Appendix A
Subdiﬀerentials and Subgradients

Let Φ(·) be a concave criterion function deﬁned on some set M ⊂ M, e.g.,
M = M≥ . The deﬁnition of Φ(·) can be extended to any p×p symmetric matrix
in M by setting Φ(M) = −∞ for M ∈
/ M. This extension is then concave on
M; its eﬀective domain is the set dom(Φ) = {M ∈ M : Φ(M) > −∞}.
Note that M≥ ⊂ dom(Φ) when Φ(·) positively homogeneous and isotonic; see
Lemma 5.4-(iii). A concave function Φ(·) is called proper when dom(Φ) = ∅
and Φ(M) < ∞ for all M ∈ M. As a rule all the criteria we consider are
proper.
When Φ(·) : M −→ R is non-diﬀerentiable, the notion of gradient can be
generalized as follows. A matrix M̃ is called a subgradient of Φ(·) at M if
Φ(A) ≤ Φ(M) + trace[M̃(A − M)] , ∀A ∈ M .

(A.1)

Here trace(A, B) is the usual scalar product between A and B in M. The set
of all subgradients of Φ(·) at M is called the subdiﬀerential1 of Φ(·) at M and
is denoted by ∂Φ(M). The fact that these notions generalize that of gradient
is due to the property ∂Φ(M) = {∇M Φ(M)} when Φ(·) is diﬀerentiable at M.
In other situations ∂Φ(M) is not reduced to that singleton; it deﬁnes a convex
set, closed if bounded, empty when M ∈
/ dom(Φ), and satisﬁes the following
properties. For any Φ(·) concave on M,
∂(αΦ)(M) = α∂Φ(M) , ∀M ∈ M , ∀α > 0 .

(A.2)

For any Φ(·) and f (·) concave on M
∂[Φ + f ](M) = ∂Φ(M) + ∂f (M) , ∀M ∈ M ,

(A.3)

1

Subgradients and subdiﬀerentials are usually deﬁned for convex functions. We
keep the same denomination here, although supergradients and superdiﬀerentials
might be more appropriate due to the upper-bound property (A.1); see Rockafellar
(1970, p. 308).
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if there exists some A ∈ M where f (A) is ﬁnite and Φ(·) is continuous; see
Alexéev et al. (1987, Sect. 3). Another suﬃcient condition is that the eﬀective
domains of Φ(·) and f (·) overlap suﬃciently, i.e., that their relative interiors2
have a point in common; see Rockafellar (1970, p. 223). Also, for any Φ1 (·),
Φ2 (·) concave on M, continuous at M̂ such that Φ1 (M̂) = Φ2 (M̂),
∂[min(Φ1 , Φ2 )](M̂) = conv[∂Φ1 (M̂) ∪ ∂Φ2 (M̂)]

(A.4)

with conv(S) the convex hull of the set S; see Alexéev et al. (1987, Sect. 3).
For a continuous version of this property, consider a set of proper criteria
functions Φγ (·) from M to R (i.e., such that Φγ (M) > −∞ for some M and
Φγ (M) < ∞ for all M ∈ M) with γ ∈ Γ , a compact subset of R, such that
Φγ (·) is concave and upper semicontinuous for all γ ∈ Γ and the function
γ −→ Φγ (M) is lower semicontinuous in γ for all M. Suppose that Φγ (·)
is continuous at M̂ for all γ ∈ Γ and deﬁne Φ∗ (M) = minγ∈Γ Φγ (M) and
Γ ∗ (M) = {γ ∈ Γ : Φγ (M) = Φ∗ (M)}. Then, Φ∗ (·) is concave, and any
element M̃ of its subdiﬀerential ∂Φ∗ (M̂) at M̂ can be written as
M̃ =

r


αi M̃i

(A.5)

i=1

r
with r ≤ p(p + 1)/2 + 1, i=1 αi = 1, αi > 0, and M̃i ∈ ∂Φγi (M̂) for some
γi ∈ Γ ∗ (M̂), i = 1, . . . , r; see Alexéev et al. (1987, p. 67).
Subgradients can also be deﬁned for indicator functions. Let M be a convex subset of M and deﬁne

0 if M ∈ M
IÎM (M) =
−∞ otherwise.
Then, M̃ ∈ ∂ IÎM (M) if and only if IÎM (A) ≤ IÎM (M) + trace[M̃(A − M)] for
all A ∈ M, see (A.1), and therefore A ∈ M implies M ∈ M and trace[M̃(A−
M)] ≥ 0, which means that −M̃ is normal to M at M; see Rockafellar (1970,
p. 215).
With the notions of subgradients and subdiﬀerentials a large part of the
results of diﬀerential calculus remain valid for non-diﬀerentiable functions.
In particular, a necessary-and-suﬃcient condition for a concave criterion Φ(·)
to reach its maximum value on M at M∗ is that O ∈ ∂Φ(M∗ ), with O the
null matrix; see Rockafellar (1970, p. 264). From this we directly obtain the
following; see Pukelsheim (1993, p. 162).

2

The relative interior of a convex set S is the interior of S regarded as a subset
of the smallest aﬃne set containing S (i.e., the aﬃne hull of S).
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Theorem A.1. Let Φ(·) be a concave criterion taking ﬁnite values on M>
and let M be a convex subset of M≥ that intersects M> . Then M∗ maximizes
Φ(·) over M if and only if there exists M̃ ∈ ∂Φ(M∗ ) such that
trace[M̃(A − M∗ )] ≤ 0 , ∀A ∈ M .

(A.6)

Indeed, using (A.3) the necessary-and-suﬃcient condition O ∈ ∂[Φ +
IÎM ](M∗ ) becomes: there exists M̃ ∈ ∂Φ(M∗ ) such that −M̃ ∈ ∂ IÎM (M∗ ),
which gives (A.6).
In the particular case where Φ(·) is diﬀerentiable with M = Mθ (Ξ), Theorem A.1 says that M∗ is Φ-optimal on Mθ (Ξ) if and only if FΦ (M∗ , A) =
trace[∇M Φ(M∗ )(A − M∗ )] ≤ 0 for all A ∈ Mθ (Ξ). Writing M∗ = M(ξ ∗ )
and A = M(ν) for some ξ ∗ and ν in Ξ, we obtain that ξ ∗ is φ-optimal on Ξ
if and only if Fφ (ξ ∗ ; ν) ≤ 0 for all ν ∈ Ξ, see (5.34), which corresponds to the
equivalence theorem 5.21 (note that Fφ (ξ; ξ) = 0 for all ξ).
More generally, consider the case where Φ(·) is not diﬀerentiable everywhere. Then, the one-sided directional derivative Φ (M∗ , A) deﬁned by (5.30)
is given by
Φ (M∗ , A) = inf{trace(M̃A) : M̃ ∈ ∂Φ(M∗ )} ,

(A.7)

see Rockafellar (1970, pp. 216–217), and the subgradient theorem says that
M∗ is Φ-optimal on Mθ (Ξ) if and only if
FΦ (M∗ , A) = Φ (M∗ , A − M∗ )
trace[M̃(A − M∗ )] ≤ 0 , ∀A ∈ Mθ (Ξ) , (A.8)
=
inf
M̃∈∂Φ(M∗ )

which again corresponds to the equivalence theorem. Since the subdiﬀerential
∂Φ(M∗ ) is convex, the minimax theorem applies (Dem’yanov and Malozemov
1974, Theorem 5.2, p. 218). The necessary-and-suﬃcient condition (A.8) for
the Φ-optimality of M∗ on Mθ (Ξ) can be expressed as the existence of M̃ ∈
∂Φ(M∗ ) such that trace[M̃(A − M∗ )] ≤ 0 for all A ∈ Mθ (Ξ). This type of
condition has been used, for instance, in Theorem 5.38.
Finally, notice that the expressions for the directional derivatives of nondiﬀerentiable criteria obtained in Sect. 5.2.1 by using Lemmas 5.17 and 5.18
are direct consequences of (A.7) and (A.4), (A.5).

Appendix B
Computation of Derivatives Through
Sensitivity Functions

The computation of the derivatives ∂η(x, θ)/∂θi , i = 1, . . . , p, of the model
response η(x, θ) with respect to the model parameters θ is a mandatory step
for most of the developments presented throughout the book: they are required, for instance, to evaluate the information matrix, the curvatures of the
model, etc. However, in many circumstances the analytic expression of η(x, θ)
is unknown, and its derivatives can only be obtained numerically. This appendix shows that this does not raise any particular diﬃculty, apart perhaps
the computational time required by numerical calculations performed on a
computer.
Consider the case, often met in practical applications, when η(x, θ) is the
solution of a diﬀerential equation (similar developments can be made for recurrence equations).1 Then, the derivatives ∂η(x, θ)/∂θi , also called sensitivity functions, are solutions of other diﬀerential equations, which can easily be
derived from the original one; see, e.g., Rabitz et al. (1983) and Walter and
Pronzato (1997, Chap. 4). Only ﬁrst-order derivatives are considered hereafter,
but the developments easily extend to higher-order derivation. One can refer
to classical textbooks on numerical analysis for methods to solve initial-value
problems; see, e.g., Stoer and Bulirsch (1993).
Consider, for instance, the following state-space representation for the
equations that give the response η(x, θ):
dv(x, θ, t)
= F[v(x, θ, t), θ], v(x, θ, 0) = v0 (x, θ) ,
dt
η(x, θ, t) = H[v(x, θ, t), θ] .

v̇(x, θ, t) =

(B.1)
(B.2)

Here t denotes the time and v(x, θ, t) the vector of state variables at time t for
experimental conditions x and model parameters θ. The dependence of the
1

Other methods for exact diﬀerentiation, based on adjoint state or adjoint code
approaches, are available for more general situations where η(x, θ) is not given by a
diﬀerential or recurrence equation, see, e.g., Walter and Pronzato (1997, Chap. 4).
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right-hand side in some input signal u(t) is omitted for the sake of simplicity
of notations. Also, the (matrix) functions F and H might depend explicitly on
t, which would correspond to a nonstationary system. The notation v0 (x, θ)
is to stress the fact that the initial conditions may be part of the unknown
parameters to be estimated.
We wish to determine the values of ∂η(x, θ, t)/∂θi , i = 1, . . . , p, at some
particular values of t given by the sampling times t1 , t2 , . . . , tN at which the
observations are performed. Note that, although we write η(x, θ, t), these sampling times may be part of the design variables x. Also, x may include some
control variables that inﬂuence the input signal u(t), in which case we would
write u(t) = u(x, t).
The derivation of (B.2) with respect to θi gives


∂v(x, θ, t) ∂H(v, θ) 
∂η(x, θ, t)
∂H(v, θ) 
=
+
(B.3)
∂θi
∂v v(x,θ,t)
∂θi
∂θi v(x,θ,t)
which requires the evaluation of the derivative ∂v(x, θ, t)/∂θi . It is obtained
by diﬀerentiating the evolution equations (B.1) of the system,


d ∂v(x, θ, t)
∂F(v, θ) 
∂v(x, θ, t) ∂F(v, θ) 
=
+
,
(B.4)
dt
∂θi
∂v v(x,θ,t)
∂θi
∂θi v(x,θ,t)
and the initial conditions
∂v(x, θ, 0)
∂v0 (x, θ)
=
.
∂θi
∂θi
Therefore, the solution of the initial-value problem (B.1) gives η(x, θ, t), and
the solution of p initial-value problems similar to (B.4) gives the sensitivity functions ∂η(x, θ, t)/∂θi , i = 1, . . . , p, through (B.3); see Valko and Vajda
(1984) and Bilardello et al. (1993) for details. Notice that the diﬀerential equations (B.4) corresponding to θi and θj with i = j are independent, i.e., the
solutions can be obtained independently once the trajectory of v(x, θ, t) has
been obtained. Also note that
 (B.4) is linear in ∂v(x, θ, t)/∂θi (but nonstationary since ∂F(v, θ)/∂v v(x,θ,t) depends on t), and only the driving term

and initial conditions ∂v0 (x, θ)/∂θi depend on i.
∂F(v, θ)/∂θi 
v(x,θ,t)

On the other hand, although approximating the derivatives ∂η(x, θ, t)/∂θi
by ﬁnite diﬀerences might seem simpler, it would require the solutions of
p + 1 initial-value problems of the type (B.1) and would thus only produce
approximate results for similar eﬀorts. The situation is even more favorable
to exact calculations when the state-space representation (B.1) is linear, i.e.,
when the diﬀerential equation that gives η(x, θ, t) is linear, with known initial
conditions. Then, if η(x, θ, t) is solution of an m-th-order diﬀerential equation,
η(x, θ, t) and its derivatives ∂η(x, θ, t)/∂θi , i = 1, . . . , p, can be obtained by
solving an initial-value problem for a diﬀerential equation of order 2m only,
whatever the number p of parameters. Indeed, consider the following m-thorder diﬀerential equation
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η

(m)

(x, θ, t) +

m−1


(i)

θi η (x, θ, t) =

i=0

m+q


θi u(i−m) (t) ,
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(B.5)

i=m

where η (k) (x, θ, t) and u(k) (t), k ≥ 0, respectively denote the k-th-order derivatives of η(x, θ, t) and u(t) with respect to t (with η (0) (x, θ, t) = η(x, θ, t)
and u(0) (t) = u(t)) and where the initial conditions η (i) (x, θ, 0) = αi ,
i = 0, . . . , m − 1, are known. Denote by sj (x, θ, t) the sensitivity functions
sj (x, θ, t) =

∂η(x, θ, t)
, j = 0, . . . , m + q .
∂θj

They are solutions of diﬀerential equations of order m, obtained by diﬀerentiating (B.5) with respect to the m + q + 1 parameters θi ,
(m)

sj
(m)

sj

(x, θ, t) +

(x, θ, t) +

m−1


i=0
m−1


(i)

θi sj (x, θ, t) = u(j−m) (t) , j = m, . . . , m + q , (B.6)
(i)

θi sj (x, θ, t) = −η (j) (x, θ, t) , j = 0, . . . , m − 1 , (B.7)

i=0

with zero initial conditions since the αi are known. The computation of
η(x, θ, t) and its derivatives sj (x, θ, t) then seems to require the solution of
an initial-value problem for m + q + 2 diﬀerential equations of order m. However, one may notice that all these diﬀerential equations have the same homogeneous part (left-hand side) and only diﬀer by their driving terms. The
computations can thus be simpliﬁed as follows. First solve (B.6) for j = m to
obtain sm (x, θ, t). Then, by linearity, we have sm+k (x, θ, t) = ṡm+k−1 (x, θ, t)
for k = 1, . . . , q. Assume for the moment that the
initial conditions αi
m+q
equal zero. Then, by linearity again, η(x, θ, t) =
j=m θj sj (x, θ, t). The
solution of (B.7) for j = 0 gives s0 (x, θ, t), and by diﬀerentiation with
respect to t we get sk (x, θ, t) = ṡk−1 (x, θ, t) for k = 1, . . . , m − 1. The
response η(x, θ, t) and the m + q + 1 sensitivity functions are thus obtained by solving two initial-value problems for a diﬀerential equation of order m. When the αi are not zero, the solution η(x, θ, t) must be corrected
to take those initial conditions into account. This can be done through a
state-space representation. Deﬁne the vector of state variables at time t by
w(x, θ, t) = [η (m−1) (x, θ, t), η (m−2) (x, θ, t), . . . , η (0) (x, θ, t)] . It satisﬁes the
diﬀerential equation
ẇ(x, θ, t) = A(θ)w(x, θ, t) +

m+q


θi u(i−m) (t) e1

i=m

with e1 = (1, 0, . . . , 0) the ﬁrst basis vector of Rm and A = A(θ) the m × m
matrix
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⎛

−θm−1 −θm−2
⎜ 1
0
⎜
⎜ 0
1
A=⎜
⎜
..
..
⎝
.
.
0
0

· · · −θ1
··· 0
··· 0
. . ..
. .
··· 1

⎞
−θ0
0 ⎟
⎟
0 ⎟
⎟.
.. ⎟
. ⎠
0

The response η(x, θ, t) is then given by
η(x, θ, t) =

m+q

j=m

θj sj (x, θ, t) +

nλi
nλ 


ci,j tj−1 exp(λi t) ,

i=1 j=1

where nλ denotes the number of distinct eigenvalues of A, the eigenvalue λi
having the multiplicity nλi . The m constants ci,j are determined from the
initial conditions η (i) (x, θ, 0) = αi , i = 0, . . . , m − 1.

Appendix C
Proofs

Lemma 2.5. Let {xi } be an asymptotically discrete design with measure ξ.
Assume that a(x, θ) is a bounded function on X × Θ and that to every x ∈ X
we can associate a random variable ε(x). Let {εi } be a sequence of independent
random variables, with εi distributed like ε(xi ), and assume that for all x ∈ X
IE{b[ε(x)]} = m(x) , |m(x)| < m̄ < ∞ ,
var{b[ε(x)]} = V (x) < V̄ < ∞ ,
with b(·) a Borel function on R. Then we have
N

1 
θ
a(xk , θ)b(εk ) 
a(x, θ)m(x)ξ(x)
N
x∈Sξ

k=1

θ

as N tends to ∞, where  means uniform convergence with respect to θ ∈ Θ,
and the convergence is almost sure (a.s.), i.e., with probability one, with respect
to the random sequence {εi }.
Proof. For any θ, we can write


 


1 N


a(xk , θ)b(εk ) −
a(x, θ)m(x)ξ(x)
N
 k=1

x∈Sξ




N


1

a(xk , θ)b(εk )
≤

 N k=1, xk ∈Sξ




N



1

a(xk , θ)b(εk ) −
a(x, θ)m(x)ξ(x) .
+
N

 k=1, xk ∈Sξ
x∈Sξ

(C.1)

Let N (x)/N be the relative frequency of the point x in the sequence x1 , . . . , xN .
The second term is bounded by
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(x)
 N (x) 1 N


sup |a(x, θ)| 
b(εk ) − m(x)ξ(x) ;
 N N (x) k=1

x∈Sξ θ∈Θ


N (x)
since k=1 b(εk )/N (x) converges a.s. to m(x) (SLLN) and N (x)/N − ξ(x)
tends to zero, this term tends a.s. to zero, uniformly in θ. Let AN denote the
ﬁrst term on the right-hand side of (C.1) and N (X \ Sξ ) denote the number
of points among x1 , . . . , xN that belong to the set X \ Sξ . If N (X \ Sξ ) is
ﬁnite, the lemma is proved. Otherwise, AN satisﬁes




N

1


|AN | = 
a(xk , θ)b(εk ) ≤
N

k=1, xk ∈Sξ

|a(x, θ)|

sup
x∈X , θ∈Θ

1
N (X \ Sξ )
N
N (X \ Sξ )

N


|b(εk )| .

k=1, xk ∈Sξ

Now, the SLLN applied to the independent sequence of random variables
|b(εk )| gives
1
N (X \ Sξ )

N


|b(εk )| −

k=1, xk ∈Sξ

1
N (X \ Sξ )

N


a.s.

IE{|b[ε(xk )]|} → 0

k=1, xk ∈Sξ

as N → ∞. Moreover,
1
N (X \ Sξ )

N


IE{|b[ε(xk )]|} ≤ sup IE{|b[ε(x)]|}
x∈X

k=1, xk ∈Sξ

≤ sup

V (x) + m2 (x) < ∞ .

x∈X

Since N (X \ Sξ )/N → 0, AN tends to zero a.s. and uniformly in θ, which
completes the proof.
Lemma 2.6. Let {zi } be a sequence of i.i.d. random vectors of Rr and a(z, θ)
be a Borel measurable real function on Rr × Θ, continuous in θ ∈ Θ for any
z, with Θ a compact subset of Rp . Assume that
IE{max |a(z1 , θ)|} < ∞ ,
θ∈Θ

then IE{a(z1 , θ)} is continuous in θ ∈ Θ and
N
1 
θ
a(zi , θ)  IE[a(z1 , θ)] a.s. when N → ∞ .
N i=1

(C.2)
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Proof. We use a construction similar to that in (Bierens, 1994, p. 43). Take
some ﬁxed θ1 ∈ Θ and consider the set



B(θ1 , δ) = θ ∈ Θ : θ − θ1  ≤ δ .
Deﬁne āδ (z) and aδ (z) as the maximum and the minimum of a(z, θ) over the
set B(θ1 , δ), which are properly deﬁned random variables from Lemma 2.9.
The expectations IE{|aδ (z1 )|} and IE{|āδ (z1 )|} are bounded by
IE{max |a(z1 , θ)|} < ∞ .
θ∈Θ

Also, āδ (z) − aδ (z) is an increasing function of δ. Hence, we can interchange
the order of the limit and expectation in the following expression:


lim [IE{āδ (z1 )} − IE{aδ (z1 )}] = IE lim [āδ (z1 ) − aδ (z1 )] = 0 ,
δ0

δ0

which proves the continuity of IE{a(z1 , θ)} at θ1 and implies

 β


∀β > 0 , ∃δ(β) > 0 such that IE{āδ(β) (z1 )} − IE{aδ(β) (z1 )} < .
2
Hence we can write for every θ ∈ B(θ1 , δ(β))
1 
1 
β
aδ(β) (zk ) − IE{aδ(β) (z1 )} − ≤
aδ(β) (zk ) − IE{āδ(β) (z1 )}
N
2
N
k
k
1 
≤
a(zk , θ) − IE{a(z1 , θ)}
N
k
1 
≤
āδ(β) (zk ) − IE{aδ(β) (z1 )}
N
k
1 
β
≤
āδ(β) (zk ) − IE{āδ(β) (z1 )} + .
N
2
k

From the SLLN, we have that ∀γ > 0, ∃N1 (β, γ) such that



1 



āδ(β) (zk ) − IE{āδ(β) (z1 )} <
Prob ∀N > N1 (β, γ) , 
N

k



1 



Prob ∀N > N1 (β, γ) , 
aδ(β) (zk ) − IE{aδ(β) (z1 )} <
N

k

β
2
β
2


> 1−

γ
,
2

> 1−

γ
.
2



Combining with previous inequalities, we obtain




1 



Prob ∀N > N1 (β, γ),
max
a(zk , θ)−IE{a(z1 , θ)} < β > 1 − γ.


θ∈B(θ 1 ,δ(β))  N
k
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It only remains to cover Θ with a ﬁnite numbers of sets B(θi , δ(β)), i =
1, . . . , n(β), which is always possible from the compactness assumption. For
any α > 0, β > 0, take γ = α/n(β), N (β) = maxi Ni (β, γ). We obtain




1 



Prob ∀N > N (β) , max 
a(zk , θ) − IE{a(z1 , θ)} < β > 1 − α ,
θ∈Θ  N

k

which completes the proof.
Lemma 2.7. Let {zi }, θ, Θ and a(z, θ) be deﬁned as in Lemma 2.6. Assume
that
sup IE{|a(z1 , θ)|} < ∞
θ∈Θ

and that a(z, θ) is continuous in θ ∈ Θ uniformly in z. Then the conclusions
of Lemma 2.6 apply.
Proof. We only need to prove (C.2). The continuity of a(z, θ) with respect to
θ being uniform in z, we have: ∀θ1 ∈ Θ , ∀ > 0 , ∃δ() > 0 such that
∀θ ∈ C(θ1 , δ()) = B(θ1 , δ()) ∩ Θ , sup |a(z, θ) − a(z, θ1 )| <  .
z

This implies that for all θ ∈ C(θ1 , δ()), |a(z, θ)| < |a(z, θ1 )| +  ∀z; that is,
ā1δ( ) (z) =

max

θ∈C(θ 1 ,δ( ))

|a(z, θ)| < |a(z, θ1 )| +  ∀z ,

with IE{|a(z1 , θ1 )|} < ∞ by assumption. Therefore, IE{|ā1δ( ) (z1 )|} < ∞. Now,
we can cover Θ by a ﬁnite number of balls B(θk , δk ()), k = 1, . . . , n() and
max |a(z, θ)| =
θ∈Θ

max
k=1,...,n( )

ā1δk ( ) (z)

which implies (C.2).
Lemma 2.8. Let {xi } be an asymptotically discrete design with measure ξ.
Assume that to every x ∈ X we can associate a random variable ε(x). Let
{εi } be a sequence of independent random variables, with εi distributed like
ε(xi ). Let a(x, ε, θ) be a Borel measurable function of ε for any (x, θ) ∈ X ×Θ,
continuous in θ ∈ Θ for any x and ε, with Θ a compact subset of Rp . Assume
that
∀x ∈ Sξ , IE{max |a[x, (x), θ]|} < ∞ ,

(C.3)

∀x ∈ X \ Sξ , IE{max |a[x, (x), θ]|2 } < ∞ .

(C.4)

θ∈Θ

θ∈Θ
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Then we have
N

1 
θ
a(xk , k , θ) 
IE{a[x, (x), θ]} ξ(x) a.s. when N → ∞ ,
N
k=1

x∈Sξ

where the function on the right-hand side is continuous in θ on Θ.
Proof. We have




N

1 


 ≤ AN + BN
a(x
,

,
θ)
−
IE{a[x,
(x),
θ]}ξ(x)
k k
N

 k=1

x∈Sξ
with
AN
and
BN
Then
BN



1
= 
N



1
= 
N




a(xk , k , θ)

k=1, xk ∈Sξ
N





a(xk , k , θ) −
IE{a[x, (x), θ]}ξ(x) .

x∈Sξ
k=1, xk ∈Sξ


N


⎡

⎤


N
  N (x) 1



⎣
⎦
≤
a(x, k , θ) − IE{a[x, (x), θ]}ξ(x)
 N N (x)

x∈Sξ 
k=1, xk =x

where, for each x ∈ Sξ , the a(x, k , θ) are i.i.d. random variables satisfying
θ

(C.3). Lemma 2.6 thus applies, and, since N (x)/N tends to ξ(x), BN  0 a.s.
when N → ∞. Also, from the same lemma, IE{a[x, (x), θ]} is a continuous
function of θ for any x.
AN ≤ ĀN

1
N (X \ Sξ )
=
N
N (X \ Sξ )

N

k=1, xk ∈Sξ

max |a(xk , k , θ)| ,
θ∈Θ

where N (X \ Sξ ) denotes the number of points among x1 , . . . , xN that belong
θ

to the set X \ Sξ . If N (X \ Sξ ) < ∞, AN  0 a.s. when N → ∞. Otherwise,
the independent random variables maxθ∈Θ |a(xk , k , θ)| satisfy (C.4), and the
SLLN then implies
1
N (X \ Sξ )

N

k=1, xk ∈Sξ




max |a(xk , k , θ)| − IE{max |a[xk , (xk ), θ]|}
θ∈Θ

θ∈Θ

a.s.

a.s.

→0

when N → ∞, which implies ĀN → 0 since N (X \ Sξ )/N → 0, and therefore
θ

AN  0 a.s. when N → ∞.
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Lemma 2.9 (Jennrich 1969). Let Θ be a compact subset of Rp , Z be a
measurable subset of Rm and J(z, θ) be a Borel measurable real function on
Z × Θ, continuous in θ ∈ Θ for any z ∈ Z . Then there exists a mapping
θ̂ from Z into Θ with Borel measurable components such that J[z, θ̂(z)] =
minθ∈Θ J(z, θ), which therefore is also Borel measurable. If, moreover, J(z, θ)
is continuous on Z × Θ, then minθ∈Θ J(z, θ) is a continuous function on Z .
Proof. J(z, θ) is a measurable function of z for any θ ∈ Θ and a continuous
function of θ for any z ∈ Z . Let {Θk } be an increasing sequence of ﬁnite
subsets of Θ whose limit is dense in Θ. For any k, there exists a measurable
function θ̃k from Z into Θk such that
∀z ∈ Z , J(z, θ̃k ) = min J(z, θ) .
θ∈Θk

Deﬁne θ̂1 = θ̂1 (z) = lim inf k→∞ θ̃1k (z) (with θ̃1k the ﬁrst component of θ̃k ),
and notice that θ̂1 is measurable. For any z ∈ Z , there exists a subsequence
{θ̃ki (z)} of {θ̃k (z)} that converges to a point θ̃ ∈ Θ such that
θ̃ = θ̃(z) = (θ̂1 (z), θ̃2 , . . . , θ̃p ) .
Now,
min
(θ2 ,...,θp );(θ̂1 (z),θ2 ,...,θp )∈Θ

J[z, (θ̂1 (z), θ2 , . . . , θp )] ≤ J[z, (θ̂1 (z), θ̃2 , . . . , θ̃p )]
= J(z, θ̃)
= lim J[z, θ̃ki (z)]
i→∞

= lim min J(z, θ)
i→∞ θ∈Θki

= min J(z, θ)
θ∈Θ

where the last equality follows from the fact that limk→∞ Θk is dense in Θ.
Therefore, for any z ∈ Z ,
min
(θ2 ,...,θp );(θ̂1 (z),θ2 ,...,θp )∈Θ

J[z, (θ̂1 (z), θ2 , . . . , θp )] = min J(z, θ) .
θ∈Θ

Deﬁne J1 [z, (θ2 , . . . , θp )] = J[z, (θ̂1 (z), θ2 , . . . , θp )]. It is a continuous function
of (θ2 , . . . , θp ) for all z ∈ Z and a measurable function of z for all (θ2 , . . . , θp )
such that (θ̂1 (z), θ2 , . . . , θp ) ∈ Θ. Apply the same arguments to J1 to obtain
a measurable function θ̂2 such that, for any z ∈ Z ,
min
(θ3 ,...,θp );(θ̂1 (z),θ̂2 (z),θ3 ,...,θp )∈Θ

J[z, (θ̂1 (z), θ̂2 (z), θ3 , . . . , θp )] = min J(z, θ) .
θ∈Θ

Continuing in this manner, we construct real-valued functions θ̂1 , . . . , θ̂p such
that, for any z ∈ Z ,
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J[z, (θ̂1 (z), . . . , θ̂p (z))] = min J(z, θ) .
θ∈Θ

Hence, θ̂ = (θ̂1 (z), . . . , θ̂p (z)) is a measurable function from Z into Θ with
the desirable property.
We show now that the continuity of J(z, θ) on Z × Θ, Θ compact, implies
that minθ∈Θ J(z, θ) is continuous in z.
J(·, ·) is uniformly continuous on compact subsets of Z × Θ ⊂ Rm × Rp .
Therefore, ∀z0 ∈ Z , ∀ > 0, ∃δ > 0 such that
∀θ ∈ Θ , ∀z ∈ B(z0 , δ) , J(z0 , θ) −  < J(z, θ) < J(z0 , θ) +  ,
where B(z0 , δ) = {z ∈ Rm : z − z0  ≤ δ}. This implies
∀z ∈ B(z0 , δ) , min J(z0 , θ) −  ≤ min J(z, θ) ≤ min J(z0 , θ) + 
θ∈Θ

θ∈Θ

θ∈Θ

and minθ∈Θ J(z, θ) is thus continuous at z0 . Since z0 is arbitrary, it is continuous for all z ∈ Z .
Lemma 2.10. Assume that the sequence of functions {JN (θ)} converges uniformly on Θ to the function Jθ̄ (θ), with JN (θ) continuous with respect to θ ∈ Θ
for any N , Θ a compact subset of Rp , and Jθ̄ (θ) such that
∀θ ∈ Θ , θ = θ̄ =⇒ Jθ̄ (θ) > Jθ̄ (θ̄) .
Then limN →∞ θ̂N = θ̄, where θ̂N ∈ arg minθ∈Θ JN (θ). When the functions
JN (·) are random, and the uniform convergence to Jθ̄ (·) is almost sure, the
convergence of θ̂N to θ̄ is also almost sure.
Proof. The function Jθ̄ (·) is continuous, and therefore, ∀β > 0, ∃ > 0 such
that Jθ̄ (θ) < Jθ̄ (θ̄) +  implies θ − θ̄ < β. Indeed, for any β > 0 deﬁne
J(β) =

min

{θ∈Θ: θ−θ̄ ≥β}

Jθ̄ (θ) ,  = (β) =

J(β) − Jθ̄ (θ̄)
.
2

We have J(β) > Jθ̄ (θ̄) and thus (β) > 0. Assume that Jθ̄ (θ) < Jθ̄ (θ̄) +  =
[J(β) + Jθ̄ (θ̄)]/2. It implies Jθ̄ (θ) < J(β) and thus θ − θ̄ < β.
Now, the uniform convergence of JN (·) implies that there exists N0 such
that ∀N > N0 and ∀θ ∈ Θ, |JN (θ) − Jθ̄ (θ)| < /2. Therefore, |JN (θ̄) −
Jθ̄ (θ̄)| < /2, |JN (θ̂N ) − Jθ̄ (θ̂N )| < /2; hence, Jθ̄ (θ̂N ) < JN (θ̂N ) + /2 ≤
JN (θ̄)+/2 < Jθ̄ (θ̄)+, and thus θ̂N − θ̄ < β. Almost sure statements follow
immediately.
Lemma 2.11. Assume that the sequence of functions {JN (θ)} converges uniformly on Θ to the function Jθ̄ (θ), with JN (θ) continuous with respect to
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θ ∈ Θ for any N , Θ a compact subset of Rp . Let Θ# = arg minθ∈Θ Jθ̄ (θ)
denote the set of minimizers of Jθ̄ (θ). Then limN →∞ d(θ̂N , Θ# ) = 0, where
θ̂N ∈ arg minθ∈Θ JN (θ). When the functions JN (·) are random and the uniform convergence to Jθ̄ (·) is almost sure, the convergence of d(θ̂N , Θ# ) to 0
is also almost sure.
Proof. The proof is similar to that of Lemma 2.10, we simply change Jθ̄ (θ̄)
into Jθ̄ (Θ# ) = minθ∈Θ Jθ̄ (θ) and deﬁne
J(β) =

min

{θ∈Θ: d(θ,Θ# )≥β}

Jθ̄ (θ)

with d(θ, Θ# ) = minθ ∈Θ# θ − θ .
Lemma 2.12 (Jennrich 1969). Let Θ be a convex compact subset of Rp , Z
be a measurable subset of Rm and J(z, θ) be a Borel measurable real function
on Z × Θ, continuously diﬀerentiable in θ ∈ int(Θ) for any z ∈ Z . Let θ1 (z)
and θ2 (z) be measurable functions from Z into Θ. There exists a measurable
function θ̃ from Z into int(Θ) such that for all z ∈ Z θ̃(z) lies on the segment
joining θ1 (z) and θ2 (z) and

∂J(z, θ) 
1
2
J[z, θ (z)] − J[z, θ (z)] =
[θ1 (z) − θ2 (z)] .
∂θ θ̃(z)
Proof. Let d(z, θ) denote the Euclidian distance from θ to the segment joining
θ1 (z) and θ2 (z) and deﬁne




∂J(z, θ) 1
1
2
2

D(z, θ) = J[z, θ (z)] − J[z, θ (z)] −
[θ (z) − θ (z)] + d(z, θ) ,
∂θ
which is a measurable function of z for any θ ∈ Θ and is continuous in θ for
any z ∈ Z . We can then apply Lemma 2.9: there exists a measurable function
θ̃(z) from Z into Θ such that for any z ∈ Z , θ̃(z) minimizes D(z, θ) with
respect to θ ∈ Θ. From the (Taylor) mean value theorem, this θ̃(z) has the
property that for any z ∈ Z , D[z, θ̃(z)] = 0, which completes the proof.
Lemma 3.4 (Wu 1981). If for any δ > 0
lim inf
N →∞

inf

θ−θ̄ ≥δ

[SN (θ) − SN (θ̄)] > 0 a.s.

(C.5)

a.s.

N
then θ̂LS
→ θ̄ as N → ∞. If for any δ > 0


Prob
inf [SN (θ) − SN (θ̄)] > 0 → 1 , N → ∞ ,
θ−θ̄ ≥δ

p

N
then θ̂LS
→ θ̄ as N → ∞.

(C.6)
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a.s.

N
Proof. If θ̂LS
→ θ̄ is not true, there exists some δ > 0 such that
N
Prob(lim sup θ̂LS
− θ̄ ≥ δ) > 0 .
N →∞

N
N
N
Now, SN (θ̂LS
) − SN (θ̄) ≤ 0 from the deﬁnition of θ̂LS
, and θ̂LS
− θ̄ ≥ δ implies inf θ−θ̄ ≥δ [SN (θ) − SN (θ̄)] ≤ 0. Therefore, Prob[lim inf N →∞ inf θ−θ̄ ≥δ
[SN (θ) − SN (θ̄)] ≤ 0] > 0, which contradicts (C.5).
N
− θ̄ < δ. Therefore, when
When inf θ−θ̄ ≥δ [SN (θ)−SN (θ̄)] > 0, then θ̂LS
(C.6) is satisﬁed, for any δ > 0 and  > 0 there exists N0 such that for all
N
N p
− θ̄ < δ} ≥ 1 − , that is, θ̂LS
→ θ̄.
N > N0 Prob{θ̂LS

Lemma 3.7. Let u, v be two random vectors of Rr and Rs respectively deﬁned
on a probability space with measure μ, with IE(u2 ) < ∞ and IE(v2 ) < ∞.
We have
(C.7)
IE(uu )  IE(uv )[IE(vv )]+ IE(vu ) ,
where M+ denotes the Moore–Penrose g-inverse of M and A  B means that
A − B is nonnegative deﬁnite. Moreover, the equality is obtained in (C.7) if
and only if u = Av μ-a.s. for some nonrandom matrix A.
Proof. Since IE({u}2i ) < ∞, i = 1, . . . , r and IE({v}2i ) < ∞, i = 1, . . . , s,
Cauchy–Schwarz inequality gives
     
u (u v )
<∞
IE
v
ij
for any i, j = 1, . . . , r + s, so that IE(uu ), IE(uv ), and IE(vv ) are well
deﬁned. Consider IE[(x u + y v)2 ] for some nonrandom (x, y) ∈ Rr × Rs .
By direct expansion, we obtain
IE[(x u)2 ] + 2x IE(uv )y + y IE(vv )y ≥ 0

(C.8)

which reaches its minimum value with respect to y when
IE(vv )y = −IE(vu )x .
This system is compatible, and thus consistent; see Harville (1997, p. 73).
Indeed,
z IE(vv ) = 0 =⇒ IE(z vv z) = 0 =⇒ z v = 0 μ-a.s.
=⇒ z IE(vu )x = IE(z vu x) = 0 .
Therefore, the solution y∗ is given by
y∗ = −[IE(vv )]− IE(vu )x
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for any g-inverse of IE(vv ); see Harville (1997, p. 108). Take
y∗ = −[IE(vv )]+ IE(vu )x
with M+ the Moore–Penrose g-inverse of M, see Harville (1997, p. 493), and
substitute y∗ for y in (C.8). We obtain
x IE(uu )x ≥ x IE(uv )[IE(vv )]+ IE(vu )x
for any nonrandom vector x ∈ Rr , i.e., (C.7).
Assume that equality is attained. Taking A = IE(uv )[IE(vv )]+ we obtain IE[(u − Av)(u − Av) ] = O and thus u = Av, μ-a.s.
Lemma 5.1. Let A be a p × p positive-deﬁnite matrix and let EA = {t ∈ Rp :
t At ≤ 1}. Then:
(i) vol(EA ) = Vp det−1/2 A, with Vp = π p/2 /Γ (p/2 + 1) = vol[B(0, 1)], the
volume of the unit ball B(0, 1) in Rp .
(ii) For any vector c ∈ Rp we have
max(c t)2 = c A−1 c ;

t∈EA

in particular, when c = 1, then c A−1 c is the squared half-length of
the orthogonal projection of EA onto the straight line deﬁned by c.
(iii) max c =1 c A−1 c = 1/λmin (A) = R2 (EA ), with λmin (A) the minimum
eigenvalue of A and R(EA ) the radius of the smallest ball containing
EA ; the length of a principal axis of EA equals 2/ λi (A) with λi (A) an
eigenvalue of A.
(iv) The squared length of the half-diagonal of the parallelepiped containing
EA and parallel to the coordinate axes of the Euclidean space Rp equals
the sum of the squared half-lengths of the principal axes of EA and is
given by trace(A−1 ).
(v) Let EB be deﬁned similarly to EA but for the p×p positive-deﬁnite matrix
B, then the following statements are equivalent:
(a) EA ⊆ EB .
(b) A  B, i.e., the matrix A − B is nonnegative deﬁnite.
(c) For any c ∈ Rp , c A−1 c ≤ c B−1 c, i.e., B−1  A−1 .
Proof.
(i) We can write

vol(EA ) =


dt =

{t∈Rp :t At≤1}

{u∈Rp :u u≤1}

= [det−1/2 A] vol[B(0, 1)] .

det−1/2 (A) du
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(ii) From Cauchy–Schwarz inequality we have
∀t ∈ Rp , (c t)2 = [(A−1/2 c) (A1/2 t)]2 ≤ (c A−1 c)(t At) .
Therefore,

(c t)2
c A−1 c ≥ sup
.
t=0 tAt

For t = A−1 c, the ratio on right-hand side equals c A−1 c, so that
(c t)2
c A−1 c = max
=
max
t=0 tAt
{t∈Rp :t At≤1 ,

(c t)2
= max(c t)2 .
t∈EA
t=0} tAt

When c = 1, then cc t is the orthogonal projection of t onto the
straight line deﬁned by c and its squared length equals cc t2 =
(c t)2 .
(iii) The largest orthogonal projection of EA onto the straight line deﬁned by
c is obtained when c goes in the direction of the main axis of EA . Let
λ1 = λmin (A) ≤ λ2 ≤ · · · ≤ λp denote the eigenvalues
of A. In a basis
p
of associated eigenvectors, EA is deﬁned by {y ∈ Rp : i=1 yi2 λi ≤ 1},
y. The half-length of the longest principal
with yi the i-th component of √
axis √
of EA is thus R(EA ) = 1/ λ1 . The length of the i-th principal axis
is 2/ λi .
(iv) From the same arguments as 
above, the sum of the squared half-lengths
p
of the principal axes of EA is i=1 λ−1
= trace(A−1 ). Let ek denote the
i
p
−1
ek is the squared halfk-th basis vector of R ; then {A−1 }kk = e
kA
length of the orthogonal projection of EA onto the k-th coordinate axis.
By the Pythagorean relation in Rp , we obtain that the squared length
of the half-diagonal of the 
parallelepiped containing EA and parallel to
p
the coordinate axes equals k=1 {A−1 }kk = trace(A−1 ).
(v) The implication (b) =⇒ (a) is a direct consequence of the deﬁnitions of
EA and EB . The implication (a) =⇒ (c) follows from (ii). Suppose that
(c) holds. Take any vector v ∈ Rp and denote s = Av, z = Bv. We have
0 ≤ (s − z) A−1 (s − z) = s A−1 s + z A−1 z − 2s A−1 z
≤ s A−1 s + z B−1 z − 2v z = s A−1 s + z B−1 z − 2z B−1 z
= v Av − v Bv ;
that is, A  B.
Lemma 5.2. Suppose that the estimator θ̂N in the regression model (3.2)
√
d
satisﬁes N (θ̂N − θ̄) → z ∼ N (0, M−1 (ξ, θ̄)) as N → ∞. Then, for N large
we have approximately

354

Appendix C Proofs


Prob y(x1 ), . . . , y(xN ) : ∀x ∈ X , |η(x, θ̂N ) − η(x, θ̄)| ≤
 1/2 


1
∂η(x, θ) 
∂η(x, θ) 
2
−1
√
≥1−α
M (ξ, θ̄)
χp (1 − α)
∂θ θ̄
∂θ θ̄
N
where χ2p (1 − α) is the (1 − α) quantile of the χ2p distribution.
Proof. Since θ̂N −θ̄ is approximately normal N (0, M−1 (ξ, θ̄)/N ), the quantity
N (θ̂N − θ̄) M(ξ, θ̄)(θ̂N − θ̄) follows approximately the χ2p distribution. Hence,
for N large


Prob y : (θ̂N − θ̄) H(θ̂N − θ̄) ≤ 1  1 − α
where H = N M(ξ, θ̄)/χ2p (1 − α) and y = [y(x1 ), . . . , y(xN )] . Since u Hu ≤
1 is equivalent to (v u)2 ≤ v H−1 v for all v ∈ Rp (from Cauchy–Schwarz
inequality), for large N we have

Prob y : ∀x ∈ X , |η(x, θ̂N ) − η(x, θ̄)|2 ≤

 
1 2
∂η(x, θ) 
∂η(x, θ) 
−1
χ (1 − α)
M (ξ, θ̄)
N p
∂θ θ̄
∂θ θ̄

 



2
 ∂η(x, θ)  N
 −1 ∂η(x, θ) 

∂η(x,
θ)

 (θ̂ − θ̄) ≤
 H
 Prob y : ∀x ∈ X , 

∂θ θ̄
∂θ θ̄
∂θ θ̄



2


≥ Prob y : ∀v ∈ Rp , v (θ̂N − θ̄) ≤ v H−1 v


= Prob y : (θ̂N − θ̄) H(θ̂N − θ̄) ≤ 1  1 − α .

Lemma 5.4 (Pukelsheim 1993, Sects. 5.2, 5.4). Let Φ(·) be a function
from M≥ to R. Then,
(i) When Φ(·) is positively homogeneous, it is concave if and only if it is
superadditive, i.e., Φ(M1 +M2 ) ≥ Φ(M1 )+Φ(M2 ) for all M1 , M2 ∈ M≥ .
(ii) When Φ(·) is superadditive, nonnegativity implies isotonicity.
(iii) When Φ(·) is positively homogeneous, isotonicity implies nonnegativity
(i.e., Φ(M) ≥ 0 for all M in M≥ ); moreover, either Φ is identically zero
or Φ(.) is strictly positive on the open set M> .
Proof.
(i) Take any M1 , M2 ∈ M≥ , any α ∈ (0, 1). Superadditivity gives Φ[(1 −
α)M1 + αM2 ] ≥ Φ[(1 − α)M1 ] + Φ(αM2 ) = (1 − α)Φ(M1 ) + αΦ(M2 )
and thus implies concavity. Conversely, concavity implies Φ(M1 +M2 ) =
Φ[(2M1 + 2M2 )/2) ≥ (1/2)Φ(2M1 ) + (1/2)Φ(2M2 ) = Φ(M1 ) + Φ(M2 ).
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(ii) Take any M1  M2 ∈ M≥ . Superadditivity and nonnegativity imply
Φ(M1 ) − Φ(M2 ) = Φ(M1 − M2 + M2 ) − Φ(M2 ) ≥ Φ(M1 − M2 ) ≥ 0 so
that Φ(·) is isotonic.
(iii) Isotonicity implies Φ(M) ≥ Φ(O) for any M ∈ M≥ , and positive
homogeneity gives Φ(O) = Φ(0M) = 0, so that Φ(·) is nonnegative. If Φ is non identically zero, there exists some M∗ in M≥ such
that Φ(M∗ ) > 0. Then, for any M ∈ M> , there exists α > 0 such
that αM − M∗  O and isotonicity with positive homogeneity imply
Φ(M) = Φ(αM)/α ≥ Φ(M∗ )/α > 0.
Lemma 5.5. For any p × p matrix M in M≥ and any c ∈ M(M) (i.e., such
that c = Mu for some u ∈ Rp ) we have
Φc (M) = −c M− c = minp [z Mz − 2z c] .
z∈R

When c ∈ M(M), the right-hand side equals −∞.
Proof. When c ∈ M(M), we can write [z Mz − 2z c] − Φc (M) = (M− c −
z) M(M− c − z) ≥ 0, with M− any g-inverse of M. When c ∈ M(M), take
z = γu with γ > 0 and u any element of N (M) = {u ∈ Rp : Mu = 0}
such that c u = s > 0. Then, z Mz = 0 and z c = γs which can be made
arbitrarily large.
Lemma 5.6. For any p × p matrix M in M≥ and any c ∈ M(M), we have


− −1
Φ+
= (c c) min z Mz .
c (M) = (c c)(c M c)
z c=1

When c ∈ M(M), the minimum on the right-hand side equals 0.
Proof. When c ∈ M(M), Cauchy–Schwarz inequality gives
(c M− c)(z Mz) = (c M− MM− c)(z Mz)
≥ (c M− Mz)2 = (c z)2
for any z ∈ Rp . Therefore,
c M− c ≥

(c z)2
.

z Mz=0 z Mz
sup

Taking z = M− c gives equality since then z Mz = c M− c > 0. We can
thus write
(c z)2
1
= sup 
.
(c M− c) = sup

z Mz=0 z Mz
z c=1 z Mz
When c ∈ M(M), take z as any element of N (M) such that c z = 0. Then,
z Mz = 0, and the supremum in the equation above is inﬁnite.
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Lemma 5.7. For any p × p matrix M in M≥ partitioned as


M11 M12
M=
M21 M22
with M11 of dimension s × s, we have


log det(M11 − M12 M−
22 M21 ) ≤ log det(M11 + D M22 D − M12 D − D M21 )

for any D ∈ R(p−s)×s , with equality if and only if M22 D = M12 .
Proof. Take any matrix C solution of M22 C = M21 (which is equivalent to
−
∗
C = M−
22 M21 for some g-inverse M22 of M22 ), and denote M = M11 −
−
M12 M22 M21 . Then, for any matrix D in R(p−s)×s ,
M11 + D M22 D − M12 D − D M21 − M∗ = (C − D) M22 (C − D) ,
which is positive deﬁnite unless M22 D = M22 C = M21 . When M∗ is nonsingular, the strict isotonicity of the function log det(·) on M> (see Sect. 5.1.5)
concludes the proof. When M∗ is singular, log det(M∗ ) = −∞, we also have
log det[M11 + D M22 D − M12 D − D M21 ] = −∞ when M22 D = M21 since
then M11 + D M22 D − M12 D − D M21 = M∗ .
Lemma 5.11. The criterion φc (·) = Φc [M(·)], with Φc (M) given by (5.9), is
upper semicontinuous at any ξ∗ ∈ Ξc = {ξ ∈ Ξ : c ∈ M[M(ξ)]}.
Proof. Take ξ∗ ∈ Ξc , and consider any sequence {ξn } of measures in Ξ
converging weakly to ξ∗ . We have φc (ξn ) = −∞ if ξn ∈ Ξ \ Ξc and, from
Lemma 5.5, φc (ξn ) ≤ z M(ξn )z − 2z c for any z ∈ Rp otherwise. Therefore,
for any z ∈ Rp ,
lim sup φc (ξn ) ≤ lim sup[z M(ξn )z − 2z c] = z M(ξ∗ )z − 2z c ;
n→∞

that is,

n→∞

lim sup φc (ξn ) ≤ minp [z M(ξ∗ )z − 2z c] = φc (ξ∗ ) ,
z∈R

n→∞

so that φc (·) is upper semicontinuous at ξ∗ .
Lemma 5.12. Consider a sequence of matrices satisfying (5.19) and suppose
that c ∈ M(M0 ). Then, under the conditions
1/2
= o(tα ) as t → 0+ ,
C1: Rt  = [trace(R
t Rt )]
and
C2: M0 + tα Mα ∈ M> for arbitrary small t > 0,
we have
lim+ Φc [M(t)] = Φc (M0 ) .
(C.9)
t→0
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√
Proof. Deﬁne rt = Rt /tα . We ﬁrst show that M(t) − (1 − rt )(M0 +
tα Mα ) ∈ M> for t small enough. Take any z ∈ Rp , z = 0. We have
√
√
z M(t)z − (1 − rt ) z (M0 + tα Mα )z = rt z (M0 + tα Mα )z + z Rt z
√
≥ rt z (M0 + tα Mα )z − z2 Rt 
 

√ α
z (M0 /tα + Mα )z √
2
= rt t z
− rt
z2
 

√
√
z (M0 + tα
0 Mα )z
−
r
≥ rt tα z2
t
2
tα
0 z
√
α
2
for all t < t0 . z (M0 + tα
rt tends to zero
0 Mα )z/[t0 z ] > 0 from C2, while
√
as t → 0 from C1. Therefore, there exists t1 such that M(t) − (1 − rt )(M0 +
√ −1
α
>
t Mα ) ∈ M for 0 < t < t1 . We thus obtain Φc [M(t)] ≥ (1 − rt ) Φc (M0 +
tα Mα ) for 0 < t < t1 .
Next, we write M0 + tα Mα as
M0 + tα Mα = (1 − γt )M0 + γt M0,α
with M0,α = M0 + tα Mα and γt = (t/t0 )α . Then, from the concavity of Φc (·),
Φc (M0 + tα Mα ) ≥ (1 − γt )Φc (M0 ) + γt Φc (M0,α ), which implies
lim inf Φc [M(t)] ≥ lim
t→0+

t→0+

1
√ [(1 − γt )Φc (M0 ) + γt Φc (M0,α )] = Φc (M0 ) .
1 − rt

Finally, from the upper semicontinuity of Φc (·) we have lim supt→0+ Φc [M(t)]
≤ Φc (M0 ), which implies (C.9).
Corollary 5.13. For a sequence of matrices M(t) ∈ M≥ satisfying (5.19)
with c ∈ M(M0 ) and the condition C1, either the continuity property (C.9)
is satisﬁed or the convergence of M(t) to M0 is along a hyperplane tangent
to the cone M≥ at M0 , i.e., Mα belongs to a supporting hyperplane to M≥
at M0 .
Proof. Let A ∈ M deﬁne a supporting hyperplane HA to the cone M≥ at
M0 ; it satisﬁes trace(AM0 ) = 0 and trace(AM) ≥ 0 for any M ∈ M≥
(A is thus normal to M≥ at M0 and A ∈ M≥ ). We have trace[AM(t)] =
tα trace(AMα )+trace(ARt ) ≥ 0 (since M(t) ∈ M≥ ), and thus trace(AMα ) ≥
−A Rt/tα , which tends to zero from C1. This implies trace(AMα ) ≥ 0;
that is, Mα is on the same side of HA as M≥ .
There are two alternatives. Either C2 is satisﬁed and Lemma 5.12 implies
(C.9), or C2 in not satisﬁed. In the latter case, for any t > 0 there exists zt
α
with zt  = 1 such that z
t (M0 + t Mα )zt ≤ 0. From any such sequence
{zt } we extract a subsequence converging to some z∗ , which thus satisﬁes

≥

z
∗ M0 z∗ ≤ 0, and therefore z∗ M0 z∗ = 0 since M0 ∈ M . Also, zt Mα zt ≤ 0



(since zt M0 zt ≥ 0) and thus z∗ Mα z∗ ≤ 0. Take A = z∗ z∗ ; it deﬁnes a
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supporting hyperplane HA to M≥ at M0 . From the developments above we
obtain trace(AMα ) = z
∗ Mα z∗ ≥ 0 and thus trace(AMα ) = 0; that is, Mα
belongs to HA .
Remark.
(i) When the sequence of matrices M(t) satisﬁes (5.19) and C1 with c ∈
M(M0 ), if limt→0+ Φc [M(t)] = Φc (M0 ), it means that C2 is not satisﬁed
and, from the proof of Corollary 5.13, that Mα belongs to a supporting
hyperplane to M≥ at M0 . Conversely, if Mα does not belong to such a
tangent hyperplane, C2 and thus (C.9) are satisﬁed.
(ii) The condition C1 in Corollary 5.13 can be replaced by Rt ∈ M≥ . Indeed,
in that case M(t) − (M0 + tα Rt ) ∈ M≥ , Φc [M(t)] ≥ Φc (M0 + tα Rt ), and
the rest of the proof is similar to that of Corollary 5.13.

Lemma 5.28. When the design criterion Φ(·) is isotonic, an optimal design
is supported at values of x such that gθ (x) is on the boundary of the Elfving’s
set Fθ .
m
Proof. Suppose that M(ξ, θ) = i=1 ξi gθ (x(i) )gθ (x(i) ), m ≤ p(p + 1)/2 + 1,
see Sect. 5.2.3, with x(1) such that gθ (x(1) ) lies in the interior of Fθ . We can
then decompose gθ (x(1) ) into
gθ (x(1) ) =

p+1


αj gj ,

j=1

p+1
with αj ≥ 0, j=1 αj = 1, and gj = ±gθ (x(j) ) for some x(j) with gj belonging
to the boundary of Fθ . For any u ∈ Rp , consider Δ(u) = u M (ξ, θ)u −
p+1

u M(ξ, θ)u, where M (ξ, θ) is obtained by substituting
j=1 αj gj gj for
(1)  (1)
gθ (x )gθ (x ) in M(ξ, θ). We have
⎧
⎫
⎨p+1
⎬

αj [u gθ (x(j) )]2 − [u gθ (x(1) )]2
Δ(u) = ξ1
⎩
⎭
j=1
⎧
⎡
⎤2 ⎫
⎪
⎪
p+1
⎨p+1
⎬


αj [u gj ]2 − ⎣
αj (u gj )⎦
= ξ1
⎪
⎪
⎩j=1
⎭
j=1
and Δ(u) ≥ 0 from Cauchy–Schwarz inequality. Therefore M (ξ, θ)  M(ξ, θ)
and Φ[M (ξ, θ)] ≥ Φ[M(ξ, θ)].
Lemma 7.9. Assume that η(θ) is continuous for θ ∈ Θ, a compact subset of
Rp . We have:
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(i) For any θ, θ ∈ Θη (t), Eη (θ − θ 2 ) < 4t, and the maximum diameter
2
D(t) of any connected part of Θη (t) satisﬁes D (t) ≤ inf{δ : Eη (δ) ≥ 4t}.
(ii) Suppose that the probability measure of the observations y has a density
with respect to the Lebesgue measure in RN . If there exists δ  < δ such
that Eη (δ) < t < Eη (δ  ), then the probability that the set Θη (t) is not
connected is strictly positive.
Proof.

√
(i) For any θ, θ ∈ Θη (t), η(θ) − η(θ ) ≤ η(θ) − y + y − η(θ ) < 2 t,
therefore Eη (θ −θ 2 ) < 4t. Let C(t) denote any connected part of Θη√
(t);
if θ and θ are in C(t), for any δ √
∈ [0, θ −θ 2 ], there exists θ ∈ B(θ, δ)
such that θ ∈ C(t), with B(θ, δ) the closed ball of center θ and radius
√
δ. This implies Eη (δ) < 4t for any δ ∈ [0, diam2 [C(t)]], and therefore
diam2 [C(t)] ≤ inf{δ : Eη (δ) ≥ 4t}.
(ii) Deﬁne α = (1/2) min{Eη (δ  ) − t, t − Eη (δ)}, take θ1 and θ2 in Θ such
that θ1 − θ2 2 = δ and η(θ1 ) − η(θ2 )2 = Eη (δ). Consider the set
Aδ = Θ ∩ {θ : θ − θ1 2 = δ  }.
Suppose ﬁrst that Aδ is empty. Suppose that y − η(θ1 ) ≤ Eη (δ) and
y−η(θ2 ) ≤ Eη (δ), which happens with a strictly positive probability.
Then Eη (δ) < t implies that θ1 ∈ Θη (t), θ2 ∈ Θη (t), and Θη (t) is not
connected.
Suppose now that Aδ is not
√ empty√and that y satisﬁes y − η(θ2 ) ≤
Eη (δ) and y−η(θ1 ) < t + α− t, which again happens with strictly
√
√
√
positive probability. Since α < t, t + α − t < t and θ1 ∈ Θη (t). Also,
Eη (δ) < t implies θ2 ∈ Θη (t). Any θ in Aδ satisﬁes η(θ) − η(θ1 )2 ≥
Eη (δ  ) > t + α; therefore,
y − η(θ) ≥ η(θ) − η(θ1 ) − y − η(θ1 )
√
√
> t + α − η(θ1 ) − y > t
and θ ∈ Θη (t), which implies that Θη (t) is not connected.

Symbols and Notation

⇒
d

→
p
→
a.s.
→
θ


∼
a, A
A, A , A
a
α
A
a , A
A−
A+
a = a2
a1
aΩ
·ξ
·, ·ξ
ξ

Convergence in general or weak convergence (of probability
measures or distribution functions)
Convergence in distribution
Convergence in probability
Almost sure convergence
Uniform convergence with respect to θ
Distributed
Scalars
Sets
Column vector
Scalar or column vector
Matrix
Transposed of a and A
A generalized inverse of A (i.e., AA− A = A)
The Moore–Penrose g-inverse of A (i.e., AA+ A = A,
A+ AA+ = A+ , (AA+ ) = AA+ and (A+ A) = A+ A)
Euclidian norm of a = (a1 , . . . , ad ) ∈ Rd ,
&1/2
%
d
2
a =
i=1 ai
d
L1 norm of a = (a1 , . . . , ad ) ∈ Rd , a1 = i=1 |ai |
(a Ωa)1/2 , for some Ω ∈ M≥
'(
)1/2
Norm in L2 (ξ), φξ = X φ2 (x) ξ(dx)
, φ ∈ L2 (ξ)
Inner product
in
L
(ξ),
2
(
φ, ψξ = X φ(x) ψ(x) ξ(dx), φ, ψ ∈ L2 (ξ)

≡

Parameter equivalence for the design ξ in a regression model,

{ai }j

θ ≡ θ∗ when η(·, θ) − η(·, θ∗ )ξ = 0
j-th component of ai

ξ
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Symbols and Notation

{A}ij
{A}i,
AB
AB
∇f (·)
∇2 f (·)
˜ (·)
∇f
∂f (·)
x (·)
x (·)
0
O
1

(i, j)-th entry of A
i-th row of A
A − B ∈ M≥ (is nonnegative deﬁnite), A, B ∈ M
A − B ∈ M> (is positive deﬁnite), A, B ∈ M 
Gradient vector of f (·), {∇f (α)}i = ∂f (θ)/∂θi θ=α 
Hessian matrix of f (·), ∇2 f (α) ij = ∂ 2 f (θ)/∂θi ∂θj θ=α
Subgradient of f (·)
Subdiﬀerential of f (·)
Derivative of x(·)
Second-order derivative of x(·)
Null vector, {0}i = 0 for all i
Null matrix, {O}i,j = 0 for all i, j
Vector of ones, {1}i = 1 for all i

a.s.
B(c, r)
Cint (ξ, θ)

Almost sure(ly)
Closed ball {x ∈ Rd : x − c ≤ r}
Intrinsic curvature of a regression model at θ
for the design measure ξ
Intrinsic curvature of a regression model at θ
for the exact design X
Parametric curvature at θ for ξ
Parametric curvature at θ for X
Total curvature at θ for ξ
Diagonal matrix with vector a on its diagonal
(Cumulative) distribution function
i-th basis vector
Eﬃciency criterion associated with φ(·),
+
∗
Eφ (ξ) = φφ+ (ξ(ξ)
optimal for φ(·)
∗ ) with ξ
Expectation
Expectation for the probability measure μ
Expectation for the p.d.f. π(·)
Conditional expectation for a given x, IEx (ω) = IE(ω|x)
Distribution function (d.f.)
Regressor in a linear regression model, η(x, θ) = f  (x)θ
Derivative in a nonlinear regression model, fθ (x) = ∂η(x, θ)/∂θ
Directional derivative of φ(·) at ξ in the direction ν
Directional derivative of φ(·) at ξ in the direction δx
Elfving’s set, convex closure of the set
{fθ (x) : x ∈ X } ∪ {−fθ (x) : x ∈ X }
q-dimensional identity matrix
Independently and identically distributed
Indicator function of the set A
Interior of the set A

Cint (X, θ)
Cpar (ξ, θ)
Cpar (X, θ)
Ctot (ξ, θ)
diag(a)
d.f.
ei
Eφ (·)
IE(·)
IEμ (·)
IEπ (·)
IEx (·)
IF(·)
f (·)
fθ (·)
Fφ (ξ; ν)
Fφ (ξ, x)
Fθ
Iq
i.i.d.
IIA (·)
int(A)

Symbols and Notation

JN (·)
Jθ̄ (·)

LP
LS
LX,y (θ)
L2 (ξ)
ML
MSE
MX (θ)
M(X, θ)
M(ξ, θ)
M(ξ)
Mθ (x)
M
M≥
M>
M(M)
Mθ (X )
Mθ (Ξ)
M
N
N (M)
N (a, V)
op (·)
Op (·)
p
p.d.f.
Pθ , Pθ
P−1
QP
Rp
R(θ)
s(x)
Sη
Sξ
SLLN
TSLS
var(·)
varx (·)
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Estimation criterion
Limiting value of JN (·) as N → ∞ (under
uniform convergence conditions)
Number of elements in the ﬁnite design space X
Linear programming
Least squares
Likelihood of parameters θ for the design X at observations y
Hilbert space of square-integrable
real-valued functions φ,
(
L2 (ξ) = {φ(·) : X −→ R, X φ2 (x) ξ(dx) < ∞}
Maximum likelihood
Mean-squared error
Information matrix for the (exact) design X
Normalized information matrix for the (exact) design X,
M(X, θ) = MX (θ)/N
Normalized information matrix for the design measure ξ
Normalized information matrix M(ξ, θ0 ) (local design)
Normalized information matrix M(δx , θ)
Set of symmetric p × p matrices
Subset of M formed by nonnegative-deﬁnite matrices
Subset of M formed by positive-deﬁnite matrices
Column space of the matrix M, M(M) = {Mu : u ∈ Rp }
{Mθ (x) : x ∈ X }
{M(ξ, θ) : ξ ∈ Ξ}
Set of probability measures
Number of observations
Null space of the matrix M, N (M) = {u ∈ Rp : Mu = 0}
Normal distribution (mean a, variance–covariance matrix V)
p
αn = op (βn ) if {αn /βn } → 0, n → ∞
αn = Op (βn ) if {αn /βn } is bounded in probability, n → ∞
Dimension of the parameter vector θ
Probability density function
Projectors

Probability simplex {w ∈ R : wi ≥ 0 ,
i=1 wi = 1}
Quadratic programming
p-dimensional Euclidian space of real column vectors
Riemannian curvature tensor
Skewness of the p.d.f. ϕ̄x (·), s(x) = IEx {ε3 (x)}σ −3 (x)
Expectation surface, Sη = {η(θ) : θ ∈ Θ}
Support of the design measure ξ
Strong law of large numbers
Two-stage least squares
Variance
Conditional variance for a given x
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Symbols and Notation

Var(·)
w.p.1
W−1
WLS
xi
x(i)
X
X
X
y(x)
y
δx
εi = ε(xi )
η(x, θ)
η(θ)
θ
θ̂N
θ̄
Θ
Θ
∂Θ
Θ#
κ(x)
λ(x, θ̄)
λmin (A)
λmax (A)
μ
ξ
ξ∗
Ξ
π(·)
πX,y (·)
X (·, ·)
σ 2 (x)
ϕ̄(·)
ϕ̄x (·)
ϕx,θ (·)
ϕX,θ (·)
ϕ∗X (·)
φ(·)
φ+ (·)

Variance–covariance matrix
With probability one
−1
{w ∈ R−1 : wi ≥ 0 ,
i=1 w i ≤ 1}
Weighted least squares
i-th design point, experimental variables for the i-th trial
i-th element in a ﬁnite design space X
Exact design with ﬁxed size N , X = (x1 , . . . , xN )
Design space (in general a compact subset of Rd )
Finite design space with  elements
Observation (random variable) at x
Vector of observations, y = [y(x1 ), . . . , y(xN )]
Delta measure with mass 1 at x
Measurement error (with zero mean, IEx {ε(x)} = 0)
Mean (or expected) response at x ∈ X for parameters θ
in a regression model
Vector of responses, η(θ) = ηX (θ) = [η(x1 , θ), . . . , η(xN , θ)]
Vector of parameters (θ1 , . . . , θp ) ∈ Θ ⊂ Rp
Estimator of θ for N observations
True value of θ
Parameter space, a subset of Rp
Closure of Θ
Boundary of Θ
Set of global minimizers of Jθ̄ (·)
Kurtosis of the p.d.f. ϕ̄x (·), κ(x) = IEx {ε4 (x)}σ −4 (x) − 3
Parameterized variance function IEx {ε2 (x)}
in a (mixed) regression model
Minimum eigenvalue of A
Maximum eigenvalue of A
Probability measure (e.g., prior measure for θ)
Design measure (a probability measure on X )
Optimum design measure
Set of design measures on X
Prior p.d.f. for θ
Posterior p.d.f. for θ given y for the design X
p.d.f. of the joint distribution of θ and y for the design X
Variance of the error ε(x)
p.d.f. of the errors ε (regression model with i.i.d. errors)
p.d.f. of the errors ε(x) (regression model)
p.d.f. of the observations y(x) (e.g., exponential family with
parameters θ)
p.d.f. of y given θ for the design X
p.d.f. of the marginal distribution of y for the design X
Design criterion, function of a design measure ξ
Positively homogenous form of φ(·)

Symbols and Notation

φ∗
Φ(·)
Φ+ (·)

Optimum (i.e., maximum) value of φ(ξ), ξ ∈ Ξ
Design criterion, function of an information matrix
Positively homogenous form of Φ(·)
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List of Labeled Assumptions

HΘ , page 22: Θ is a compact subset of Rp such that Θ ⊂ int(Θ).
H1η , page 22: η(x, θ) is bounded on X × Θ and η(x, θ) is continuous on
Θ, ∀x ∈ X .
H2η , page 22: θ̄ ∈ int(Θ) and, ∀x ∈ X , η(x, θ) is twice continuously
diﬀerentiable with respect to θ ∈ int(Θ), and its ﬁrst two derivatives are
bounded on X × int(Θ).
H1h , page 36: The function h(·) : Θ −→ R is continuous and has continuous second-order derivatives in int(Θ).


2

H3η , page 43: Let S denote the set θ ∈ int(Θ) : η(·, θ) − η(·, θ̄)ξ <  ,
then there exists  > 0 such that for every θ# and θ∗ in S we have



ξ
∂ 
η(·, θ) − η(·, θ# )2
= 0 =⇒ θ# ≡ θ∗ .
ξ
∂θ
θ=θ ∗
ξ

H4η , page 43: For any point θ∗ ≡ θ̄ there exists a neighborhood V(θ∗ )
such that
∀θ ∈ V(θ∗ ) , rank[M(ξ, θ)] = rank[M(ξ, θ∗ )] .
H2h , page 43: The function h(·) is deﬁned and has a continuous nonzero
ξ

vector of derivatives ∂h(θ)/∂θ on int(Θ). Moreover, for any θ ≡ θ̄, there
exists a linear mapping Aθ from L2 (ξ) to R (a continuous linear functional
on L2 (ξ)), such that Aθ = Aθ̄ and that
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List of Labeled Assumptions

∂h(θ)
= Aθ [{fθ }i ] , i = 1, . . . , p ,
∂θi
where {fθ }i is deﬁned by (3.42).
H2h , page 44: There exists a function Ψ (·), with continuous gradient, such
that h(θ) = Ψ [η(θ)], with η(θ) = (η(x(1) , θ), . . . , η(x(k) , θ)) .
H2h , page 44: h(θ) = Ψ [h1 (θ), . . . , hk (θ)] with Ψ (·) a continuously diﬀerentiable function of k variables and with

hi (θ) =
gi [η(x, θ), x] ξ(dx) , i = 1, . . . , k ,
X

for some functions gi (t, x) diﬀerentiable with respect to t for any x in the
support of ξ.
H3h , page 47: The vector function h(θ) has a continuous Jacobian
ξ

∂h(θ)/∂θ on int(Θ). Moreover, for each θ ≡ θ̄ there exists a continuous linear
mapping Bθ from L2 (ξ) to Rq such that Bθ = Bθ̄ and that
∂h(θ)
= Bθ [{fθ }i ] , i = 1, . . . , p ,
∂θi
where {fθ }i is given by (3.42).
H1λ , page 48: λ(x, θ̄) is bounded and strictly positive on X , λ−1 (x, θ) is
bounded on X × Θ, and λ(x, θ) is continuous on Θ for all x ∈ X .
H2λ , page 48: For all x ∈ X , λ(x, θ) is twice continuously diﬀerentiable
with respect to θ ∈ int(Θ), and its ﬁrst two derivatives are bounded on X ×
int(Θ).
HS , page 172: There exists r > 0 such that:
(a) Probθ̄ [G(r)] = Prob(y − η(θ) < r) ≥ 1 −  .
(b) Every y ∈ T (r) has one r-projection only.
HX -(i), page 273: inf θ∈Θ λmin

*


+

(i)  (i)
i=1 fθ (x )fθ (x )

> γ > 0.

HX -(ii), page 273: For all δ > 0 there exists (δ) > 0 suchthat for any subp
set {i1 , . . . , ip } of distinct elements of {1, . . . , }, inf θ−θ̄ ≥δ j=1 [η(x(ij ) , θ) −
η(x(ij ) , θ̄)]2 > (δ).
*
+
p
(ij )  (ij )
)fθ̄ (x ) ≥ γ̄ > 0 for any subset
HX -(iii), page 273: λmin
j=1 fθ̄ (x
{i1 , . . . , ip } of distinct elements of {1, . . . , }.
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H. Läuter, and H. Wynn (Eds.), mODa’7 – Advances in Model–Oriented
Design and Analysis, Proc. 7th Int. Workshop, Heeze (Netherlands),
Heidelberg, pp. 13–21. Physica Verlag.
Atkinson, A., K. Chaloner, A. Herzberg, and J. Juritz (1993). Optimal experimental designs for properties of a compartmental model. Biometrics 49,
325–337.
Atkinson, A. and R. Cook (1996). Designing for a response transformation
parameter. J. Roy. Statist. Soc. B59, 111–124.
Atkinson, A. and D. Cox (1974). Planning experiments for discriminating
between models (with discussion). J. Roy. Statist. Soc. B36, 321–348.
Atkinson, A. and A. Donev (1992). Optimum Experimental Design. Oxford
Univ. Press.
Atkinson, A. and V. Fedorov (1975a). The design of experiments for discriminating between two rival models. Biometrika 62 (1), 57–70.
Atkinson, A. and V. Fedorov (1975b). Optimal design: experiments for discriminating between several models. Biometrika 62 (2), 289–303.

L. Pronzato and A. Pázman, Design of Experiments in Nonlinear Models,
Lecture Notes in Statistics 212, DOI 10.1007/978-1-4614-6363-4,
© Springer Science+Business Media New York 2013

369

370

References

Atwood, C. (1969). Optimal and eﬃcient designs of experiments. Ann. Math.
Statist. 40 (5), 1570–1602.
Atwood, C. (1973). Sequences converging to D-optimal designs of experiments. Ann. Statist. 1 (2), 342–352.
Atwood, C. (1976). Convergent design sequences for suﬃciently regular optimality criteria. Ann. Statist. 4 (6), 1124–1138.
Atwood, C. (1980). Convergent design sequences for suﬃciently regular optimality criteria, II singular case. Ann. Statist. 8 (4), 894–912.
Avriel, M. (2003). Nonlinear Programming. Analysis and Methods. New York:
Dover. [Originally published by Prentice Hall, 1976].
Barndorﬀ-Nielsen, O. (1978). Information and Exponential Families in Statistical Theory. Chichester: Wiley.
Bartlett, P. (2003). Prediction algorithms: complexity, concentration and convexity. In Prep. 13th IFAC Symp. on System Identiﬁcation, Rotterdam,
pp. 1507–1517.
Bates, D. and D. Watts (1980). Relative curvature measures of nonlinearity.
J. Roy. Statist. Soc. B42, 1–25.
Bates, D. and D. Watts (Eds.) (1988). Nonlinear regression Analysis and its
Applications. New York: Wiley.
Ben-Tal, A. and A. Nemirovskii (2001). Lectures on Modern Convex Optimization: Analysis, Algorithms, and Engineering Applications. Philadelphia: MPS/SIAM Series on Optim. 2.
Beran, R. (1974). Asymptotically eﬃcient rank estimates in location models.
Ann. Statist. 2, 63–74.
Berlinet, A. and C. Thomas-Agnan (2004). Reproducing Kernel Hilbert Spaces
in Probability and Statistics. Boston: Kluwer.
Bickel, P. (1982). On adaptive estimation. Ann. Statist. 10, 647–671.
Bickel, P., C. Klassen, Y. Ritov, and J. Wellner (1993). Eﬃcient and Adaptive
Estimation for Semiparametric Models. Baltimore: Johns Hopkins Univ.
Press.
Biedermann, S. and H. Dette (2001). Minimax optimal designs for nonparametric regression — a further optimality property of the uniform distribution. In A. Atkinson, P. Hackl, and W. Müller (Eds.), mODa’6 – Advances
in Model–Oriented Design and Analysis, Proc. 6th Int. Workshop, Puchberg/Schneberg (Austria), Heidelberg, pp. 13–20. Physica Verlag.
Bierens, H. (1994). Topics in Advanced Econometrics. Cambridge: Cambridge
Univ. Press.
Bilardello, P., X. Joulia, J.-M. Le Lann, H. Delmas, and B. Koehret (1993).
A general strategy for parameter estimation in diﬀerential-algebraic systems. Comput. Chem. Eng. 17, 517–525.
Billingsley, P. (1995). Probability and Measure. New York: Wiley. [3rd ed.].
Birgin, E., J. Martı́nez, and M. Raydan (2000). Nonmonotone spectral projected gradient methods on convex sets. SIAM J. Optim. 10 (4), 1196–1211.
Bland, R., D. Goldfarb, and M. Todd (1981). The ellipsoid method: a survey.
Oper. Res. 29 (6), 1039–1091.

References

371

Bloomﬁeld, P. and G. Watson (1975). The ineﬃciency of least squares.
Biometrika 62 (1), 121–128.
Bohachevsky, I., M. Johnson, and M. Stein (1986). Generalized simulated
annealing for function optimization. Technometrics 28 (3), 209–217.
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vol. 1 & 2. Paris: Dunod.
Mitchell, T. (1974). An algorithm for the construction of “D-optimal” experimental designs. Technometrics 16, 203–210.
Molchanov, I. and S. Zuyev (2001). Variational calculus in the space of measures and optimal design. In A. Atkinson, B. Bogacka, and A. Zhigljavsky
(Eds.), Optimum Design 2000, Chapter 8, pp. 79–90. Dordrecht: Kluwer.
Molchanov, I. and S. Zuyev (2002). Steepest descent algorithm in a space of
measures. Stat. Comput. 12, 115–123.
Montgomery, D. (1976). Design and Analysis of Experiments. New York:
Wiley. [6th ed., 2005].
Morris, M. and T. Mitchell (1995). Exploratory designs for computational
experiments. J. Stat. Plann. Inference 43, 381–402.

References

379

Müller, C. and A. Pázman (1998). Applications of necessary and suﬃcient
conditions for maximin eﬃcient designs. Metrika 48, 1–19.
Müller, H.-G. (1984). Optimal designs for nonparametric kernel regression.
Statist. Probab. Lett. 2, 285–290.
Müller, W. (2007). Collecting Spatial Data. Optimum Design of Experiments
for Random Fields. Heidelberg: Physica-Verlag. [3rd ed.].
Müller, W. and A. Pázman (2003). Measures for designs in experiments with
correlated errors. Biometrika 90 (2), 423–434.
Müller, W. and B. Pötscher (1992). Batch sequential design for a nonlinear estimation problem. In V. Fedorov, W. Müller, and I. Vuchkov (Eds.),
Model-Oriented Data Analysis II, Proc. 2nd IIASA Workshop, St Kyrik
(Bulgaria), May 1990, pp. 77–87. Heidelberg: Physica Verlag.
Nadaraya, E. (1964). On estimating regression. Theory Probab. Appl. 9,
141–142.
Nesterov, Y. (1995). Complexity estimates of some cutting plane methods
based on the analytic center. Math. Programming 69, 149–176.
Nesterov, Y. (2004). Introductory Lectures to Convex Optimization: A Basic
Course. Dordrecht: Kluwer.
Nesterov, Y. and A. Nemirovskii (1994). Interior-Point Polynomial Algorithms in Convex Programming. Philadelphia: SIAM.
Newey, W. (1991). Uniform convergence in probability and stochastic equicontinuity. Econometrica 9 (4), 1161–1167.
Pan, S., S. He, and X. Li (2007). Smoothing method for minimizing the sum
of the r largest functions. Optim. Methods Softw. 22, 267–277.
Parzen, E. (1962). On estimation of a probability density function and mode.
Ann. Math. Statist. 35, 1065–1076.
Parzen, E. (1979). Nonparametric statistical data modeling. J. Amer. Statist.
Assoc. 74 (365), 105–121.
Pázman, A. (1980). Singular experimental designs. Math. Operationsforsch.
Statist. Ser. Statist. 16, 137–149.
Pázman, A. (1984a). Nonlinear least squares – uniqueness versus ambiguity.
Math. Operationsforsch. Statist. Ser. Statist. 15, 323–336.
Pázman, A. (1984b). Probability distribution of the multivariate nonlinear
least-squares estimates. Kybernetika 20, 209–230.
Pázman, A. (1986). Foundations of Optimum Experimental Design. Dordrecht
(co-pub. VEDA, Bratislava): Reidel (Kluwer group).
Pázman, A. (1990). Small-sample distributional properties of nonlinear regression estimators. a geometric approach (with discussion). Statistics 21 (3),
323–367.
Pázman, A. (1992a). A classiﬁcation of nonlinear regression models and parameter conﬁdence regions. Kybernetika 28 (6), 444–453.
Pázman, A. (1992b). Geometry of the nonlinear regression with prior. Acta
Math. Univ. Comenianae LXI, 263–276.
Pázman, A. (1993a). Higher dimensional nonlinear regression — a statistical
use of the Riemannian curvature tensor. Statistics 25, 17–28.

380

References

Pázman, A. (1993b). Nonlinear Statistical Models. Dordrecht: Kluwer.
Pázman, A. (2001). Concentration sets, Elfving sets and norms in optimum
design. In A. Atkinson, B. Bogacka, and A. Zhigljavsky (Eds.), Optimum
Design 2000, Chapter 10, pp. 101–112. Dordrecht: Kluwer.
Pázman, A. (2002a). Optimal design of nonlinear experiments with parameter
constraints. Metrika 56, 113–130.
Pázman, A. (2002b). Results on nonlinear least squares estimators under nonlinear equality constraints. J. Stat. Plann. Inference 103, 401–420.
Pázman, A., S. Bilenkaya, J. Bystrický, Z. Janout, and F. Lehar (1969). The
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Söderström, T. 102, 104
Spokoinyi, V.G. 268
St. John, R.C. 284
Stein, C. 97, 278
Stein, M.L. 299
Stoer, J. 57, 339
Stoica, P. 102, 104
Stone, C.J. 97
Studden, W.J. 110, 138, 142, 146
Stufken, J. 139
Styan, G.P.H. 154
Sun, P. 140, 161, 296
Sundaraij, N. 185
Tapia, R.A. 287
Tarasov, S.P. 161, 315

Thomas-Agnan, C. 3
Tibshirani, R. 3
Tikhomirov, V. 124, 135, 336
Titterington, D.M. 4, 141, 160, 161,
274, 291, 292
Todd, M.J. 161, 295, 296, 315, 316, 318
Torsney, B. 112, 134, 292
Trinca, L.A. 186
Trnovská, M. 162
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