A
Facts from Probability, Statistics,
and Algebra

A.1 Introduction
It is assumed that the reader is already familiar with the basics of probability,
statistics, matrix algebra, and other mathematical topics needed in this book,
and so the goal of this appendix is merely to provide a quick review and cover
some more advanced topics that may not be familiar.

A.2 Probability Distributions
A.2.1 Cumulative Distribution Functions
The cumulative distribution function (CDF) of Y is deﬁned as
FY (y) = P {Y ≤ y}.
If Y has a PDF fY , then

FY (y) =

y
−∞

fY (u) du.

Many CDFs and PDFs can be calculated by computer software packages, for
instance, pnorm(), pt(), and pbinom() in R calculate, respectively, the CDF
of a normal, t, and binomial random variable. Similiarly, dnorm(), dt(), and
dbinom() calculate the PDFs of these distributions.
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A.2.2 Quantiles and Percentiles
If the CDF F (y) of a random variable Y is continuous and strictly increasing,
then it has an inverse function F −1 . For each q between 0 and 1, F −1 (q) is
called the q-quantile or 100qth percentile.
The median is the 50 % percentile or 0.5-quantile. The 25 % and 75 %
percentiles (0.25- and 0.75-quantiles) are called the ﬁrst and third quartiles
and the median is the second quartile. The three quartiles divide the range of
a continuous random variable into four groups of equal probability. Similarly,
the 20 %, 40 %, 60 %, and 80 % percentiles are called quintiles and the 10 %,
20 %, . . . , 90 % percentiles are called deciles.
For any CDF F , invertible or not, the pseudo-inverse is deﬁned as
F − (x) = inf{y : F (y) ≥ x}.
Here “inf” is the inﬁnum or greatest lower bound of a set; see Appendix A.5.
For any q between 0 and 1, the qth quantile will deﬁned as F − (q). If F is
invertible, then F −1 = F − , so this deﬁnition of quantile agree with the one
for invertible CDFs. F − is often called the quantile function.
Sometimes a (1 − α)-quantile is called an α-upper quantile, to emphasize
the amount of probability above the quantile. In analogy, a quantile might
also be referred to as lower quantile.
Quantiles are said to “respect transformations” in the following sense. If
Y is a random variable whose q-quantile equals yq , if g is a strictly increasing
function, and if X = g(Y ), then g(yq ) is the q-quantile of X; see (A.5).
A.2.3 Symmetry and Modes
A probability density function (PDF) f is said to be symmetric about μ if
f (μ − y) = f (μ + y) for all y. A mode of a PDF is a local maximum, that is a
value y such that for some  > 0, f (y) > f (x) if y − < x < y or y < x < y +.
A PDF with one mode is called unimodal , with two modes bimodal , and with
two or more modes multimodal .
A.2.4 Support of a Distribution
The support of a discrete distribution is the set of all y that have a positive
probability. More generally, a point y is in the support of a distribution if, for
every  > 0, the interval (y −, y +) has positive probability. For example, the
support of a normal distribution is (−∞, ∞), the support of a gamma or lognormal distribution is [0, ∞), and the support of a binomial(n, p) distribution
is {0, 1, 2, . . . , n} provided p =
 0, 1.1
1

It is assumed that most readers are already familiar with the normal, gamma, lognormal, and binomial distributions. However, these distributions will be discussed
in some detail later.

A.3 When Do Expected Values and Variances Exist?
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A.3 When Do Expected Values and Variances Exist?
The expected value of a random variable could be inﬁnite or not exist at
all. Also, a random variable need not have a well-deﬁned and ﬁnite variance. To appreciate these facts, let Y be a random variable with density fY .
The expectation of Y is

∞

−∞

yfY (y)dy

provided that this integral is deﬁned. If
 0

yfY (y)dy = −∞ and
−∞

∞
0

yfY (y)dy = ∞,

(A.1)

then the expectation is, formally, −∞ + ∞, which is not deﬁned, so the expectation does not exist. If integrals in (A.1) are both ﬁnite, then E(Y ) exists
and equals the sum of these two integrals. The expectation can exist but be
inﬁnite, because if
 ∞
 0
yfY (y)dy = −∞ and
yfY (y)dy < ∞,
−∞

then E(Y ) = −∞, and if
 0

yfY (y)dy > −∞ and
−∞

0

∞
0

yfY (y)dy = ∞,

then E(Y ) = ∞.
If E(Y ) is not deﬁned or is inﬁnite, then the variance that involves E(Y )
cannot be deﬁned either. If E(Y ) is deﬁned and ﬁnite, then the variance is
also deﬁned. The variance is ﬁnite if E(Y 2 ) < ∞; otherwise the variance is
inﬁnite.
The nonexistence of ﬁnite expected values and variances is of importance for modeling ﬁnancial markets data, because, for example, the popular
GARCH models discussed in Chap. 14 need not have ﬁnite expected values
and variances. Also, t-distributions that, as demonstrated in Chap. 5, can
provide good ﬁts to equity returns may have nonexistent means or variances.
One could argue that any variable Y derived from ﬁnancial markets will be
bounded, that is, that there is a constant M < ∞ such that P (|Y | ≤ M ) = 1.
In this case, the integrals in (A.1) are both ﬁnite, in fact at most M , and E(Y )
exists and is ﬁnite. Also, E(Y 2 ) ≤ M 2 , so the variance of Y is ﬁnite. So should
we worry at all about the mathematically niceties of whether expected values
and variances exist and are ﬁnite? The answer is that we should. A random
variable might be bounded in absolute value by a very large constant M and
yet, if M is large enough, behave much like a random variable that does not
have an expected value or has an expected value that is inﬁnite or has a ﬁnite
expected value but an inﬁnite variance. This can be seen in the simulations

672

A Facts from Probability, Statistics, and Algebra

of GARCH processes. Results from computer simulations are bounded by the
maximum size of a number in the computer. Yet these simulations behave as
if the variance were inﬁnite.

A.4 Monotonic Functions
The function g is increasing if g(x1 ) ≤ g(x2 ) whenever x1 < x2 and strictly
increasing if g(x1 ) < g(x2 ) whenever x1 < x2 . Decreasing and strictly decreasing are deﬁned similarly, and g is (strictly) monotonic if it is either (strictly)
increasing or (strictly) decreasing.

A.5 The Minimum, Maximum, Infinum,
and Supremum of a Set
The minimum and maximum of a set are its smallest and largest values, if
these exists. For example, if A = {x : 0 ≤ x ≤ 1}, then the minimum
and maximum of A are 0 and 1. However, not all sets have a minimum or a
maximum, for example, B = {x : 0 < x < 1} has neither a minimum nor a
maximum. Every set as an inﬁnum (or inf) and a supremum (or sup). The inf
of a set C is the largest number that is less than or equal to all elements of C.
Similarly, the sup of C is the smallest number that is greater than or equal
to every element of C. The set B just deﬁned has an inf of 0 and a sup of 1.
The following notation is standard: min(C) and max(C) are the minimum
and maximum of C, if these exist, and inf(C) and sup(C) are the inﬁnum and
supremum.

A.6 Functions of Random Variables
Suppose that X is a random variable with PDF fX (x) and Y = g(X) for g
a strictly increasing function. Since g is strictly increasing, it has an inverse,
which we denote by h. Then Y is also a random variable and its CDF is
FY (y) = P (Y ≤ y) = P {g(X) ≤ y} = P {X ≤ h(y)} = FX {h(y)}.

(A.2)

Diﬀerentiating (A.2), we ﬁnd the PDF of Y :
fY (y) = fX {h(y)}h (y).

(A.3)

Applying a similar argument to the case, where g is strictly decreasing, one
can show that whenever g is strictly monotonic, then
fY (y) = fX {h(y)}|h (y)|.

(A.4)

A.7 Random Samples
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Also from (A.2), when g is strictly increasing, then
−1
FY−1 (p) = g{FX
(p)},

(A.5)

so that the pth quantile of Y is found by applying g to the pth quantile of
X. When g is strictly decreasing, then it maps the pth quantile of X to the
(1 − p)th quantile of Y .
Result A.1 Suppose that Y = a + bX for some constants a and b = 0. Let
g(x) = a + bx, so that the inverse of g is h(y) = (y − a)/b and h (y) = 1/b.
Then
FY (y) = FX {b−1 (y − a)}, b > 0,
= 1 − FX {b−1 (y − a)}, b < 0,
fY (y) = |b|−1 fX {b−1 (y − a)},
and
−1
FY−1 (p) = a + bFX
(p), b > 0
−1
= a + bFX (1 − p), b < 0.

A.7 Random Samples
We say that {Y1 , . . . , Yn } is a random sample from a probability distribution
if they each have that probability distribution and are independent. In this
case, we also say that they are independent and identically distributed or simply i.i.d. The probability distribution is often called the population and its
expected value, variance, CDF, and quantiles are called the population mean,
population variance, population CDF, and population quantiles. It is worth
mentioning that the population is, in eﬀect, inﬁnite. There is a statistical
theory of sampling, usually without replacement, from ﬁnite populations, but
sampling of this type will not concern us here. Even in cases where the population is ﬁnite, such as, when sampling house prices, the population is usually
large enough, so that it can be treated as inﬁnite.
If Y1 , . . . , Yn is a sample from an unknown probability distribution, then
the population mean can be estimated by the sample mean
Y = n−1

n


Yi ,

(A.6)

i=1

and the population variance can be estimated by the sample variance
n
(Yi − Y )2
s2Y = i=1
.
(A.7)
n−1
The reason for the denominator of n−1 rather than n is discussed in Sect. 5.9.
The sample standard deviation is sY , the square root of s2Y .
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A.8 The Binomial Distribution
Suppose that we conduct n experiments for some ﬁxed (nonrandom) integer
n. On each experiment there are two possible outcomes called “success” and
“failure”; the probability of a success is p, and the probability of a failure is
q = 1 − p. It is assumed that p and q are the same for all n experiments.
Let Y be the total number of successes, so that Y will equal 0, 1, 2, . . ., or n.
If the experiments are independent, then
 
n
P (Y = k) =
pk q n−k for k = 0, 1, 2, . . . , n,
k
where

 
n!
n
.
=
k
k!(n − k)!

The distribution of Y is called the binomial distribution and denoted
Binomial(n, p). The expected value of Y is np and its variance is npq. The
Binomial(1, p) distribution is also called the Bernoulli distribution and its
density is
(A.8)
P (Y = y) = py (1 − p)1−y , y = 0, 1.
Notice that py is equal to either p (when y = 1) or 1 (when y = 0), and
similarly for (1 − p)1−y .
The functions pbinom(), dbinom(), qbinom(), and rbinom() compute binomial CDFs, pdfs, quantiles, and random numbers, respectively. For
example,
> pbinom(3,6,0.5)
[1] 0.65625

shows that the probability of 3 or less heads in 6 tosses of a fair coin is 0.65625.

A.9 Some Common Continuous Distributions
A.9.1 Uniform Distributions
The uniform distribution on the interval (a, b) is denoted by Uniform(a, b) and
has PDF equal to 1/(b − a) on (a, b) and equal to 0 outside this interval. It is
easy to check that if Y is Uniform(a, b), then its expectation is
 b
1
a+b
,
E(Y ) =
Y dY =
b−a a
2
which is the midpoint of the interval. Also,
 b
b2 + ab + a2
1
Y 3 |ba
2
=
.
Y 2 dY =
E(Y ) =
b−a a
3(b − a)
3

A.9 Some Common Continuous Distributions
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Therefore,
σY2 = E(Y 2 ) − {E(Y )}2 =

b2 + ab + a2
−
3



a+b
2

2
=

(b − a)2
.
12

Reparameterization means replacing the parameters of a distribution by an
equivalent set. The uniform distribution
can be reparameterized by using
√
μ = (a + b)/2 and σ = (b − a)/ 12 as the parameters. Then μ is a location
parameter and σ is the scale parameter. Which parameterization of a distribution is used depends upon which aspects of the distribution one wishes to
emphasize. The parameterization (a, b) of the uniform speciﬁes its endpoints
while the parameterization (μ, σ) gives the mean and standard deviation. One
is free to move back and forth between two or more parameterizations, using
whichever is most useful in a given context. The uniform distribution does not
have a shape parameter since the shape of its density is always rectangular.
The functions punif(), dunif(), qunif(), and runif() compute uniform
CDFs, pdfs, quantiles, and random numbers, respectively. For example,
> runif(3,0,5)
[1] 1.799252 4.003232 3.978002

are three random numbers uniformly distributed between 0 and 5.
A.9.2 Transformation by the CDF and Inverse CDF
If Y has a continuous CDF F , then F (Y ) has a Uniform(0,1) distribution.
F (Y ) is often called the probability transformation of Y . This fact is easy to
see if F is strictly increasing, since then F −1 exists, so that
P {F (Y ) ≤ y} = P {Y ≤ F −1 (y)} = F {F −1 (y)} = y.

(A.9)

The result holds even if F is not strictly increasing, but the proof is slightly
more complicated. It is only necessary that F be continuous.
If U is Uniform(0,1) and F is a CDF, then Y = F − (U ) has F as its CDF.
Here F − is the pseudo-inverse of F . This can be proved easily when F is
continuous and strictly increasing, since then F −1 = F − and
P (Y ≤ y) = P {F −1 (U ) ≤ y} = P {Y ≤ F (y)} = F (y).
In fact, the result holds for any CDF F , but it is more diﬃcult to prove in
the general case. F − (U ) is often called the quantile transformation since F −
is the quantile function.
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A.9.3 Normal Distributions
The standard normal distribution has the familiar bell-shaped density


1
φ(y) = √ exp −y 2 /2 ,
2π

−∞ < y < ∞.

The standard normal has mean 0 and variance 1. If Z is standard normal, then
the distribution of μ + σZ is called the normal distribution with mean μ and
variance σ 2 and denoted by N (μ, σ 2 ). By Result A.1, the N (μ, σ 2 ) density is


y−μ
1
(y − μ)2
1
φ
exp −
.
(A.10)
=√
σ
σ
2σ 2
2πσ
The parameter μ is a location parameter and σ is a scale parameter. The
normal distribution does not have a shape parameter since its density is always
the same bell-shaped curve.2 The standard normal CDF is
 y
φ(u)du.
Φ(y) =
−∞

Φ can be evaluated using software such as R’s pnorm function. If Y is N (μ, σ 2 ),
then since Y = μ + σZ, where Z is standard normal, by Result A.1,
FY (y) = Φ{(y − μ)/σ}.

(A.11)

Normal distribution are also called Gaussian distributions after the great German mathematician Carl Friedrich Gauss.
Normal Quantiles
The q-quantile of the N (0, 1) distribution is Φ−1 (q) and, more generally, the
q-quantile of an N (μ, σ 2 ) distribution is μ + σΦ−1 (q). The α-upper quantile
of Φ, that is, Φ−1 (1 − α), is denoted by zα . As shown later, zα is widely used
for conﬁdence intervals.
For example, z0.1 and z0.01 are 1.282 and 2.326, respectively, as can be
seen in the following R output:
> round(qnorm(c(0.1, 0.01), lower.tail = FALSE), 3)
[1] 1.282 2.326

A.9.4 The Lognormal Distribution
If Z is distributed N (μ, σ 2 ), then Y = exp(Z) is said to have a Lognormal(μ,
σ 2 ) distribution. In other words, Y is lognormal if its logarithm is normally
2

In contrast, a t-density is also a bell curve, but the exact shape of the bell depends
on a shape parameter, the degrees of freedom which is a tail index.

A.9 Some Common Continuous Distributions
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lognormal densities
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μ = 1.0, σ = 0.5
μ = 1.5, σ = 0.5

0
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y

Fig. A.1. Examples of lognormal probability densities. Here μ and σ are the logmean and log-standard deviation, that is, the mean and standard deviation of the
logarithm of the lognormal random variable.

distributed. We will call μ the log-mean and σ the log-standard deviation.
Also, σ 2 will be called the log-variance.
The median of Y is exp(μ) and the expected value of Y is exp(μ + σ 2 /2).3
The expectation is larger than the median because the lognormal distribution
is right skewed, and the skewness is more extreme with larger values of σ.
Skewness is discussed further in Sect. 5.4. The probability density functions
of several lognormal distributions are shown in Fig. A.1.
The log-mean μ is a scale parameter and the log-standard deviation σ
is a shape parameter. The lognormal distribution does not have a location
parameter since its support is ﬁxed to start at 0.
Use the functions plnorm(), dlnorm(), qlnorm(), and rlnorm() for the
lognormal distribution. For example,
> options(digits = 3)
> dlnorm(0.5, meanlog = 1, sdlog = 2)
[1] 0.279

computes the lognormal density at 0.5 when the log-mean is 1 and the logstandard deviation is 2.

3

It is important to remember that if Y is lognormal(μ, σ), then μ is the expected
value of log(Y ), not of Y .
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A.9.5 Exponential and Double-Exponential Distributions
The exponential distribution with scale parameter θ > 0, which we denote by
Exponential(θ), has CDF
F (y) = 1 − e−y/θ ,

y > 0.

The Exponential(θ) distribution has PDF
f (y) =

e−y/θ
,
θ

(A.12)

expected value θ, and standard deviation θ. The inverse CDF is
F −1 (y) = −θ log(1 − y),

0 < y < 1.

Use the functions pexp(), dexp(), qexp(), and rexp() for the exponential
distribution.
The double-exponential or Laplace distribution with mean μ and scale parameter θ has PDF
e−|y−μ|/θ
.
(A.13)
f (y) =
2θ
If Y has a double-exponential distribution with mean μ, then |Y − μ| has
an exponential distribution.
A double-exponential distribution has a stan√
dard deviation of 2θ. The mean μ is a location parameter and θ is a scale
parameter.
A.9.6 Gamma and Inverse-Gamma Distributions
The gamma distribution with scale parameter b > 0 and shape parameter
α > 0 has density
y α−1
exp(−y/b),
Γ (α)bα
where Γ is the gamma function deﬁned in Sect. 5.5.2. The mean, variance, and
skewness coeﬃcient of this distribution are bα, b2 α, and 2α−1/2 , respectively.
Figure A.2 shows gamma densities with shape parameters equal to 0.75, 3/2,
and 7/2 and each with a mean equal to 1.
The gamma distribution is often parameterized using β = 1/b, so that the
density is
β α y α−1
exp(−βy).
Γ (α)
With this form of the parameterization, β is an inverse-scale parameter and
the mean and variance are α/β and α/β 2 . Also, β is often called the rate
parameter, e.g., in R.
Use the functions pgamma(), dgamma(), qgamma(), and rgamma() for the
gamma distribution. For example, the median of the gamma distribution with
α = 2 and β = 3 can be computed in two equivalent ways:

A.9 Some Common Continuous Distributions
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0.0
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density
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α=0.75
α=3/2
α=7/2

0

1

2
y
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Fig. A.2. Examples of gamma probability densities with diﬀering shape parameters.
In each case, the scale parameter has been chosen so that the expectation is 1.
> qgamma(0.5, shape = 2, rate = 3)
[1] 0.559
> qgamma(0.5, shape = 2, scale = 1/3)
[1] 0.559

If X has a gamma distribution with inverse-scale parameter β and shape
parameter α, then we say that 1/X has an inverse-gamma distribution with
scale parameter β and shape parameter α. The mean of this distribution is
β/(α − 1) provided α > 1 and the variance is β 2 /{(α − 1)2 (α − 2)} provided
that α > 2.

A.9.7 Beta Distributions
The beta distribution with shape parameters α > 0 and β > 0 has density
Γ (α + β) α−1
y
(1 − y)β−1 ,
Γ (α)Γ (β)

0 < y < 1.

(A.14)

The mean and variance are α/(α + β) and (αβ)/{(α + β)2 (α + β + 1)}, and
if α > 1 and β > 1, then the mode is (α − 1)/(α + β − 2).
Figure A.3 shows beta densities for several choices of shape parameters. A
beta density is right-skewed, symmetric about 1/2, or left-skewed depending
on whether α < β, α = β, or α > β.
Use the functions pbeta(), dbeta(), qbeta(), and rbeta() for the beta
distribution. For example, the code below created Fig. A.3.
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beta densities
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Fig. A.3. Examples of beta probability densities with diﬀering shape parameters.
pdf("beta_densities.pdf", width = 6, height = 5) ## Figure A.3
par(lwd = 2)
x = seq(0, 1, 0.01)
plot(x, dbeta(x, 3, 9), type = "l", lty = 1, xlab = "y",
ylab = "density", main = "beta densities", ylim = c(0, 5))
lines(x, dbeta(x, 5, 5), type = "l", lty = 2, col = "red")
lines(x, dbeta(x, 4, 1/2), type = "l", lty = 5, col = "blue")
legend(0.4, 5, c(
expression(paste(alpha," = 3, ",beta," = 9")) ,
expression(paste(alpha," = 5, ",beta," = 5")),
expression(paste(alpha," = 4, ",beta," = 1/2"))),
lty = c(1, 2,5 ), col = c("black", "red", "blue"), lwd = 2)
graphics.off()

A.9.8 Pareto Distributions
A random variable X has a Pareto distribution, named after the Swiss economics professor Vilfredo Pareto (1848–1923), if its CDF for some a > 0
c a
, x > c,
(A.15)
F (x) = 1 −
x
where c > 0 is the minimum possible value of X.
The PDF of the distribution in (A.15) is
aca
, x > c,
(A.16)
xa+1
so a Pareto distribution has polynomial tails and a is the tail index. It is also
called the Pareto constant.
f (x) =

A.10 Sampling a Normal Distribution
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A.10 Sampling a Normal Distribution
A common situation is that we have a random sample from a normal distribution and we wish to have conﬁdence intervals for the mean and variance or
test hypotheses about these parameters. Then, the following distributions are
very important, since they are the basis for many commonly used conﬁdence
intervals and tests.
A.10.1 Chi-Squared Distributions
Suppose that Z1 , . . . , Zn are i.i.d. N (0, 1). Then, the distribution of Z12 + · · · +
Zn2 is called the chi-squared distribution with n degrees of freedom. This distribution has an expected value of n and a variance of 2n. The α-upper quantile
of this distribution is denoted by χ2α,n and is used in tests and conﬁdence intervals about variances; see Appendix A.10.1 for the latter. Also, as discussed
in Sect. 5.11, χ2α,n is used in likelihood ratio testing. As an example, χ20.05,10
is 18.31 and can be computed in two ways:
> qchisq(0.05, 10, lower.tail = FALSE)
[1] 18.31
> qchisq(0.95, 10)
[1] 18.31

So far, the degrees-of-freedom parameter has been an integer-valued, but
this can be generalized. The chi-squared distribution with ν degrees of freedom is equal to the gamma distribution with scale parameter equal to 2 and
shape parameter equal to ν/2. Thus, since the shape parameter of a gamma
distribution can be any positive value, the chi-squared distribution can be
deﬁned for any positive value of ν as the gamma distribution with scale and
shape parameters equal to 2 and ν/2, respectively.
A.10.2 F -Distributions
If U and W are independent and chi-squared-distributed with n1 and n2
degrees of freedom, respectively, then the distribution of
U/n1
W/n2
is called the F -distribution with n1 and n2 degrees of freedom. The α-upper
quantile of this distribution is denoted by Fα,n1 ,n2 . Fα,n1 ,n2 is used as a critical
value for F -tests in regression. For example, F0.95,3,7 is 4.347:
> qf(0.95, 3, 7)
[1] 4.347
> qf(0.05, 3, 7, lower.tail = FALSE)
[1] 4.347

The degrees-of-freedom parameters of the chi-square, t-, and F -distributions are shape parameters.
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A.11 Law of Large Numbers and the Central Limit
Theorem for the Sample Mean
Suppose that Y n is the mean of an i.i.d. sample Y1 , . . . , Yn . We assume that
their common expected value E(Y1 ) exists and is ﬁnite and call it μ. The law
of large numbers states that
P (Y n → μ as n → ∞) = 1.
Thus, the sample mean will be close to the population mean for large enough
sample sizes. However, even more is true. The famous central limit theorem
(CLT) states that if the common variance σ 2 of Y1 , . . . , Yn is ﬁnite, then
the probability distribution of Y n gets closer to a normal distribution as n
converges to ∞. More precisely, the CLT states that
√
(A.17)
P { n(Y n − μ) ≤ y} → Φ(y/σ) as n → ∞ for all y.
Stated diﬀerently, for large n, Y is approximately N (μ, σ 2 /n).
Students often misremember or misunderstand the CLT. A common misconception is that a large population is approximately normally distributed.
The CLT says nothing about the distribution of a population; it is only a statement about the distribution of a sample mean. Also, the CLT does not assume
that the population is large; it is the size of the sample that is converging to inﬁnity. Assuming that the sampling is with replacement, the population could
be quite small, in fact, with only two elements.
When the variance of Y1 , . . . , Yn is inﬁnite, then the limit distribution of
Y n may still exist but will be a nonnormal stable distribution.
Although the CLT was ﬁrst discovered for the sample mean, other estimators are now known to also have approximate normal distributions for large
sample sizes. In particular, there are central limit theorems for the maximum
likelihood estimators of Sect. 5.9 and the least-squares estimators discussed
in Chap. 9. This is very important, since most estimators we use will be
maximum likelihood estimators or least-squares estimators. So, if we have a
reasonably large sample, we can assume that these estimators have an approximately normal distribution and the normal distribution can be used for
testing and constructing conﬁdence intervals.

A.12 Bivariate Distributions
Let fY1 ,Y2 (y1 , y2 ) be the joint density of a pair of random variables (Y1 , Y2 ).
Then, the marginal density of Y1 is obtained by “integrating out” Y2 :

fY1 (y1 ) = fY1 ,Y2 (y1 , y2 ) dy2 ,
and similarly fY2 (y2 ) =

fY1 ,Y2 (y1 , y) dy1 .
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The conditional density of Y2 given Y1 is
fY2 |Y1 (y2 |y1 ) =

fY1 ,Y2 (y1 , y2 )
.
fY1 (y1 )

(A.18)

Equation (A.18) can be rearranged to give the joint density of Y1 and Y2 as
the product of a marginal density and a conditional density:
fY1 ,Y2 (y1 , y2 ) = fY1 (y1 )fY2 |Y1 (y2 |y1 ) = fY2 (y2 )fY1 |Y2 (y1 |y2 ).

(A.19)

The conditional expectation of Y2 given Y1 is just the expectation calculated
using fY2 |Y1 (y2 |y1 ):

E(Y2 |Y1 = y1 ) = y2 fY2 |Y1 (y2 |y1 )dy2 ,
which is, of course, a function of y1 . The conditional variance of Y2 given Y1 is

Var(Y2 |Y1 = y1 ) = {y2 − E(Y2 |Y1 = y1 )}2 fY2 |Y1 (y2 |y1 ) dy2 .
A formula that is important elsewhere in this book is
fY1 ,...,Yn (y1 , . . . , yn ) = fY1 (y1 )fY2 |Y1 (y2 |y1 ) · · ·
fYn |Y1 ,...,Yn−1 (yn |y1 , . . . , yn−1 ),

(A.20)

which follows from repeated use of (A.19).
The marginal mean and variance are related to the conditional mean and
variance by
E(Y ) = E{E(Y |X)}
(A.21)
and
Var(Y ) = E{Var(Y |X)} + Var{E(Y |X)}.

(A.22)

Result (A.21) has various names, especially the law of iterated expectations
and the tower rule.
Another useful formula is that if Z is a function of X, then
E(ZY |X) = ZE(Y |X).

(A.23)

The idea here is that, given X, Z is constant and can be factored outside the
conditional expectation.

A.13 Correlation and Covariance
Expectations and variances summarize the individual behavior of random
variables. If we have two random variables, X and Y , then it is convenient to
have some way to summarize their joint behavior—correlation and covariance
do this.
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The covariance between two random variables X and Y is


Cov(X, Y ) = σXY = E {X − E(X)}{Y − E(Y )} .
The two notations Cov(X, Y ) and σXY will be used interchangeably. If (X, Y )
is continuously distributed, then using (A.36), we have

σXY = {x − E(X)}{y − E(Y )}fXY (x, y) dx dy.
The following are useful formulas:
σXY = E(XY ) − E(X)E(Y ),

(A.24)

σXY = E[{X − E(X)}Y ],
σXY = E[{Y − E(Y )}X],

(A.25)
(A.26)

σXY = E(XY ) if E(X) = 0 or E(Y ) = 0.

(A.27)

The covariance between two variables measures the linear association between them, but it is also aﬀected by their variability; all else equal, random
variables with larger standard deviations have a larger covariance. Correlation is covariance after this size eﬀect has been removed, so that correlation
is a pure measure of how closely two random variables are related, or more
precisely, linearly related. The Pearson correlation coeﬃcient between X and
Y is
(A.28)
Corr(X, Y ) = ρXY = σXY /σX σY .
The Pearson correlation coeﬃcient is sometimes called simply the correlation coeﬃcient, though there are other types of correlation coeﬃcients; see
Sect. 8.5.
Given a bivariate sample {(Xi , Yi )}ni=1 , the sample covariance, denoted by
XY , is
sXY or σ
sXY = σ
XY = (n − 1)−1

n


(Xi − X)(Yi − Y ),

(A.29)

i=1

where X and Y are the sample means. Often the factor (n − 1)−1 is replaced
by n−1 , but this change has little eﬀect relative to the random variation in
σ
XY . The sample correlation is
sXY
ρXY = rXY =
,
(A.30)
sX sY
where sX and sY are the sample standard deviations.
To provide the reader with a sense of what particular values of a correlation coeﬃcient imply about the relationship between two random variables,
Fig. A.4 shows scatterplots and the sample correlation coeﬃcients for nine
bivariate random samples. A scatterplot is just a plot of a bivariate sample,
{(Xi , Yi )}ni=1 . Each plot also contain the linear least-squares ﬁt (Chap. 9) to
illustrate the linear relationship between y and x. Notice that
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an absolute correlation of 0.25 or less is weak—see panels (a) and (b);
an absolute correlation of 0.5 is only moderately strong—see (c);
an absolute correlation of 0.9 is strong—see (d);
an absolute correlation of 1 implies an exact linear relationship—see (e)
and (h);
a strong nonlinear relationship may or may not imply a high correlation—
see (f) and (g);
positive correlations imply an increasing relationship (as X increases, Y
increases on average)—see (b)–(e) and (g);
negative correlations imply a decreasing relationship (as X increases, Y
decreases on average)—see (h) and (i).

If the correlation between two random variables is equal to 0, then we say
that they are uncorrelated.
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Fig. A.4. Sample correlation coeﬃcients for nine random samples. Each plot also
contains the linear regression line of y on x.
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If X and Y are independent, then for all functions g and h,
E{g(X)h(Y )} = E{g(X)}E{h(Y )}.

(A.31)

This fact can be used to prove that if X and Y are independent, then σXY = 0,
so the variables are uncorrelated. The opposite is not true. For example, if
X is uniformly distributed on [−1, 1] and Y = X 2 , then a simple calculation
shows that σXY = 0, but the two random variables are not independent. The
key point here is that Y is related to X, in fact, completely determined by
X, but the relationship is highly nonlinear and correlation measures linear
association.
Another example of random variables that are uncorrelated but dependent is the bivariate t-distribution. For this distribution, the two variates are
dependent even when their correlation is 0; see Sect. 7.6.
If E(Y |X) = 0, then Y and X are uncorrelated, since
E(Y ) = E{E(Y |X)} = 0

(A.32)

by the law of iterated expectations, and then
Cov(Y, X) = E(Y X) = E{E(Y X|X)} = E{XE(Y |X)} = 0

(A.33)

by (A.27), a second application of the law of iterated expectations, (A.23)
with Z = X, and (A.32).
Result (A.22) has an important interpretation. If X is known and one
needs to predict Y , then E(Y |X) is the best predictor in that it minimizes
the expected squared prediction error. If the best predictor is used, then the
prediction error is Y − E(Y |X) and E{Y − E(Y |X)}2 is the expected squared
prediction error. From the law of iterated expectations, that latter is


E{Y − E(Y |X)}2 = E E {Y − E(Y |X)}2 |X = E{Var(Y |X)},

(A.34)

the ﬁrst summand on the right-hand side of (A.22). Also, Var{E(Y |X)}, the
second summand there, is the variability of the best predictor and a measure
of how well E(Y |X) can track Y —the more E(Y |X) can vary, the better
it can track Y . Therefore, the sum of the tracking ability and the expected
squared prediction error is the constant Var(Y )—increasing the tracking ability decreases the expected squared prediction error.
Some insight can be gained by looking at the worst and best cases. The
worst case is when X is independent of Y . Then, E(Y |X) = E(Y ), the tracking ability is Var{E(Y |X)} = 0, and the expected squared prediction takes
on its maximum value, Var(Y ). The best case is when Y is a function of X,
say y = g(X) for some g. Then, E(Y |X) = g(X) = Y , the prediction error is
0, and the tracking ability is Var(Y ), its maximum possible value.
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A.13.1 Normal Distributions: Conditional Expectations
and Variance
The calculation of conditional expectations and variances can be diﬃcult for
some probability distributions, but it is quite easy for a pair (Y1 , Y2 ) that has
a bivariate normal distribution.
For a bivariate normal pair, the conditional expectation of Y2 given Y1
equals the best linear predictor4 of Y2 given Y1 :
E(Y2 |Y1 = y1 ) = E(Y2 ) +

σY1 ,Y2
{y1 − E(Y1 )}.
σY2 1

Therefore, for normal random variables, best linear prediction is the same as
best prediction. Also, the conditional variance of Y2 given Y1 is the expected
squared prediction error:
Var(Y2 |Y1 = y1 ) = σY2 2 (1 − ρ2Y1 ,Y2 ).

(A.35)

In general, Var(Y2 |Y1 = y1 ) is a function of y1 but we see in (A.35) that for the
special case of a bivariate normal distribution, Var(Y2 |Y1 = y1 ) is constant,
that is, independent of y1 .

A.14 Multivariate Distributions
Multivariate distributions generalized the bivariate distributions of Appendix
A.12. A random vector is a vector whose elements are random variable. A random vector of continuously distributed random variables, Y = (Y1 , . . . , Yd ),
has a multivariate probability density function fY1 ,...,Yd (y1 , . . . , yd ) if
 
fY1 ,...,Yd (y1 , . . . , yd ) dy1 · · · dyd
P {(Y1 , . . . , Yd ) ∈ A} =
A

for all sets A ⊂ .
The PDF of Yj is obtained by integrating the other variates out of fY1 ,...,Yd :
p

fYj (yj )


=
···
y1




···
yj−1

yj+1

yd

fY1 ,...,Yd (y1 , . . . , yd ) dy1 · · · dyj−1 dyj+1 · · · dyd .

Similarly, the PDF of any subset of (Y1 , . . . , Yd ) is obtained by integrating the
other variables out of fY1 ,...,Yd (y1 , . . . , yd ).
The expectation of a function g of Y1 , . . . , Yd is given by the formula


···
g(y1 , . . . , yd )fY1 ,...,Yd (y1 , . . . , yd ) dy1 · · · dyd .
E{g(Y1 , . . . , Yd )} =
y1

yd

(A.36)
4

See Sect. 11.9.
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If Y1 , . . . , Yd are discrete, then their joint probability distribution speciﬁes
P {Y1 = x1 , . . . , Yd = yd } for all values of y1 , . . . , yd . If Y1 , . . . , Yd are discrete
and independent, then
P {Y1 = y1 , . . . , Yd = yd } = P {Y1 = y1 } · · · P {Yd = yd }.

(A.37)

The joint CDF of Y1 , . . . , Yd , whether they are continuous or discrete, is
FY1 ,...,Yd (x1 , . . . , yd ) = P (Y1 ≤ y1 , . . . , Yd ≤ yd ).
Suppose there is a sample of size n of d-dimensional random vectors, {Y i =
(Yi,1 , . . . , Yi,d ) : i = 1, . . . , n}. Then the empirical CDF is
n
I{Yi,j ≤ yj , for j = 1, . . . , d}
.
(A.38)
Fn (y1 , . . . , yd ) = i=1
n
A.14.1 Conditional Densities
The conditional density of Y1 , . . . , Yq given Yq+1 . . . , Yd , where 1 ≤ q < d, is
fY1 ,...,Yq | Yq+1 ...,Yd (y1 , . . . , yq | yq+1 . . . , yd ) =

fY1 ,...,Yd (y1 , . . . , yd )
. (A.39)
fYq+1 ...,Yd (yq+1 . . . , yd )

Since Y1 , . . . , Yd can be arranged in any order that is convenient, (A.39) provides a formula for the conditional density of any subset of the variables, given
the other variables. Also, (A.39) can be rearranged to give the multiplicative
formula
fY1 ,...,Yd (y1 , . . . , yd )
= fY1 ,...,Yq | Yq+1 ...,Yd (y1 , . . . , yq | yq+1 . . . , yd )fYq+1 ...,Yd (yq+1 . . . , yd ). (A.40)
Repeated use of (A.40) gives a formula that will be useful later for calculating
likelihoods for dependent data
fY1 ,...,Yd (y1 , . . . , yd )
= fY1 (y1 ) fY2 |Y1 (y2 |y1 ) fY3 |Y1 ,Y2 (y3 |y1 , y2 ) · · · fYd |Y1 ,...,Yd−1 (yd |y1 , . . . , yd−1 ).
(A.41)
If Y1 , . . . , Yd are independent, then
fY1 ,...,Yd (y1 , . . . , yd ) = fY1 (y1 ) · · · fYd (yd ).

(A.42)

A.15 Stochastic Processes
A discrete-time stochastic process is a sequence of random variables {Y1 , Y2 ,
Y3 , . . .}. The distribution of Yn is called its marginal distribution. The process
is said to be Markov, or Markovian, if the conditional distribution of Yn+1
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given {Y1 , Y2 , . . . , Yn } equals the conditional distribution of Yn+1 given Yn , so
Yn+1 depends only on the previous value of the process. The AR(1) process
in Sect. 12.4 is a simple example of a Markov process. A process generated by
computer simulation will be Markov if only Yn and random numbers independent of {Y1 , Y2 , . . . , Yn−1 } are used to generate Yn+1 . An important example
is Markov chain Monte Carlo, the topic of Sect. 20.7.
A distribution π is a stationary distribution for a Markov process if, for
all n, Yn+1 has distribution π whenever Yn has distribution π.
Stochastic processes can also have a continuous-time parameter. Examples
are Brownian motion and geometric Brownian motion, which are used, inter
alia, to model the log-prices and prices of equities, respectively, in continuous time.

A.16 Estimation
A.16.1 Introduction
One of the major areas of statistical inference is estimation of unknown
parameters, such as a population mean, from data. An estimator is deﬁned as
any function of the observed data. The key question is which of many possible
estimators should be used. If θ is an unknown parameter and θ is an estimator,
 − θ is called the bias and E{θ− θ}2 is called the mean-squared error
then E(θ)
(MSE). One seeks estimators that are eﬃcient, that is, having the smallest
possible value of the MSE (or of some other measure of inaccuracy). It can be
shown from simple algebra that the MSE is the squared bias plus the variance,
that is,
 − θ}2 + Var(θ),

(A.43)
E{θ − θ}2 = {E(θ)
so an eﬃcient estimator will have both a small bias and a small variance. An
estimator with a zero bias is called unbiased. However, it is not necessary to
use an unbiased estimator—we only want the bias to be small, not necessarily
exactly zero. One should be willing to accept a small bias if this leads to a
signiﬁcant reduction in variance.
The most popular methods of estimation are least squares (Sect. 9.2.1),
maximum likelihood (Sects. 5.9 and 5.14), and Bayes estimation (Chap. 20).
A.16.2 Standard Errors
When a estimator is calculated from a random sample, it is a random variable,
but this fact is often not appreciated by beginning students. When ﬁrst exposed to statistical estimation, students tend not to think of estimators such
as a sample mean as random. If we have only a single sample, then the sample mean does not appear random. However, if we realize that the observed
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sample is only one of many possible samples that could have been drawn, and
that each sample has a diﬀerent sample mean, then we see that the mean is
in fact random.
Since an estimator is a random variable, it has an expectation and a standard deviation. We have already seen that the diﬀerence between its expectation and the parameter is called the bias. The standard deviation of an
estimator is called its standard error. If there are unknown parameters in the
formula for this standard deviation, then they can be replaced by estimates. If
θ is an estimator of θ, then sθ will denote its standard error with any unknown
parameters replaced by estimates.
Example A.1. The standard error of the mean
Suppose that Y1 , . . . , Yn are i.i.d. with mean μ and variance
σ 2 . Then,
√
√ it
Y
is
σ/
n.
Thus,
σ/
n, or
follows from (7.13) that the
standard
deviation
of
√
/
n,
is
called
the
standard
error
of
the
sample
mean.
when σ is unknown
s
Y
√
√
That is, sY is σ/ n or sY / n depending on whether or not σ is known. 

A.17 Confidence Intervals
Instead of estimating an unknown parameter by a single number, it is often
better to provide a range of numbers that gives a sense of the uncertainty of
the estimate. Such ranges are called interval estimates. One type of interval
estimate, the Bayesian credible interval, is introduced in Chap. 20. Another
type of interval estimate is the conﬁdence interval. A conﬁdence interval is
deﬁned by the requirement that the probability that the interval will include
the true parameter is a speciﬁed value called the conﬁdence coeﬃcient,, so,
for example, if a large number of independent 90 % intervals are constructed,
then approximately 90 % of them will contain the parameter.
A.17.1 Confidence Interval for the Mean
If Y is the mean of a sample from a normal population, then
Y ± tα/2,n−1 sY

(A.44)

is a conﬁdence interval with (1 − α) conﬁdence. This conﬁdence interval is
derived in Sect. 6.3.2. If α = 0.05 (0.95 or 95 % conﬁdence) and if n is reasonably large, then tα/2,n−1 is approximately 2, so Y ± 2√
sY is often used as an
approximate 95 % conﬁdence√interval. Since sY = sY / n, the conﬁdence can
also be written as Y ± 2 sY / n. When n is reasonably large, say 20 or more,
then Y will be approximately normally distributed by the central limit theorem, and the assumption that the population itself is normal can be dropped.
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Example A.2. Conﬁdence interval for a normal mean
Suppose we have a sample of size 25 from a normal distribution, s2Y = 2.7,
Y = 16.1, and we want a 99 % conﬁdence interval for μ. We need t0.005,24 .
This quantile can be found, for example, using the R function qt and
t0.005,24 = 2.797. Then, the 99 % conﬁdence interval for μ is
√
(2.797) 2.7
√
= 16.1 ± 0.919 = [15.18, 17.02].
16.1 ±
25
Since n = 25 is reasonably large, this interval should have approximately 99 %
conﬁdence even if the population is not normally distributed. The exception
would be if the population was extremely heavily skewed or had very heavy
tails; in such cases a sample size larger than 25 might be necessary for this
conﬁdence interval to have near 99 % coverage.
Just how large a sample is needed for Y to be nearly normally distributed
depends on the population. If the population is symmetric and the tails are
not extremely heavy, then approximate normality is often achieved with n
around 10. For skewed populations, 30 observations may be needed, and even
more in extreme cases. If the data appear to come from a highly skewed or
heavy-tailed population, it might be better to assume a parametric model and
compute the MLE as discussed in Chap. 5 and perhaps to use the bootstrap
(Chap. 6) for ﬁnding the conﬁdence interval.
The function t.test() computes a conﬁdence interval for a normal mean.
The output below gives a 99 % conﬁdence interval for daily log-returns on Ford
using t.test() and then using (A.44). The interval is (−0.000417, 0.003407)
>
>
>
>

ford = read.csv("RecentFord.csv")
returns = diff(log(ford[ , 7]))
options(digits = 3)
t.test(returns, conf.level = 0.99)

One Sample t-test
data: returns
t = 2.02, df = 1256, p-value = 0.04388
alternative hypothesis: true mean is not equal to 0
99 percent confidence interval:
-0.000417 0.003407
sample estimates:
mean of x
0.00149
> n = length(returns)
> mean(returns) + c(-1, 1) *
qt(0.995, n - 1) * sd(returns) / sqrt(n)
[1] -0.000417 0.003407
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A.17.2 Confidence Intervals for the Variance
and Standard Deviation
A (1 − α) conﬁdence interval for the variance of a normal distribution is
given by


(n − 1)s2Y (n − 1)s2Y
,
,
(A.45)
χ2α/2,n−1 χ21−α/2,n−1
where n is the sample size, s2Y is the sample variance given by equation (A.7),
and, as deﬁned in Appendix A.10.1, χ2γ,n−1 is the (1 − γ)-quantile of the chisquare distribution with n − 1 degrees of freedom.
Example A.3. Conﬁdence interval for a normal standard deviation
Suppose we have a sample of size 25 from a normal distribution, s2Y = 2.7,
and we want a 90 % conﬁdence interval for σ 2 . The quantiles we need for
constructing the interval are χ20.95,24 = 13.848 and χ20.05,24 = 36.415. These
values can be found using software such as qchisq() in R. The 90 % conﬁdence
interval for σ 2 is


(2.7)(24) (2.7)(24)
,
= [1.78, 4.68].
36.415
13.848
Taking square roots of both endpoints, we get 1.33 < σ < 2.16 as a 90 %
conﬁdence interval for the standard deviation.
As another example, conﬁdence intervals for the variance and standard
deviation of daily Ford returns are calculate below. The conﬁdence interval
for the standard deviation is (0.0253, 0.0273).
>
>
>
>
>

ford = read.csv("RecentFord.csv")
returns = diff(log(ford[,7]))
n = length(returns)
options(digits = 3)
ci = (n - 1) * var(returns) / qchisq(c(0.025, 0.975), n - 1,
lower.tail = FALSE)
> ci
[1] 0.000639 0.000748
> sqrt(ci)
[1] 0.0253 0.0273


Unfortunately, the assumption that the population is normally distributed
cannot be dispensed with, even if the sample size is large. If a normal probability plot or test of normality (see Sect. 4.4) suggests that the population
might be nonnormally distributed, then one might instead construct a conﬁdence interval for σ using the bootstrap; see Chap. 6. Another possibility is
to assume a nonnormal parametric model such as the t-model if the data are
symmetric and heavy-tailed; see Example 5.3.
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A.17.3 Confidence Intervals Based on Standard Errors
Many estimators are approximately unbiased and approximately normally
distributed. Then, an approximate 95 % conﬁdence interval is the estimator
plus or minus twice its standard error; that is,
θ ± 2 sθ
is an approximate 95 % conﬁdence interval for θ.

A.18 Hypothesis Testing
A.18.1 Hypotheses, Types of Errors, and Rejection Regions
Statistical hypothesis testing uses data to decide whether a certain statement called the null hypothesis is true. The negation of the null hypothesis
is called the alternative hypothesis. For example, suppose that Y1 , . . . , Yn are
i.i.d. N (μ, 1) and μ is unknown. The null hypothesis could be that μ is 1.
Then, we write H0 : μ = 1 and H1 : μ = 1 to denote the null and alternative
hypotheses.
There are two types of errors that we hope to avoid. If the null hypothesis
is true but we reject it, then we are making a type I error. Conversely, if the
null hypothesis is false and we accept it, then we are making a type II error.
The rejection region is the set of possible samples that lead us to reject
H0 . For example, suppose that μ0 is a hypothesized value of μ and the null
hypothesis is H0 : μ = μ0 and the alternative is H1 : μ = μ0 . One rejects H0 if
|Y − μ0 | exceeds an appropriately chosen cutoﬀ value c called a critical value.
The rejection region is chosen to keep the probability of a type I error below
a prespeciﬁed small value called the level and often denoted by α. Typical
values of α used in practice are 0.01, 0.05, or 0.1. As α is made smaller, the
rejection region must be made smaller. In the example, since we reject the
null hypothesis when |Y − μ0 | exceeds c, the critical value c gets larger as
the α gets smaller.√The value of c is easy to determine. Assuming that σ is
known, c is zα/2 σ/ n, where, as deﬁned in Appendix A.9.3, zα/2 is the α/2upper quantile of the standard normal distribution. If σ is unknown, then
σ is replaced by sX and zα/2 is replaced by tα/2,n−1 , where, as deﬁned in
Sect. 5.5.2, tα/2,n−1 is the α/2-upper quantile of the t-distribution with n − 1
degrees of freedom. The test using the t-quantile is called the one-sample
t-test.
A.18.2 p-Values
Rather than specifying α and deciding whether to accept or reject the null
hypothesis at that α, we might ask “for what values of α do we reject the null
hypothesis?” The p-value for a sample is deﬁned as the smallest value of α for
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which the null hypothesis is rejected. Stated diﬀerently, to perform the test
using a given sample, we ﬁrst ﬁnd the p-value of that sample, and then H0 is
rejected if we decide to use α larger than the p-value and H0 is accepted if we
use α smaller than the p-value. Thus,
•

a small p-value is evidence against the null hypothesis

while
•

a large p-value shows that the data are consistent with the null hypothesis.

Example A.4. Interpreting p-values
If the p-value of a sample is 0.033, then we reject H0 if we use α equal to

0.05 or 0.1, but we accept H0 if we use α = 0.01.

The p-value not only tells us whether the null hypothesis should be accepted or rejected, but it also tells us whether or not the decision to accept
or reject H0 is a close call. For example, if we are using α = 0.05 and the
p-value were 0.047, then we would reject H0 but we would know the decision
was close. If instead the p-value were 0.001, then we would know the decision
was not so close.
When performing hypothesis tests, statistical software routinely calculates
p-values. Doing this is much more convenient than asking the user to specify
α, and then reporting whether the null hypothesis is accepted or rejected for
that α.
A.18.3 Two-Sample t-Tests
Two-sample t-tests are used to test hypotheses about the diﬀerence between
two population means. The independent-samples t-test is used when we sample independently from the two populations. Let μi , Y i , si , and ni be the
population mean, sample mean, sample standard deviation, and sample size
for the ith sample, i = 1, 2, respectively. Let Δ0 be a hypothesized value of
μ1 −μ2 . We assume that the two populations have the same standard deviation
and estimate this parameter by the pooled standard deviation, which is
spool =

(n1 − 1)s21 + (n2 − 1)s22
n1 + n2 − 2

The independent-samples t-statistic is
t=

Y 1 − Y 2 − Δ0

.
spool n11 + n12

1/2

.

(A.46)
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If the hypotheses are H0 : μ1 − μ2 = Δ0 and H1 : μ1 − μ2 = Δ0 , then H0 is
rejected if |t| > tα/2|n1 +n2 −2 . If the hypotheses are H0 : μ1 − μ2 ≤ Δ0 and
H1 : μ1 − μ2 > Δ0 , then H0 is rejected if t > tα |n1 +n2 −2 and if they are H0 :
μ1 − μ2 ≥ Δ0 and H1 : μ1 − μ2 < Δ0 , then H0 is rejected if t < −tα|n1 +n2 −2 .
Sometimes the samples are paired rather than independent. For example,
suppose we wish to compare returns on small-cap versus large-cap5 stocks
and for each of n years we have the returns on a portfolio of small-cap stocks
and on a portfolio of large-cap stocks. For any year, the returns on the two
portfolios will be correlated, so an independent-samples test is not valid. Let
di = Xi,1 − Xi,2 be the diﬀerence between the observations from populations
1 and 2 for the ith pair, and let d and sd be the sample mean and standard
deviation of d1 , . . . , dn . The paired-sample t-statistics is
t=

d − Δ0
√ .
sd / n

(A.47)

The rejection regions are the same as for the independent-samples t-tests
except that the degrees-of-freedom parameter for the t-quantiles is n−1 rather
than n1 + n2 − 2.
The power of a test is the probability of correctly rejecting H0 when H1
is true. Paired samples are often used to obtain more power. In the example
of comparing small- and large-cap stocks, the returns on both portfolios will
have high year-to-year variation, but the di will be free of this variation, so
that sd should be relatively small compared to s1 and s2 . A small variation in
the data means that μ1 − μ2 can be more accurately estimated and deviations
of this parameter from Δ0 are more likely to be detected.
Since d = Y 1 − Y 2 , the numerators in (A.46) and (A.47) are equal. What
diﬀers are the denominators. The denominator in (A.47) will be smaller than
in (A.46) when the correlation between observations (Yi,2 , Yi,2 ) in a pair is
positive. It is the smallness of the denominator in (A.47) that gives the paired
t-test increased power.
Suppose someone had a paired sample but incorrectly used the independentsamples t-test. If the correlation between Yi,1 and Yi,2 is zero, then the paired
samples behave the same as independent samples and the eﬀect of using the
incorrect test would be small. Suppose that this correlation is positive. The
result of using the incorrect test would be that if H0 is false, then the true
p-value would be overestimated and one would be less likely to reject H0 than
if the paired-sample test had been used. However, if the p-value is small, then
one can be conﬁdent in rejecting H0 because the p-value for the paired-sample
test would be even smaller.6 Unfortunately, statistical methods are often used
5

6

The market capitalization of a stock is the product of the share price and the
number of shares outstanding. If stocks are ranked based on market capitalization,
then all stocks below some speciﬁed quantile would be small-cap stocks and all
above another speciﬁed quantile would be large-cap.
An exception would be the rare situation, where Yi,1 and Yi,2 are negatively
correlated.
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by researchers without a solid understanding of the underlying theory, and
this can lead to misapplications. The hypothetical use just described of an
incorrect test is often a reality, and it is sometimes necessary to evaluate
whether the results that are reported can be trusted.
Conﬁdence intervals can also be constructed for the diﬀerence between the
two means and are

1
1
Y 1 − Y 2 ± tα/2|n1 +n2 −2 spool
+
(A.48)
n1
n2
for unpaired samples and
√
d ± tα/2|n1 +n2 −2 sd / n.
(A.49)
for paired samples.
Example A.5. A Paired Two-sample t-test and Conﬁdence Interval
In the next example, a 95 % conﬁdence interval is created for the diﬀerence
between the mean daily log-returns on Merck and Pﬁzer. Since the prices were
taken over the same time intervals, the daily log-returns are highly correlated
(
ρ = 0.547), so a paired test and interval were used. The conﬁdence interval
was also calculated using (A.49).
> prices = read.csv("Stock_Bond.csv")
> prices_Merck = prices[ , 11]
> return_Merck = diff(log(prices_Merck))
> prices_Pfizer = prices[ , 13]
> return_Pfizer = diff(log(prices_Pfizer))
> cor(return_Merck,return_Pfizer)
[1] 0.547
> t.test(return_Merck, return_Pfizer, paired = TRUE)
Paired t-test
data: return_Merck and return_Pfizer
t = -0.406, df = 4961, p-value = 0.6849
alternative hypothesis: true difference in means is not equal to 0
95 percent confidence interval:
-0.000584 0.000383
sample estimates:
mean of the differences
-1e-04
> differences = return_Merck - return_Pfizer
> n = length(differences)
> mean(differences) + c(-1,1) * qt(0.025, n - 1,
lower.tail = FALSE) * sd(differences) / sqrt(n)
[1] -0.000584 0.000383
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A.18.4 Statistical Versus Practical Significance
When we reject a null hypothesis, we often say there is a statistically significant eﬀect. In this context, the word “signiﬁcant” is easily misconstrued. It
does not mean that there is an eﬀect of practical importance. For example,
suppose we were testing the null hypothesis that the means of two populations
are equal versus the alternative that they are unequal. Statistical signiﬁcance
simply means that the two sample means are suﬃciently diﬀerent that this
diﬀerence cannot reasonably be attributed to mere chance. Statistical significance does not mean that the population means are so dissimilar that their
diﬀerence is of any practical importance. When large samples are used, small
and unimportant eﬀects are likely to be statistically signiﬁcant.
When determining practical signiﬁcance, conﬁdence intervals are more useful than tests. In the case of the comparison between two population means,
it is important to construct a conﬁdence interval and to conclude that there
is an eﬀect of practical signiﬁcance only if all diﬀerences in that interval are
large enough to be of practical importance. How large is “large enough” is not
a statistical question but rather must be answered by a subject-matter expert.
For an example, suppose a diﬀerence between the two population means that
exceeds 0.2 is considered important, at least for the purpose under consideration. If a 95 % conﬁdence interval were [0.23, 0.26], then with 95 % conﬁdence
we could conclude that there is an important diﬀerence. If instead the interval
were [0.13, 0.16], then we could conclude with 95 % conﬁdence that there is no
important diﬀerence. If the conﬁdence interval were [0.1, 0.3], then we could
not state with 95 % conﬁdence whether the diﬀerence is important or not.

A.19 Prediction
Suppose that Y is a random variable that is unknown at the present time, for
example, a future change in an interest rate or stock price. Let X be a known
random vector that is useful for predicting Y . For example, if Y is a future
change in a stock price or a macroeconomic variable, X might be the vector
of recent changes in that stock price or macroeconomic variable.
We want to ﬁnd a function of X, which we will call Y (X), that best predicts Y . By this we mean that the mean-squared error E[{Y −Y (X)}2 ] is made
as small as possible. The function Y (X) that minimizes the mean-squared error will be called the best predictor of Y based on X. Note that Y (X) can
be any function of X, not necessarily a linear function as in Sect. 11.9.1. The
best predictor is theoretically simple—it is the conditional expectation of Y
given X. That is, E(Y |X) is the best predictor of Y in the sense of minimizing E[{Y − Y (X)}2 ] among all possible choices of Y (X) that are arbitrary
functions of X.
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If Y and X are independent, then E(Y |X) = E(Y ). If X were unobserved,
then E(Y ) would be used to predict Y . Thus, when Y and X are independent,
the best predictor of Y is the same as if X were unknown, because X contains
no information that is useful for prediction of Y .
In practice, using E(Y |X) for prediction is not trivial. The problem is
that E(Y |X) may be diﬃcult to estimate whereas the best linear predictor
can be estimated by linear regression as described in Chap. 9. However, the
newer technique of nonparametric regression can be used to estimate E(Y |X).
Nonparametric regression is discussed in Chap. 21.

A.20 Facts About Vectors and Matrices
p
The norm of the vector x = (x1 , . . . , xp )T is x = ( i=1 x2i )1/2 .
A square matrix A is diagonal if Ai,j = 0 for all i = j. We use the notation
diag(d1 , . . . , dp ) for a p × p diagonal matrix A such that Ai,i = di .
A matrix O is orthogonal if O T = O −1 . This implies that the columns of
O are mutually orthogonal (perpendicular) and that their norms are all equal
to 1.
Any symmetric matrix Σ has an eigenvalue-eigenvector decomposition,
eigen-decomposition for short, which is
Σ = O diag(λi ) O T ,

(A.50)

where O is an orthogonal matrix whose columns are the eigenvectors of Σ
and λ1 , . . . , λp are the eigenvalues of Σ. Also, if all of λ1 , . . . , λp are nonzero,
then Σ is nonsingular and
Σ −1 = O diag(1/λi ) O T .
Let o1 , . . . , op be the columns of O. Then, since O is orthogonal,

for any j = k. Moreover,

oT
j ok = 0

(A.51)

oT
j Σok = 0

(A.52)

for j = k. To see this, let ej be the jth unit vector, that is, the vector
T
with a one in the jth coordinate and zeros elsewhere. Then, oT
j O = ej and
O T ok = ek , so that for j = k,


T
O diag(λi ) O T ok = λj λk eT
oT
j Σok = oj
j ek = 0.
The eigenvalue-eigenvector decomposition of a covariance matrix is used
in Sect. 7.8 to ﬁnd the orientation of elliptically contoured densities. This decomposition can be important even if the density is not elliptically contoured
and is the basis of principal components analysis (PCA).
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Example A.6. An Eigendecomposition
In the next example, a 3 × 3 symmetric matrix Sigma is created and
its eigenvalues and eigenvectors are computed using the function eigen().
The eigenvalues are in the vector decomp$values and the eigenvectors are
in the matrix decomp$vectors. It is also veriﬁed that decomp$vectors is an
orthogonal matrix.
> Sigma = matrix(c(1, 3, 4, 3, 6, 2, 4, 2, 8), nrow = 3,
byrow = TRUE)
> Sigma
[,1] [,2] [,3]
[1,]
1
3
4
[2,]
3
6
2
[3,]
4
2
8
> decomp = eigen(Sigma)
> decomp
$values
[1] 11.59 4.79 -1.37
$vectors
[,1]
[,2]
[,3]
[1,] -0.426 -0.0479 0.903
[2,] -0.499 -0.8203 -0.279
[3,] -0.754 0.5699 -0.326
> round(decomp$vectors %*% t(decomp$vectors), 5)
[,1] [,2] [,3]
[1,]
1
0
0
[2,]
0
1
0
[3,]
0
0
1



A.21 Roots of Polynomials and Complex Numbers
The roots of polynomials play an important role in the study of ARMA processes. Let p(x) = b0 + b1 x + · · · bp xp , with bp = 0, be a pth-degree polynomial.
The fundamental theorem of algebra states that p(x) can be factored as
bp (x − r1 )(x − r2 ) · · · (x − rp ),
where r1 , . . . , rp are the roots of p(x), that is, the solutions to p(x) = 0. The
roots need not be distinct and they can be complex numbers. In R, the roots
of a polynomial can be found using the function polyroot().
√
A complex number can be written
√ as a + b ı, where ı = −1. The absolute
value or magnitude of a + b ı is a2 + b2 . The complex plane is the set of
all two-dimensional vectors (a, b), where (a, b) represents the complex number
a + b ı. The unit circle is the set of all complex number with magnitude 1.
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A complex number is inside or outside the unit circle depending on whether
its magnitude is less than or greater than 1.
Example A.7. Roots of a Cubic Polynomial
As an example, the roots of the cubic polynomial 1 + 2x + 3x2 + 4x3 are
computed below. We see that there is one real root, −0.606 and two complex
roots, −0.072 ± 0.638ı. It is also veriﬁed that these are roots.
> roots = polyroot(c(1, 2, 3, 4))
> roots
[1] -0.072+0.638i -0.606-0.000i -0.072-0.638i
> fn = function(x){1 + 2 * x + 3 * x^2 + 4 * x^3}
> round(fn(roots), 5)
[1] 0+0i 0+0i 0+0i



A.22 Bibliographic Notes
Casella and Berger (2002) covers in greater detail most of the statistical theory in this chapter and elsewhere in the book. Wasserman (2004) is a modern
introduction to statistical theory and is also recommended for further study.
Alexander (2001) is a recent introduction to ﬁnancial econometrics and has
a chapter on covariance matrices; her technical appendices cover maximum
likelihood estimation, conﬁdence intervals, and hypothesis testing, including
likelihood ratio tests. Evans, Hastings, and Peacock (1993) provides a concise
reference for the basic facts about commonly used distributions in statistics.
Johnson, Kotz, and Kemp (1993) discusses most of the common discrete distributions, including the binomial. Johnson, Kotz, and Balakrishnan (1994,
1995) contain a wealth of information and extensive references about the normal, lognormal, chi-square, exponential, uniform, t, F , Pareto, and many other
continuous distributions. Together, these works by Johnson, Kotz, Kemp, and
Balakrishnan are essentially an encyclopedia of statistical distributions.
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Treasury yield curves, 455, 520, 522,
523
USMacroG, 243, 397, 403
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weekly interest rates, 219, 224–228,
230, 232–234, 240
data transformation, 67, 69–71
Davis, R., 352
Davison, A., 150, 395
decile, 53, 670
decreasing function, 672
default probability
estimation, 274–276
degrees of freedom, 229
of a t-distribution, 61
residual, 229
Delbaen, F., 573
Δ, see diﬀerencing operator and Delta,
of an option price
density
bimodal, 141
trimodal, 58
unimodal, 141
determinant, xxvi
deviance, 110, 111
df, see degrees of freedom
dged() function in R, 100
diag(d1 , . . . , dp ), xxv, 698
DIC, 609
dic.samples() function in R, 601, 611,
612
Dickey–Fuller test, 341
augmented, 340, 341
diffdic() function in R, 628
diﬀerencing operator, 333
kth-order, 334
diffseries() function in R, 393
diﬀusion function, 646
dimension reduction, 517, 519
direct parameters
A-C distributions, 103
discordant pair, 194
discount bond, see zero-coupon bond
discount function, 33, 34
relationship with yield to maturity,
34
dispersion, 122
distribution
full conditional, 596, 597
marginal, 46
meta-Gaussian, 205
symmetric, 89
unconditional, 47
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disturbances
in regression, 217
diversiﬁcation, 495, 503
dividends, 7
double-exponential distribution, 678
kurtosis of, 90
Dowd, K., 575
dpill() function in R, 661
Draper, N., 243
drift
of a random walk, 9
of an ARIMA process, 337, 338
dstd() function in R, 100
Dt , 8
Duan, J.-C., 443
Dunson, D. B., 635
DUR, see duration
duration, 35, 36
duration analysis, 553
Durbin–Watson test, 368
DurbinWatsonTest() function in R, 368
dwtest() function in R, 368
Eber, J-M., 573
Ecdat package in R, 46, 47, 52, 58, 76,
124, 140, 158, 221, 222, 309, 361,
428, 531
ecdf() function in R, 52
EDF, see sample CDF
Edwards, W., 584
eﬀective number of parameters, 610,
653
effectiveSize() function in R, 599,
607
eﬃcient frontier, 468, 469, 472, 485
eﬃcient portfolio, 468, 470, 485
Efron, B., 150
eigen() function in R, 171, 172, 385,
699
eigenvalue-eigenvector decomposition,
171, 698
ellipse, 170
elliptically contoured density, 170, 171
empirical CDF, see sample CDF
empirical copula, 200, 206
empirical distribution, 145
Enders, W., 352, 460
Engle, R., 439, 443
equi-correlation model, 200

Ergashev, B., 635
ES, see expected shortfall
estimation
interval, 690
estimator, 689
eﬃcient, 689
unbiased, 689
Evans, M., 700
excess expected return, 496, 500
excess return, 221, 507
exchangeable, 187
expectation
conditional, 645, 683
normal distribution, 687
expectation vector, 157
expected loss given a tail event, see
expected shortfall
expected shortfall, 1, 65, 554, 555,
557–560
expected value
nonexistent, 671
exponential distribution, 678
kurtosis of, 90
skewness of, 90
exponential random walk, see geometric
random walk
exponential tail, 94, 99
F -distribution, 681
F -test, 488, 681
F-S skewed distributions, 102, 132
Fabozzi, F. J., 635
face value, see par value
factanal() function in R, 541–543
factor, 517, 527
factor model, 504, 527, 530
BARRA, 540
cross-sectional, 538, 539
fundamental, 528, 529
macroeconomic, 528
of Fama and French, 529, 530
time series, 538, 539
Fα,n1 ,n2 , 681
Fama, E., 528, 529, 546
Fan, J., 664
faraway package in R, 234, 245
FARIMA, 391
fdHess() function in R, 175
fEcofin package in R, 38, 110

Index
Federal Reserve Bank of Chicago, 219
Fernandez–Steel skewed distributions,
see F-S skewed distributions
fGarch package in R, 100–102
std
(y|μ, σ 2 , ν), 101
fged
Fisher information, 105
observed, 106
Fisher information matrix, 106, 174
FitAR package in R, 366
fitCopula() function in R, 205, 213
fitdistr() function in R, 113
fitMvdc() function in R, 211
ﬁtted values, 218, 223
standard error of, 251
ﬁxed-income security, 19
forecast() function in R, 396
forecast package in R, 326, 396
forecasting, 342, 343
AR(1) process, 343
AR(2) process, 343
MA(1) process, 343
forward rate, 29, 30, 33, 34
continuous, 33
estimation of, 276
fracdiff package in R, 393
fractionally integrated, 391
Frank copula, see copula, Frank
French, K., 528, 529, 546
std
(y|ν), 99
fged
full conditional, see distribution, full
conditional
fundamental factor model, see factor
model, fundamental
fundamental theorem of algebra, 699
Galai, D., 575
gam() function in R, 661, 664
gamma distribution, 678
inverse, 679
gamma function, 95, 678
γ(h), 308, 310
γ
(h), 312
GARCH model, 294
GARCH process, 99, 104, 405–409, 411,
413
as an ARMA process, 418
ﬁtting to data, 413
heavy tails, 413
integrated, 408
GARCH(p, q) process, 411
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GARCH(1,1), 419
GARCH-in-mean model, 448
Gauss, Carl Friedrich, 676
Gaussian distribution, 676
GCV, 654
GED, see generalized error distribution
Gelman, A., 635, 636
gelman.diag() function in R, 599, 606,
607
gelman.plot() function in R, 599, 607
generalized cross-validation, see GCV,
654
generalized error distribution, 99, 116
generalized linear models, 286
generalized Pareto distribution, 575
generator
Clayton copula, 189
Frank copula, 187
Gumbel copula, 191
Joe copula, 192
non-strict of an Archimedean copula,
207
strict of an Archimedean copula, 187
geometric Brownian motion, 689
geometric random walk, 9
lognormal, 9
geometric series, 316
summation formula, 23
Gibbs sampling, 596
Giblin, I., 460
Gijbels, I., 664
GLM, see generalized linear model
glm() function in R, 286, 288
Gourieroux, C., 352, 443, 575
Gram–Schmidt orthogonalization
procedure, 243
Greenberg, E., 635
growth stock, 531
Guillén, R., 77
Gumbel copula, see copula, Gumbel
half-normal plot, 254
Hamilton, J. D., 352, 395, 443, 460
Harrell, F. E., Jr., 243
Hastings, N., 700
hat diagonals, 251
hat matrix, 251, 270, 653
Heath, D., 573
heavy tails, 57, 257
heavy-tailed distribution, 93, 413
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hedge portfolio, 531
hedging, 299
Hessian matrix, 106, 174
computation by ﬁnite diﬀerences, 175
Heston, S., 443
heteroskedasticity, 258, 276, 405
conditional, 67, 406
hierarchical prior, 612, 613
Higgins, M., 443
high-leverage point, 250
Hill estimator, 567, 568, 570, 571
Hill plot, 568, 570, 571
Hinkley, D., 150, 395
histogram, 47
HML (high minus low), 529
Hoaglin, D., 77
holding period, 5, 466
homoskedasticity
conditional, 407
horizon
of VaR, 553
Hosmer, D., 300
Hsieh, K., 443
Hsu, J. S. J., 635
Hull, J., 575
hyperbolic decay, 390
hypothesis
alternative, 693
null, 693
hypothesis testing, 137, 693
I, xxv
I(0), 335
I(1), 335
I(2), 335
I(d), 335
i.i.d., 673
Ieno, E., 11
illiquid, 298
importance sampling, 635
increasing function, 672
independence
of random variables, 160, 162
relationship with correlation, 686
index fund, 495, 556
indicator function, xxvi, 52
inf, see inﬁnum
inﬁnum, 670, 672

influence.measures() function in R,
253
information set, 342
Ingersoll, J., 646
integrating
as inverse of diﬀerencing, 335
interest-rate risk, 35
interest-rate spread, 527
interquartile range, 65, 103
intersection
of sets, xxv
interval estimate, 690
inverse Wishart distribution, 619
iPsi() function in R, 187
IQR, 65
Jackson, C., 635
JAGS, 595
James, J., 36
Jarque–Bera test, 64, 91
jarque.bera.test() function in R, 92
Jarrow, R., 36, 443
Jasiak, J., 352, 443, 575
Jenkins, G., 352, 395
Jobson, J., 488
Joe copula, see copula, Joe
Johnson, N., 700
Jones, M. C., 77, 664
Jorion, P., 575
Kane, A., 36, 488, 510
Karolyi, G., 646, 662
Kass, R. E., 635
KDE, see kernel density estimator
Kemp, A., 700
Kendall’s tau, see correlation coeﬃcient,
Kendall’s tau, 194
kernel density estimator, 48, 49, 52
two-dimensional, 213
with transformation, 75
KernSmooth() package in R, 647
KernSmooth package in R, 649, 661
Kim, S., 635
Kleiber, C., 77
knot, 655, 656
of a spline, 654
Kohn, R., 646, 647
Kolmogorov–Smirnov test, 64
Korkie, B., 488
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Kotz, S., 700
KPSS test, 340
kpss.test() function in R, 340
Kroner, K., 443
Kuh, E., 262
kurtosis, 87, 89, 90
binomial distribution, 90
excess, 91
sample, 91
sensitivity to outliers, 91
Kutner, M., 243
lag, 308
for cross-correlation, 381
lag operator, 331
Lahiri, S. N., 395
Lange, N., 294
Laplace distribution, see double
exponential distribution
large-cap stock, 695
large-sample approximation
ARMA forecast errors, 345
Laurent, S., 443
law of iterated expectations, 683
law of large numbers, 682
leaps() function in R, 239
leaps package in R, 232, 239
least-squares estimator, 218, 221, 682
generalized, 271
weighted, 259, 424
least-squares line, 219, 298
least-trimmed sum of squares estimator,
see LTS estimator
Ledoit, O., 636
Lehmann, E., 77, 636
Lemeshow, S, 300
level
of a test, 693
leverage, 13
in estimation, 653
in regression, 251
leverage eﬀect, 421
Li, W. K., 441
Liang, K., 109
likelihood function, 104
likelihood ratio test, 108, 681
linear combination, 165
linear programming, 490
linprog package in R, 490
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Lintner, J., 510
liquidity risk, 553
Little, R., 294
Ljung–Box test, 312, 320, 336, 383
lm() function in R, 224, 226, 531
lmtest package in R, 368
Lo, A., 10, 36, 510
loading
in a factor model, 530
loading matrix (of a VECM), 457, 458
location parameter, 86, 88, 89, 675, 676
quantile based, 103
locfit() function in R, 661
locfit package in R, 651, 661
locpoly() function in R, 647, 649, 661
loess, 245, 259, 652
log, xxv
log10 , xxv
log-drift, 9
log-mean, 9, 677
log price, 6
log return, see return, log
log-likelihood, 104
log-standard deviation, 9, 677
log-variance, 677
Lognormal(μ, σ), 676
lognormal distribution, 676
skewness of, 91
long position, 474
longitudinal data, 263
Longstaﬀ, F., 646, 662
Louis, T. A., 635, 636
lower quantile, see quantile, lower
lowess, 245, 652
LTS estimator, 293, 294
ltsreg() function in R, 294
Lunn, D. J., 635
MA(1) process, 328
MA(q) process, 330
MacKinlay, A., 10, 36, 510
macroeconomic factor model, see factor
model, macroeconomic
MAD, 51, 55, 65, 87, 122, 123
mad() function in R, 52, 79, 123
magnitude
of a complex number, see absolute
value, of a complex number
MAP estimator, 585
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Marcus, A., 36, 488, 510
margin
buying on, 498
marginal distribution function, 46
Mark, R., 575
market capitalization, 695
market equity, 529
market maker, 298
market risk, 553
Markov chain Monte Carlo, see MCMC
Markov process, 324, 688
Markowitz, H., 488
Marron, J. S., 77
MASS package in R, 244, 284
matrix
diagonal, 698
orthogonal, 698
positive deﬁnite, 161
positive semideﬁnite, 161
Matteson, D. S., 436
maximum likelihood estimator, 85, 104,
108, 246, 324, 325, 682
not robust, 122
standard error, 105
MCMC, 137
mean
population, 673
sample, 673
as a random variable, 137, 690
mean deviance, 611
mean-reversion, 309, 453
mean-squared error, 689
mean sum of squares, 229
mean-squared error, 139
bootstrap estimate of, 139
mean-variance eﬃcient portfolio, see
eﬃcient portfolio
median, 53, 670
median absolute deviation, see MAD
Meesters, E., 11
Merton, R., 488, 510, 646
meta-Gaussian distribution, 186
Metropolis–Hastings algorithm, 597
mfcol() function in R, 12
mfrow() function in R, 12
mgcv package in R, 661, 664
Michaud, R., 479
mixed model, 659
mixing

of an MCMC sample, 602
mixing distribution, 99
mixture distribution
normal scale, 98
mixture model, 96
continuous, 99
continuous scale, 99
ﬁnite, 99
MLE, see maximum likelihood
estimator
mode, 102, 670
model
full, 108
parametric, 85
reduced, 108
semiparametric, 566
model averaging, 126
model complexity
penalties of, 109
model selection, 231
moment, 92
absolute, 92
central, 92
momentum
in a time series, 335
monotonic function, 672
Morgan Stanley Capital Index, 479
Mossin, J., 510
Mosteller, 77
moving average process, see MA(1) and
MA(q) processes
moving average representation, 315
MSCI, see Morgan Stanley Capital
Index
MSE, see mean-squared error
mst.mple() function in R, 173
multicollinearity, see collinearity
multimodal, 670
multiple correlation, 228
multiplicative formula
for densities, 688
Neﬀ , 607
N (μ, σ 2 ), 676
Nachtsheim, C., 243
Nandi, S., 443
Nelson, C. R., 243, 300
Nelson, D., 443
Nelson–Siegel model, 278, 281

Index
net present value, 25
Neter, J., 243
Newey, W., 375
NeweyWest() function in R, 375, 424
Nielsen, J. P., 77
nlme package in R, 175
nlminb() function in R, 104
nls() function in R, 273
nominal value
of a coverage probability, 259
nonconstant variance
problems caused by, 259
nonlinearity
of eﬀects of predictor variables, 259
nonparametric, 555
nonrobustness, 71
nonstationarity, 408
norm
of a vector, 698
normal distribution, 676
bivariate, 687
kurtosis of, 90
multivariate, 164, 165
skewness of, 90
standard, 676
normal mixture distribution, 96
normal probability plot, 54, 98, 276
learning to use, 256
normality
tests of, 64
OpenBUGS, 598, 635
OpenBUGS, 595
operational risk, 553
optim() function in R, 104, 106, 113,
180, 211
order() function in R, 650
order statistic, 52, 53, 555
orthogonal polynomials, 243
outer() function in R, 665
outlier, 256
extreme, 257
problems caused by, 258
rules of thumb for determining, 257
outlier-prone, 57
outlier-prone distribution, see heavytailed distribution
Overbeck, L., 274–276, 282
overdiﬀerencing, 393, 394
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overdispersed, 596
overﬁt
density function, 50
overﬁtting, 109, 110, 649
oversmoothing, 50, 649
pD , 610
p-value, 64, 226, 693, 694
PACF, see partial autocorrelation
function
pairs trading, 459
Palma, W., 409, 420
panel data, 263
par() function in R, 12
par value, 20, 22, 23
Pareto, Vilfredo, 680
Pareto constant, see tail index
Pareto distribution, 571, 680
Pareto tail, see polynomial tail, 571
parsimony, 3, 86, 307, 309, 312, 314,
316, 325
partial autocorrelation function,
349–351
PCA, see principal components analysis
pca() function in R, 519
pD , 609
Peacock, B., 700
Pearson correlation coeﬃcient, see
correlation coeﬃcient, Pearson
penalized deviance, 611
percentile, 53, 670
Pfaﬀ, B., 352, 460
Phillips–Ouliaris test, 454, 455
Phillips–Perron test, 340
φ(x), 676
Φ(y), 676
Pindyck, R., 443
plogis() function in R, 304
Plosser, C., 243
plus function, 656
linear, 656
quadratic, 656
0th-degree, 657
pnorm() function in R, 16
po.test() function in R, 455
Poisson distribution, 283
Pole, A., 460
polynomial regression, see regression,
polynomial
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polynomial tail, 94, 99
polynomials
roots of, 699
polyroot() function in R, 340, 699
pooled standard deviation, 694
portfolio, 159
eﬃcient, 470, 472, 475, 496
market, 496, 500, 504, 505
minimum variance, 468
positive part function, 41
posterior CDF, 586
posterior distribution, 582
posterior interval, 585, 593
posterior probability, 584
potential scale reduction factor, 606
power
of a test, 695
power transformations, 67
pp.test() function in R, 340
practical signiﬁcance, 697
prcomp() function in R, 521
precision, 589, 618
precision matrix, 618
prediction, 295
best, 687, 697
best linear, 295, 297, 499, 687
relationship with regression, 298
error, 297, 687
unbiased, 297
linear, 295
multivariate linear, 298
price
stale, 278
pricing anomaly, 529
principal axis, 518
principal components analysis, 517, 519,
521, 523, 525–527, 698
princomp() function in R, 548
prior
noninformative, 582
prior distribution, 582
prior probability, 584
probability density function
conditional, 683
elliptically contoured, 164
marginal, 682
multivariate, 687
probability distribution
multivariate, 157

probability transformation, 196, 675
proﬁle likelihood, 119
proﬁle log-likelihood, 119
pseudo-inverse
of a CDF, 670, 675
pseudo-maximum likelihood
for copulas, 199
parametric for copulas, 200
semiparametric for copulas, 200
Pt , 5
pt , 6
qchisq() function in R, 692
QQ plot, see quantile–quantile plot
qqline() function in R, 55
qqnorm() function in R, 54, 55
qqplot() function in R, 62
quadratic programming, 475
quantile, 53, 54, 670
lower, 670
population, 673
respects transformation, 670
upper, 108, 670
quantile function, 670, 675
quantile() function in R, 53
quantile transformation, 675
quantile–quantile plot, 61, 62
quartile, 53, 670
quintile, 53, 670
, xxv
R-squared, 228, 298
R2 adjusted, 231, 232
R2 , see R-squared
Rachev, S. T., 635
rally
bond, 19
random sample, 673
random variables
linear function of, 159
random vector, 157, 687
random walk, 9, 317
normal, 9
random walk hypothesis, 1
rank, 194
rank correlation, 194
rational person
deﬁnition within economics, 484
rCopula() function in R, 189, 209

Index
read.csv() function in R, 11
regression, 645
ARMA disturbances, 377
ARMA+GARCH disturbances, 424
cubic, 243
geometrical viewpoint, 229
linear, 645
local linear, 647
local polynomial, 647, 648
logistic, 286, 303
multiple linear, 217, 224, 298, 325
multivariate, 528
no-intercept model, 509
nonlinear, 271, 274, 277, 300
nonlinear parametric, 274, 645
nonparametric, 259, 274, 645, 698
polynomial, 225, 242, 243, 246, 259,
274
is a linear model, 274
probit, 286
spurious, 372
straight-line, 218
transform-both-sides, 281
with high-degree polynomials, 243
regression diagnostics, 251
regression hedging, 298, 299
regsubsets() function in R, 232
Reinsel, G., 352, 395
rejection region, 693
REML, 659
reparameterization, 675
resampling, 54, 137, 138, 144, 559, 560
block, 394
model-based, 138
for time series, 394, 395
model-free, 138, 560
multivariate data, 175
time series, 394
residual error MS, 537
residual error SS, 227
residual mean sum of squares, 229, 653
residual outlier, 250
residuals, 218, 255, 274, 318–320
correlation, 256, 368
eﬀect on conﬁdence intervals and
standard errors, 368, 373, 424
externally studentized, 253, 255
externally studentized (rstudent), 250
internally studentized, 253
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nonconstant variance, 255, 258
nonnormality, 255, 256
raw, 252, 255
return
adjustment for dividends, 7
continuously compounded, see return,
log, 6
log, 6
multiperiod, 7
net, 1, 5
simple gross, 6
return-generating process, 502
reversion
to the mean, 335
 607
R,
ρ(h), 308, 311
ρ(h), 312
ρXY , 64, 684
ρXY , 684
risk, 1
market or systematic component, 503
unique, nonmarket, or unsystematic
component, 503, 504, 509
risk aversion, 484
index of, 498
risk factor, 517, 527, 538
risk management, 553
risk measure
coherent, 573
risk premium, 465, 495, 496, 500
risk-free asset, 465, 467, 495
Ritchken, P., 443
rjags package in R, 598, 611, 628
rnorm() function in R, 13
Robert, C. P, 635
robust estimation, 294
robust estimator, 52
robust estimator of dispersion, 122
robust modeling, 294
robust package in R, 294, 533
Rombouts, J. V., 443
root ﬁnder
nonlinear, 38
Ross, S., 646
Rossi, P., 443
p , xxv
rstudent, 250, 251, 253
Rt , 5
rt , 6
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Rubin, D., 635, 636
Rubinfeld, D., 443
rug, 48
rugarch package in R, 413, 424
Ruppert, D., 10, 77, 262, 300, 443, 664
rXY , 684
Ryan, T. P., 243
S&P 500 index, 508
sample ACF, 312
sample CDF, 52
sample median
as a trimmed mean, 122
sample quantile, 52–54
Sanders, A., 646, 662
sandwich package in R, 375, 395, 424
scale matrix
of a multivariate t-distribution, 166
scale parameter, 86, 88, 675–678
t-distribution, 95
inverse, 86, 678
quantile based, 103
scatterplot, 684
scatterplot matrix, 162
scatterplot smoother, 259
scree plot, 522
Seber, G., 300
security characteristic line, 501–504,
507
security market line, see SML
Self, S., 109
self-inﬂuence, 653
selling short, see short selling
Serling, R., 77
set.seed() function in R, 14
shape parameter, 86, 99, 675, 676, 681
Shapiro–Wilk test, 64, 65, 81
shapiro.test() function in R, 64
Sharpe, W., 10, 36, 470, 510
Sharpe’s ratio, 470, 472, 496
Shephard, N., 635
short position, 474
short rate, 300
short selling, 98, 299, 473
shoulder
of a distribution, 87
shrink factor, 606
shrinkage estimation, 482, 636
Siegel, A. F., 300

σXY , 64, 684
σ
XY , 684
sign function, 194
signiﬁcance
statistical versus practical, 230
Silvennoinen, A., 443
Silverman, B., 77
Sim, C. H., 64
Simonato, J., 443
simulation, 137
simultaneous test, 312, 383
single-factor model, 504
single-index model, see single-factor
model
skewed-t distribution, 58
skewness, 87, 88, 90, 257
lognormal distribution, 91
negative or left, 89
positive or right, 89
reduction by data transformation, 67
sample, 91
sensitivity to outliers, 91
skewness parameter
quantile-based, 103
Sklar’s theorem, 184
small-cap stock, 695
SMB (small minus big), 529
Smith, A., 635
Smith, H., 243
SML (security market line), 499, 500
comparison with CML (capital
market line), 500
smooth.spline() function in R, 659
smoother, 649
smoother matrix, 653
for a penalized spline, 659
sn package in R, 102, 172
sn.mple() function in R, 117
solve.QP() function in R, 476
solveLP() function in R, 490
source() function in R, 11
sourcing a ﬁle, 11
span
tuning parameter in lowess and loess,
245, 652
Spearman’s rho, see correlation
coeﬃcient, Spearman’s rho
Spiegelhalter, D. J., 635
spline, 259

Index
cubic smoothing, 659
general degree, 657
linear, 654–656
penalized, see penalized spline
quadratic, 656
smoothing, 259
spline() function in R, 647, 661
spot rate, 25–27
spurious regression, 368, 454
stable distribution, 682
stale price, 272
standard deviation
sample, 673
standard error, 225, 690
Bayesian, 597, 608
bootstrap estimate of, 139
of the sample mean, 690
standardization, 158
standardized variables, 158
stationarity, 46, 307, 380
strict, 308
weak, 308, 381
stationary distribution, 689
stationary process, 308
statistical arbitrage, 459
risks, 459
statistical factor analysis, 540
statistical model, 307
parsimonious, 307, 309
statistical signiﬁcance, 697
Stefanski, L. A., 126
Stein estimation, 636
Stein, C., 636
stepAIC() function in R, 237, 244, 289,
303
Stern, H., 635, 636
sθ, 690
stochastic process, 307, 688
stochastic volatility model, 452,
623–627, 629
STRIPS, 278
studentization, 253
subadditivity, 573
sum of squares
regression, 227, 229
residual, 227
total, 227
support
of a distribution, 101
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supremum, 672
Svensson model, 278, 281
Svensson, L. E., 300
sXY , 684
s2Y , 673
symmetry, 670
t-test
independent samples, 694
one-sample, 693
paired samples, 695
two-sample, 694
t-distribution, 57, 61, 94, 95, 144
classical, 95
kurtosis of, 90
multivariate, 165
multivariate skewed, 172
standardized, 95
t-meta distribution, 186
t-statistic, 143, 225
tail
of a distribution, 55
tail dependence, 164, 165
tail independence, 164
tail index, 94, 680
estimation of, 567, 569
regression estimate of, 567
t-distribution, 96
tail loss, see expected shortfall
tail parameter
quantile-based, 104, 148, 149
tα,ν , 94
tangency portfolio, 467, 470–472, 488,
495
Taylor, J., 294
TBS regression, see regression,
transform-both-sides
Teräsvirta, T, 443
term structure, 20, 26–28, 33
test bounds
for the sample ACF, 312, 320, 383
test data, 110
Thomas, A., 635
Tiao, G., 635
Tibshirani, R., 150
time series, 45, 46, 104, 405
multivariate, 380
univariate, 307
time series plot, 46, 309
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tν [ μ, {(ν − 2)/ν}σ 2 ], 95
total SS, see sum of squares, total
tower rule, 683
trace, xxvi
trace plot, 602
training data, 110
transfer function models, 395
transform-both-sides regression, 281,
283
transformation
variance-stabilizing, 67, 74, 283
transformation kernel density estimator,
75
Treasury bill, 467
Trevor, R., 443
trimmed mean, 122
trimodal, 60
true model, 3
truncated line, 656
Tsay, R. S., 352, 436, 443
tsboot() function in R, 394
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coupon bond, 26
Yule–Walker equations, 357
zα , 676
Zeileis, A., 77, 395
zero-coupon bond, 20, 25, 30, 33, 34,
272
Zevallos, M., 409, 420
Zuur, A., 11

