  

Fl 3
.
3EI

(6.16)

The deflection 'z of the reflected laser spot now becomes

dy ¯
Fl 2 ¯
Fl 2 L 3L
° 
'z  2 L ¡ °  2 L ¡
'y .

¡¢ 2 EI °±
¡¢ dx °± x l
EI
l

(6.17)

From the last equality, we can conclude that vertical deflections of the cantilever are amplified by a factor 3L / l when measured in the photodiode detector.

6.2.

Consider a situation where a fluorescence image is recorded of a double-membrane system with resolvable and superimposed domain features from membranes 1 and 2. The
difference in partitioning of the fluorescence probe between the membrane domains generates contrast and gives rise to two intensities — high (H) and low (L) — from the two
domains types, respectively. If we are only interested in analyzing the domain pattern in
membrane 2, there is a potential problem in detecting these domain features without interference from membrane 1 domains. We will consider if and how this problem can be
resolved.
a. Assume that the fluorescent intensity of the two domains is the same (H.L) in
membrane 1 and 2. Will it be possible to detect domains in membrane 2 by simple threshold filtering (intensity cut-off)?
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Figure 6.11.

b. Assume that the fluorescent intensity of the two domains is different (H1,L1,H2,L2)
in membranes 1 and 2. Will it be possible to detect domains in membrane 2 by
simple threshold filtering (intensity cutoff)? Will it be possible to detect
the contour of islands in membrane 2? If yes, write down the restrictions on
H1,L1,H2,L2 that enable these detections.
c. Discuss alternative experimental or computational tricks to improve domain detection in the above case.
Answer

Figure 6.13. Please visit http://www.springer.com/series/7845 to view a high-resolution full-color
version of this illustration.

Figure 6.13 shows schematically the fluorescence intensity of an image line crossing an
island of membrane 2 on top of membrane 1. From the Figure 6.13 it can be seen that
separation of domains within island 2, using threshold 1, implies the following inequality:

L2

H1  H 2

L1 º H 2  L2  H1  L1 .

(6.18)

Similarly, separation of the contour of island 2 from the background, using threshold 2,
requires
L1

L2  H1 º H1  L1  L2 .

(6.19)

As an example, the figure illustrates the fulfillment of these conditions by the intensities
(H1,L1,H2,L2) = (0.6, 0.4, 0.7, 0.3). Regarding Problem 6.2a, it is clear that domain detection by thresholding is not possible if H1  H 2 and L1  L2 (but detection of island contour is). Simply speaking, this result shows that domain detection in membrane 2 is possible if the intensity contrast is larger than that in membrane 1. In certain cases [34], we
have found that membrane–solid interactions in membrane 1 are sufficient to alter do-
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main contrast compared to membrane 2 and enable domain detection, as described above.
An example of this is shown in Figure 6.13, demonstrating threshold detection of the island boundary and of domains within the island without interference from domain features in the underlying membrane.

CHAPTER 7
7.1.

Why is ionic current reduced when a single-stranded nucleic acid molecule traverses a
nanopore?

Answer
The open-channel ionic current is carried through the nanopore by the electrolyte ions
present in the solution. In a typical configuration using Ag/AgCl electrodes and a KCl so+
–
lution, the current is carried by K and Cl ions. When a single-stranded nucleic acid
molecule enters and traverses the pore, it reduces the volume of electrolyte available for
the flux of ions, thus reducing the ionic current. In addition, if the macromolecule is
negatively charged, as is the case with nucleic acids, it introduces a significant negative
charge density into the pore that largely prevents the flux of Cl- ions. The ionic current
blockade is also related to the salt concentration used to carry the current, and it is possible to find conditions in which the translocation of nucleic acids actually increases the
ionic current during translocation. This has been observed in solid-state nanopores at low
salt concentrations. In this case, current increases are due to the counterions that screen
the charge of the DNA backbone [40].

7.2.

A homopolymer molecule such as polydeoxycytidylic acid, 100 bases in length, requires
an average of 0.2 ms to traverse the pore.
a. How much time does an individual base spend in the pore?
b. Given that this time is too short for identification of individual bases, what can be
done to slow down the translocation velocity?

Answer
a. About 2 μs [5].
b. A number of strategies can be used to reduce the translocation speed of macromolecules through nanopores. These include increasing the viscosity of the medium (e.g., by using glycerol), reducing the applied voltage, and reducing the
temperature [41]. The most dramatic reduction was achieved when a nucleic acid
processing enzyme such as an exonuclease or polymerase binds to the DNA and
is drawn to the pore as a complex [26,27].
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CHAPTER 8
8.1.

In an FRAP experiment, the scaled fluorescence intensities are Fi = 1, F0 = 0.4, and Ff =
0.8. Assume the bleaching spot is a disk with radius 1 μm and the half time of recovery
( W D ) is 0.2 s.
a. Find the diffusion coefficient for this protein. (Assume a uniform circular laser
profile.)
b. Find the mobile and immobile fractions of this protein.

Answer

a. From Eq. (8.23), D  0.22

12
2
 1.1 μm /s.
0.2

b. From Eq. (8.23):
MF 
8.2.

Fd  F0 0.8  0.4 2
F  Fd 1  0.8 1

 , IF  i

 .
1  0.4
3
Fi  F0
Fi  F0 1  0.4 3

Two FRAP experiments were performed for the same protein using circular ROIs of different size. The half times of recovery ( W D ) were 0.5 and 1 s. What is the ratio of the ROI
radii in two experiments? (Assume a uniform circular laser profile.)

Answer

From Eq. (8.23), 0.22

8.3.

Z12
0.5

 0.22

Z22
1

º

Z1
0.5

 0.71 .
Z2
1
2

If the diffusion coefficient of a protein X is approximately 40 μm /s, what is the expected
half time of recovery for a circular ROI with a 10-pixel diameter? (Assume a uniform
circular laser profile and 1 pixel = 0.11 μm).

Answer
From Eq. (8.23), 40  0.22
8.4.

(5q 0.11)2

W 1/ 2

º W 1/ 2  0.22

(5q 0.11)2
.
40

For two soluble proteins X and Y with molecular weights Wx and Wy and diffusion coefficients Dx and Dy, respectively, derive the following relation from the Stokes-Einstein
equation. (Assume the shapes of these proteins are spherical.)
W
a. Dy  Dx 3 x .
Wy
b. If the molecular weight of X is 27 kDa, and the diffusion coefficient of X is 10
2
μm /s, what is the expected diffusion coefficient of a protein with a molecular
weight of 40 kDa?
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Answer
a. From Eq. (8.13), D 

N BT
. If we assume that the shapes of proteins are spheri6 SK r

cal and that the molecular weights are directly proportional to the volumes of
proteins, we get rx  3 Wx . Therefore,
3 W
Dx ry
y
 
º Dx  Dy 3 Wy / Wx .
3
Dy rx
Wx

b. From (a), Dx  Dy 3 Wy / Wx º Dx  10 3 27 / 40 .
8.5.

For Eq. (8.24), assume D2 v 0 and kon  D1 /(4Z 2 ), D2 /(4Z 2 ) . D2 may not necessarily
be smaller than D1.
a. Show that Eq. (8.24) can be approximated by the effective diffusion model with
an effective diffusion coefficient
Deff 

koff D1
kon

kon D2
.
koff

b. From this show that the partition coefficient (kp = kon/koff) is given by
D  Deff
kp  1
.
Deff  D2
Answer
a. From
£¦ su
¦¦  D12u  kon u koff c
¦¤ st
,
¦¦ sc
2

D

c
k
u

k
c
2
on
off
¦¦ st
¥

adding the two we get,

s
u
st

c  D12 u

D22 c . Because binding is fast

compared to diffusion, a local chemical equilibrium c 
s 
u
st 

kon
koff

¬
u  D12u
®
º


kon
D22u º 1
koff

su  kon D1

st  kon

b. This can be done by solving Deff 

koff D1
kon

kon
u is expected, i.e.,
koff

kon ¬ s 
   D1
koff ® st 

kon ¬ 2
D2   u
koff ®

koff D2 ¬ 2
  u .
koff ®

kon D2 D1 k p D2

for kp.
koff
1 kp
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8.6.

If Eq. (8.24) is in the reaction-dominant regime, the concentration of fluorescence intena
sity is represented in terms of binding complex concentration, c( x, y, t )  ci 1  eN off t .
From this and employing F (t )  qH ¨¨\2 I ( x, y)C ( x, y, t ) dx dy , derive the corresponding
FRAP formula.

Answer
F (t )  qH ¨¨\2 I ( x, y)C ( x, y, t ) dx dy
 qH ¨¨\2 I ( x, y) ¡Ci 1  e koff t ¯° dx dy
¢
±
koff t ¯
 ¡qH Ci 1  e ° ¨¨\2 I ( x, y) dx dy
¢
±
koff t
 Fi 1  e .

CHAPTER 9
9.1.

Free energy of a pore: line tension and surface tension.
a. Let us consider a membrane with a surface tension J. What is the cost in free energy, E, for the creation of a pore of radius R, if the line tension along the edge of
the pore is O?
b. How does 'E vary with R? What does this imply about the stability of the pores?
c. What is the surface tension in a biological membrane? What does it imply for
pore formation?

Answers
a, The formation of a pore corresponds to a reduction in the membrane surface area,
2
'A = –SR , and to the creation of a membrane edge of length 'L = 2SR. Therefore the free energy associated with the formation of the pore is
'E ( R )  SR 2J

2 SRO .

The existence of a positive surface tension favors pore formation, whereas the
existence of a line tension discourages pore formation.
b. Assuming the surface and line tensions are constant, the free energy of the pore is
maximum for a pore radius R0 =OJ. Thus, in this particular situation, pores are
never stable: small pores (R < R0) close rapidly whereas large pores (R > R0) keep
increasing in size indefinitely.
c. In general, a relaxed biological membrane has a negligible surface tension. According to the equation above, pore formation in a relaxed membrane requires an
input of energy of at least 2SRO. If this energy is larger than the thermal energy
kT, pores will not appear spontaneously in this type of membranes. On the other
hand, if a tension is imposed on the membrane (e.g., using micropipette aspira-
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tion [234,235], osmotic stress [236], or electroporation [237]), the spontaneous
formation of pores becomes possible.
9.2.

Free energy of a water-filled membrane channel. We first consider a hypothetic type of
water-filled channel, where the lipids do not rearrange themselves along the edge of the
pore, as illustrated in Figure 9.8A, in a relaxed membrane for which the surface tension is
J = 0.
a. Find the expression for the line tension at the edge of the pore as a function of the
thickness of the hydrophobic part of the bilayer, hC, and the surface tension between the apolar medium formed by the lipid carbon chains and the polar water
solvent, JC.
b. The typical thickness of the hydrophobic part of a phospholipid bilayer is hC = 3
nm, and the value of the surface tension between oil and water is JC | 50 mN/m.
Estimate the free energy associated with the formation of a pore of radius R = 1
nm.
c. Can such pores form spontaneously in biological membranes?

Answers
a. The main energy cost associated with the creation of a water-filled channel such
as the one depicted in Figure 9.8A comes from the formation of a contact area
between the apolar lipid hydrocarbon chains and the polar water solvent. The line
tension for such a pore therefore corresponds to the surface energy of a polar/apolar interface with height hC and with unit length:

O  hCJ C .
b. Given hC = 3 nm, and JC = 50 mN/m, we find a line tension for this type of pore
of O= 150 pN. The formation of a pore of radius R = 1 nm will therefore cost 'E
–18
= 2SRO~ 10 J.
–21
c. If we compare 'E to the thermal energy at room temperature, kBT ~ 4 u 10 J,
we see that 'E ~ 250 kBT. Therefore,, spontaneous pore formation is very
unlikely.
9.3.

Free energy of a toroidal pore. We next consider a more realistic model for the pores,
where the lipid surface curves in order to connect the two membrane leaflets (toroidal
pore), as illustrated in Figure 9.8B.
a. At the pore, what is the curvature, C1, of the lipid surface in a plane perpendicular
to the membrane? What is the curvature, C2, in a plane parallel to the membrane?
Which of these two membrane deformations is the more energetically costly?
b. By considering only the most costly type of curvature, give an expression for the
line tension associated with the edge of the pore as a function of the pore radius,
R, the bilayer thickness, h, and the bending modulus of the lipid monolayer, kC .
c. The bending modulus of a lipid monolayer can be estimated to be half that of the
lipid bilayer, leading to kC x 2 q1020 J [233]. Estimate the free energy associated with the formation of a toroidal pore with radius R = 1 nm,
d. Can such pores form spontaneously in biological membranes?
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Answers
a. In a toroidal pore, the lipid surface both has a positive curvature (in planes perpendicular to the plane of the membrane) and a negative curvature (in planes parallel to the plane of the membrane. The positive curvature is constant, C1 = 2/h
(where h is the total membrane thickness). The negative curvature on the other
hand, goes from 0 at the top and bottom of the pore, to C2 = –1/R in its center.
Since phospholipids have a bulky hydrophobic tail, a positive curvature of the
lipid surface is usually more costly than a negative curvature.
b. Considering only the cost of the positive curvature of the membrane, we see that
2
the curved surface, S, corresponds to half the surface of a torus, thus, S = S (R +
h/2)h. The line tension corresponds to the bending energy of a unit length stretch
of the pore edge:

O

1 1
R h2
kCC12 S  SkC
.
2 SR 2
Rh
–20

c. For R = 1 nm, h ~ 3 nm, and kC ~ 2 u 10 J, we get O= 50 pN, and in the limit of
large pore diameters we obtain O= SkC /h = 20 pN. This value is in reasonable
agreement with the experimental values for the line tension of membrane pores,
which range from 3 to 30 pN [235,238–240]. The corresponding energy (for R =
–19
1 nm) is 'E = 2SRO~ 3 u 10 J ~ 80 kBT.
d. The energy cost to form a toroidal pore is still too high for these pores to form
spontaneously in a relaxed membrane.
9.4.

Reduction of pore free energy by pore-forming proteins. We now consider the stabilization effect that PFPs have on membrane pores, by adapting a model originally developed
by Huang et al. for antimicrobial peptides [222]. The premise of this model is that the
pore-forming protein (present at a total surface concentration c) can exist in two different
membrane states: either as a partially inserted monomer (concentration Dc), or as part of
an oligomeric membrane pore. Monomeric proteins both increase the surface area of the
membrane leaflet in which they insert (each by an amount Am), and induce a positive tension in the membrane, J J0AmDc. Oligomeric proteins are lining the pores, and although
the pore size may vary, the linear density of protein along the edge, U is constant, so that
the line tension at the pore, O, is also constant. This model is therefore better adapted to
PFPs for which the pore size and stoichiometry vary with the protein concentration, typically D-PPFs.
a. If Hm is the binding energy of a monomeric PFP and Ho is the pore energy per protein lining the pore, what is the free energy per unit area, F, of the system constituted by the lipids and the proteins? Use this to show that above a critical concentration of proteins in the membrane, c*, the concentration of monomeric protein
remains constant.
b. Consider that c > c*, and that pores exist on the membrane at a concentration C.
Write the expression for the free energy of a single pore, 'E, as a function of its
radius, R.
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c. How many energy minima are there for a single pore, and which radius do they
correspond to? Are those energy minima stable or unstable? Explain the origin of
the pore stabilization according to this model.
d. In addition to influencing the membrane surface tension, the PFPs also reduce the
line tension of the pores. How does reducing the line tension further influence the
structure and/or stability of the pores?

Answers
a. In the absence of a tension other than that produced by the insertion of the
monomeric protein, the free energy per unit area of the system formed by the lipids and the proteins is
F  H mD c

H 0 1D c

2
1
J 0 AmD c .
2

The first term corresponds to the binding energy of the fraction of proteins that
are monomeric and the second term to the energy of the pores. The third term is
the increase in membrane energy after the membrane surface has increased by the
relative amount GA/A = AmDc, while acquiring a positive tension J= J0AmDc.
Deriving F with respect to D shows that the minimum value of this free energy is obtained for

Dc 

H0 Hm
.
J 0 Am2

If Ho < Hm, this condition cannot be fulfilled (as D cannot be negative), and we
simply have D= 0: all the proteins are part of a pore. On the other hand, if Ho >
Hm, then this condition can be fulfilled as long as Ho – Hm < J0Am2c (as D cannot exceed 1). We define c* as
c* 

H0 Hm
.
J 0 Am2

If c < c*, then D= 1, meaning that all the proteins on the membrane are found as
monomers. If c > c*, then D= c*/c, meaning that the concentration of monomeric
proteins on the membrane is constant (and equal to c*), while the concentration
of proteins that are part of a pore is equal to c – c*.
b. The energy of a pore, 'E, is the sum of two contributions, just as in Problem
9.1a, but this time the tension in the membrane depends on the fraction of
monomeric protein, J= J0AmDc. And since D c  c  1  D c  c  2 SR U C , the
membrane tension is related to the concentration, C, and radius, R, of the pores:

J  J 0 Am c  2 SJ 0 Am U CR .
Since we cannot assume that the surface tension is constant, in order to calculate
'E we first need to consider the small change in energy, GE, associated with a
small change in pore radius, GR:
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G E  O 2 SG R  J 2 SRG R  2 SOG R  2 SJ 0 Am cRG R

4 S2J 0 Am U CR 2G R .

Integrating this expression, we obtain the energy of a single pore of radius R:
E ( R)  2 SO R  SJ 0 Am cR 2

4 2
S J 0 Am U CR 3 .
3

c. As it is third-order in R, the energy E(R) has two extrema. The first corresponds
to a local maximum for R equal to
RM 

c ¡
8SU C ¯°
1
1
O .


4 SU C ¡¢¡
J 0 Am c 2 °±°

The second corresponds to a local minimum for R equal to

Rm 

c ¡
1
4 SUC ¡¢¡

1

8SUC ¯°
O .
J 0 Am c 2 °±°

This local minimum corresponds to a stable finite value of the pore radius. Given
that R cannot be negative, R = 0 (no pore) also corresponds to a stable state.
According to this model, creation of the pores is due to the presence of
monomeric proteins in the membrane, which create a positive surface tension.
The stabilization of the pores comes from the fact that when the pores grow the
concentration of monomers in the membrane decreases, and so does the membrane tension, which creates a negative feedback on the size of the pores.
d. For Rm to be a real number, the line tension of the pore needs to be small enough:

O b O* 

J 0 Am c 2
.
8SU C

Therefore, reducing the surface tension of the pores is another important mechanism by which PFPs can promote pore formation: If O!O  there is no stable solution for the diameter of the pore other than R = 0. The line tension also directly
influences the structure of the pores: if O decreases, Rm increases.

CHAPTER 10
10.1. Case Study of Human BMP 2 and Fracture Healing. Patients (n = 450) with an open
tibial fracture were involved in randomized, single-blind study. The study was conducted
at 49 centers in 11 countries. Patients were prospectively randomized to one of three
groups. Patients who met the study eligibility had provided informed consent and had
been properly randomized irrespective of whether they received treatment:
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Group 1 — received standard of care (SOC) (intramedullary nail fixation),
which was the control group
Group 2 — received rhBMP-2 (0. 75 mg/ml)
Group 3 — received intramedullary nail fixation and BMP 2.
Treatments were assigned to each group. They were followed after the treatment for the
following lengths of time: 6, 10, 14, 20, 26, 39, and 52 weeks after treatment.
A fracture was considered to be healed when there was radiographic evidence of fracture union and met all the clinical criteria. The primary outcome measure was the recommendation of secondary intervention because of delayed union or nonunion within 12
months postoperatively. All interventions were classified according to the degree of invasiveness.
Which of the three groups will report a shorter time to fracture union and why?
Answer
Consult the following: Govender S. 2002. Recombinant human bone morphogenetic protein-2 for treatment of open tibial fractures: a prospective, controlled, randomized study
of four hundred and fifty patients by the BMP-2 evaluation in surgery for tibial trauma. J
Bone Joint Surg 84:2123–2134.
Control Group 1: fractures were united after 6 months.
Groups 2 and 3: there was a consistent increase in the rate of healing starting at 10
weeks after definitive wound closure.
At 6 months the healing rate observed between the control group and Groups 2 and 3
was 21% higher in Groups 2 and 3. The rate of fracture healing was accelerated in
Groups 2 and 3 as compared to the control group.

CHAPTER 11
11.1. How can apoE conformation be used clinically to detect vascular inflammation and
atherosclerosis?
Answer
Apolipoprotein E4 reports on the local lipid environment to which it is associated. Conformation of apoE4 also could signify likelihood of binding to and injure of vascular
cells. Thus, apoE4 conformation could become a biomarker for prediction of risk for
atherosclerotic cardiovascular disease (see [9]).

CHAPTER 12
1.

Patients with familial hypercholesterolemia (FH) have a defective biosynthesis of LDL
receptors or dysfunctional LDL receptors. As a consequence, cholesterol levels rise dramatically in the serum, and FH patients suffer from cardiovascular diseases at an early
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age. Statins reduce serum cholesterol by competitively inhibiting hepatic HMG-CoA reductase, the enzyme catalyzing the committed step in cholesterol biosynthesis in the liver.
By decreasing cholesterol synthesis, a non-FH cell would have more available LDL receptors to reduce serum cholesterol level. But FH patients have no LDL or dysfunctional
receptors. A statin drug, such as atorvastatin, would not alter the number of available
LDL receptors by inhibiting HMG-CoA reductatse activity and therefore would not reduce an FH patient’s serum cholesterol level.
2.

See the following articles:
Kaysen GA 2006. Dyslipidemia in chronic kidney disease: causes and consequences.
Kidney Int 70:555–558.
Hovingh GK, de Groot E, van der SW, Boekholdt SM, Hutten BA, Kuivenhoven JA,
Kastelein JJ. 2005. Inherited disorders of HDL metabolism and atherosclerosis. Curr
Opin Lipidol 16(2):139–145.
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Fluids-DFTs. See Fluids density functional theories
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recovery by diffusion, 197–199
Fluorescence emission, 191
Fluorescence fluctuation analysis, 241
Fluorescence intensity (FI), 188
Fluorescence intensity distribution analysis (FIDA), 241
Fluorescence lifetime, 191
Fluorescence microscopy (FM), 84, 157–159, 188
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Ion leakage in water pore formation, 128–129
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Junctional proteins, 280
Killing domain in colicins, 228
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Lamellar lipid films and spin coating, 147–150
Lamellar phases in lipids, 43, 87
Landau theory, 86
Langmuir-Blodgett deposition technique, 83
Langmuir films, 77
Langmuir trough, 83–84
Laplace-Beltrami operator, 64
Laplace pressure, 82
Laser profiles, mathematical description of, 195–196
Laser scanning confocal microscopy (LSCM), 193–194
limitations, 215–216
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Lateral compressibility of lipid monolayers, 79
Lateral diffusion coefficient, 79, 80
Lateral diffusion of lipids in membranes, 122–123
Lateral pressure in lipid monolayers, 89
Lateral pressure profiles, 30–32, 78
affected by alcohols, 32–33
Lateral tension in supported lipid bilayers, 113–114
Lattice constant, 25–27
Lattice self-consistent field theory, 5
Leading-order approximations, 210
Leaflets in lipid bilayers, 108, 110–113
flip-flops and, 129–130
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Lennard-Jones (LJ) potentials, 15, 86, 89–90, 107
Leukocidins, 231–232, 240
Linear stress-strain relation, 44
Lipid bilayers, 233–234
coarse-grained models of, 2, 18–19
composition of, 1
fluids-DFT calculations of, 16–17
mechanical properties of, 29–33
multiscale modeling of supported, 101–115
structure of, 17–29
Lipid composition in membrane, 242
Lipid density in bilayers, 17
Lipid flip-flops, 123–124
Lipid headgroups, 5
centers of mass, 130–132
and water pore formation, 126
Lipid headgroups in proteinaceous pores, 235
Lipid headgroups in supported lipid bilayers, 102
Lipid hydrocarbon tails, 5
Lipid interdigitation, 113
Lipid membranes
collective dynamics in, 121–136
Lipid mixtures, model, 83
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theoretical models of, 85–86
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model, 121
Lipid reservoirs, 82–83
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Lipid translocation across a membrane, 129–132
Lipidic pores, 236, 245
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life cycle of, 275–282
magnetic resonance imaging of, 290–293
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91–95
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Liquid ordered state in membranes, 160
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Lung surfactant, 82–83
modeling, 94–96
Macromolecules, detection of single, 173–180
Magainin, 236, 237
Magnetic resonance imaging, 290–293
Magnetically actuated tapping mode in atomic force microscopy, 156
MARTINI force field, 87, 90, 105–106, 109, 111
Mattress model of membrane-mediated interactions, 59
Mean-field approximation, 3
Mechanical equilibrium, 70
Mechanical properties affected by alcohols, 32–33
Mechanical signal transduction, 268–269
Mechanotransduction in cartilage, 266–268
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Membrane permeabilization, 249
Membrane-pore interface, 25–28
Membrane recognition by PFPs, 242–244
Membrane resealing, 132–133
Membrane shape, 58–59, 62–63, 66–68
Membrane stress tensor, 53–56
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Membrane support and membrane-membrane interactions,
151–153
Membrane support materials, 144–146
Membrane surface potential, 243
Membrane tension, 44
Membranes, 216–217
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domains in, 159–160
elastic properties of, 244
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lipid composition, 242
phase transitions in, 159–160
thickness and aromatic belt, 244–245
Mesoscale modeling, 105–106, 109
Metric stress, 55
Metric tensor, 48
Mica as membrane support material, 144–145, 147, 152
Modified i-SAFT, 12–14, 22
Molecular density of lipid monolayers, 77–78, 85
Molecular dynamics, 102–103
of lipid monolayers, 86–87
simulations of lipid bilayers, 124
Molecular membrane theories, elements of, 3–6
Monocytes and triglyceride-rich lipoproteins (TGRLs)
lipolysis products, 280–282
Monolayer collapse, 81–82
simulation of, 94–96
Monolayer sliding in membrane bilayers, 46
Monte Carlo simulations, 4
Morphogenesis, 263
cartilage, 264
Morphogens, 263–264
Multibody potential of mean force, 29
Multiscale modeling of lipid bilayers, 101–115
Nanopore analysis of nucleic acids, 171–184
Nanopore biosensors, 183
Net surface tension, 17
Neutral surface of membrane, 44
Nicolson approximation, 63
Noether's theorem, 54
Non-bilayer membrane, 236
Nucleation step in oligomerization, 248–249
Nucleic acid blockades, 173–180
Nucleic acids, nanopore analysis of, 171–184
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Oligomerization, 224, 230–231, 249–250
during pore formation, 248–249
Oligomers, 223
Orientational order parameter, 78
Osteoarthritis, 265, 268
Ostwald ripening, 163
Out-of-focus fluorescent noise, 193–194
Pair potential-based assembly energy, 28–29
Particle-based simulations, 2
Partition function, 3
Passive transmembrane transport of lipids, 123
Peptides affecting lipid structure, 25–29
Perfringolysin, 232
PFPs. See Pore-forming proteins (PFPs)
Phase behavior of lipid monolayers, 78–81
Phase coexistence region, 91
Phase diagrams in binary membranes, 161
Phase transition temperature, 79, 81, 89, 90, 92
Phase transitions in lipid monolayers, 86
Phase transitions in model membranes, 159–160
Phosphatidylcholine (PC), molecular structure of, 3–4
Phosphatidylserines, 4
Phospholipid films and spin coating, 147–148
Phospholipids complexing with cholesterol,
xvii–xxi
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Photobleaching, 192, 201–202
artifacts associated with, 216
diffusion during, 215–216
mathematical description of, 195–197
stepwise, 240
Photon multiplier tubes, 194
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Planck's constant, 189
Plasma triglycerides, 275
Pneumolysin, 238–239
Poisson's ratio, 46–47
Polar angle, 235
Polar resides in proteinaceous pores, 235
Polyadenylic acid, 174–175
Polycytidylic acid, 175
Polyethylene glycol, 179
Polymer fluids and density functional theory, 7
Polymer-supported membranes, 145–146
POPC and spin coating, 147–148
Pore formation, 244–245
influence of lipids on, 241–245
and lipid flip-flop, 123–124
mechanism of, 246–249
Pore-forming colicins, 228
Pore-forming peptides, 25–29
Pore-forming proteins (PFPs), 223–233, 236–341
D-helix type, 224–230
E-barrel type, 224, 227, 230–233
determination of pores formed by, 236–237
during pore formation, 246–249
recognition of membrane, 242–244
Pore-forming toxins (PFTs), 224
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Potential term, 57
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Pressure tension in supported lipid bilayers, 113–114
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Principal directions in membrane elasticity, 48
PRISM theory, 10
Propagation step in oligomerization, 249
Propagator functions, 11–13
Protective antigen of anthrax toxin, 233
Protein–DNA interactions, 180–181
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Protein-lined pore model, 234–235
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Proteoglycans, 265
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Random walk in membranes, 122
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size of, 216
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Ricci tensor, 49, 70
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Rigid lipid models, 4–5
Rotational autocorrelation function, 79, 80
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Salt influence membrane interactions, 153
Saturated lipids of lungs, 82–83
Scalar energy density, 57
Scalar field of membranes, 56–57, 64–65
in mediated interactions, 60–61
Scalars, 51, 52
Scale separation in biophysics, 41–43
Scanning force microscopy, 84
Scanning transmission electron microscopy (STEM), 239
Scavenger receptor class B type I (SR-BI), 287
Secondary fluorescence, 187
Segment density profiles, 12
Self-assembly of lipids, 4, 5
Self-consistent field (SCF) theory, 5
Shape equilibria and membrane stresses, 53–59
Shear strength of articular cartilage, 267–268
Shoulder-spike signature, 176
Signal transduction, mechanical, 268–269
Silcon, 104–105
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Small unilamellar vesicles for supported lipid membranes,
143–144
Smectic liquid crystals, 159
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Solid-ordered state in membranes, 160
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Spherical micelles, 43
Spherical model fluids and density functional theory, 7
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