Appendix A

Proofs

A.1 Proof of Theorem 1.1
We ﬁrst provide a lemma (see, e.g., Lemma 17.1 in van der Vaart (1998)).
Lemma A.1. Assume Z ∼ M V N (0, Σ), where the p×p matrix Σ has eigenvalues λ1 , . . . , λp . Let X1 , . . . , Xp denote i.i.d. standard normal variates. The
quadratic form Z t Σ −1 Z is then equivalent in distribution with the random
variable
p

λi Xi2 .
i=1

Throughout the proof, we assume that H0 holds true.
First, write
k
2

(p̂j − π0j )
,
Xn2 = n
π0j
j=1
where p̂j = Nj /n is an unbiased and consistent estimator of π0j , and let
p̂tn = (p̂1 , . . . , p̂k ). Let D π0 = diag(π 0 ). With this new notation, we may
(p̂n − π 0 ), which is a quadratic form in Z n =
write Xn2 = n(p̂n − π 0 )t Dπ−1
0
√
n(p̂n − π 0 ). By the multivariate central limit theorem (see, e.g., Theorem
5.4.4 in Lehmann (1999)), as n → ∞,
d

Z n −→ MVN(0, Σ),
where Σ = D π0 − π 0 π t0 . Because Xn2 is a quadratic form in Z n , Lemma A.1
gives, as n → ∞,
k

d
λj Zj2 ,
Xn2 −→
j=1

where Z1 , . . . , Zk are i.i.d. N (0, 1), and λ1 ≤ · · · ≤ λk are the eigenvalues of
8
√
−1/2
ΣD
=
I
−
π
π t0
L = D −1/2
k
0
π0
π0
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√
√
with π t0 = ( π01 , . . . , π0k ). It can be shown that λ1 = 0 and λ2 = · · · =


λk = 1. This completes the proof.

A.2 Proof of Theorem 1.2
Because β̂ is BAN, we obtain
A(At A)−1 + op (n−1/2 ),
β̂ = β + (p̂n − π 0 (β))D −1/2
π0
where the matrix A has (i, j)th element (i = 1, . . . , k; j = 1, . . . , p),
1 ∂π0i
(β).
√
π0i ∂βj
By Birch’s regularity conditions, we ﬁnd
π 0 (β̂) − π 0 (β) = (β̂ − β)
Hence,

∂π 0
(β) + op (n−1/2 ).
∂β

π 0 (β̂) − π 0 (β) = (p̂n − π 0 (β))L + op (n−1/2 ),

where L = D −1/2
A(At A)−1 At D 1/2
π0
π0 . Write
5
4 5
p̂n − π 0
I
= (p̂n − π 0 (β)) k + op (n−1/2 ).
Mn =
L
π 0 (β̂) − π 0
4

√
Because n(p̂n −π 0 ) is asymptotically multivariate normal, we may conclude
that M n is also asymptotically multivariate normal with zero mean and
variance–covariance matrix equal to
5
4
(D π0 − π 0 π t0 )L
D π0 − π 0 π t0
.
t
t
L (D π0 − π 0 π t0 ) L (D π0 − π 0 π t0 )L
√
√
√
Hence, n(p̂n − π 0 (β̂)) = n(p̂n − π 0 ) − n(π 0 (β̂) − π 0 ) is also asymptotically zero mean multivariate normal with variance–covariance matrix (after
some simple algebra)
t
−1 t 1/2
A D π0 .
Σ = D π0 − π 0 π t0 − D 1/2
π0 A(A A)

(A.1)

The asymptotic null distribution of X̂n2 is now again obtained by applying
Lemma A.1. This time we need the eigenvalues of
8
√
ΣD −1/2
= I − π 0 π t0 − A(At A)−1 At .
D −1/2
π0
π0
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It can be shown that this matrix has k − p − 1 eigenvalues equal to 1, and
the remaining p + 1 eigenvalues equal to 0.



A.3 Proof of Theorem 4.1
(1) To obtain the score statistic, we ﬁrst need to specify the log-likelihood
function. From Equation (4.1), we ﬁnd
l(θ) = log

n
)

gk (Xi ; θ)

i=1

= n log C(θ) +

n


log g(Xi ) +

i=1

k


θj

j=1

n


hj (Xi ).

i=1

The score function for parameter θj is given by
uj (θ) =

∂l(θ)
∂θj
∂ log C(θ) 
+
hj (Xi ).
∂θj
i=1
n

=n

For the construction of the score test statistics, we need to evaluate
n the score
function under the null hypothesis. This gives uj (θ)|θ=0 =
i=1 hj (Xi ),
where we have used
∂ log C(θ)
|θ=0 = 0.
∂θ
seen
As for all score functions, E0 {uj } = 0. This could also be directly

from the orthogonality property of the hj ; i.e., E0 {uj } = n S hj (x)g(x)
dx = n < h1 , 1 >g = 0.
√
The variance–covariance matrix of the vector U t = (1/ n) (u1 , . . . , uk )θ=0
involves the covariances

hi (x)hj (x)g(x)dx
Cov0 {hi (X), hj (X)} =
S

= < hi , hj >g
= δij ,
where δij is Kronecker delta. Hence, Var0 {U } = I, the k × k identity matrix.
The multivariate central limit theorem gives that
d

U −→ M V N (0, I),
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and we therefore have also the convergence of the quadratic form (Lemma
17.1 in van der Vaart (1998))
Tk = U t U −→ χ2k .
d

(2) To prove the second part of the theorem, we only have to show that the
score function based on the Barton model is the same as uj when restricted
under the null hypothesis θ = 0.
The log-likelihood function becomes
⎛
⎞
n
n
n
k




log gk (Xi ; θ) =
log g(Xi ) +
log ⎝1 +
θj hj (Xi )⎠ ,
l(θ) =
i=1

i=1

i=1

j=1

and the score function for θj

∂l
hj (Xi )
.
=
k
∂θj
j=1 θj hj (Xi )
i=1 1 +
n

uj (θ) =
Hence,

uj |θ=0 =

n


hj (Xi ),

i=1

which is exactly the same as what we found in part (1) of the proof.




A.4 Proof of Lemma 4.1
Straightforward calculations give

Ek {(X − μ)m } =

S

⎛
(x − μ)m ⎝1 +

= μm +

k


⎞
θj hj (x)⎠ g(x)dx

j=1
k


θj < (x − μ)m , hj (x) >g

j=1

= μm +

k


θj < (x − μ)m − μm , hj (x) >g ,

(A.2)

j=1

where the last step makes use of < μm 1, hj (x) >g = μm < 1, hj (x) >g = 0.
Because E0 {(X − μ)m − μm } =< (x − μ)m − μm , 1 >g = 0, we may write
the degree m polynomial (x − μ)m − μm in terms of the m base functions
h1 , . . . , hm ,
m

cj hj (x),
(A.3)
(x − μ)m − μm =
j=1

A.6 Proof of Lemma 4.3
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where c1 , . . . , cm are constants. After substituting (A.3) into (A.2), we get
Ek {(X − μ)m } = μm +

k


θj <

j=1

m


ci hi , hj >g

i=1

= μm + θj cj .
Hence, if θj = 0 then Ek {(X − μ)m } = μm . The ⇐ part of the proof is also
true because (x − μ)m − μm is a polynomial of exactly degree m, and thus


cm = 0, and, therefore, Ek {(X − μ)m } = μm if and only if θj = 0.

A.5 Proof of Lemma 4.2
Because h0 (x) = 1, we get E0 {hj (X)} =< hj , 1 >g = 0 for all j. To stress that
the lemma imposes a restriction on the polynomials, we use the notation hj
whenever they are 
of the form of Equation
(4.13).
Under the null hypothesis,


μj = E0 (X − μ)j . Hence, also E0 hj (X) =< hj , 1 >g = 0.
It is always possible to write
hj (x) = hj (x) + z(x),
where z is a polynomial of degree ≤ j. The lemma is proven if we can show
that z(x) ≡ 0.
We know that < hi , hj >g = 0 for all i = j, thus we get
0 = < hi , hj >g
= < hi , hj + z >g
= < hi , hj >g + < hi , z >g .
Hence, < hi , z >g = − < hi , hj >g . This holds for all i = j, and since the
hi form a base in a Hibert space, therefore we may conclude that z = −hj
or z = 0. However, the former implies hj (x) = 0 which is a contradiction.
Therefore, z = 0.



A.6 Proof of Lemma 4.3
(1) Because all ﬁrst j moments agree with g, Lemma 4.2 implies that
E {hj (X)} = 0. Hence,
Var {Uj } = Var {hj (X)}


2
= E (hj (X) − E {hj (X)})


= E h2j (X) ,

(A.4)

326

A Proofs

where h2j is a polynomial of degree 2j which may be written as h2j (x) =
2j
l=0 cl hl (x). Note that this is a sum of polynomials of degrees corresponding
to moments which all agree with g, and, again according
4.2, these

 to Lemma
polynomials have expectation equal to zero. Hence, E h2j (X) = c0 . Because
the same result would have been found under the null hypothesis, we ﬁnd
c0 = Var0 {Uj } = 1.
(2) We start from (A.4), in which now E {hj (X)} is not necessarily zero.
Write


2
Var {Uj } = E h2j (X) − (E {hj (X)})
&
'
2j

2
= E 1+
cl hl (X) − (E {hj (X)})
l=1

= 1+

2j


2

cl E {hl (X)} − (E {hj (X)}) .

(A.5)

l=m

Lemma 4.2 tells again when the last or the two last terms in (A.5) are zero.
This gives the statement in (4.14).



A.7 Proof of Theorem 4.10
First we introduce some matrix notation. Let H t the m × k matrix with
the (i, j)th element equal to hij ; i.e., the jth column
√ corresponds to the
jth orthonormal vector. We may now write U = (1/ n)HN , and the orthonormality
condition becomes HD π0 H t = I, where D π0 = diag(π 0 ). The
m
restriction i=1 hij Ni = 0 for all j = 1, . . . , k now becomes Hπ 0 = 0. This
latter restriction allows us to write the equality
√
1
1
U = √ HN = √ H (N − nπ 0 ) = nH (p̂ − π 0 ) .
n
n

(A.6)

With this notation the order k smooth test statistic becomes
t

Tk = U t U = n (p̂ − π 0 ) H t H (p̂ − π 0 ) .
Because k = m − 1 and because HD π0 H t = I, we ﬁnd H t H = D −1
π0 .
Substituting this equality in Equation (A.6) completes the proof.



A.8 Proof of Theorem 4.2
In this section we acually give the proof of a more general theorem which
states the asymptotic distribution of V̂ under a sequence of local alternatives.
First some notation is introduced.

A.8 Proof of Theorem 4.2
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As a sequence of local alternatives to g, we consider model (4.1) with
θ = θ n = n−1/2 δ,

(A.7)

where δ is a vector of k positive nonzero constants and δ 2 = δ t δ < ∞. The
null hypothesis corresponds to δ = 0. The density or model of the local
alternatives is now denoted as
⎛
⎞
k

θnj hj (x; β)⎠ g(x; β). (A.8)
gnk (x) = gnk (x; θ n , β) = C(θ n , β) exp ⎝
j=1

The next two lemmas are needed.
Lemma A.2 (Local Asymptotic Normality (LAN)). Consider the sequence of alternatives given in (A.7) and model (A.8). Then, the log-likelihood
ratio admits the following asymptotic expansion


1
11 t
gnk (x; θ n ; β)
= √ δ t h(x; β) −
δ δ + o(δ 2 /n),
(A.9)
log
g(x; β)
2n
n
and, as n → ∞,
log


n 
)
gnk (X; θ n ; β)
i=1

g(X; β)


d

−→ N

1
− δ t δ, δ t δ
2


(A.10)

Proof. To prove Equation (A.9) we start with substituting gnk and g into the
log-likelihood ratio
log

1
gnk (x; θ n ; β)
= log C(θ n ) − log(C(0)) + √ δ t h(x)
g(x; β)
n
1
= log C(θ n ) + √ δ t h(x).
n

This can be further simpliﬁed by applying a Taylor series expansion on
log C(θ n ),
log C(θ n ) =
=
=
=



1 t ∂ log C(θ) 
1 1 t ∂ 2 log C(θ) 
log C(0) + √ δ
+
δ + o(δ 2 /n)
δ


∂θ
2n
n
∂θθ t
θ=0
θ=0


11 t
δ E0 −h(X)ht (X) δ + o(δ 2 /n)
2n
11 t
−
δ Iδ + o(δ 2 /n)
2n
11 t
−
δ δ + o(δ 2 /n).
2n
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The convergence in Equation (A.10) follows from
log

n
)
gnk (X; θ n ; β)
i=1

g(X; β)

1  t
1
=√
δ h(Xi ; β) − δ t δ + oP (1),
2
n i=1
n

(A.11)

√ n
where (1/ n) i=1 h(Xi ; β) converges according to the multivariate central
limit theorem to a multivariate normal distribution with mean
E0 {h(X)} = 0,
and variance–covariance matrix


Var0 {h(X)} = E0 h(X)ht (X) = I.
Using this result and applying Slutsky’s lemma completes the proof.
Lemma A.3. Let w(x; β) be a vector-valued function that satisﬁes the regularity conditions, and for which E0 {w(X; β)} = 0. Then


∂w
(X; β) = − Cov0 {w(X; β), uβ (X; β)} =< w, uβ > .
E0
∂β
Proof. It is assumed that

E0 {w(X; β)} = 0 =

+∞

−∞

w(x; β)g(x; β)dx.

Diﬀerentiating both sides of this equation yields
 +∞
 +∞
∂g
∂w
(x; β)f (x; β)dx +
(x; β)dx = 0
w(x; β)
∂β
∂β
−∞
−∞
  +∞

∂w
∂ log g
E0
(X; β) +
(x; β)g(x; β)dx = 0
w(x; β)
∂β
∂β
−∞




∂w
∂ log g
(X; β) + E0 w(X; β)
(X; β) = 0.
E0
∂β
∂β


Because
E0 {w(X; β)} = E0


∂ log g
(X; β) = 0,
∂β

we obtain

E0




∂w
∂ log g
(X; β) = − Cov0 w(X; β),
(X; β) ,
∂β
∂β

which completes the proof.
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Theorem A.1. Under the sequence of local alternatives given in (A.7), the
vector V (β̂) converges, as n → ∞, in distribution to a multivariate normal
distribution with variance–covariance matrix
−1
−1
−1
Σ v̂ = Σ v + Σ vβ Σ −1
bβ Σ bb Σ βb Σ βv − Σ vb Σ βb Σ βv − Σ vβ Σ bβ Σ bv , (A.12)



δ.
Σ
μv̂ = Σ vh − Σ vβ Σ −1
bh
bβ

and mean

Proof. The proof consists of two parts. First the asymptotic null distribution
of V (β̂) is found. Then the joint null distribution of V (β̂) and the loglikelihood ratio statistic is proven, from which by means of Le Cam’s third
lemma the theorem immediately follows.
1. A ﬁrst-order Taylor expansion of v(β̂) gives
v(x; β̂) = v(x; β) +

∂v
(x; β)(β̂ − β) + oP (n−1/2 ).
∂β

Substituting this into V (β̂) and recognising that β is an asymptotic linear
estimator it becomes
1 
v(Xi ; β) +
V (β̂) = √
n i=1
n

1  ∂v
(Xi ; β)
n i=1 ∂β

1 
√
Ψ (Xi ; β)
n i=1

n

n

+oP (1).
This is further simpliﬁed by applying the law of large numbers on
1  ∂v
(Xi ; β),
n i=1 ∂β
n

resulting in
1 
V (β̂) = √
v(Xi ; β) + E0
n i=1
n




∂v
(X; β)
∂β

1 
√
Ψ (Xi ; β)
n i=1

+oP (1).

n

(A.13)

Under the null hypothesis, the multivariate central limit theorem gives
1 
d
√
v(Xi ; β) −→ N (0, Σ v ),
n i=1
n

and

1 
d
√
Ψ (Xi ; β) −→ N (0, Σ Ψ ),
n i=1
n
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−1
Σ Ψ = Σ −1
bβ Σ b Σ βb .

The joint distribution of these two random vectors is obtained by applying
the Cramér–Wald device. In particular it is a multivariate normal distribution with mean 0 and variance–covariance matrix
4
5
Σ v Σ vΨ
,
ΣΨ v ΣΨ
where Σ vΨ = Cov0 {v(X; β), Ψ (X; β)}. Using Lemma A.3 we ﬁnd


∂v
(X; β) = − Cov0 {v(X), uβ } = −Σ vβ ,
E0
∂β
and using Slutsky’s lemma, we ﬁnd that the limiting null disitribution of
V (β̂) is a multivariate normal distribution with mean 0 and variance–
covariance matrix Σ v̂ as stated in Equation (A.12).
2. The proof of the joint null distribution of V (β̂) and the log-likelihood ratio
statistic is along the same lines as van der Vaart (1998), p. 219. We only
need to calculate the covariance between the two random vectors,
'
&
n
)
gnk (Xi ; θ n ; β)
.
Cov0 V (β̂), log
g(Xi ; β)
i=1
The solution is obtained by substituting V (β̂) and the log-likelihood ratio
statistic by their respective asymptotic expansions (Equations (A.13) and
(A.11)):
'
&
n
)
gnk (Xi ; θ n ; β)
Cov0 V (β̂), log
g(Xi ; β)
i=1



n
n
1 
∂v
1 
√
= Cov0 √
(X; β)
v(Xi ; β) + E0
Ψ (Xi ; β)
∂β
n i=1
n i=1

n
1  t
1
δ h(Xi ; β) − δ 2 + oP (1)
+oP (1), √
2
n i=1




∂v
t
(X; β) Ψ (X; β), δ h(X; β) + o(1)
= Cov0 v(X; β) + E0
∂β
= Cov0 {v(X; β), h(X; β)} δ


∂v
+ E0
(X; β) Cov0 {Ψ (X; β), h(X; β)} δ + o(1)
∂β


∂v
(X; β) Σ Ψ h δ + o(1)
= Σ vh δ + E0
∂β
 

−1
∂v
(X; β) E0 −ḃ(X)
Σ bh δ + o(1).
= Σ vh δ + E0
∂β

A.9 Heuristic Proof of Theorem 5.2
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Applying Lemma A.3 to the last equation gives
'
&
n
)
gnk (Xi ; θ n ; β)
Cov0 V (β̂), log
= Σ vh δ − Σ vβ Σ −1
bβ Σ bh δ + o(1).
g(X
;
β)
i
i=1
Now that the joint distribution of V (β̂) and the log-likelihood ratio statistic are known, we can directly apply Le Cam’s third lemma which immediately completes the proof.



A.9 Heuristic Proof of Theorem 5.2
(1) Because both {hj ◦ G} and {kja } are systems of orthonormal functions in
L2 (S, G), there exists a set of constants {aij } so that for all x ∈ S,

aij vi (x) = kja (x).
(A.14)
i

Let A denote the matrix with (i, j)th element equal to aij , and assume that A
has an inverse A−1 . Equation (A.14) may now be written as At v(x) = ka (x).
We now project both sides of the equation onto v, resulting in At Σ v̂ =<
ka , v >g , from which we ﬁnd
A = Σ −1
v̂ < v, ka >g .

(A.15)

We now simplify this expression for A by looking for an alternative representation of Σ v̂ .
Denote the (i, j)th element
of A−1 as aij . From At v(x) = ka (x) we ﬁnd
−t
v(x) = A ka (x), or vi (x) = j aji kja (x).
The (i, j)th element of Σ v̂ =< v, v >g is given by



a
< vi , vj >g =
ami anj
km
(x)kna (x)dG(x) =
ami amj ,
m

n

S

m

which is the (i, j)th element of A−t A−1 . Hence,
Σ v̂ = A−t A−1
%t $
%
$
< v, ka >−1
= < v, l >−1
g Σ v̂
g Σ v̂
= Σ v̂ < v, ka >−t
g < v, ka >g Σ v̂ .
Solving this equation for Σ v̂ gives Σ v̂ =< v, ka >g < ka , v >g . We now
substitute this expression into (A.15),
−1/2

−1
A = Σ −1
v̂ < v, ka >g =< v, ka >g = Σ v̂

.
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(2) By the deﬁnition of the {lj } and the {γj }, we have

c(x, y)lj (x)dG(x) = γj lj (y).
S

We now project both sides of the equation onto lj ,




S

lj (y)

S

c(x, y)lj (x)dG(x)dG(y) = γj .

Equation (5.11) is found by substituting lj (x) = atj v(x).

A.10 Proof of Theorem 9.1
We provide only a sketch of the proof.
Write
Rt = (R11 , R12 , . . . , R1n2 , R21 , . . . , RKnK ),
which is the vector of ranks, ordered according the usual convention. From
Lemma 7.3 we know that
Var {R} = Σ R =

%
n+1$
nI − J J t
12

with I and J the n × n identity matrix and the n-unit vector, respectively.
Deﬁne the n-dimensional vectors cs as vectors with all entries equal to zero,
except the entries at the positions corresponding to the elements of the sth
sample in R; these entries are equal to
√


12

ns n(n + 1)

(s = 1, . . . , K). Let C denote an n × K matrix with sth column equal to cts .
Note that the columns of this matrix are orthogonal. In a similar fashion we
also construct
 a matrix D which only diﬀers from C by the absence of the
√
factor 12/ n(n + 1). The columns of this matrix are orthonormal.
Let Ws = cts (R − ((n + 1)/2)J ). With this notation the KW statistic
becomes
KW =

K

s=1

Ws2

t



n+1
n+1
t
J CC R −
J .
= R−
2
2

A.10 Proof of Theorem 9.1
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$
%
Asymptotic multivariate normality of W = C t R − n+1
2 J can be shown
easily. It has mean zero and its covariance matrix equals
Var {W } = C t Σ R C
$
√
√ %
= D t I − (J / n)(J / n)t D
= D t EΓ E t D,
√
√
where E has rows equal to the eigenvectors of I − (J / n)(J / n)t , and Γ
is the diagonal matrix with the eigenvalues. Note that this particular matrix
has exactly one zero eigenvalue and n − 1 eigenvalues equal to one (see also
Appendix A.1). For convenience we set this zero at the ﬁrst diagonal position
of Γ . We now write
Var {W } = D t (EΓ 1/2 )(EΓ 1/2 )t D.
The zero eigenvalue implies that all entries in the ﬁrst column of EΓ 1/2 are
zero. Moreover, by the orthonormality of D and the n − 1 eigenvalues 1 in
Γ , we may conclude that Var {W } has also one eigenvalue equal to zero, and
K − 1 eigenvalues equal to one. On using Lemma A.1 we may conclude that
KW has asymptotically a χ2K−1 distribution under the general K-sample null
hypothesis.



Appendix B

The Bootstrap and Other Simulation
Techniques

B.1 Simulation of EDF Statistics Under the Simple Null
Hypothesis
In traditional univariate statistics, many test statistics have a limiting standard normal null distribution. For instance, let Tn denote such a test statistic;
d
d
then the asymptotic results may be denoted by Tn −→ N (0, 1), or Tn −→ Z,
where Z ∼ N (0, 1). A one-sided α-level test may be performed by comparing
the observed test statistic with the 1 − α quantile of the standard normal
distribution, which can be found in tables in many textbooks. When working with empirical processes, however, we will often encounter test statistics
which have a limiting distribution that has no explicit distribution function.
The limiting distribution is often expressed as a function of a Gaussion process. In this case, the criticial values will often have to be esimated by means
of simulations of the empirical process. The next R-code generates a realization of a Brownian bridge at frequency=1000 equally spaced points between
0 and 1. The larger the frequency, the better the realization approximates a
true continuous process.
> B<-rbridge(frequency=1000)
The asymptotic null distribution of the KS test can now be simulated by the
following lines.
> ks<-rep(NA,10000)
> for(i in 1:10000) {
+
ks[i]<-max(abs(rbridge(frequency=1000)))
+ }
We can use ks for instance to compute the p-value of the PRG example.
> length(ks[ks>sqrt(100000)*0.0029])/10000
[1] 0.3394
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A better approximation can be obtained by increasing the frequency and the
number of Monte Carlo simulation runs.

B.2 The Parametric Bootstrap for Composite Null
Hypotheses
The parametric bootstrap may be used for testing a full parametric null
hypothesis, whether simple or composite. Here we describe the method for
testing for a composite null hypothesis, but it can be applied to simple null
hypotheses too by simply ﬁxing the β nuisance parameter throughout the
algorithm.
Consider the null hypothesis
H0 : F ∈ {G(.; β) : β ∈ B}
(see Section 4.2.2 for more details on this type of composite null hypothesis).
t
Let
√ X = (X1 , . . . , Xn ) denote the sample of n i.i.d. observations, and β̂ is a
n-consistent estimator of β under H0 . Suppose the test statistic is denoted
by T = T (X, β̂).
The parametric bootstrap procedure consists in sampling B times n i.i.d.
observations from the distribution G(.; β̂). The jth sample is denoted by X ∗j ,
∗

and the estimator of β by β̂ j . For each bootstrap sample the test statistic is
∗

recalculated, which is denoted by Tj∗ = T (X ∗j , β̂ j ). The empirical distribution
of the B bootstrapped test statistics, T1∗ , . . . , TB∗ , serves as an approximation
of the asymptotic null distribution of T .

B.3 A Modiﬁed Nonparametric Bootstrap for Testing
Semiparametric Null Hypotheses
The method described here was proposed by Bickel and Ren (2001). See also
Bickel et al. (2006).
Let F denote a class of density functions for which the distribution of
the test statistic behaves well, and let X t = (X1 , . . . , Xn ) denote the vector
of the n i.i.d. sample observations. Let U = U (X) denote a k-dimensional
statistic. Consider test statistics of the form
T = U t (X)Σ̂

−1

(X)U (X),

√
where Σ̂(X) is an estimator of Var {U } that is n-consistent for all f ∈ F.
Consider a semiparametric null hypothesis formulated as

B.3 A Modiﬁed Nonparametric Bootstrap
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H0 : f ∈ F0 ,
where
F0 = {f ∈ F : Ef {U } = 0} .
Consider now a nonparametric bootstrap procedure in which X ∗j denotes
the jth bootstrap sample. For each bootstrap sample the test statistic is
calculated as
$
%t −1
$
%
Tj∗ = U (X ∗j ) − U (X) Σ̂ (X ∗j ) U (X ∗j ) − U (X) .
When B bootstrap simulations are performed, the empirical distribution of
T1∗ , T2∗ , . . . , TB∗ is used as an approximation of the null distribution of T .
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