A
Appendix. Structural properties and linear transformations in the
multidimensional systems with symmetric links
In this Appendix we consider the basic properties of the one class of multidimensional
linear systems. This particular class important for design of electronic systems, including
operational amplifiers, can be reduced to the systems with two input and two output variables
and one common mode feedback. The equivalent structural graphs are presented, and the
transfer coefficients for common mode and differential mode components of the input and
output signals are derived. These transfer coefficients are also used to evaluate the influence
of variations of the structure parameters. Some simple transistor amplifiers with n inputs and
n outputs are shown as examples.
1. We consider a special class of multidimensional (multichannel) linear systems with
symmetric links that can be represented by a graph of fig. A1a or by equations:
zi = −q 'i (ui + ri xc )
xc = ρc yc ;

(i = 1, n)

(A.1)

n

yc = ¦ ci zi
i =1

where ui are input signals, zi are output signals, ci , q 'i , ri ( i = 1, n ) and ρ c are transfer
coefficients. The same transformation of the input vector u into output vector z may also be
represented by the equivalent signal graph in fig. A1b.

Figure A1. Graph of the multidimensional system with common-mode feedback

In this figure qi = ri q 'i ci , and the signals xi = ri−1ui and yi = ci zi ( i = 1, n ) are inner
variables. The systems described by the graphs of fig. A1 may be called the systems with
common mode feedback, which can be positive or negative.
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2. Any channel a out of n can be chosen and the rest of ( n − 1 ) channels could be
combined in a single channel b . It allows one to limit consideration by the two-dimensional
system of fig. A2, where
qb =

n

¦ qi ;

i≠a

xb =

1
qb

n

1

n

¦ qi xi = q ¦ qi ri −1ui ;

i≠a

b i≠a

yb =

n

¦ ci −1 yi

(A.2)

i≠a

This substitution simplifies the analysis, and, at the same time, helps to visualize, without
complicated matrix formalism, the general properties of the system and effects of the
variations of the system parameters.

Figure A2. Graph of the two-dimensional system with common-mode feedback
3. The graph of fig. A2a may be transformed in other equivalent forms that may be more
convenient for analysis and synthesis of particular electronic systems. The considered twochannel systems can be easily reduced to the equivalent bridge representation (fig. A2b).
Signal graphs shown in fig. A2a and A2b are equivalent if

ρ a = ra ρ c ca ;

ρba = ra ρ c cb ;

qa = ra q 'a ca

ρ ab = rb ρ cca ;

ρb = rb ρ c cb ;

qb = rb q 'b cb

From these relationships one can find that
ρ a ρba ra
ρa
ρ
c
=
= ;
= ab = a
ρ ab ρb rb
ρba ρb cb

(A.3)

(A.4)

The bridge structures have a high sensitivity to variations of feedback parameters that
violate the relationships satisfying (A.4), especially when ra = rb = 1 and/or ca = cb = 1 . This
property is routinely used in instrumentation (bridge sensors).
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Figure A3. Two-dimensional systems with eliminated feedback
4. Using the rules of signal graph transformations [25] the graph of fig. A1a can be
modified into forms without feedback (fig. A2c and d) where:

za = −ca −1 (α a ra −1ua − α rb −1ub )

(A.5)

zb = −cb −1 (α ra −1u a − α b rb −1ub )

αa =

qa (1 + ρ c qb )
;
1 + ρ c (qa + qb )

αb =

α ab = α ba = α =

qb (1 + ρ c qa )
;
1 + ρ c (qa + qb )

qa ρ c qb
.
1 + ρc (qa + qb )

(A.6)

If

ρ c ⋅ min(qa , qb ) >> 1
then the transfer coefficients become
α = α = α = (q −1 + q −1 ) −1 = q~
a

b

a

b

(A.7)

(A.8)

Introducing differential and common mode components of the input signal
(A.9)
xd = ( xa − xb ) / 2;
xcm = ( xa + xb ) / 2;
one transforms the graph of fig. A2b into the graph of fig. A-3a. For this graph, one has in the
channel a ,
(A.10)
ya = −2α ad ( xd + ε a xcm )
where
q a / 2 + ρ c q a qb ~
1
≈ q /2
2
1 + ρ c ( q a + qb )
is the gain of the differential signal in the channel a , and

α ad = (α a + α ) =

(A.11)
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αa −α
1
=
α a + α 1 + 2 ρ c qb

(A.12)

is the attenuation of the common mode signal in the channel a . For channel b
(A.13)
yb = −2α bd ( xd + ε b xcm )
and, substituting b instead of a and changing signs, one can find similar to (A.11) and (A.12)
expressions for the differential gain, α bd , and common mode attenuation, ε b , in the channel
b.
The same parameters ε a , ε b , α ad , α bd define the dependence of the differential output
signal yd = ( ya − yb ) / 2 and common mode signal ycm = ( ya + yb ) / 2 as a function of the
variable xa (graph of fig. A-3b):
( y d ) a = −α ad xa ;

( ycm ) a = −ε a ( y d ) a

(A.14)

( ycm ) b = −ε b ( y d ) b

(A.15)

or as a function of xb :
( y d ) b = −α bd xb ;

One can also find the dependencies of the differential, yd , and common mode, ycm ,
components from xd and xcm (graph of fig. A3c). After simple substitutions one obtains that
yd = −α d ( xd + ε c xcm );

(A.16)

ycm = −α c (ε d xd + xcm ),

where

α d = α ad − α bd =
εc =

2 ρ c qa qb + ( qa + qb ) / 2
;
1 + ρ c ( q a + qb )

( q a − qb )
α a −αb
=
;
α ad − α bd (qa + qb ) + 4 ρ c qa qb

(A.17)

and

αc =
εd =

αa + αb
2

−α =

(1 / 2)(qa + qb )
1
≈
;
1 + ρ c ( qa + qb ) 2 ρ c

αa −αb
q − qb
= a
α a + α b − 2α qa + qb .

(A.18)

The equations (A.10)-(A.18), and the corresponding graphs of fig. A3 represent different
cases useful in design of instrumentation and amplification systems.
5. When the left side in (A.7) increases the attenuation of the common mode components
xcm and ycm also increases. This allows one to amplify even very small differential signal
xd and to resolve very small difference yd or to obtain the signal proportional to a very

small difference of two parameters:
2 xd = u 0 (ra −1 − rb −1 );

y d = y0 (ca −1 − cb −1 ),

(A.19)

and ua = ub = u0 or ya = yb = y0 even if the channel gains are different, i.e. qa ≠ qb .
If, in addition to (A.7), the gain of one channel is much larger than the gain of another one,
for example,
(A.20)
qb >> qa then q~ → qa .
Also, as follows from (A.6) and (A.10) :
α ≈ α a ≈ α b ≈ q~ ≈ qa

(A.21)
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The condition (A.20) may occur if the channel a has a local feedback, or the gain of this
channel has changed due to nonlinear distortions or variation of bias with time. It may also
occur if the channel b represents the equivalent of ( n − 1) channels in the n -channel system
and
qb =

n

¦ qi ≈ (n − 1)q >> qa

(A.22)

i≠a

The n two-channel systems that obtained from a single n -channel system by choosing
one channel as a -channel and grouping all other channels into b -channel may have different
transmissions α a ( a = 1, n ) for the differential mode signal ( xa − xb ) / 2 . Yet, the attenuation
parameters of the common mode signal ε a = (2 ρc qb ) −1 and ε b = (2 ρc qa ) −1 at the input and
output of each pair of channels may be very small if the condition (A.7) is satisfied.
6. The two-channel structure of fig. A-2 may be interpreted as a general structure of a
control system where qb , rb , cb are transfer coefficients of the controlled object, its input
sensors and the output transducers, and qa , ra , ca are transfer coefficients of the model
representing desirable properties. The parameter ρ c represents the feedback amplifier
amplifying the difference between the outputs of the object and the model.
For example, one can consider as a model the compensation unit included in the feedback
link (fig. A-4a) or in the feedforward link (fig. A-4b).
If the inequalities A.7 and A.20 are valid, and ra −1 >> rb −1 (see fig. A-2a) then the outputs
of the object and the model, as it follows from A.4, are approximately equal, i.e.
ya ≈ ca za ≈ yb ≈ cb zb ≈ qa ra −1ua

(A.23)

and defined by the parameters qa , ra and the control signal ua of the model.

Figure A4. Systems with models
These properties are preserved for any dimension nb of the object ( na + nb = n,
na >> nb ). The relationships A.9 - A.15 allow one to evaluate the degree of independence of

the control system parameters on the object properties.
7. If one changes the sign of the link transfer in channel a or in feedback as shown in fig.
A-5a ( ra , ca , ρ ab , ρba < 0 ) then the common-mode feedback suppresses the differential (and
not the common-mode as before) component of the input and output signals. In other words,
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the parametric differences between channels as well as the difference between input signals
due to different biasing, noise, etc. are reduced in this system.
All previous relationships are valid for this structure as well, but ε , ε a , ε b now mean
attenuation of the differences while α ad , α bd , α d are now the transfer coefficients of the
common-mode signals.

Figure A5. Useful modifications of two-dimensional system graph
8. Some other useful modifications of the general structure are shown in fig. A5b and A5c.
The figure A-5b highlights the fact that the common-mode feedback link in the general
structure of fig. A-2a can also have, in turn, the same structure. It can also be seen as if each
of the links qa' , qb' has its own local feedback but the parameters of these feedbacks are
defined by the main common-mode link.
The signal inversions can be implemented at the input links and the units qa' , qb' can have
their own local feedback links −(γ a − γ ) and −(γ b − γ ) as shown in fig. A-5c. The resulting
link transfers are:
qa =

qa'

and qb =

qb'

(A.24)
1 + (γ b − γ )qb'
If the condition (A.7) is satisfied for this structure, and the structure is changed to the form
without feedbacks as in fig. A-2d, then
qa qbγ
1
1
1
1
1
α=
≈ ( + ) −1 ≈ ( ' + ' +
)
(A.25)
ρ
qa qb
1 + γ (qa + qb )
qa qb
c
1 + (γ a − γ )qa'

Other relationships for this structure can be derived in the same way as A.8 – A.18.
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The fig. A-2a common mode feedback link can also be split in two links. This creates the
equivalent structure shown in fig. A-5d. Here each of qa' , qb' links has its own feedback, and
these feedbacks affect also the opposite signal paths.

Figure A-6. Four types of input stages
9. With addition of the cross links at input and output, the general structure with commonmode feedback can be considered as functionally complete unit for implementation of linear
multidimensional systems (in the same sense as NOR and NAND cells are functionally
complete for logic operations). For example, it can be used to represent voltage and current
relationships in arbitrary electrical networks.
Table A1 shows three types of summing circuits for current or voltage signal sources
having a common load. The complementary distributing circuits of the signal from the
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common source between loads are shown in Table A2. All these circuits can be described by
the same graph with common-mode feedback as shown in the bottom row of the tables. The
choice of the input and output variables in the graph defines the type of the circuit it
represents.
10. The differential input stages of the voltage and current amplifiers can also be reduced
to the general structure as shown in fig. A6. Fig. A6a represents the voltage controlled current
sources (large output impedances, high input impedances). The output current of each source
depends on the difference between the input voltage of this source and the average input
voltage, namely
I i − I 0 = g mi (ui − u ) ; u =

1 n
¦ ui i = 1, n
n i =1

(A.26)

The same structure may represent a completely different stage of fig. A6b. This stage has
a large common-mode and small differential input resistance. The input resistance of each
channel is equal to 1/gmi, yet, the output currents are expressed by equation (A.26).
The input stage with large differential and small common-mode input impedance is shown
in fig. A-6c. The input stage where both low differential and common mode impedances are
low is shown in fig. A-6d.
Numerous implementations of these stages are possible depending on the component cell
library at hand.
11. The differential structure with common-mode feedback can model very wide variety
of multidimensional systems. This structure helps to understand the common properties and
differences of these systems, and, which is the most important, to synthesize the circuits with
desired properties.
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Weighted summing

Simple summing

Table AA1. Summing circuits using passive components
Current
Voltage

iL = (1 +
=

n

n

k =1

k =1

¦ Gk−1 ) −1 ¦ ik

n

n

¦ ik if ¦ G −k 1

k =1

<< 1 and zL →0

k =1

u L = (1 +

n

n

k =1

k =1

¦ Gk ) −1 ¦ z k ik

n

n

k =1

k =1

u L = (1 +
=

n

iL =

¦ Gk−1ik

k =1
n

¦ Gk−1 + 1

k =1

1 n
¦ ik
n k =1

k =1

k =1

iL = (1 +
n

¦ ik

k =1

<< 1 and z L → ∞

n

n

k =1
n

k =1

¦ Gk−1 ) −1 ¦ ik

uL =

k =1

n

¦ Gk u k

k =1
n

¦ Gk + 1

k =1

uL =

=

if ¦ G −1 << 1 and zL →0
k

n

k =1

if z k = z0

=

1 n
¦ uk
n k =1

≈

¦ z k−1u k

k =1
n

¦ z k−1

k =1

Low power
circuits with
ideal
instrument
Power
circuits if

Gk = G0

if all z k = const = z0

Summing circuit graph

iL =

k =1

n

¦ z k−1ik
¦ z k−1

k =1

n

n

≈

n

¦ uk if ¦ Gk

≈

=

k =1
n

n

¦ Gk ) −1 ¦ uk

Low power
circuits, only
with ideal
instrument

≈ ¦ z k ik if ¦ Gk << 1 and

zL → ∞

Averaging summing

=

Application
Power
circuits with
ideal sources
Feedback
circuits with
ideal
instrument

Notes. 1. Ideal current instrument z i → 0 ; ideal voltage instrument zi → ∞ ; ideal voltage
source zi → 0 ; ideal current source zi → ∞ .
2. Gk = z L−1 z k , k = (1, n) ; Gk−1 = z L z k−1 .
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Table AA2. Distributing circuits using passive components

Simple distributing

Voltage

u Lk = (1 +
n
if ¦
Gk

Weighted distributing

k =1

Current

n

¦ Gk ) −1 u s ≈ u s

>> 1

n

¦ Gk−1 ) −1 is ≈ is

iLk = (1 +

k =1

and z s → 0

n
if ¦
G −1
k
k =1

Application

k =1

>> 1 and

Power circuits
with ideal
source
Measurements
with ideal
instruments

zs → ∞
Input circuits
with ideal
instruments or
sources

−1
i Lk = z Lk
(1 +

n

−1

¦ Gk

k =1

n

¦ Gk−1 ) −1 u s ≈ z Lk is if

k =1

>> 1 and

zs → 0

u Lk = z Lk (1 +

n

¦ Gk ) −1is

k =1

≈ z Lk is

n

if ¦ Gk >> 1 and z s → ∞

Averaging distributing

k =1

Input circuits
with ideal
sources
u Lk =

Gk−1u s
n

1 + Gk−1
k =1

¦

≈

Gk−1u s
n

Gk−1
k =1

≈

¦

us
n

n

if ¦ G −1 >> 1 ; z Lk = z0
k

1+

n

≈

¦ Gk

k =1

Gk is
n

¦ Gk

≈

is
n

k =1

n

if ¦ G >> 1 ; z Lk = z0
k
k =1

Distributor graph

k =1

Gk i s

i Lk =

Notes. 1. Ideal current instrument zi → 0 ; ideal voltage instrument zi → ∞ ; ideal voltage
source z s → 0 ; ideal current source z s → ∞ .
−1
z s , k = (1, n) ;
2. Gk = z Lk

Gk−1 = z Lk z s−1 .
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