Appendix A

Stochastic Processes

Probability Space The outcome of a phenomenon will be denoted by ξ . ξ belongs
to a set Ω which contains all the possible outcomes of a phenomenon. Therefore,
Ω is the sure event. One denotes the impossible event by φ. The set of events is
denoted by F . A probability measure P is associated to Ω, i.e., for subsets of Ω
probability of occurrence is assigned. The triplet (Ω, F , P ) is called a probability
space.
A σ -algebra F is a set of subsets of Ω which contains the empty set φ and is
closed under complements and countable unions.
A random variable generates a σ -algebra F since all possible outcomes define
subsets in the event space Ω.
Axioms of Probability Consider two events a and b belonging to Ω. To each event
one assigns a probability P (·) satisfying the following axioms:
1. P (a) ≥ 0; ∀a ∈ Ω
2. P (Ω) = 1
3. P (a ∪ b) = P (a) + P (b) if a ∩ b = ∅
Random Variable A random variable X is a function from the event space Ω to
R 1 and will be denoted by X(ξ ) with ξ ∈ Ω. (The argument will be omitted in
general.)
Induced Probability Since to each subset (event) of Ω, a probability has been assigned and since x is a function of ξ , there is a probability that X takes a value in
a subset of R 1 , i.e.:
P {X(ξ ) ≤ x1 } or P {x1 ≤ X(ξ ) ≤ x2 }
Distribution Function
FX (x) = P {X ≤ x};
is called the distribution function.
Probability Density Function
FX (x) = P {X ≤ x} =

−∞ < x < ∞



x

−∞

fX (x)dx
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where fX (x) is the probability density function (i.e., FX (x) is continuous and the
derivatives with respect to x exist).
Gaussian (Normal) Distribution
1
2
2
fX (x) = √ e−x /2σ
σ 2π
Expectation (Mean Value) of a Random Variable
 ∞
fX (x)dx
m(X) = E{X(ξ )} =
−∞

Covariance of a Random Variable
cov X = E[X − m(x)]2 = E{[X(ξ ) − m(x)]2 }
Independent Random Variables Two random variables X and Y are characterized by the joint distribution function
FXY (xy) = P {X ≤ x; Y ≤ y}
The random variables X and Y are called independent if:
FXY (x, y) = FX (x)FX (y) = P {X ≤ x}P {Y ≤ y}
Uncorrelated Random Variables Two random variables X and Y are uncorrelated
if:
E{XY } = E{X}E{Y }
Note: independence implies uncorrelation
Orthogonal Random Variables Two random variables X and Y are orthogonal if:
E{XY } = 0
Sequence of Independent Random Variables Given n real random variables
X1 , X2 , . . . , Xn they are independent if:
P {X1 ≤ x1 , . . . , Xn ≤ xn } = P {X1 ≤ x1 }, . . . , P {Xn ≤ xn }
Discrete-Time Stochastic Process A discrete-time stochastic process is defined as
a sequence of random variables defined on a common probability space and indexed by the discrete time t = 0, 1, 2 . . . . A stochastic process x is a function of
t and ξ : X(t, ξ ). For a fixed t, one obtains a random variable. For each ξ , one
obtains a realization of the stochastic process.
Mean Value of a Stochastic Process
mX (t) = E{X(t, ξ )}
Covariance Function
RXY (t, l) = E{[X(t) − mX (t)][Y (l) − mY (l)]}
Discrete-Time (Gaussian) White Noise {e(t)} It is a sequence of independent
equally distributed (normal) random variables of zero mean (m(x) = 0) and variance σ 2 . Often the sequence will be denoted {e(t)} and will be characterized by
the parameters (0, σ ) where 0 corresponds to zero mean and σ is the standard deviation (square root of the variance). This sequence has the following properties:
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1. E{e(t)} = 0



2. R(t, l) = E{e(t)e(l)} =

l=t
l=t

σ2
0

Weakly Stationary Stochastic Processes They are characterized by:
1. mX (t) = mX
2. RXX (t, l) = RXX (t − l)
and the Fourrier transform of RXX can be defined:
φX (ω) =

t=∞
1 
RXX (t)e−j ωt
2π t=−∞

which is called the spectral density function. For the discrete-time white noise:
σ2
2π
Conditional Probability Given an event b with non zero probability (P (b) > 0),
the conditional probability of the event a assuming that b has occurred is defined
by:
φe (ω) =

P (a|b) =

P (a ∩ b)
P (b)

This definition is extended to events x1 , x2 , . . . , xn ∈ F and more generally to F .
Conditional Expectation
E{a|b} =

E{a ∩ b}
E{b}

This can be extended to the case where b is the σ -algebra Ft generated by the
sequence of random variables up to and including t. The conditional expectation
of X with respect to Ft is written: E{X|Ft }. An increasing σ -algebra Ft has the
property: Ft−1 ⊂ Ft .
Martingale Sequence Let (Ω, F , P ) be a probability space and suppose that for
each t there is a sub-σ -algebra F of F such that Ft−i ⊂ Ft for i ≥ 0. Then the
sequence X(t) is said to be adapted to the sequence of increasing σ -algebras Ft if
X(t) is Ft measurable for every t (every stochastic process is adapted to its own
past).
Under the above conditions X(t) is a martingale sequence provided that:
1. E{|X(t)|} < ∞ almost sure
2. E{X(t + 1)|Ft } = 0
Convergence w.p.1 (a.s.) If X(t, ξ ) is a sequence of random variables defined on
a probability space (Ω, F , P ) such that:


Prob lim X(t) = x ∗ = 1
t→∞

we say that: “X(t) converges to x ∗ with probability 1 (w.p.1)” or “X(t) converges
to x ∗ almost sure (a.s.)”.
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Ergodic Stochastic Process (in the Mean) For any outcome ξ (with the exception
of a subset with zero probability) one has:


N
1 
X(t, ξ ) = E{X(t)} = 1
P lim
N →∞ N
t=1

For ergodic stochastic process time average replaces set average.
Spectral Factorization Theorem (Åström 1970) Consider a stationary stochastic
process with a spectral density φ(ej ω ) which is rational in cos ω.
1. There exists a linear system with the pulse transfer function
H (z−1 ) =

C(z−1 )
D(z−1 )

with poles in |z| < 1 and zeros in |z| ≤ 1 such that:
φ(ej ω ) = H (e−j ω )H (ej ω )
2. The spectral density of the output of H (z−1 ) when the input is a discrete-time
Gaussian white noise is a stationary stochastic process with spectral density
φ(ej ω ).
Remarks
1. Without the restriction on poles and zeros the factorization of φ(ej ω ) is not
unique.
2. Spectral factorization theorem allows to consider all the stationary stochastic
processes with a rational spectral density as being generated by an asymptotically stable linear system driven by a white noise.
3. Positive real lemma (see Appendix D) plays an important role in solving the
factorization problem (see Faurre et al. 1979).
Innovation Process A consequence of the factorization theorem is that a stochastic
process can be expressed as:
y(t + 1) = f [y(t), y(t − 1), . . .] + h(0)e(t + 1)
where e(t + 1) is a white noise and h(0) is the coefficient of the impulse response
for l = t + 1 − i = 0 (y(t + 1) = t+1
i=−∞ h(t + 1 − i)e(i)). Therefore y(t + 1) can
be expressed as a sum of two terms, a term which depends only on the past (measurable) quantities and a pure stochastic term which is the “true” new information
unpredictable at t. This formulation can be further extended for y(t + d), i.e.
y(t + d) = fy [y(t), y(t − 1), . . .] + fe [e(t + d), e(t + d − 1), . . . , e(t + 1)]
The term fe [e(t + d), e(t + d − 1) . . .] is called the innovation. As a consequence:
E{y(t + d)|y(t), y(t − 1), . . .} = fy [y(t), y(t − 1), . . .]
E{fy · fe } = 0
The innovation representation plays an important role in prediction problems.

Appendix B

Stability

We will consider free (unforced) discrete-time systems of the form:
x(t + 1) = f [x(t), t]

(B.1)

where x(t) denotes the n-dimensional state vector of the system. In the linear time
invariant case (B.1) becomes:
x(t + 1) = Ax(t)

(B.2)

The solutions of the system (B.1) will be denoted by x(t, x0 , t0 ) where x0 is the
initial condition at time t0 .
Definition B.1 A state xe of the system (B.1) is an equilibrium state if:
f (xe , t) = 0;

∀t ≥ t0

Definition B.2 (Stability) An equilibrium state xe of the system (B.1) is stable if
for arbitrary t0 and ε > 0, there exists a real number δ(ε, t0 ) such that:
x0 − xe  ≤ δ(ε, t0 )

⇒

x(t, x0 , t0 ) − xe  ≤ ε;

∀t ≥ t0

Definition B.3 (Uniform Stability) An equilibrium state xe of the system (B.1) is
uniformly stable if it is stable and if δ(ε, t0 ) does not depend on t0 .
Definition B.4 (Asymptotic Stability) An equilibrium state xe of the system (B.1)
is asymptotically stable if:
1. xe is stable
2. there exists a real number δ(t0 ) > 0 such that:
x0 − xe  ≤ δ(t0 )

⇒

lim x(t, x0 , t0 ) − xe  = 0

t→∞

Definition B.5 (Uniformly Asymptotically Stable) An equilibrium state xe of the
system (B.1) is uniformly asymptotically stable if:
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1. xe is uniformly stable
2. there exists a real number δ > 0 independent of to such that:
x0 − xe  ≤ δ

⇒

lim x(t, x0 , t0 ) − xe  = 0

t→∞

Definition B.6 (Global Asymptotic Stability) An equilibrium state xe of the system
(B.1) is globally asymptotically stable if for all x0 ∈ Rn :
1. xe is stable
2. limt→∞ x(t, x0 , t0 ) − xe  = 0
If, in addition, xe is uniformly stable then xe is uniformly globally asymptotically
stable.
Theorem B.1 (Lyapunov) Consider the free dynamic system (B.1) with:
f (0, t) = 0;

−∞ < t < +∞ (xe = 0 is an equilibrium state)

If there exists a real scalar function V (x, t) such that:
1. V (0, t) = 0 − ∞ < t < ∞.
2. V (x, t) ≥ α(x) > 0, ∀x = 0, x ∈ Rn and ∀t where α(·) is a continuous nondecreasing scalar function such that α(0) = 0 (V (x, t) is positive definite).
3. V (x, t) → ∞ with x → ∞ (V (x, t) is radially unbounded).
4. ΔV (x, t) = V (x, t + 1) − V (x, t) ≤ −μ(x) < 0, ∀x = 0, x ∈ Rn , ∀t along
the trajectories of the system (B.1) where μ(·) is a continuous non-decreasing
scalar function such that μ(0) = 0. (ΔV (x, t) is negative definite.) Then the equilibrium state xe = 0 is globally asymptotically stable and V (x, t) is a Lyapunov
function for the system (B.1).
If, in addition:
5. V (x, t) ≤ β(x) where β(·) is a continuous, non-decreasing scalar function
such that β(0) = 0, then xe = 0 is uniformly globally asymptotically stable.
Corollary B.1 If in Theorem B.1, V (x, t) is replaced by V (x), the equilibrium state
xe = 0 of the autonomous system:
x(t + 1) = f [x(t)]

(B.3)

is globally uniformly asymptotically stable if:
1.
2.
3.
4.

V (0) = 0;
V (x) > 0, ∀x = 0, x ∈ Rn ;
V (x) → ∞ with x → ∞;
ΔV [x(t)] = V [x(t + 1)] − V [x(t)] < 0 along the trajectories of (B.3) for all
x = 0, x ∈ Rn .

Corollary B.2 In Corollary B.1, condition 4 can be replaced by:
1. ΔV (x) ≤ 0, ∀x = 0, x ∈ Rn ;
2. ΔV (x) is not identically zero along any trajectory of (B.3).

B Stability

547

Theorem B.2 (Lyapunov) The equilibrium state xe = 0 of a linear time invariant
free system:
x(t + 1) = Ax(t)

(B.4)

is globally uniformly asymptotically stable if and only if, given a positive definite
matrix Q, there exists a positive definite matrix P which is the unique solution of
the matrix equation:
AT P A − P = −Q

(B.5)

x(t + 1) = f [x(t), u(t)]

(B.6)

y(t) = h[x(t), t]

(B.7)

Consider the system:

Definition B.7 The system is said to be weakly finite gain stable if:
y(t)2T ≤ κu(t)2T + β[x(t0 )]

(B.8)

where x(t0 ) ∈ Ω, 0 < κ < ∞, |β[x(t0 )]| < ∞ and y(t)2T =

T
t=t0

y 2 (t).

Consider the system:
x(t + 1) = Ax(t) + Bu(t)

(B.9)

y(t) = Cx(t) + Du(t)

(B.10)

Lemma B.1 (Goodwin and Sin 1984) Provided that the following conditions are
satisfied:
(i) |λi (A)| ≤ 1; i = 1, . . . , n.
(ii) All controllable modes of (A, B) are inside the unit circle.
(iii) Any eigenvalues of A on the unit circle have a Jordan block of size 1.
Then:
(a) There exist constants K1 and K2 with 0 ≤ K1 < ∞ and 0 ≤ K2 < ∞, which
are independent of N such that:
N

t=1

y(t)2 ≤ K1

N


u(t)2 + K2 ;

∀N ≥ 1

(B.11)

t=1

(the system is finite gain stable).
(b) There exist constants 0 ≤ m3 < ∞ and 0 ≤ m4 < ∞ which are independent of
t such that:
|y(t)| ≤ m3 + m4 max u(τ );
1≤τ ≤N

∀1 ≤ t ≤ N

(B.12)
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Lemma B.2 If the system (B.9), (B.10) is a minimal state space realization and
|λi (A)| < 1; i = 1, . . . , n, then:
N
N
1 
1 
y(t)2 ≤ K1 lim
u(t)2
N →∞ N
N →∞ N

lim

t=1

(B.13)

t=1

For definitions and proofs concerning the stability of discrete time systems see
Kalman and Bertram (1960), Mendel (1973).

Appendix C

Passive (Hyperstable) Systems

C.1 Passive (Hyperstable) Systems
The concept of passive (hyperstable) systems emerged in control through the seminal work of Popov, Kalman and Yakubovitch (the Popov-Kalman-Yakubovitch
lemma) in connection with the problem of stability of nonlinear feedback systems
(Popov 1963, 1964). The concept of passive (hyperstable) system can be viewed also
as a particularization of the concept of positive dynamic systems. The term positive
dynamic system is an extension of the mathematical concept of positivity. This is a
necessary and sufficient condition for a mathematical object to be factorizable as a
product (for example a positive definite matrix Q can be factored as Q = LLT ).
The study of passive (hyperstable) systems and their relations on the one hand
with positive dynamic systems and on the other hand with the properties of passive network have been initiated in Popov (1964). The terms “hyperstable” has been
coined to describe some input-output properties of a system which appears to be a
generalization of the property of passive systems, which requires that at every moment the stored energy be equal or less than the initial energy stored in the system,
plus the energy supplied to the system’s terminal over the considered time horizon.
(This generalization has been done more or less in the same way as for Lyapunov
functions which are positive definite functions, and for a particular state representation they can be related with the energy of the system.) The main use of this property
was to treat stability problems related to the interconnection of hyperstable systems.
A deep treatment of the subject can be found in Popov (1966, 1973) as well as in
Anderson and Vongpanitlerd (1972). Through the work of Willems (1971), Desoer
and Vidyasagar (1975), the term passive systems (instead of hyperstability) became
widely accepted, even if in this context, passive is not directly related to the energy supplied to a system. References for this subject include Zames (1966), Anderson (1967), Hitz and Anderson (1969), Hill and Moylan (1980), Faurre et al.
(1979).
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C.2 Passivity—Some Definitions
The norm of a vector is defined as:
x(t) = (x T x)1/2 ;

x ∈ Rn

The norm L2 is defined as:
x(t)2 =

∞


1/2
T

x (t)x(t)

0

where x(t) ∈ Rn and t is an integer (it is assumed that all signals are 0 for t < 0).
To avoid the assumption that all signals go to zero as t → ∞, one uses the extended
L2 space denoted L2e which contains the truncated sequences:

x(t) 0 ≤ t ≤ T
xT (t) =
0
t >T
Consider a system S with input u and output y (of same dimension). Let us define
the input-output product:
η(0, t1 ) =

t1


y T (t)u(t)

t=0

Definition C.1 A system S is termed passive if:
η(0, t1 ) ≥ −γ 2 ;

γ 2 < ∞; ∀t1 ≥ 0

Definition C.2 A system S is termed input strictly passive if:
η(0, t1 ) ≥ −γ 2 + κu22T ;

γ 2 < ∞; κ > 0; ∀t1 ≥ 0

Definition C.3 A system S is termed output strictly passive if:
η(0, t1 ) ≥ −γ 2 + δy22T ;

γ 2 < ∞; δ > 0; ∀t1 ≥ 0

Definition C.4 A system S is termed very strictly passive if:
η(0, t1 ) ≥ −γ 2 + κu22T + δy22T ;

γ 2 < ∞; δ > 0; κ > 0; ∀t1 ≥ 0

In all the above definitions, the term γ 2 will depend upon the initial conditions.
If a state space representation (state vector: x) can be associated to the system S,
one can introduce also the following lemmas:
Lemma C.1 The system resulting from the parallel connection of two passive blocks
is passive.
Lemma C.2 The system resulting from the negative feedback connection of two
passive blocks is passive.
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Fig. C.1 Parallel and feedback connections of two passive blocks

Proof The resulting systems are illustrated in Fig. C.1. The proof is based on the
observation that in the parallel connection, one has for the resulting system (input u,
output y):
u = u1 = u2 ;

y = y1 + y2

and in the case of feedback connection, one has:
u = u1 + y2 ;

y = y1 = u2

where uj , yj , j = 1, 2 are the input and output of the elementary blocks. The above
observations allow to write for the resulting system:
η(0, t1 ) =
=

t1

t=0
t1


y T (t)u(t)
y1T (t)u1 (t) +

t=0

t1


y2T (t)u2 (t) ≥ −γ12 − γ22 ;

t=0

γ1 , γ2 < ∞



Definition C.5 A symmetric square matrix P is termed positive (semidefinite) definite if:
x T P x(≥) > 0;

∀x = 0; x ∈ R n

A positive definite matrix P can be expressed as: P = LLT with L a nonsingular
matrix.
Definition C.6 A matrix function H (z) of the complex variable z is a Hermitian
matrix (or simply Hermitian) if:
H (z) = H T (z∗ )
(where ∗ means conjugate).
Hermitian matrices feature several properties, including:
1. A Hermitian matrix is a square matrix and the diagonal terms are real.
2. The eigenvalues of a Hermitian matrix are always real.
3. If H (z) is a Hermitian matrix and x is a vector with complex components, the
quadratic form x T H x ∗ is always real.
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Definition C.7 A Hermitian matrix is positive (semidefinite) definite if:
x T H x ∗ (≥) > 0;

∀x = 0; x ∈ C n

C.3 Discrete Linear Time-Invariant Passive Systems
Consider the linear time invariant discrete time system:
x(t + 1) = Ax(t) + Bu(t)

(C.1)

y(t) = Cx(t) + Du(t)

(C.2)

where x is a n-dimensional state vector, u and y are m-dimensional vectors representing the input and the output respectively and A, B, C, D are matrices of appropriate dimension. One assumes that [A, B, C, D] is a minimal realization of the
system. The system of (C.1) and (C.2) is also characterized by the square transfer
matrix:
H (z) = D + C(zI − A)−1 B

(C.3)

Definition C.8 A m × m discrete matrix H (z) of real rational functions is positive
real if and only if:
1. All elements of H (z) are analytic on |z| > 1 (i.e., they do not have poles in
|z| > 1).
2. The eventual poles of any element of H (z) on the unit circle |z| = 1 are simple
and the associated residue matrix is a positive semidefinite Hermitian.
3. The matrix H (ej ω ) + H T (e−j ω ) is a positive semidefinite Hermitian for all real
values of ω which are not a pole of any element of H (ej ω ).
In the case of a scalar transfer function H (z) condition 3 is replaced by:
Re H (z) ≥ 0;

∀|z| = 1

Definition C.9 The system (C.1)–(C.2) is termed hyperstable if:
η(0, t1 ) ≥ β1 x(t1 + 1)2 − β0 x(0)2 ;

β1 , β0 > 0; ∀t1 ≥ 0

and for all u(t) and x(t) that satisfy (C.1).
The inequality considered in Definition C.9 is a generalization of the passivity
condition from physics. With an appropriate choice of the state vector, the stored
energy at t1 + 1 may be expressed as βx(t1 + 1)2 with β > 0 and η(0, t1 ) is the
energy supplied to the system’s terminals over (0, t1 ). Passivity requires that at every
moment the stored energy be equal to or less than the initial energy plus the energy
supplied to the system.
Hyperstability implies passivity in the sense of Definition C.1 (γ =
β0 x(0)2 ). The converse is also true under the minimality assumption on the system (C.1)–(C.2).
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Lemma C.3 (Positive real lemma) The following propositions concerning the system of (C.1) and (C.2) are equivalent to each other:
1. H (z) given by (C.3) is a positive real discrete time transfer matrix.
2. The system (C.1)–(C.2) is passive.
3. There is a positive definite matrix P , a positive semidefinite matrix Q and matrices S and R such that:
AT P A − P = −Q

(C.4)

C − BT P A = ST

(C.5)

D +D − B PB = R
T

T

M=

(C.6)

Q
ST

S
≥0
R

(C.7)

4. There is a positive definite matrix P and matrices K and L such that:
AT P A − P = −LLT

(C.8)

C − B T P A = K T LT

(C.9)

D +D − B PB = K K
T

T

T

(C.10)

5. Every solution x(t), (x(0), u(t)) of (C.1), (C.2) satisfies the following equality:
t1

t=0

1
1
y T (t)u(t) = x T (t1 + 1)P x(t1 + 1) − x T (0)P x(0)
2
2
1
1
x(t)
[x T (t), uT (t)]M
u(t)
2

t

+

(C.11)

t=0

6. The system (C.1)–(C.2) is hyperstable.
Proof Detailed proof can be found in Hitz and Anderson (1969), Popov (1973).
Property (2) results immediately from property (5) (γ 2 = − 12 x T (0)P x(0)). Equivalence between (3) and (4) results immediately from (C.7), which taking into account
the properties of positive semidefinite matrices can be expressed as:
Q
ST

S
L
= NNT =
R
KT

[LT K] =

LLT
K T LT

LK
≥0
KT K

where L is a (n × q)-dimensional matrix and K T is a (m × q)-dimensional matrix.
Replacing Q by LLT , S T by K T LT and R by K T K in (C.4) through (C.6), one
gets (C.8) through (C.10). We will limit ourselves to show that (3) → (5), since this
will be used subsequently for other proofs.
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Using (C.4) and (C.1), one has:
x T (t)Qx(t) = −x T (t + 1)P x(t + 1) + x T (t)P x(t)
+ uT (t)B T P x(t + 1) + x T (t + 1)P Bu(t) − uT (t)B T P Bu(t)
= −x T (t + 1)P x(t + 1) + x T (t)P x(t) + uT (t)B T P [Ax(t) + Bu(t)]
+ [x T (t)AT + uT (t)B T ]P Bu(t) − uT (t)B T P Bu(t)

(C.12)

Adding the term 2uT (t)S T x(t) + uT (t)Ru(t) in both sides of (C.12) and taking into
account (C.5) and (C.6), one gets:
x T (t)Qx(t) + 2uT (t)S T x(t) + uT (t)Ru(t)
= −x T (t + 1)P x(t + 1) + x T (t)P x(t)
+ 2uT (t)Cx(t) + uT (t)[D + D T ]u(t)
= −x T (t + 1)P x(t + 1)
+ x T (t)P x(t) + 2y T (t)u(t)

(C.13)


Summing up from 0 to t1 , one gets (C.11).

Definition C.10 A m × m discrete transfer matrix H (z) of real rational functions is
strictly positive real if and only if:
1. All the elements H (z) are analytic in |z| ≥ 1.
2. The matrix
H (ej ω ) + H T (e−j ω )
is a positive definite Hermitian for all real ω.
Definition C.11 The system (C.1)–(C.2) is termed state strictly passive if:
η(0, t1 ) ≥ β1 x(t1 + 1)2 − β0 x(0)2 + μx22T ;

β1 , β0 , μ > 0; ∀t1 ≥ 0

and for all u(t) and x(t) that satisfy (C.1).
Lemma C.4 (Generalized Positive Real Lemma) Consider the system (C.1)–(C.2)
characterized by the transfer matrix H (z) given in (C.3). Assume that there is a
symmetric positive matrix P , a semi-positive definite matrix Q, symmetric matrices
R, Δ, K, Mo and a matrix S of appropriate dimensions such that:
AT P A − P = −Q − C T ΔC − M0

(C.14)

C − B P A = S + D ΔC

(C.15)

D + D − B P B = R + D ΔD + K
Q S
M= T
≥0
S
R

(C.16)

T

T

T

T

T

T

T

(C.17)

Then:
1. Every solution x(t, x(0), u(t)) of (C.1)–(C.2) satisfies the following equality:

C.3 Discrete Linear Time-Invariant Passive Systems
t1

t=0
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1
1
y T (t)u(t) = x T (t1 + 1)P x(t1 + 1) − x T (0)P x(0)
2
2
1
1
1
1
x(t)
[x T (t)uT (t)]M
+
x T (t)M0 x(t)
u(t)
2
2

t

+
+

1
2

t=0
t1


t

t=0

uT (t)Ku(t) +

t=0

1
2

t1


y T (t)Δy(t)

(C.18)

t=0

2. For M0 = 0, Δ = 0, K = 0
• The system (C.1)–(C.2) is passive
• H (z) is positive real
3. For M0 ≥ 0, Δ ≥ 0, K > 0
• The system (C.1)–(C.2) is input strictly passive
• H (z) is positive real
4. For M0 ≥ 0, Δ > 0, K ≥ 0
• The system (C.1)–(C.2) is output strictly passive
• H (z) is positive real
5. For M0 > 0, Δ ≥ 0, K > 0
• The system (C.1)–(C.2) is input strictly passive
• The system (C.1)–(C.2) is state strictly passive
• H (z) is strictly positive real
6. For M0 > 0, Δ > 0, K ≥ 0
• The system (C.1)–(C.2) is output strictly passive
• The system (C.1)–(C.2) is state strictly passive
• H (z) is strictly positive real
7. For M0 > 0, Δ > 0, K > 0
• The system (C.1)–(C.2) is very strictly passive
• The system (C.1)–(C.2) is state strictly passive
• H (z) is strictly positive real
Proof The properties (2) through (7) result from the property (1) bearing in mind
the various definitions of passivity and the properties of positive and strictly positive
real transfer matrices. We will show next that (C.14) through (C.17) implies property
(C.18). Denoting:
Q̄ = Q + C T ΔC + M0

(C.19)

S̄ = S + C ΔD

(C.20)

T

R̄ = R + D ΔD + K
Q̄ S̄
M̄ = T
R̄
S̄
T

(C.21)
(C.22)
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one can use the result (C.11) of Lemma C.3, which yields:
t1

t=0

1
1
y T (t)u(t) = x T (t1 + 1)P x(t1 + 1) − x T (0)P x(0)
2
2
1
1
x(t)
[x T (t), uT (t)]M̄
u(t)
2

t

+

(C.23)

t=0

Taking into account the particular form of M̄, one obtains:
t1

t=0

1
1
y T (t)u(t) = x T (t1 + 1)P x(t1 + 1) − x T (0)P x(0)
2
2
1
1
x(t)
[x T (t)uT (t)]M
u(t)
2

t

+
+
+

1
2
1
2

t=0
t1

t=0
t1


1
1
uT (t)Ku(t)
2

t

x T (t)M0 x(t) +

t=0

[Cx(t) + Du(t)]T Δ[Cx(t) + Du(t)]

(C.24)

t=0

and using (C.2), one gets (C.18).



Definition C.12 (Landau and Silveira 1979) The linear time invariant system described by (C.1) and (C.2) is said to belong to the class L(Λ) if and only if for a
given positive definite matrix Λ of appropriate dimension:
1
1
H  (z) = C(zI − A)−1 B + D − Λ = H (z) − Λ
2
2
is a strictly positive real transfer matrix.

(C.25)

The interpretation of this definition is given in Fig. C.2.
The linear time invariant system (C.1)–(C.2) characterized by the discrete time
transfer function H (z) belongs to the class L(Λ) if the parallel combination of this
block with a block having the gain − 12 Λ is a system characterized by a strictly
positive real transfer matrix.

C.4 Discrete Linear Time-Varying Passive Systems
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Lemma C.5 If the system (C.1)–(C.2) belongs to the class L(Λ), one has:
t1

t=0

y T (t)u(t) =

1 T
1
x (t1 + 1)P x(t1 + 1) − x T (0)P x(0)
2
2
1
1
1
1
x(t)
[x T (t)uT (t)]M
+
x T (t)M0 x(t)
u(t)
2
2

t

+

t

t=0

+

t=0

t1
1

2

uT (t)Λu(t) +

t=0

t1
1

2

uT (t)Ku(t)

t=0

Λ > 0; M0 > 0; K > 0

(C.26)

In fact, as it results from (C.26) a system belonging to L(Λ) is input strictly
passive and the excess of passivity is defined by Λ (see Lemma C.4).

C.4 Discrete Linear Time-Varying Passive Systems
Consider the discrete linear time-varying system:
x̄(t + 1) = A(t)x̄(t) + B(t)ū(t)

(C.27)

ȳ(t) = C(t)x̄(t) + D(t)ū(t)

(C.28)

where x̄, ū, ȳ are the state, the input and the output vectors respectively (ū and ȳ are
of the same dimension), and A(t), B(t), C(t), D(t) are sequences of time-varying
matrices of appropriate dimensions defined for all t ≥ 0.
Lemma C.6 The system (C.27)–(C.28) is passive if one of the following equivalent
propositions holds:
1. There are sequences of time-varying positive semidefinite matrices P̄ (t), of positive semidefinite matrices Q(t) and R(t) and a matrix sequence S(t) such that:
AT (t)P̄ (t + 1)A(t) − P̄ (t) = −Q(t)

(C.29)

C(t) − B T (t)P̄ (t + 1)A(t) = S(t)

(C.30)

D(t) + D (t) − B (t)P (t + 1)B(t) = R(t)

(C.31)

T

T

M̄(t) =

Q(t)
S T (t)

S(t)
≥0
R(t)

(C.32)

with P̄ (0) bounded.
2. Every solution x(t)(x(0), u(t), t) of (C.27)–(C.28) satisfies the following equality:
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t1

t=0

1
1
ȳ T (t)ū(t) = x T (t1 + 1)P̄ (t + 1)x(t1 + 1) − x T (0)P̄ (0)x(0)
2
2
1
1
x̄(t)
[x̄ T (t), ūT (t)]M̄(t)
ū(t)
2

t

+

(C.33)

t=0

Proof The passivity property results from (C.33). To obtain (C.33) from (C.32), one
follows exactly the same steps as for the proof of Lemma C.3.

For the study of the stability of interconnected systems, it is useful to consider
the class of linear time-varying discrete time systems defined next.
Definition C.13 (Landau and Silveira 1979) The linear time-varying system
(C.27)–(C.28) is said to belong to the class N (Γ ) if for a given sequence of symmetric matrices Γ (t) ≥ 0 of appropriate dimension, one has:
t1

t=0

1
1
ȳ T (t)ū(t) = x̄ T (t1 + 1)P̄ (t1 + 1)x̄(t1 + 1) − x̄ T (0)P̄ (0)x̄(0)
2
2
1
1
x̄(t)
+
[x̄ T (t), ūT (t)]M̄(t)
ū(t)
2

t

t=0

−

t1
1

2

ȳ T (t)Γ (t)ȳ(t)

(C.34)

t=0

with P̄ (t) ≥ 0, M̄(t) ≥ 0, ∀t ≥ 0 and P̄ (0) bounded.
The interpretation of this definition is given in Fig. C.3.
Equation (C.34) indicates that the block resulting from the negative feedback
connection of the linear time-varying system of (C.27) and (C.28) belonging to the
class N(Γ ) with a block having a gain 12 Γ (t) is passive. The resulting block has
the input ūR (t) = ū(t) + 12 Γ (t)ȳ(t) and the output ȳ R (t) = y(t). In fact, the system
belonging to the class N (Γ ) has a lack of passivity which is expressed by the last
term of (C.34).
Algebraic conditions upon A(t), B(t), C(t), D(t) in order to satisfy (C.34) are
given next:

C.5 Stability of Feedback Interconnected Systems
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Lemma C.7 The system of (C.27) and (C.28) belongs to the class N (Γ ) if for a
given sequence of symmetric matrices Γ (t) ≥ 0 there exist three sequences of nonnegative definite matrices P̄ (t), R(t), Q(t) and a matrix sequence S(t) such that:
AT (t)P̄ (t + 1)A(t) − P̄ (t) = −Q(t) + C T (t)Γ (t)C(t)
C T (t) − B T (t)P̄ (t + 1)A(t) = S T (t) − D T (t)Γ (t)C(t)
D(t) + D (t) − B (t)P̄ (t + 1)B(t) = R(t) − D (t)Γ (t)D(t)
T

T

T

(C.35)
(C.36)
(C.37)

and:
M̄(t) =

Q(t)
S T (t)

S(t)
≥0
R(t)

(C.38)

with P̄ (0) bounded.
Proof A detailed proof can be found in Landau and Silveira (1979). The proof is
similar to the one for Lemma C.4 by replacing constant matrices Q, S, R, P by the
corresponding time-varying matrices Q(t), R(t), S(t), P̄ (t), replacing Δ by −Γ (t)
and taking K = 0, M0 = 0.


C.5 Stability of Feedback Interconnected Systems
Theorem C.1 (Landau 1980) Consider a linear time invariant block described by
(C.1) and (C.2) belonging to the class L(Λ) in feedback connection with a discrete
linear time-varying block described by (C.27) and (C.28) belonging to the class
N(Γ ). If:
Λ − Γ (t) ≥ 0

(C.39)

the following properties hold:
(P1)
lim x(t) = 0;

t→∞

lim y(t) = 0;

t→∞

lim u(t) = − lim ȳ(t) = 0 (C.40)

t→∞

t→∞

with P̄ (t), Q(t), S(t), R(t) bounded or unbounded for t > 0.
(P2)
lim [x̄(t)T , ū(t)T ]

t→∞

Q(t)
S(t)T

S(t)
R(t)

x̄(t)
=0
ū(t)

(C.41)

with Q(t), S(t), R(t) bounded or unbounded for t > 0.
(P3)
x̄(t)T P (t)x̄(t) ≤ C1 < ∞;
with P (t) bounded or unbounded for t > 0.

∀t > 0

(C.42)
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(P4)
lim x̄(t)T P (t)x̄(t) = const

(C.43)

t→∞

with P (t) bounded or unbounded for t > 0.
Proof The feedback connection corresponds to:
u(t) = −ȳ(t)

(C.44)

y(t) = ū(t)

(C.45)

which implies:
t1


y(t)T u(t) = −

t1


t=0

ȳ(t)T ū(t)

(C.46)

t=0

1. Evaluating the left hand side term of (C.46) from (C.26), and the right hand side
term of (C.46) from (C.34), one obtains after rearranging the various terms (and
taking into account (C.44) and (C.45)):
x T (t1 + 1)P x(t1 + 1) +

t1


x T (t)M0 x(t) +

t=0

t1


uT (t)Ku(t)

t=0

+ x̄ T (t1 + 1)P̄ (t1 + 1)x̄(t1 + 1) +

t1


[x̄ T (t)y T (t)]M̄(t)

t=0

+

t1


ȳ T (t)[Λ − Γ (t)]ȳ(t) +

t=0

t1


[x T (t), −ȳ T (t)]M

t=0

cx̄(t)
y(t)

x(t)
−ȳ(t)

= x̄ (0)P̄ (0)x̄(0) + x (0)P x(0)
T

T

Since Λ − Γ (t) ≥ 0, one obtains:

lim

t1 →∞

x T (t1 + 1)P x(t1 + 1) +

t1


(C.47)

x T (t)M0 x(t) +

t=0

t1



uT (t)Ku(t)

t=0

≤ x(0)P x(0) + x̄ T (0)P̄ (0)x̄(0)

(C.48)

with P̄ (t), Q(t), S(t), R(t) bounded or unbounded for t > 0. Since P > 0, M0 >
0, K > 0, this implies that:
lim x(t) = 0;

t→∞

lim u(t) = 0;

t→∞

∀x(0), ∀x̄(0) < ∞

(C.49)

and from (C.2), it also results that:
lim y(t) = 0

t→∞

(C.50)

Bearing in mind that u(t) = −ȳ(t), one has:
lim ȳ(t) = 0

t→∞

(C.51)
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2. From (C.47), taking into account (C.45), one obtains:

lim x̄ T (t1 + 1)P̄ (t1 + 1)x̄(t1 + 1)

t→∞

+

t1



Q(t)
[x̄ (t)ū (t)] T
S (t)
T

S(t)
R(t)

T

t→∞

x̄(t)
ū(t)

≤ x (0)P x(0) + x̄ T (0)P̄ (0)x̄(0)
T

(C.52)

with P̄ (t), S(t), Q(t), R(t) bounded or unbounded for t > 0. This implies that:
lim [x̄ T (t), ūT (t)]

t→∞

Q(t)
S T (t)

S(t)
R(t)

x̄(t)
=0
ū(t)

(C.53)

3. From (C.52) one also has:
x̄ T (t)P̄ (t)x̄(t) ≤ C1 < ∞;

∀t > 0

(C.54)

V (t) = x T (t)P x(t) + x̄ T (t)P̄ (t)x̄(t)

(C.55)

4. Denote
Again from (C.47), one obtains:
V (t + 1) − V (t) = −ȳ T (t)[Λ − Γ (t)]ȳ(t) − x T (t)M0 (t)x(t)
x(t)
− uT (t)Ku(t) − [x T (t), uT (t)]M
u(t)
− [x̄ T (t), y T (t)]M̄(t)

x̄(t)
≤0
y(t)

(C.56)

Since V (t) > 0; ∀x(t) = 0; ∀x̄(t) = 0 and V (t + 1) − V (t) ≤ 0, V (t) will converge to a fixed value. One has proven already that x(t) → 0. One concludes
that:
lim x̄ T (t)P̄ (t)x̄(t) = const

t→∞

(C.57)


Theorem C.1 can be viewed as an extension of the asymptotic hyperstability
theorem (see next paragraph) which corresponds to Λ = 0; Γ (t) ≡ 0. In fact, in
the asymptotic hyperstability theorem, there is no specific structure attached to the
feedback block (which can be linear, nonlinear, time-varying). The only condition
is that the feedback block is passive. By considering a state space structure for the
feedback block, it is possible to get certain properties for the state of the feedback
block. This is needed in adaptive control.

C.6 Hyperstability and Small Gain
Theorem C.2 (Asymptotic Hyperstability) Consider the feedback connection
(Fig. C.4) of a linear time-invariant block H1 (state: x(t)), characterized by a
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Fig. C.4 Feedback
connection (hyperstability)

strictly positive real transfer function (which implies that H1 is input strictly passive)
with a block H2 (linear or nonlinear, time invariant or time-varying) characterized
by:
η2 (0, t1 ) =

t1


y2T (t)u2 (t) ≥ −γ22 ;

γ22 < ∞; ∀t1 ≥ 0

(C.58)

t=0

Then:
lim x(t) = 0;

t→∞

lim u1 (t) = lim y1 (t) = 0;

t→∞

t→∞

∀x(0)

(C.59)

The proof is similar to that of Theorem C.1 and it is omitted.
Definition C.14 Consider a system S with input u and output y, the infinity norm
of the system S denoted S∞ is such that:
y22 ≤ S2∞ u22
Definition C.15 Given a transfer function H (z), the infinity norm H ∞ is:
H ∞ = max |H (ej ω )|;
ω

0 ≤ ω ≤ 2π

Lemma C.8 (Small Gain Lemma) The following propositions concerning the system of (C.1)–(C.2) are equivalent to each other:
1. H (z) given by (C.3) satisfies:
H (z−1 )∞ ≤ γ ;

0<γ <∞

(C.60)

2. There exist a positive definite matrix P , a positive semidefinite matrix Q and
matrices S and R such that:
AT P A − P = −Q − C T C

(C.61)

−B P A = S + D C
T

T

T

(C.62)

B PB = R +D D − γ I

(C.63)

Q
ST

(C.64)

T

T

M=

2

S
≥0
R

3. There is a positive definite matrix P and matrices K and L such that:

C.6 Hyperstability and Small Gain
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AT P A − P + C T C = −LLT
−B P A − D C = K L
T

T

T

(C.65)

T

(C.66)

B PB −D D + γ I = K K
T

T

2

T

(C.67)

4. Every solution x(t)(x(0), u(t)) of (C.1)–(C.2) satisfies the following equality:
t1


y (t)y(t) = γ
T

t=0

2

t1


uT (t)u(t) + x T (0)P x(0) − x T (t1 + 1)P x(t1 + 1)

t=0
t1

x(t)
[x T (t), uT (t)]M
−
u(t)

(C.68)

t=0

Remark From (C.68) one gets for x(0) = 0:
y(t)22 ≤ γ 2 u22 ≤ H 2∞ u2

(C.69)

Proof We will only show that (C.61) through (C.64) implies (C.68). From (C.61),
one gets:
x T (t)Qx(t) = −x T (t)C T Cx(t) + x T (t)P x(t) − x T (t)AT P Ax(t)
= −x T (t)C T Cx(t) + x T (t)P x(t) − x T (t + 1)P x(t + 1)
+ 2uT (t)B T P Ax(t) − uT (t)B T P Bu(t)
Using (C.62) and (C.63) and adding the terms
both sides of (C.58), one obtains:
[x T (t), uT (t)]M

2uT (t)S T x(t)

+ uT (t)Ru(t)

(C.70)
in the

x(t)
= −y T (t)y(t) + γ 2 uT (t)u(t) + x T (t)P x(t)
u(t)
− x T (t + 1)P x(t + 1)

(C.71)


Summing up now from 0 to t1 , one gets (C.65).

Theorem C.3 (Small Gain) Consider the feedback connection (Fig. C.5) between
a linear time invariant block S1 (state: x) characterized by S1 ∞ < 1 and a block
S2 characterized by S2 ∞ ≤ 1. Then:
lim x(t) = 0;

t→∞

lim u1 (t) = lim y1 (t) = 0

t→∞

t→∞

(C.72)
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Fig. C.6 Equivalent
representation of the system
shown in Fig. C.4

Proof The small gain theorem (Theorem C.3) can be obtained from Theorem C.2,
using a series of equivalent loop transformation on the scheme of Fig. C.4 leading
to the scheme shown in Fig. C.6, where the input-output operator S1 (y1 = S1 u1 ) is
given by:
S1 = (H1 − I )(H1 + I )−1

(C.73)

and the operator S2 (y2 = S2 u2 ) is given by:
S2 = (H2 − I )(H2 + I )−1

(C.74)

It can be shown (Desoer and Vidyasagar 1975) that under the hypotheses of Theorem C.2, S1 ∞ < 1 and S2 ∞ ≤ 1.


Appendix D

Martingales

This appendix gives a number of results related to the properties of feedback systems
in the presence of stochastic disturbances represented as a martingale sequence (for
the definition of a martingale sequence see Appendix A). The properties of passive
(hyperstable) systems are extensively used in relation to some basic results concerning the convergence of non-negative random variables. The results of this appendix
are useful for the proofs of Theorems 4.2 and 4.3, as well as for the convergence
analysis of various recursive identification and adaptive control schemes.
Theorem D.1 (Neveu 1975) If T (t) and α(t + 1) are non-negative random variables measurable with respect to an increasing sequence of σ -algebras Ft and satisfy:
(1)
(2)

E{T (t + 1)|Ft } ≤ T (t) + α(t + 1)
∞

α(t) < ∞; a.s.

(D.1)
(D.2)

t=1

then:
lim T (t) = T

t→∞

a.s.

(D.3)

where T is a finite non-negative random variable.
Consider the stochastic feedback system shown in Fig. D.1 and described by:
x(t + 1) = Ax(t) + Bu(t + 1)

(D.4)

y(t + 1) = Cx(t) + Du(t + 1)

(D.5)

ū(t + 1) = y(t + 1) + ω(t + 1)

(D.6)

x̄(t + 1) = A(t)x̄(t) + B(t)ū(t + 1)

(D.7)

ȳ(t + 1) = −u(t + 1) = C(t)x̄(t) + D(t)ū(t + 1)

(D.8)

Note that the output of the linear time-invariant feedforward block described by
(D.4) and (D.5) is disturbed by the sequence {ω(t + 1)}. The following assumptions
are made upon the system of (D.4)–(D.8).
I.D. Landau et al., Adaptive Control, Communications and Control Engineering,
DOI 10.1007/978-0-85729-664-1, © Springer-Verlag London Limited 2011
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Fig. D.1 Stochastic feedback
system associated with (D.4)
through (D.8)

D.1 There exists a symmetric matrix Λ such that the linear time-invariant block
described by (D.4) and (D.5) belongs to the class L(Λ) (see Definition C.3).
D.2 There exists a sequence of matrices Γ (t) such that the feedback linear timevarying block described by (D.7) and (D.8) belongs to the class N (Γ ) (see
Definition C.8).
D.3 {ω(t)} is a vectorial martingale difference sequence defined on a probability
space (Ω, A, P) adapted to the sequence of increasing σ -algebras Ft generated by the observations up to and including time t. The sequence {ω(t + 1)}
satisfies:
E{ω(t + 1)|Ft } = 0
E{ω(t + 1)ω (t
T

lim sup

N →∞

a.s.

+ 1)|Ft } = diag[σi2 ]

N
1  T
ω (t + 1)ω(t + 1) < ∞
N

(D.9)
a.s.

a.s.

(D.10)
(D.11)

t=1

Theorem D.2 (Landau 1982b) Let Assumptions D.1, D.2 and D.3 hold for the system of (D.4)–(D.8). If:
(1)
(2)

α(t + 1) =
∞


1
E{ȳ T (t + 1)ω(t + 1)|Ft } ≥ 0;
t +1

∀t ≥ 0

α(t) < ∞ a.s.

(D.12)
(D.13)

t=1

(3)

Λ − Γ (t) ≥ 0;

∀t ≥ 0

(D.14)

then:
(a)

1
1
1
x(i)2 = lim
u(i)2 = lim
y(i)2 = 0 a.s.
t→∞ t
t→∞ t
t→∞ t
t

t

t

i=1

i=1

i=1

lim



P̄ (t)
x̄(t) = 0 a.s.
(b) lim x̄ T (t)
t→∞
t
1
(c) If , in addition, lim P̄ (t) > 0 a.s., then: lim x̄(t) = 0 a.s.
t→∞ t
t→∞

(D.15)
(D.16)
(D.17)

D Martingales
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Proof The proof is based on the use of the near supermartingale convergence theorem (Theorem D.1). The appropriate near supermartingale is:
V (t)  1 V (i)
+
t
i +1 i
t−1

T (t) =

(D.18)

i=1

where:
V (t) = x T (t)P x(t) + x̄ T (t)P̄ (t)x̄(t) +

t−1


x T (i)M0 x(i)

i=0

+

t−1


uT (i + 1)Ku(i + 1)

(D.19)

i=0

Taking into account (D.6) and (D.8), one has:
t


y T (i + 1)u(i + 1) = −

t


i=0

+

ȳ T (i + 1)ū(i + 1)

i=0
t


ȳ T (i + 1)ω(i + 1)

(D.20)

i=0

The expressions for ti=0 y T (i + 1)u(i + 1) and ti=0 ȳ T (i + 1)ū(i + 1) can be
obtained from Lemmas C.5 and C.7, since the two blocks involved belong to the
classes L(Λ) and N (Γ ) respectively. Combining (C.26) and (C.34) through the use
of (D.20) and rearranging the various terms taking into account (D.19), one obtains:
V (t + 1) = x T (t + 1)P x(t + 1) + x̄ T (t + 1)P̄ (t + 1)x̄(t + 1)
t
t


+
x T (i)M0 x(i) +
uT (i + 1)Ku(i + 1)
i=0

i=0

= x T (0)P x(0) + x̄ T (0)P̄ (0)x̄(0) −

t

[x T (i), uT (i + 1)]M
i=0

−

t


[x̄ T (i), ūT (i + 1)]M̄(t)

i=0

−

t


x(i)
u(i + 1)

x̄(i)
ū(i + 1)

ȳ T (i + 1)[Λ − Γ (i)]ȳ(i + 1)

i=0
t


+2

ȳ T (i + 1)ω(i + 1)

(D.21)

i=0

Since Λ − Γ (t) ≥ 0 (from (D.14)) and M̄(t) ≥ 0 (from (C.34)), one concludes from
(D.21) that:
V (t + 1) ≤ V (t) + 2ȳ(t + 1)ω(t + 1)

(D.22)
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and:
V (t + 1) V (t)
1 V (t)
2
≤
−
+
ȳ(t + 1)ω(t + 1)
t +1
t
t +1 t
t +1
Adding in both sides of (D.23) the term
given by (D.18) satisfies:
T (t + 1) ≤ T (t) +

t
1 V (i)
i=1 ( i+1 ) i ,

(D.23)

one concludes that T (t)

2 T
ȳ (t + 1)ω(t + 1)
t +1

(D.24)

and:
E{T (t + 1)|Ft } ≤ T (t) +

2
E{ȳ T (t + 1)ω(t + 1)}
t +1

(D.25)

Conditions (D.12) and (D.13) together with (D.25) lead to the satisfaction of Theorem D.1 and therefore:


t−1
V (t)  1 V (i)
+
lim
< ∞ a.s.
(D.26)
t→∞
t
i+1 i
i=1

But since V (t) ≥ 0, it results in order to avoid contradiction that:


V (t)
=0 =1
Prob lim
t→∞ t

(D.27)

Bearing in mind that the matrix M0 in (C.26) is positive definite and K > 0, it results
from (D.27) that:
1 T
1
x (i)M0 x(i) = lim
x(i)2 = 0 a.s.
t→∞ t
t→∞ t

(D.28)

1
u(i + 1)2 = 0 a.s.
t→∞ t

(D.29)

t

t

i=1

i=1

lim

and:
t

lim

i=1

From (D.5), one has:
y(i + 1)2 ≤ αx(i)2 + βu(i + 1)2 ;

0 < α, β < ∞

(D.30)

and therefore:
1
lim
y(i + 1)2 = 0 a.s.
t→∞ t
t

(D.31)

i=1

The results (D.16) and (D.17) are directly obtained from (D.27) and (D.19).



Theorem D.3 Let Assumptions D.1, D.2 and D.3 hold for the system (D.4)–(D.8).
If:
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r(t + 1) ≥ r(t), r(t) > 0, ∀t ≥ 0

 T
ȳ (t + 1)ω(t + 1)
|Ft ≥ 0,
(2) α(t + 1) = E
r(t + 1)

(D.32)

(1)

(3)

∞


α(t) < ∞

∀t ≥ 0

a.s.

(D.33)
(D.34)

t=1

(4)

Λ − Γ (t) ≥ 0;

∀t ≥ 0

(a)

t

x(i)2
<∞
t→∞
r(i + 1)

(D.35)

then:
lim

a.s.

(D.36)

i=0

(b)

(c)

(d)

lim

t→∞

lim

t→∞

lim

t→∞

t

u(i + 1)2
i=0

r(i + 1)

t

y(i + 1)2
i=0

r(i + 1)

<∞

a.s.

(D.37)

< ∞ a.s.

(D.38)



t [x̄ T (i), ūT (i + 1)]M̄(i) x̄(i)

ū(i+1)
r(i + 1)

i=0

<∞

a.s.

(D.39)

Remark This theorem is useful when one cannot conclude that, for a given scheme,
that (D.13) is satisfied. One can then choose eventually a sequence r(t) to satisfy the conditions of (D.35) and (D.34). The results of Theorem D.3 are weaker
than those of Theorem D.2, but from the specific properties of the sequence r(t) is
then possible in certain cases to conclude upon the convergence of certain schemes
(Goodwin and Sin 1984; Goodwin et al. 1980c). Note that if in addition of (D.34)
one assumes limt→∞ r(t) = ∞, using Kronecker’s lemma one obtains from (D.36),
(D.37), (D.38) and (D.40) results of the form of Theorem D.2.
Proof One considers the following near supermartingale:
T (t) =

1
[x T (t)P x(t) + x̄ T (t)P̄ (t)x̄(t)]
r(t)
 x(i)  t−1
t−1 [x T (i), uT (i + 1)]M

 x T (i)M0 x(i)
u(i+1)
+
+
r(i + 1)
r(i + 1)
i=0
i=0


t−1 [x̄(i), ū(i + 1)]M̄(t) x̄(i)

ū(i+1)
+
r(i + 1)
i=0

+

t−1 T

u (i + 1)Ku(i + 1)
i=0

r(i + 1)

(D.40)
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where P , P̄ (t), M, M0 , M̄(t), K result from Lemmas C.5 and C.7 respectively. Denote:
V (t) = x T (t)P x(t) + x̄ T (t)P̄ (t)x̄(t)

(D.41)

Using Lemmas C.5 and C.7 and taking also into account (D.6) and (D.8), one has:
x(t)
− x T (t)M0 x(t)
u(t + 1)

V (t + 1) = V (t) − [x T (t), uT (t + 1)]M

x̄(t)
− ȳ(t + 1)[Λ − Γ (t)]ȳ(t + 1)
ū(t + 1)

− [x̄ T (t), ūT (t + 1)]M̄(t)

− uT (t + 1)Ku(t + 1) + 2ȳ T (t + 1)ω(t + 1)

(D.42)

From (D.42), taking into account (D.32), one gets:

V (t + 1) V (t)
1
x(t)
≤
−
[x T (t), uT (t + 1)]M
+ x T (t)M0 x(t)
u(t + 1)
r(t + 1)
r(t)
r(t + 1)

x̄(t)
+ [x̄ T (t), ūT (t + 1)]M̄(t)
+ κu(t + 1)2
ū(t + 1)
+2

ȳ(t + 1)T ω(t + 1)
r(t + 1)

(D.43)

Adding in both sides of (D.43):
t [x T (i), uT (i + 1)]M

i=0

+



x(i) 
u(i+1)

r(i + 1)

+

t

x T (t)M0 x(t)
i=0



t [x̄ T (i), ūT (i + 1)]M̄ T (t) x̄(i)

ū(i+1)
r(i + 1)

i=0

r(i + 1)
+κ

t

u(i + 1)2
i=0

r(i + 1)

and taking the conditional expectation one gets using (D.40):

 T
ȳ (t + 1)ω(t + 1)
E{T (t + 1)|Ft } ≤ T (t) + 2E
|Ft
r(t + 1)
Under the hypotheses (D.33) and (D.34), it results using Theorem D.1:


Prob lim T (t) < ∞ = 1
t→∞

(D.44)

(D.45)

(D.46)

Taking into account the structure of T (t) given in (D.40), it results immediately:
lim

t→∞

t

x T (i)M0 x(i)
i=0

r(i + 1)

< ∞;

M0 > 0 a.s.

(D.47)

κ > 0 a.s.

(D.48)

and:
lim κ

t→∞

t

u(i + 1)2
i=0

r(i + 1)

< ∞;
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which implies (D.36) and (D.37). From (D.5), one has:
y(i + 1)2 ≤ αx(i)2 + βu(i + 1)2 ;

α, β > 0

(D.49)

and therefore (D.38) holds. (D.39) results also from the structure of T (t).



Lemma D.1 (Kronecker Lemma): (Goodwin and Sin 1984) Assume that {x(t)}
and {bt } are sequences of reals such that:
(i)

lim

N →∞

N


x(t) < ∞

(ii)

{bN } : bN ≥ bN −1

t=1

(iii)

lim bN = ∞

N →∞

Then:
N
1 
bt x(t) = 0
N →∞ bN

lim

t=1

(D.50)
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Supervisor, 460
Switching, 19, 458
Sylvester matrix, 212
Synthesis of PAA, 82
System identification, 55, 153
T
Template for the sensitivity function, 272
Time domain validation, 312
Tracking and regulation with independent
objectives, 223
Tracking and regulation with weighted input,
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Tracking reference model, 207
Transfer function, 37
Transfer operator, 36
U
U-D factorization, 535
Uncorrelated random variable, 542
Uncorrelation test, 177, 310
V
Vanishing adaptation, 121
Vanishing gain, 67
Variable forgetting factor, 68
Very strictly passive, 550
W
White noise, 43, 542
Whiteness test, 311
Y
Youla-Kucera parameterization, 219, 479, 491

