Appendix A

Basic Facts from Optimization

Since the fabric of the universe is most perfect and the work of a most wise Creator, nothing
at all takes place in the universe in which some rule of maximum or minimum does not
appear.
—L. Euler

In engineering practice, there are often many possible or feasible solutions to a
given problem. For instance, there might be multiple models that can explain the
same observed data. In such situations, it is desirable to find a solution that is better
than others in the sense that it optimizes certain objective function, e.g., it maximizes
a likelihood function. To make this book more self-contained, we review in this
appendix some of the key facts and tools from optimization. This appendix is by
no means meant to be a complete tutorial in optimization. The reader is referred to
(Bertsekas 1999; Boyd and Vandenberghe 2004) for details.

A.1 Unconstrained Optimization
The goal of unconstrained optimization is to find the minimum value of a function
f W Rn ! R as well as the point x 2 arg minx f .x/ at which the function achieves
its minimum value, i.e., a point x such that f .x /  f .x/; 8x 2 Rn . Notice that
in general, the minimum value or optimal solution of a function may not exist, and
even if it does exist, it may not be unique. For simplicity and convenience, unless
otherwise stated, we will always assume that the function f is twice differentiable.
We denote the gradient and Hessian of the function f by rf and r 2 f , respectively.
Notice that rf .x/ is an n-dimensional vector and r 2 f .x/ is an n  n matrix. More
precisely, they are defined to be
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>
where x D x1 ; : : : ; xn . Sometimes, we use rx f .x; y/ to indicate the gradient with
respect to x only, and similarly for the Hessian.

A.1.1 Optimality Conditions
We use N.x; "/ to denote an "-ball around the point x. We say that a point x is
a local minimum of f if there exists an " > 0 such that f .x /  f .x/ for all x 2
N.x ; "/. We say that x is a strict minimum if equality holds only if x D x . If
the size of the neighborhood can be arbitrarily large, we say that x is the global
minimum of the function.
It is not difficult to prove by contradiction (see Exercise A.1) that a necessary
condition for a point x to be a local minimum is that the gradient rf .x/ vanish at
x , or more precisely,
rf .x / D 0:

(A.2)

The following proposition gives sufficient conditions for a point x to be a local
minimum in terms of its gradient and Hessian.
Proposition A.1 (Second-Order Sufficient Optimality Conditions). If a point x 2
Rn satisfies the conditions
rf .x / D 0;

r 2 f .x /  0;

(A.3)

then x is a (strict) local minimum of f .x/.
In practice, the above conditions can be used to find all possible local minima
of a given function. Of course, in general, local minima of a function are often not
unique and do not have to be the global minimum. However, if f is convex defined
on a convex domain, then every local minimum must be the global minimum.

A.1.2 Convex Set and Convex Function
Definition A.2 (Convex Set). A set X  Rn is said to be convex if for every x; y 2
X and  2 Œ0; 1, we have x C .1  /y 2 X .
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For convenience, the empty set is considered a special convex set. In most
optimization problems that we consider in this book, we are searching for the
minimum of a function over a convex domain. It is easy to verify many useful
properties of convex sets. For example, the intersection of any two convex sets is
also a convex set (see Exercise A.2).
Given any set (convex or not), we can associate with it a convex set as follows:
Definition A.3 (Convex Hull). Given a set X D fxi g  Rn , we define its convex
hull, denoted by conv.X /, to be
(
)
k
k
X
X
:
conv.X / D y W y D
i xi ; where k 2 N; i  0 and
i D 1 :
iD1

(A.4)

iD1

It is easy to show that a convex hull must be a convex set and that the convex hull of
a convex set is the convex set itself (see Exercise A.2).
Definition A.4 (Convex Function). A function f W X ! R defined on a convex
domain X  Rn is said to be convex if for all x; y 2 X and  2 Œ0; 1, we have
f .x C .1  /y/  f .x/ C .1  /f .y/:

(A.5)

We say that f is strictly convex if the inequality is strict for x 6D y and  2 .0; 1/.
Convex functions are extremely important for optimization largely because their
minima and maxima have some very useful properties.
Theorem A.5 (Minima of Convex Function). If a convex function f defined over a
convex domain X  Rn has a minimum, then it has the following properties:
1. Every local minimum of f is also a global minimum.
2. The set of all minima of f is a convex set.
3. If the function f is strictly convex, it has a unique minimum x .
Proof. Let f  denote the global minimum value of f over X , and choose a point x
where f reaches the global minimum value, i.e., f .x / D f  .
1. To prove the first statement, let us assume for the sake of contradiction that f
has a local minimum at y . Then, due to the convexity of f , we have that for all
 2 Œ0; 1,
f .x C .1  /y / D f .y C .x  y //  f .x / C .1  /f .y /:
If f .x / < f .y /, then f .x / C .1  /f .y / < f .y / for every  2 .0; 1.
Therefore, we have f .y C.x y // < f .y / for all  2 .0; 1. This contradicts
the assumption that y is a local minimum of f .
2. To prove the second statement, we need to show that for every c 2 R, the set fx W
f .x/  cg is convex. We leave this as an exercise to the reader (see Exercise A.3).
The claim then follows by choosing c D f  .
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3. To prove the third statement, let us assume for the sake of contradiction that f has
two different local minima x and y 6D x . Due to the first statement, we have
f .x / D f .y /. Since f is strictly convex, we further have
f .x C .1  /y / < f .x / C .1  /f .y / D f .x /
for all  2 .0; 1/. Since the domain X is convex, x C .1  /y 2 X . This
contradicts that x is the global minimum of f over X . Therefore, the minimum
x must be unique.
t
u
Sometimes, we are also interested in the maximum value of a convex function f
over a convex set X . We have the following statement.
Theorem A.6 (Maxima of Convex Function over Compact Convex Domain). Let
f be a convex function defined on a compact convex domain X . Then f reaches its
maximum value at the boundary of X . More precisely, we have
max f .x/ D max f .x/;
x2X

x2@X

where @X denotes the boundary of the set X .
We leave the proof as an exercise for the reader to become familiar with the
properties of convex functions (see Exercise A.3).
Besides the above notion of (strict) convexity, the following two relaxed notions
of convexity are also often used.
Definition A.7 ( Quasiconvex). A function f W X ! R defined on a convex domain
X  Rn is said to be quasiconvex if for all x; y 2 X and  2 Œ0; 1, we have
f .x C .1  /y/  maxff .x/; f .y/g:
Definition A.8 ( Pseudoconvex). A function f W X ! R defined on a convex
domain X  Rn is said to be pseudoconvex if for all y 2 Rn such that
rf .x/> .y  x/  0, we have
f .x/  f .y/:

A.1.3 Subgradient
Sometimes, the function we are trying to minimize is not necessarily smooth
everywhere. In this case, the “gradient” of the function cannot be evaluated at every
point. This leads to a generalized notion of the gradient called a subgradient.
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Definition A.9 (Subgradient of a Convex Function). The subgradient of a convex
function f W X ! R at a point x 2 X , where X is convex, is defined to be the set
:
@f .x/ D fv 2 Rn W f .y/  f .x/ C v> .y  x/; 8y 2 X g:

(A.6)

Most conditions and results for minimizing a smooth convex function generalize
to a nonsmooth convex function if one replaces gradient with subgradient. For
instance, a point x is a minimum of a convex function f if and only if 0 2 @f .x /.

A.1.4 Gradient Descent Algorithm
There is an extremely rich history and literature on how to optimize a function. For
many of the problems in this book, we are mostly interested in a simple method that
can be easily implemented to obtain the optimal solution. Hence, in this section, we
introduce a few simple methods that are pertinent to these problems, even though
they do not necessarily represent the most advanced optimization techniques.
Almost all methods for minimizing a function f are based on a very simple idea.
We begin with an initial guess x D x0 , and successively update x to x1 ; x2 ; : : :, such
that the value f .x/ decreases at each iteration; that is, f .xiC1 /  f .xi /. Of course,
the safest way to ensure a decrease of the value of the objective function is to follow
the “direction of descent,” which in our case would be the opposite direction to the
gradient vector rf .xi /. This idea gives rise to the classic steepest descent method
for searching for the minimum. At each iteration, the variables are updated as
xiC1 D xi  ˛ i rf .xi /;

(A.7)

for some scalar ˛ i > 0, called the step size.
There exist many different choices for the step size ˛ i , and the simplest one is of
course to set it to be a small constant, but that does not always result in a decrease
in the value of f .x/ at each iteration. Instead, ˛ i is often chosen to be the value ˛ 
that is given by solving a one-dimensional minimization problem:
˛  D arg min f .xi  ˛rf .xi //:
˛0

(A.8)

This is called the minimization rule.
Although the vector rf .xi / points to the steepest descent direction locally
around xi , it is not necessarily the best choice for searching for the minimum at
a larger scale. For instance, if f .x/ can be approximated by a quadratic function
1
f .x/
.xx /> K.xx /Cc and the matrix K has very large condition number,1
2

1

That is, the ratio cond.K/ D

max
min

between the largest and smallest eigenvalues of K is large.
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then the simple gradient descent method typically has very poor convergence. In
general, it is easy to establish that the error f .xi /  f .x / of gradient-based methods
necessarily drops on the order of o.i1 /. Further, for a general class of objective
functions, one can show that the optimal rate of convergence for gradient-based
methods does not exceed o.i2 / (Nemirovskii and Yudin 1979).
To improve the convergence of the gradient descent method, one can generalize
the variable update equation to the form
xiC1 D xi  ˛ i Di rf .xi /;

(A.9)

where Di 2 Rnn is a positive definite symmetric matrix to be determined in each
particular algorithm. The steepest descent method in (A.7) becomes a particular
case of (A.9), where Di
I. In general, Di can be viewed as a weight matrix
that adjusts the descent direction according to more sophisticated local information
about the function f than the gradient alone. A simple choice for Di would be a
diagonal matrix that scales the descent speed differently in each axial direction. A
more principled choice for Di would be the inverse of the Hessian Di D Œr 2 f .xi /1 ,
which gives the classical Newton’s method. This method typically has a much faster
convergence rate than simple gradient-based methods. For example, it finds the
minimum of a quadratic function in one step. In general, it can also be established
that under fairly general conditions, optimization schemes based on Newton-type
iterations often have a linear convergence rate, that is, the error f .xi /f .x / reduces
on the order of o.i / for some  2 .0; 1/.
Despite the fast convergence of Newton’s method, in many modern highdimensional optimization problems that we encounter in this book, this choice is
not very practical, because it is extremely costly to compute and store the Hessian
matrix and its inverse. Hence, most modern optimization methods for large-scale
optimization rely on smart modifications to the classical gradient descent method
that are based on only first-order derivatives of the objective function. For interested
readers, we point to the seminal work of (Nesterov 1983; Beck and Teboulle 2009)
on accelerated proximal gradient algorithms that achieve a convergence rate of
o.i2 / for a large class of convex objective functions.

A.1.5 Alternating Direction Minimization
In many optimization problems that we encounter in this book, we are required to
minimize an objective function f that has special structures. For example, if we
partition the variables x 2 Rn into, say, N blocks x D .x1 ; : : : ; xN /, it may be very
convenient to minimize f with respect to one block of variables at a time.
Such methods are also known in the optimization literature as block coordinate
descent (BCD) methods (Tseng 2001) or alternating direction minimization (ADM)
methods, especially when N D 2. For example, in the matrix factorization problem
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discussed in Section 2.1.2, our goal is to obtain a factorization .U; V/ that best
approximates a given matrix M by minimizing the objective function
kM  UV > k2F :

(A.10)

If we fix one factor, say U, then finding the best V that minimizes the error is a
simple quadratic problem and has a closed-form solution. Hence, it is rather natural
to minimize such an objective function by iteratively minimizing with respect one
factor at a time. As another example, in some of the convex optimization problems
that we utilize for recovering low-rank matrices or sparse vectors, the objective
function is often of the special form
f .x/ D f0 .x/ C

N
X

fi .xi /;

(A.11)

iD1

where fi ./ is a component that depends only on the ith block variables xi , and f0 .x/
typically is a simple function with nice properties. Such a function is said to have
a separable form. Again, it is natural to minimize such a function in a (block)
coordinate descent fashion especially if f0 .x/ C fi .xi / is much easier to minimize
with respect to each coordinate block xi .
Below, we formally describe the block coordinate descent (BCD) method, as a
special version of what was described in (Tseng 2001):
• Initialization. Choose any x0 D .x10 ; : : : ; xN0 / 2 Rn .
• For the .i C 1/th iteration, i  0, given xi D .x1i ; : : : ; xNi / 2 Rn from the previous
iteration, choose s D i .mod N/ and compute
i
i
– xsiC1 D arg minxs f .x1i ; : : : ; xs1
; xs ; xsC1
; : : : ; xNi /;
iC1
i
– xj D xj ; 8j 6D s.

• Repeat the process till convergence or the maximum number of iterations has
been reached.
Although the above alternating minimization scheme is very widely used in engineering solutions for real-world optimization problems, theoretically it is important
to know about when it is guaranteed to converge, at least to a local minimum of
the objective function f . There has been a vast amount of classical literature that
characterizes the convergence of the BCD method for various classes of objective
functions. We here summarize some of the well-known convergence results, which
are helpful in justifying the optimization techniques used for problems in this book.
For detailed and rigorous proofs of these results, we refer the reader to the references
given below.
Proposition A.10 (Convergence of Block Coordinate Descent). Given a function
f W Rn ! R bounded from below, the BCD method converges to a stationary point
of f under each of the following conditions:
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•
•
•
•

The function f is strictly convex (Warga 1963).
The function f is pseudoconvex (Zadeh 1970).
The function f is quadratic (Luo and Tseng 1993).
The function f is pseudoconvex in each pair of blocks .xj ; xk / for every j; k 2
f1; : : : Ng (Tseng 2001).
• The function f has unique minimum in each coordinate block (Luenberger 1973).
In fact, if the function f is not pseudoconvex, a counterexample (Powell 1973)
exists in which the method may cycle without approaching any stationary point of
f . The last result suggests that the alternating minimization scheme for the matrix
factorization problem is guaranteed to converge to a stationary point.

A.2 Constrained Optimization
In this section, we consider the problem of minimizing a function f W Rn ! R
subject to equality constraints on the variable x 2 Rn , i.e.,
x D arg min f .x/ subject to h.x/ D 0;

(A.12)

where h D Œh1 ; h2 ; : : : ; hm > is a smooth (multidimensional) function (or map)
from Rn to Rm . For each constraint hi .x/ D 0 to be independently effective at the
minimum x , we often assume that their gradients
rh1 .x /; rh2 .x /; : : : ; rhm .x /

2 Rn

(A.13)

are linearly independent. If so, the constraints are called regular.

A.2.1 Optimality Conditions and Lagrangian Multipliers
For simplicity, we always assume that the functions f and h are at least twice
continuously differentiable. Then the main theorem of Lagrange is as follows.
Theorem A.11 (Lagrange multiplier theorem; necessary conditions). Let x be a
local minimum of a function f subject to regular constraints h.x / D 0. Then there
exists a unique vector  D Œ1 ; 2 ; : : : ; m > 2 Rm , called Lagrange multipliers,
such that
rf .x / C

m
X
iD1

Furthermore, we have

i rhi .x / D 0:

(A.14)
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m


X
v> r 2 f .x / C
i r 2 hi .x / v  0

(A.15)

iD1

for all vectors v 2 Rn that satisfy rhi .x /> v D 0, for i D 1; 2; : : : ; m.
Theorem A.12 (Lagrange multiplier theorem; sufficient conditions). Assume that
x 2 Rn and  D Œ1 ; 2 ; : : : ; m > 2 Rm satisfy
rf .x / C

m
X

i rhi .x / D 0;

hi .x / D 0; i D 1; 2; : : : ; m;

(A.16)

iD1

and furthermore, we have
m


X
i r 2 hi .x / v  0;
v> r 2 f .x / C

(A.17)

iD1

for all vectors v 2 Rn that satisfy rhi .x /> v D 0, for i D 1; 2; : : : ; m. Then x is a
strict local minimum of f subject to h.x/ D 0.
The Lagrangian function
If we define for convenience the Lagrangian function L W RnCm ! R as
:
L .x; / D f .x/ C > h.x/;

(A.18)

then the necessary conditions in Theorem A.11 can be written as
rx L .x ;  / D 0;

r L .x ;  / D 0;

v> rx2 L .x ;  /v  0; 8v W v> rh.x / D 0:

(A.19)
(A.20)

The conditions (A.19) give a system of n C m equations with n C m unknowns:
the entries of x and  . If the constraint h.x/ D 0 is regular, then in principle,
this system of equations is independent, and we should be able to solve for x and
 . The solutions will contain all the (local) minima, but it is possible that some of
them need not be minima at all. Nevertheless, whether we are able to solve these
equations or not, they usually provide rich information about the minima of the
constrained optimization. We illustrate how we can utilize the necessary conditions
for Lagrange multipliers to find the optimal solution to a constrained optimization
problem with the following example.
Example A.13 [Matrix Lagrange Multipliers] Consider the problem of projecting a given matrix M 2 Rnn onto the space of orthogonal matrices O.n/ D fU 2
Rnn W U > U D Ig. That is, we want to find a matrix U 2 Rnn that minimizes
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subject to U > U D I:

(A.21)

Notice that there are n2 constraints in U > U D I. This suggests using n2 Lagrange
multipliers, which can be conveniently represented as the entries of a matrix
ƒ 2 Rnn . However, since the matrix U > U is symmetric, there are only n.n C
1/=2 independent constraints. Therefore, the matrix ƒ needs to be chosen to be
symmetric. Now, since the inner product between the two matrices A and B can
be conveniently written as hA; Bi D trace.A> B/, the Lagrangian function can be
written as
L .U; ƒ/ D kM  Uk2F C trace.ƒ.U > U  I//:
The necessary condition

@L
@U

(A.22)

D 0 in Theorem A.11 gives
.U  M/ C Uƒ D 0:

(A.23)

This gives ƒ D U > M  I. Since ƒ is symmetric, so is U > M. Let M D W†V > be
the singular value decomposition of M. Both W; V are orthogonal matrices. If the
singular values of M are all different, then in order for U > M D U > W†V > to be
symmetric, we must have U > W D V; hence U D WV > .
As we see from the above example, for some constrained optimization problems,
the necessary conditions of the Lagrangian alone allow us to solve for the optimal
solution. In general, of course, this is not always possible, and we have to resort to
numerical solutions to find the optimal solution.

A.2.2 Augmented Lagrange Multipler Methods
If we are not able to solve for the minima from the equations given by the necessary
conditions, we must resort to a numerical optimization scheme. The basic idea is
to try to convert the original constrained optimization to an unconstrained one by
introducing extra penalty terms to the objective function. A typical choice is the
augmented Lagrangian function Lc W RnCm ! R, defined as
c
:
Lc .x; / D f .x/ C > h.x/ C kh.x/k2 ;
2

(A.24)

where c > 0 is a positive penalty parameter. It is reasonable to expect that for very
large c, the location x of the global minimum of the unconstrained minimization
.x ;  / D arg max min Lc .x/


x

(A.25)

should be very close to the global minimum of the original constrained
minimization.
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Proposition A.14 (Convergence of ALM (Bertsekas 1999)). For i D 0; 1; : : :, let
xi be a global minimum of the unconstrained optimization problem
min Lci .x; i /;

(A.26)

x

where fi g is bounded, 0 < ci < ciC1 for all i, and ci ! 1. Then the limit of the
sequence fxi g is a global minimum of the original constrained optimization problem.
This result leads to the classical augmented Lagrangian algorithm for solving the
constrained optimization problem (A.12) via the following iteration:
xiC1 D arg min Lci .x; i /;
x

(A.27)

iC1 D i C ciC1 h.xiC1 /:
It is easy to see that if fi g is a bounded sequence and ci ! 1, then we must
have h.xi / ! 0; hence the constraint will be enforced at the point x to which the
algorithm converges. Moreover, the limit point  of the bounded sequence fi g
will be the desired Lagrange multiplier in Theorem A.11.

A.2.3 Alternating Direction Method of Multipliers
A very common class of optimization problems that one encounters in practice is to
optimize some convex objective function subject to a set of linear constraints. Very
often, including some cases we have encountered in this book, the objective function
f has a separable form that makes it amenable to simpler optimization schemes such
as alternating minimization, discussed earlier. For example, consider the following
optimization problem:
min f .x/ D
x

N
X

fi .xi /;

iD1

subject to

N
X

Ai xi D b;

(A.28)

iD1

where each fi is a convex function. In some cases, the component functions fi need
not be smooth. For instance, in the robust PCA problem discussed in Section 3.2,
we aim to solve
min kLk C kSk1 ;
L;S

subject to D D L C S;

(A.29)

where the nuclear norm k  k and the `1 -norm k  k1 are not smooth.
In this subsection, we show how to use the augmented Lagrangian method
to solve this class of optimization problems in an effective and efficient way.
Notice that the augmented Lagrangian function for this class of problems precisely
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resembles the separable form (A.11) studied earlier. We are particularly interested
in simple and scalable algorithms that utilize only first-order information of the
objective function and do not involve any expensive computations.
Most of the cases in which we are interested in this book involve (or can be
reduced to) only two terms, say
min f .x/ C g.y/
x;y

subject to Ax C By D b;

(A.30)

where f W Rn ! R and g W Rp ! R are two convex functions, and A 2 Rmn ,
B 2 Rmp , and b 2 Rm together specify m linear constraints. For simplicity, we will
first illustrate the basic algorithm and results using the two-term problem, and we
will later discuss how to generalize to multiple terms.
Let us define the augmented Lagrangian function for problem (A.30):
1
:
kAx C By  bk22 ;
L .x; yI / D f .x/ C g.y/ C h; Ax C By  bi C
2

(A.31)

where  > 0 is a penalty parameter. According to the augmented Lagrangian
method,  should be a decreasing sequence converging to 0. Then, following
the classical augmented Lagrangian method (Bertsekas 1999), we can solve problem (A.30) via the following iteration:
.xiC1 ; yiC1 / D arg min L .x; yI i /;
x;y

(A.32)

iC1 D i C .AxiC1 C ByiC1  b/=:
However, the joint minimization over both x and y can be very difficult. Fortunately,
as in the case of the robust PCA problem, the minimization over x or y with the
other variables fixed is often much simpler. This leads to the alternating direction
method of multipliers (ADMM), which follows the following iteration scheme:
xiC1 D arg min L .x; yi I i /;
x

y

iC1

D arg min L .xiC1 ; yI i /;

(A.33)

y

iC1 D i C .AxiC1 C ByiC1  b/=:
This alternating direction technique is known as the Douglas–Rachford operator
splitting method and is known to converge to the global optimal solution (see (Ma
2012) and references therein).
In the robust PCA problem, both A and B are identity operators, and the
associated optimization problems for the two alternating minimizations are both
very simple to solve. For instance, the minimization with respect to the sparse term
is minS kSk1 C ˛kS  Mk for some fixed matrix M and constant ˛. The solution is
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given by a simple entrywise soft thresholding. The minimization with respect to the
low-rank term is a simple singular-value soft thresholding.
However, in many other problems, the operators A and B are not necessarily the
identities, and the problem of minimizing each component may no longer be so
simple, even for a case such as the `1 -norm. Note that by completing the squares,
we can write the iteration scheme (A.33) explicitly as
xiC1 D arg min f .x/ C

1
kAx C Byi  b C i k22 ;
2

yiC1 D arg min g.y/ C

1
kAxiC1 C By  b C i k22 ;
2

x

y



iC1

(A.34)

D  C .AxiC1 C ByiC1  b/=:
i

Although one can always resort to some iterative scheme to find the minimum
solutions to the above two subproblems, the computational cost can be very high.
One technique proposed to simplify the above minimization approximates the
quadratic penalty term 12 kAx C Byi  b C k k22 with another proximal quadratic
term
1
kx  .xi  1 A> .Axi C Byi  b C i //k22
21
1
D hx  x ; A .Ax C By  b C  i C
kx  xi k22 C c;
21
i

>

i

i

(A.35)

i

where c is a constant. Notice that this term can be interpreted to approximate the
original quadratic term with its Taylor expansion at the previous iteration point xi
up to the second-order term, where A> .Axi C Byi  b C i / is the gradient of the
quadratic term at xi , but the Hessian A> A is approximated with a constant 1=1 .
To ensure that the approximation is an upper bound of the original function, we
want 1 < 1=max .A> A/. If we do the same for the subproblem for updating y, then
the ADMM iteration scheme can be replaced by the so-called alternating proximal
gradient minimization (APGM) scheme:
xiC1 D arg min f .x/ C

1
kx  .xi  1 A> .Axi C Byi  b C i //k22 ;
21

yiC1 D arg min g.y/ C

1
ky  .yi  2 B> .AxiC1 C Byi  b C i //k22 ;
22

x

y



iC1

D  C .AxiC1 C ByiC1  b/=:
i

(A.36)
Could the approximation affect the convergence of the ADMM method? The
following result ensures that the global convergence remains intact if ADMM is
replaced with APGM.
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Proposition A.15 (Convergence of ADMM with Proximal Gradient (Ma 2012)).
For 1 < 1=max .A> A/ and 2 < 1=max .B> B/, the sequence f.xi ; yi ; i /g produced
by the above APGM scheme (A.36) converges to the global optimal solution of
problem (A.30).
This result is very useful. Although it is established only for the two-term
problem, it essentially offers an effective solution for the multiterm problem (A.28):
we can always partition the N terms into two blocks and apply the APGM scheme.
The convergence is ensured. Of course, in practice, the speed of convergence could
be different for different partitions.

A.3 Exercises
Exercise A.1 Show that a necessary condition for a point x to be a local minimum
of a differentiable function f is that the gradient rf .x/ vanish at x , i.e., rf .x / D 0.
Exercise A.2 Show that:
1. The intersection of two convex sets is convex.
2. The convex hull of a set is convex.
3. The convex hull of a convex set is the set itself.
Exercise A.3 Let f W X ! R be a convex function defined over a convex domain
X  Rn . Show that:
1. For every c 2 R, the set fx 2 X W f .x/  cg is convex.
2. If X is compact, then f reaches its maximum value at the boundary of X , i.e.,
maxx2X f .x/ D maxx2@X f .x/.
3. f is pseudoconvex.
4. f is quasiconvex.

Appendix B

Basic Facts from Mathematical Statistics

A knowledge of statistics is like a knowledge of foreign languages or of algebra; it may
prove of use at any time under any circumstances.
—A.L. Bowley

In the practice of science and engineering, data are often modeled as samples
of a random variable (or vector) drawn from a certain probability distribution.
Mathematical statistics deals with the problem of inferring the underlying
distribution from the given samples. To render the problem tractable, we typically
assume that the unknown distribution belongs to some parametric family (e.g.,
Gaussian), and formulate the problem as one of estimating the parameters of the
distribution from the samples.
In this appendix, we provide a brief review of some of the most relevant concepts
and results from mathematical statistics used in this book. The review is not meant
to be exhaustive, but rather to make the book self-contained for readers who already
have some basic knowledge in probability theory and statistics. For a more formal
and thorough introduction to mathematical statistics, we refer the reader to the
classic books (Wilks 1962) and (Bickel and Doksum 2000).

B.1 Estimation of Parametric Models
Assume that you are given independent and identically distributed (i.i.d.) samples
from an unknown parametric distribution from which you wish to estimate some
properties of the distribution. In this section, we show how to estimate the parameters of the distribution, such as the mean and variance, from the i.i.d. samples.
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We study different types of estimators, such as minimum variance and maximum
likelihood estimators, and their properties, such as unbiasedness, efficiency, and
consistency.

B.1.1 Sufficient Statistics
Let x be a random variable or vector. For simplicity, we assume that the distribution
of x has a density p .x/, where the parameter vector  D Œ1 ; 2 ; : : : ; d > 2 ‚
Rd , once known, uniquely determines the density function p ./. Now suppose that
X D fxj gNjD1 is a set of i.i.d. samples of x drawn according to the density p .x/.
Then X has the density
p .X / D

N
Y

p .xj /:

(B.1)

jD1

We call any real or vector-valued function of X a statistic and denote it by T.X /. The
goal is to choose a function T./ that gives a “good” estimate of the true parameter .
To that end, we introduce the concept of sufficient statistics.
Definition B.1 (Sufficient Statistic). A statistic T.X / is said to be sufficient for 
if the conditional distribution of X given T.X /, p .X j T.X // is not a function of .
Intuitively, a sufficient statistic T.X / with respect to  is a statistic that contains
all the information that is useful to estimate . In other words, we can throw away
the given samples and estimate  from T.X / without any loss of information.
Unfortunately, the above definition is not very useful for finding sufficient statistics.
Instead, one typically resorts to the following factorization theorem.
Theorem B.2 (Fisher–Neyman). A statistic T.X / is sufficient for  if and only if
there exist a function g.t; / and a function h.X / such that
p .X / D g.T.X /;  /h.X /:

(B.2)

Example B.3 (Sufficient Statistic of a Gaussian Random Variable). For GausN .; †/, where xj 2 RD ,  2 RD and † 2 RDD , the statistic
sian data xj
PN
P
T.X / D . jD1 xj ; NjD1 xj x>
j / is a sufficient statistic for  D .; †/, because
p .X / D

N
Y
jD1

D

.xj  /> †1 .xj  /
1
/
exp.
.2/D=2 det.†/1=2
2

(B.3)





P
P
exp  12 .trace †1 NjD1 xj x>
 2> †1 NjD1 xj C > /
j

D g.T.X /;  /  1:

.2/ND=2 det.†/N=2
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B.1.2 Mean Square Error, Efficiency, and Fisher Information
Notice that sufficient statistics are not unique. For instance, T.X / D X is a sufficient
statistic, and every one-to-one function of a sufficient statistic is also a sufficient
statistic. Therefore, it is important to devise some criteria for choosing a “good”
sufficient statistic.
A popular measure of “goodness” of a statistic T.X / 2 Rd as an estimate of
 2 Rd is the mean squared error (MSE) between T.X / and :
R.; T/ D E ŒkT.X /  k2 :

(B.4)

In some literature, such a function is also referred to as the “risk function,” whence
the capital letter R. Notice that the expression R.; T/ can be rewritten as
R.; T/ D E ŒkT.X /  E ŒT.X / C E ŒT.X /  k2 
D E ŒkT.X /  E ŒT.X /k2  C kE ŒT.X /  k2
:
D Var .T.X // C kb .T.X //k2 ;

(B.5)

where b .T.X // D E ŒT.X /   is called the bias of the estimate T.X /, and
Var .T.X // 2 R is the trace of the covariance matrix
:
Cov .T.X // D E Œ.T.X /  E ŒT.X //.T.X /  E ŒT.X //>  2 Rdd :

(B.6)

We refer to Var .T.X // as the “variance” of T.X /. Thus, a good estimate is one that
has both small bias and small variance.
Example B.4 For Gaussian data xj
N .; †/, where xj 2 RD ,  2 RD and
P
N
† 2 RDD , the statistic T.X / D N1 jD1 xj is an unbiased estimator of , because
E ŒT.X / D

N
1 X
1
E Œxj  D N D :
N jD1
N

(B.7)

We can use the MSE to compare two estimators. We define the relative efficiency
of two estimators T1 and T2 as the ratio
1;2 . /

: R.; T2 /
:
D
R.; T1 /

(B.8)

The larger the relative efficiency 12 , the smaller the MSE of T1 relative to that of
T2 . Thus, T1 gives a more accurate, or “sharper,” estimate for .
Notice that in general, the relative efficiency is a function of . Therefore, one
estimator could have lower MSE for some values of , and another estimator could
have lower MSE for other values of . In fact, there is no such thing as a universally
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optimal estimator that gives an error smaller than that of any other estimator for
all . For instance, if the true parameter is 0 , the estimator S.X / D 0 achieves
the smallest possible error R.; S/ D 0. Thus, the universally optimal estimate, say
T, would need to have R.0 ; T/ D 0, too. Since 0 can be arbitrary, T would need
to estimate every potential parameter  perfectly, which is impossible except for
trivial cases. One can view this as a manifestation of the so-called no free lunch
theorem known in learning theory: without any prior knowledge about , we can
expect a statistical estimate to be better than others most of the time, but we can
never expect it to be the best all the time. Thus, in the future, whenever we claim
that some estimate is “optimal,” the claim will be in the restricted sense that it is
optimal within a special class of estimates considered (e.g., unbiased estimates).
In the case of unbiased estimators, the MSE reduces to the variance. Therefore,
we can compare two estimators by comparing their variances. Theorem B.5 gives
a lower bound on the variance of an estimator, which allows us to evaluate the
efficiency of an estimator by comparing its variance to this lower bound (see
Definition B.6). Before stating the theorem, we need to introduce some notation.
Assume that p .x/ is differentiable with respect to  and define the Fisher
information matrix as
h @
 @
> i
:
log p .X /
log p .X /
2 Rdd :
I. / D E
@
@
:
Also, assume that the function . / D E ŒT.X / D Œ
differentiable with respect to  and define
2@

1 ./ @ 1 ./
@1
@2
6 @ 2 ./ @ 2 ./
6 @1
@2
6

@ . / :
D6
@
4

@

::
:

::
:

d ./ @ d ./
@1
@2



::
:


1 . /;

>
d . /

is

3

@

1 ./
@d
@ 2 ./ 7
@d 7
7

@

2 . /; : : : ;

(B.9)

::
:

d ./
@d

72R
5

dd

:

(B.10)

We have the following result.
Theorem B.5 (Cramér–Rao Lower Bound). Let T.X / be an estimator for  and
assume that the following regularity conditions on the density p and the estimator
T.X / hold:
1. The information matrix is well defined. That is, for all X such that p .X / > 0,
@
ln p .X / exists and is finite.
@
2. The operations of integration with respect to X and differentiation with respect
to  commute, i.e.,
Z
Z
@
@
T.X /p .X /dX D T.X / p .X /dX :
(B.11)
@
@
3. For all ,

. / is differentiable.
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We have that for all ,
Cov .T.X // 

 @ . / >
@ . /
;
I. /1
@
@

(B.12)

where the inequality is between positive semidefinite symmetric matrices.
In the case of an unbiased estimator we have . / D  and 0 . / D I.
Therefore, the information inequality gives the following lower bound for the
variance of an unbiased estimate: Cov.T.X //  I. /1 . This bound is often referred
to as the Cramér–Rao lower bound. Since X D fxj gNjD1 are i.i.d. samples from p .x/,


:
if we define I1 . / D E @@ log p .x1 /. @@ log p .x1 //> 2 Rdd , we obtain
I. / D NI1 . /:

(B.13)

Thus, the Cramér–Rao lower bound can be rewritten as Cov .T.X //  N1 I1 . /1 .
Definition B.6 (Efficiency).
T.X / as

We define the efficiency of an unbiased estimator





trace I 1 . /
1 trace I11 . /
. / D
D
:
Var .T.X //
N Var .T.X //

(B.14)

An unbiased estimator T.X / is called efficient if it achieves the Cramér–Rao lower
bound, i.e., if ./ D 1 for all .
Next, we describe a procedure for finding an efficient estimator whenever
possible.

B.1.3 The Rao–Blackwell Theorem and Uniformly
Minimum-Variance Unbiased Estimator
To find a good estimate for  in the MSE sense, we can resort to the Rao–Blackwell
theorem. This theorem allows us to take an arbitrary estimate S.X / of  and produce
a new estimate S .X / whose MSE is at least as good as that of S.X /.
Theorem B.7 (Rao–Blackwell). If T.X / is a sufficient statistic for  and S.X / is
Q / D E ŒS.X / j T.X / is such that
any estimate of , then S.X
Q  R.; S/:
8 R.; S/

(B.15)

The above procedure for transforming an estimator using the Rao–Blackwell
theorem is often called Rao–Blackwellization. This procedure can significantly
improve the estimate of . However, it is not guaranteed to produce an optimal
estimate of  in the MSE sense.
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As we mentioned earlier, to make the estimation problem well conditioned, we
must restrict the class of estimates. For instance, we may require the estimate S.X /
to be unbiased, i.e., b .S.X // D 0. Then the problem of finding the best unbiased
estimate becomes
min R.; S/ D Var .S.X // s.t. E ŒS.X / D :
S./

(B.16)

The optimal S .X /, if it exists, is called the uniformly minimum variance unbiased
(UMVU) estimate. In general, an unbiased estimator of  need not exist, and so
S .X / is not always well defined. However, if an unbiased estimator of  does
exist, then so does S .X /. Moreover, if the sufficient statistic T.X / is complete, as
defined next, then S .X / is unique and can be found by Rao–Blackwellization.
Definition B.8 (Complete Statistic). A statistic T is said to be complete if for
every real-valued function g./ such that E Œg.T.X // D 0 for all , we have that
p .g.T.X // D 0/ D 1 for all .
Starting with an unbiased estimate S.X / and a sufficient and complete statistic
T.X /, the following theorem simplifies the computation of the UMVU estimate.
Theorem B.9 (Lehmann–Scheffé). If T.X / is a complete sufficient statistic and
S.X / is any unbiased estimate of , then S .X / D E ŒS.X / j T.X / is an UMVU
estimate of . If further, Var .S .X // < 1 for all , then S .X / is the unique
UMVU estimator.
While the above procedure gives us an optimal unbiased estimate in the MSE
sense, the UMVU estimate is often too difficult to compute in practice. Furthermore,
the property of unbiasedness is not invariant under functional transformation: if
T.X / is an unbiased estimate for , then g.T.X // is in general not an unbiased
estimate for g. /. To have the functional invariant property, we often resort to the
so-called maximum likelihood estimator, as described next.

B.1.4 Maximum Likelihood (ML) Estimator
Recall that the joint distribution of the N i.i.d. samples fxj gNjD1 has the density
Q
p .X / D NjD1 p .xj /, and consider this density a function of  with X fixed. We
call this function the likelihood function and denote it by L.; X / D p .X /. The
maximum likelihood (ML) estimate of , it if exists, is given by the solution to the
following optimization problem:
N


Y
p .xj / ;
ON D arg max L.; X / D p .X / D
2‚

jD1

(B.17)

B

Basic Facts from Mathematical Statistics

481

where ‚ is the space of parameters. Since the logarithmic function is monotonic,
we may choose to maximize the log-likelihood function instead:
N


X
log p .xj / ;
ON D arg max `.; X / D log.L.; X // D
2‚

(B.18)

jD1

which often turns out to be more convenient to use in practice. Thus, a necessary
condition for the optimality of ON is that
@`.; X / ˇˇ
ˇ O D 0:
N
@

(B.19)

The ML estimate is a more popular choice than the UMVU estimate, because its
existence is easier to establish, and it is usually easier to compute than the UMVU
estimate. Moreover, the ML estimate is invariant under functional transformations.
That is, if ON is an ML estimate of , then g.ON / is an ML estimate of g. /.
Furthermore, when the sample size is large, the ML estimate is asymptotically
optimal for a wide variety of parametric models. Thus, both UMVU and ML
estimates give essentially the same answer, as explained next in more detail.

B.1.5 Consistency and Asymptotic Efficiency of the ML
Estimator
In general, we would like an estimate ON obtained from N samples fxj gNjD1 to perform
better and better as the number of samples increases. In this section, we characterize
the asymptotic properties of an estimator. To do so, we need to make a number of
technical assumptions.
Assumption B.10 Assume that the space of parameters ‚ is compact and that the
density p .x/ is continuous and twice differentiable in  for all x and identifiable,
i.e., p
p0 ”  D 0 . Assume also that there exists a function K.x/ such that
E0 ŒK.x/ < 1 and log p .x/  log p0 .x/  K.x/ for all x and .
Given these assumptions, a first approach to characterizing the asymptotic
behavior of an estimator is through the notion of consistency.
Definition B.11 (Consistency). An estimate ON of  is said to be consistent if it
converges in probability to  (ON ! ), i.e.,


lim P kON  k  " D 0; 8" > 0:

N!1

(B.20)

The following classical result from statistics characterizes the consistency of the
ML estimator.
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Proposition B.12. Let fxj gNjD1 be i.i.d. samples from p0 .x/. Under the regularity
assumptions in B.10, every sequence of ML estimates ON converges to 0 in
probability. In other words, every maximum likelihood estimate is consistent.
A second approach to characterizing the asymptotic behavior of an estimator is
through the notion of asymptotic unbiasedness.
Definition B.13 (Asymptotic Unbiasedness). Let N D E ŒON  2 Rd and †N D
Cov .ON / 2 Rdd . We say that an estimate ON of  is asymptotically unbiased if
lim

N!1

p

N.N   / D 0;

and

lim N†N D † > 0

N!1

(B.21)

for some positive definite symmetric matrix † 2 Rdd .
It is easy to see that asymptotic unbiasedness is a stronger property than consistency. That is, an estimate can be consistent but asymptotically biased. In addition,
most “reasonable” estimates ON (e.g., the ML estimate) are often asymptotically
normally distributed with mean N and covariance matrix †N due to the central
limit theorem. Therefore, the asymptotic distribution of an asymptotically unbiased
estimate is uniquely characterized by the parameters  and †.
A third way to characterize the asymptotic behavior of an estimator is through
the notion of asymptotic efficiency. Given two asymptotically unbiased estimates,
.1/
.2/
say ON and ON , their relative asymptotic efficiency is defined as the ratio
1;2 . /

: det.†.2/ /
;
D
det.†.1/ /

(B.22)

 .i/ 
where †.i/ D limN!1 NCov ON , for i D 1; 2. The larger the efficiency ratio
O .1/
O .2/
O .1/
1;2 , the smaller the asymptotic variance of  , relative to that of  . Thus, 
gives a more accurate or “sharper” estimate for , although both O .1/ and O .2/
are asymptotically unbiased. Nevertheless, according to Theorem B.5, an estimate
cannot be arbitrarily more efficient than others. That is, for every asymptotically
unbiased estimate ON , using (B.13) and (B.21), its covariance matrix is bounded
asymptotically from below by the Cramér–Rao bound:
lim N†N D †  I1 . /1 :

N!1

(B.23)

Definition B.14 (Asymptotic Efficiency). An estimate ON is said to be asymptotically efficient if it is asymptotically normal and achieves equality in the Cramér–Rao
bound (B.23).
Asymptotic efficiency is a desirable property for an estimate, and it is sometimes
referred to as asymptotic optimality. It often can be shown that UMVU estimates
are asymptotically efficient. We also have the following result.
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Proposition B.15. Let fxj gNjD1 be i.i.d. samples from p0 .x/. Assume that the
regularity conditions in B.10 hold and that the Fisher information matrix I1 .0 /
is positive
definite. Then there is a consistent sequence of ML estimators ON such
p
that N.ON  0 / converges in distribution to N .0; I1 .0 /1 /. In other words, the
sequence ON is asymptotically unbiased and asymptotically efficient.
Proof. We here outline the basic ideas for a “proof,” which can also be used to
establish for other estimates their asymptotic unbiasedness or efficiency with respect
to the ML estimate. Define the function
: @
.x; / D
log p .x/ 2 Rd :
@

(B.24)

If the maximum likelihood estimate ON exists, it must satisfy the equation
N
X
@`.; X / ˇˇ
.xj ; ON / D 0:
ˇO D
N
@
jD1

(B.25)

By the mean value theorem, we have
N
X
jD1

.xj ; ON / 

N
X
jD1

.xj ; / D

N
hX

@ .xj ; N / i O
N   ;
@
jD1

(B.26)

where N is a point between  and ON . Using (B.25), we obtain
N
N

X
p 
 h1 X
@ .xj ; N / i1 
 12
O
N
N N   D
.xj ; / :
N jD1
@
jD1

(B.27)

Now, it follows from Proposition B.12 that ON is consistent. This implies that
P
P
@ .x ;  /
@ .x ;/
limN!1 N1 NjD1 @j N D limN!1 N1 NjD1 @j . By the law of large numbers,
the last limit is equal to
E

h @ .x ; / i
h @2
i Z @  @ p .x1 / 
1
@
D E
p .x1 /
log
p
.x
/
D
 1
@
@ 2
@ p .x1 /
2
Z
p .x1 / @@ 2 p .x1 /  @@ p .x1 /. @@ p .x1 //>
D
p .x1 /
p .x1 /2
Z
Z
@2
@
@
log p .x1 /. log p .x1 //> p .x1 /
D 2 p .x1 / 
@
@
@
h @
 @
> i
D I1 . /:
D E
log p .x1 /
log p .x1 /
@
@
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The remaining term in (B.27) involves the sum of the random vectors @@ log p .xj /.
R @
p .x / D 0 and
These vectors are i.i.d. with mean E Œ @@ log p .xj / D
@  j
covariance E Œ @@ log p .xj /. @@ log p .xj //>  D I1 . /. Thus, by the central limit
theorem, the right-hand side of (B.27) converges in distribution to N .0; I1 . /1 /.
That is, the ML estimate is asymptotically unbiased, and its asymptotic variance
reaches the Cramér–Rao lower bound.
t
u
When the sample size is large, one can appeal to the law of large numbers to
derive an information-theoretic justification for the ML estimate, which can be
somewhat more revealing. Notice that maximizing the log-likelihood function is
equivalent to minimizing the following objective function:
N


: 1 X
min H.; N/ D
 log p .xj / :
2‚
N jD1

(B.28)

In information theory, the quantity  log p .x/ is associated with the number of bits
required to represent a random event x that has the probability p .x/ (Cover and
Thomas 1991). When the sample size N is large, due to the law of large numbers,
the quantity H.; N/ converges to
Z
lim H.; N/ D H. / D E0 Œ log p .x/ D

N!1




log p .x/ p0 .x/ dx;

(B.29)

where p0 .x/ is the true distribution. Notice that the above quantity is a measure
similar to the notion of “entropy”: H. / is asymptotically the average code length
of the sample set fxj g when we assume that it is of the distribution p .x/, while x is
actually drawn according to p0 .x/. Thus, the goal of ML estimation is to find the
O that minimizes the empirical entropy of the given sample set. This is obviously a
smart thing to do, since such an estimate O gives the most compact representation of
the given sample data if an optimal coding scheme is adopted (Cover and Thomas
1991). We refer to this as the “minimum entropy principle.”

R
Notice also that the O that minimizes
 log p .x/ p0 .x/ dx is the same as that
which minimizes the so-called Kullback–Leibler (KL) divergence between the two
distributions p0 .x/ and p .x/, i.e.,

 :
KL p0 .x/ jj p .x/ D

Z
log

 p .x/ 
0
p0 .x/ dx:
p .x/

(B.30)

One may show that under general conditions, the KL divergence is always nonnegative and becomes zero if and only if  D 0 . In essence, when the sample size is
large, the ML objective is equivalent to minimizing the KL divergence.
However, the ML estimate is known to have very bad performance in some
models even with a large number of samples. This is particularly the case when
the models have many redundant parameters or the distributions are degenerate.
Furthermore, both UMVU and ML estimates are not the optimal estimates in a
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Bayesian1 or minimax2 sense. For instance, the ML estimate can be viewed as a
special Bayesian estimate only when the parameter  is uniformly distributed.

B.2 ML Estimation for Models with Latent Variables
In many practical situations, we need to estimate a statistical model in which only
part of the random variables or vectors are observed, and the rest are “missing,”
or “hidden,” or “latent,” or “unobserved.” For instance, suppose that two random
vectors .x; z/ have a joint distribution with density p .x; z/, but only samples of x,
X D fxj gNjD1 , are observed, while the corresponding samples of z, Z D fzj gNjD1 ,
are not available. As before, we wish to find an optimal estimate O for  from the
observations.
Since samples of z are not available, there is no way one can find the maximum
likelihood estimate of  from the complete log-likelihood function:
`c .; X ; Z/ D

N
X

log p .xj ; zj /:

(B.31)

jD1

Instead, it makes sense to use the marginal distribution of x, p .x/, and find the
maximum likelihood estimate from the incomplete log-likelihood function3
`.; X / D

N
X
jD1

log.p .xj // D

N
X

log



Z


p .xj ; z/dz :

(B.32)

jD1

The problem is now reduced to a standard ML estimation problem, and one can
adopt any appropriate optimization method (say conjugate gradient) to find the
maximum. Thus, it seems that there is no need to involve z at all.
In practice, however, there are several reasons why marginalizing over z may not
be the best approach. First, for some models p .x; z/, computing the marginal p .x/
can be intractable (e.g., summing over a combinatorial number of values for z), or
it can destroy good structures in the models. Second, directly maximizing `.; X /
may turn out to be a very difficult optimization problem (e.g., high-dimensional,
having many local minima). Third, in some applications, it is desirable to obtain an
estimate of the unobservables z from the observables x.
R
A Bayesian estimate T  is the solution to the problem minT R.; T/. / d for a given prior

distribution . / of  . That is, T is the best estimate in terms of its average risk.

1

A minimax estimate T  is the solution to the problem minT max R.; T/. That is, T  is the best
estimate according to its worst performance. Of course, such a T  does not have to always exist or
be easier to compute than the ML estimate.

2

3
In this section, we assume that z is a continuous variable. Whenever z is discrete, we can simply
replace the integrals by sums, as we will do in the next section when we cover mixture models.
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B.2.1 Expectation Maximization (EM)
An alternative approach to marginalizing over the hidden variables is to take the
expectation over the hidden variables. More specifically, instead of maximizing the
incomplete log-likelihood `.; X /, we can estimate the conditional density of the
hidden variables given the observations X and an estimate  k for the parameters,
i.e., p k .Z j X /, and maximize the expected value of the complete log-likelihood
`c .; X ; Z/ with respect to the distribution p k .Z j X /.
This alternative approach has several potential advantages. First, it provides
an estimate for the density of z j x, if needed. Second, the computation of the
expected complete log-likelihood is often much simpler than the computation of the
incomplete log-likelihood, as we will see. Third, the maximization of the expected
log-likelihood is often much simpler than the maximization of the incomplete loglikelihood, as we will see.
In order to derive this alternative approach, let us recall the following identities:
8z p .x/ D

Z

p .x; z/
p .z j x/

and

8x

p .z j x/ dz D 1:

(B.33)

Using these identities, we can rewrite the incomplete log-likelihood as
`.; X / D

N
X

log p .xj / D

jD1

D max
wj

N Z
X

p .z j xj / log

jD1
N Z
X

wj .z/ log

jD1

 p .x ; z/ 
 j
dz
p .z j xj /

 p .x ; z/ 
 j
dz;
wj .z/

(B.34)

(B.35)

R
where wj .z/ is a density, i.e., wj .z/  0 8z and wj .z/dz D 1 8j D 1; : : : ; N. To see
the last step, we use the method of Lagrange multipliers. The Lagrangian function is
Z
L .wj ; / D

wj .z/ log

Z
 p .x ; z/ 
 j
dz C .1  wj .z/dz/:
wj .z/

(B.36)

Setting the variation of L with respect to wj to zero, we obtain4
 p .x ; z/ 
@L
 j
 1   D 0 H) wj .z/ D p .xj ; z/e1 :
D log
@wj
wj .z/

4

(B.37)

Here wj is a function of z, which is in general a continuous random variable. Therefore, we use the
variation with respect to wj in lieu of the derivative with respect to wj . We can use the derivative,
instead, whenever z is a discrete random variable.
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wj .z/dz D 1, we obtain
wj .z/ D R

p .xj ; z/
p .xj ; z/
D p .z j xj /:
D
p .xj /
p .xj ; z/dz

(B.38)

Thus, it follows from (B.34)–(B.35) that the maximization of `.; X / is equivalent
to the following optimization problem:
max `.; X / D max max
2‚

2‚ fwj g

N Z
X

wj .z/ log

jD1

 p .x ; z/ 
 j
dz:
wj .z/

(B.39)

We solve the optimization problem on the right-hand side using an alternating
maximization strategy (see Appendix A.1.5). Given , the optimal density wj .z/ is
:
given by wj .z/ D p .z j xj /, which is the a posteriori density of z given xj and .
Given wj .z/, the optimal parameter  is given by
  D arg max
2‚

wj .zj / log p .xj ; zj /dzj

(B.40)

jD1

D arg max
2‚

N Z
X

N
X

Ewj Œlog.p .xj ; zj / j xj / D arg max Ew Œ`c .; X ; Z/ j X ;
2‚

jD1

where the last expectation is taken with respect to the density w.Z/ D
Q
N

jD1 wj .zj / D p .Z j X /. Therefore,  maximizes the expected complete loglikelihood taken with respect to the a posteriori density of the hidden variables
given the observed ones. By alternating between these two steps, we obtain the
well-known expectation maximization (EM) algorithm (Dempster et al. 1977)
for maximizing the incomplete log-likelihood `.; X /, which we summarize in
Algorithm B.1.
Each iteration of this coordinate ascent algorithm does not decrease the value
of the objective function in (B.39). Moreover, each iteration does not decrease the
value of the incomplete log-likelihood because
`.

kC1

;X/ D

N Z
X

p kC1 .z j xj / log

jD1



N Z
X



jD1

(B.43)

p k .z j xj / log

p kC1 .xj ; z/
dz
p k .z j xj /

(B.44)

p k .z j xj / log

p k .xj ; z/
dz D `. k ; X /:
p k .z j xj /

(B.45)

jD1
N Z
X

p kC1 .xj ; z/
dz
p kC1 .z j xj /
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Algorithm B.1 (Expectation Maximization)
Input: Data points fxj gNjD1 and initial parameter vector  0 .
1: k
0.
2: while not converged do
3:
E-step: For fixed  D  k , solve for each wj .z/, j D 1; : : : ; N, as
wkj .z/ D p k .z j xj /:
4:

(B.41)

M-step: For fixed wkj , solve for  as
 kC1 D arg max
2‚

N Z
X

wkj .z/ log.p .xj ; z// dz:

(B.42)

jD1

5: end while
6: k
k C 1.
Output: Converged parameter O .

The first equality follows from (B.34), while the first inequality follows from (B.35)
after replacing the optimal wj .z/ D p kC1 .z j xj / by p k .z j xj /. The second
inequality follows from (B.42) by replacing the optimal  kC1 by  k , while the
second equality follows from (B.34). When the cost function no longer increases,
the process reaches a (local) extremum   of the function `.; X /.
The following result establishes the convergence of the EM algorithm.
Proposition B.16. The expectation maximization process converges to one of the
stationary points (extrema) of the log-likelihood function `.; X /.
For a more thorough exposition and complete proof of the convergence of the
EM algorithm, one may refer to the paper (Wu 1983) and the book (McLanchlan and
Krishnan 1997). See also Appendix A.1.5 for a discussion on the convergence of the
alternating maximization approach. However, for the EM algorithm to converge to
the maximum likelihood estimate (usually the global maximum) of L.; X /, a good
initialization is crucial.
Notice also that each step of the EM algorithm is in general a much simpler optimization problem than directly maximizing the incomplete log-likelihood `.; X /.
For many popular models (e.g., mixtures of Gaussians), one might even be able to
find closed-form formulas for both steps, as shown next.

B.2.2 Maximum a Posteriori Expectation Maximization
(MAP-EM)
Another alternative approach to marginalizing over the hidden variables is to take
the maximum over the hidden variables. More specifically, instead of maximizing
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the incomplete log-likelihood `.; X / with respect to , we maximize the complete
log-likelihood `c .; X ; Z/ with respect to both  and Z, i.e.,
N
Y

(B.46)

log p .xj ; zOj /;

(B.47)

zOj D arg max p .xj ; z/ D arg max p .z j xj /;

(B.48)

2‚ fzj g

p .xj ; zj /

N
X

log p .xj ; zj /:

max max

max max
2‚ fzj g

jD1

jD1

Observe that this problem is equivalent to
max
2‚

N
X
jD1

max log p .xj ; zj /
zj

max
2‚

N
X
jD1

where

z

z

is the maximum a posteriori (MAP) estimate of the latent variable zj given xj .
Therefore, when  is fixed, we can solve for each zj independently. This observation
motivates us to consider an alternating maximization strategy (see Appendix A.1.5)
for estimating . Specifically, given  D  k , we solve for each hidden variable as
zOkj D arg maxz p k .z j xj /. Then, given Z, we find the parameter  that maximizes
the complete log-likelihood with the hidden variables replaced by their MAP values,
P
i.e., we estimate  as O kC1 D arg max NjD1 log p .xj ; zOkj /.
For the sake of completeness, Algorithm B.2 summarizes this MAP-EM strategy.
Notice that there is a clear connection with the EM algorithm: if in the EM algorithm
wereplace wkj .z/ by the Dirac delta ı.z  zOkj /, then the M-step of EM reduces to the
Algorithm B.2 (Maximum a Posteriori Expectation Maximization)
Input: Data points fxj gNjD1 and initial parameter vector  0 .
1: k
0.
2: while not converged do
3:
MAP-step: For fixed  D  k , solve for each zj , j D 1; : : : ; N, as
zkj D arg max p k .z j xj /:

(B.49)

z

4:

M-step: For fixed zkj , solve for  as
 kC1 D arg max
2‚

5: end while
6: k
k C 1.
Output: Converged parameter O .

N
X
jD1

log p .xj ; zkj /:

(B.50)
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M-step of MAP-EM. Thus, we can view the MAP-EM algorithm pretty much as an
EM algorithm in which the E-step is replaced by a MAP-step. This, of course, results
in an approximation, and the resulting MAP-EM algorithm no longer provides an
ML estimator for . In spite of this drawback, the MAP-EM algorithm is used as
an approximate EM method, especially for mixture models, as discussed in the next
section.

B.3 Estimation of Mixture Models
Mixture models are an important class of probabilistic models in which the data
fxj gNjD1 are sampled from a distribution p .x/ that is a superposition of multiple
distributions fpi .x/gniD1 . Specifically, the mixture distribution is given by
p .x/ D 1 p1 .x/ C 2 p2 .x/ C    C n pn .x/;

(B.51)

where i denotes the parameters of the ith distribution, i > 0 denotes
P the prior
probability of drawing a point from the ith model and is such that niD1 i D 1,
and  D .1 ; : : : ; n ; 1 ; : : : ; n / denotes the parameters of the mixture model.
Such a distribution can be interpreted as the marginal distribution of a model with a
latent random variable z 2 f1; 2; : : : ; ng that indicates the model from which x was
sampled. To see this, notice that the marginal distribution can be written as
p .x/ D

X
z

D

n
X

p .x; z/ D

X

p .x j z/p .z/

z

p .x j z D i/p .z D i/ D

iD1

n
X

(B.52)
pi .x/i ;

iD1

:
:
where pi .x/ D p .x j z D i/ and i D p .z D i/ > 0, i D 1; 2; : : : ; n. The variables
fi gniD1 are often called the mixing proportions.

B.3.1 EM for Mixture Models
The EM algorithm is often used to estimate the parameters of a mixture model.
Unlike the general EM algorithm, where the latent variable z is real-valued, in
the case of a mixture model the latent variable z is discrete. Specifically, let
zj 2 f1; : : : ; ng be the latent variable associated with data point xj . In the E-step, we
assume that we know the parameters  k D .1k ; : : : ; nk ; 1k ; : : : ; nk / of the mixture
model and use them to compute the a posteriori distribution of zj j xj , i.e.,

B

Basic Facts from Mathematical Statistics

wkij D p k .zj D i j xj / D
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p k .xj /ik
p k .xj j zj D i/p k .zj D i/
D Pn i
:
k
p k .xj /
iD1 p k .xj /i

(B.53)

i

In the M-step, we maximize the expected log-likelihood in (B.42),
N X
n
X

wkij log.p .xj ; zj D i// D

jD1 iD1

N X
n
X

wkij log.pi .xj /i /;

(B.54)

jD1 iD1

with respect to , and we obtain (see Exercise B.3)
ikC1

D arg max
i

N
X

PN

wkij

k
jD1 wij
log.i / D PN Pn
jD1

jD1

ikC1 D arg max
i

N
X

iD1

wkij

;

wkij log.pi .xj //:

(B.55)

(B.56)

jD1

Therefore, the parameters fi g can be obtained in closed form. Whether the
parameters fi g can also be obtained in closed form will depend on the specific
form of pi .x/. Example B.17 shows that this is so for a mixture of Gaussians.
Once the model parameters are estimated from the EM algorithm, the “membership” cj 2 f1; 2; : : : ; ng for a given sample point xj , i.e., the component distribution
from which xj is most likely drawn, can be determined by the Bayesian rule from
its a posteriori probability:
cj D arg max p .zj D i j xj / D arg max wO ij :
iD1;:::;n

(B.57)

iD1;:::;n

Example B.17 (EM for a Mixture of Gaussians). In the case that each mixture
component is a Gaussian model with parameter i D .i ; †i /, we have
pi .x/ D

 .x   /> †1 .x   / 
1
i
i
i
:
exp

.2/D=2 det.†i /1=2
2

(B.58)

In the E-step, wkij can be computed in closed form from (B.53) as
p k .xj /ik
wkij D Pn i
:
k
iD1 p k .xj /i

(B.59)

i

Then the M-step is given by
ikC1

D arg max
i

N
X
jD1

PN

wkij

k
jD1 wij
log i D PN Pn
jD1

iD1

wkij

;

(B.60)
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 1

1
wkij  .xj i /> †1
det.†i / :
i .xj i / 
2
2
jD1

N
X

(B.61)

The above solution for the mixing proportions ikC1 follows from Exercise B.3,
while the solution for ikC1 D .ikC1 ; †ikC1 / follows from Exercise B.4 and is given
by
N
P

ikC1 D

jD1

N
P

wkij xj

N
P
jD1

and

†ikC1 D

jD1

wkij .xj  ikC1 /.xj  ikC1 />
N
P

wkij

jD1

:

(B.62)

wkij

B.3.2 MAP-EM for Mixture Models
The EM algorithm for mixture models is based on alternating between computing
the expected log-likelihood (E-step), which involves taking the expectation with
respect to the latent variables, and maximizing the expected log-likelihood (M-step).
As discussed in Appendix B.2.2, the MAP-EM algorithm is an alternative approach
in which instead of taking the expectation, we directly maximize over the latent
variables. As we will see in this section, this results in an approximate EM algorithm
in which, in the E-step, each data point is assigned to the model that maximizes the
posterior of the latent variables, whence the name MAP-EM.
To see this, let zj 2 f1; 2; : : : ; ng be the latent variable denoting the model
that generated xj . The MAP-EM algorithm finds the model parameters and latent
variables that maximize the complete log likelihood, i.e.,
max
2‚

N
X
jD1

max log p .xj ; zj /
zj

max
2‚

N
X
jD1

max log.p .xj jzj D i/i /:

iD1;:::;n

(B.63)

Observe that this problem can be rewritten as5
max max
2‚ fwij g

N X
n
X

wij log.pi .xj /i /;

(B.64)

jD1 iD1

5
One may interpret this objective as follows. For each sample, we find the component distribution
that maximizes the posterior. Once we have decided to “assign” xj to the distribution pi .x/, it takes
 log pi .xj / bits to encode xj . Thus, the above objective function is equivalent to minimizing the
sum of the coding lengths given the membership of all the samples.
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where wij 2 f0; 1g is an auxiliary variable encoding the assignment of points to
models, which is defined as
wij D

8
<1

if i D arg max p` .xj j z D `/`

:
0

otherwise;

`D1;:::;n

(B.65)

P
and is such that for all j D 1; : : : ; N, niD1 wij D 1.
Notice the striking connection between the hard assignment of points to models
in (B.65) and the soft assignment done in the E-step of the EM algorithm for mixture
models in (B.53). Notice also that when wij is fixed, the objective function in (B.64)
is the same as that in the M-step of the EM algorithm for mixture models in (B.54).
Thus, if we apply an alternating maximization strategy (see Appendix A.1.5) to the
problem in (B.64), we obtain an algorithm that alternates between the following two
steps:
P
MAP-step: Given , solve for wij such that niD1 wij D 1. The optimal solution
is given by (B.65) and involves assigning each data point to the model that
maximizes the posterior probability, whence the name MAP-EM.
M-step: Given wij , solve for  2 ‚. This problem is identical to the M-step
in (B.54), whose solution is given by (B.55) and (B.56).
Notice that this MAP-EM algorithm for mixture models is a particular case of
the MAP-EM algorithm described in Appendix B.2.2. Notice also that this MAPEM algorithm for mixture models is very similar to the EM algorithm for mixture
models, except that the soft assignments in the E-step in (B.53) are replaced by
the hard assignments in (B.65). Thus, the MAP-EM algorithm is effectively an
approximate EM algorithm.
Example B.18 (MAP-EM for a Mixture of Gaussians and the K-means Algorithm). In the case that each mixture component is a Gaussian model with
parameter i D .i ; †i /, we have
pi .x/ D

.2/D=2

 .x   /> †1 .x   / 
1
i
i
i
:
exp 
1=2
det.†i /
2

(B.66)

In the E-step, given  k D .1k ; : : : nk ; 1k ; : : : ; nk /, wkij can be computed in closed
form as
8
<1 if i D arg max p k .xj /`k
`
k
`D1;:::;n
wij D
(B.67)
:
0 otherwise:
Then, in the M-step, given wkij , the mixing proportions i and the Gaussian
parameters i are given by
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PN
ikC1

jD1

wkij

D PN Pn
jD1
N
P

ikC1 D

jD1

iD1

wkij

;

(B.68)
N
P

wkij xj

N
P
jD1
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and

†ikC1 D

jD1

wkij .xj  ikC1 /.xj  ikC1 />
N
P

wkij

jD1

:

(B.69)

wkij

Therefore, the MAP-EM algorithm alternates between assigning points to models
using the MAP rule and recomputing the model parameters for each cluster.
Assume further that the mixture of Gaussians model is such that all mixing
proportions are equal, i.e., i D 1=n for all i D 1; : : : ; n, and all covariance matrices
are equal to the identity matrix, i.e., †i D I for all i D 1; : : : ; n. In this case, the
2
quantity .x  i /> †1
i .x  i / reduces to the Euclidean distance kx  i k from
point x to the mean for the ith cluster i . Therefore, the MAP-EM algorithm for
a mixture of isotropic Gaussians with equal mixing proportions alternates between
the following two steps:
MAP-step
i.e.,

Given  k D .k1 ; : : : kn /, assign each point to its closest cluster center,

wkij D

8
<1 if i D arg min kxj  ` k22 ;
:

`D1;:::;n

(B.70)

0 otherwise:

M-step Given wkij , update each cluster center as the average of the points assigned
to that cluster, i.e.,
N
P

ikC1 D

jD1

wkij xj

N
P
jD1

:

(B.71)

wkij

This particular case of the MAP-EM algorithm gives rise to a very popular
clustering algorithm called K-means (see (Lloyd 1957; Forgy 1965; Jancey 1966;
MacQueen 1967)), where  log pi .x/ reduces to the simple Euclidean distance to a
cluster center. This algorithm is discussed in more detail in Section 4.3.1.

B.3.3 A Case in Which EM Fails
One difficulty with the EM algorithm is that a stationary value   to which
the algorithm converges is not necessarily the global maximum. Furthermore,
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for distributions as simple as a mixture of Gaussians, the global maximum of a
likelihood function may not even exist, especially when some component distributions may become nearly singular. We illustrate this caution via the following
example.
Example B.19 (ML Estimate of Two Mixed Gaussians (Vapnik 1995)). Consider a distribution p.x/, x 2 R, that is a mixture of two Gaussian (normal)
distributions:
p.x; ; / D

2

1
p


.x  /2
exp 
2 2
2

 2
x
1
;
C p exp 
2
2 2

(B.72)

where  D .; / are unknown. Then for given data X D fx1 ; x2 ; : : : ; xN g and
constant A > 0, there exists a small 0 such that for  D x1 , the log-likelihood will
exceed A (regardless of the true ; ):
ˇ
l.X ; /ˇDx1 ;

D

0

D

N
X

ln p.xi j  D x1 ;

jD1

> ln

D  ln

1
p

2

0

0



D

0/

(B.73)

( 2)!
xj
1
C
ln p exp 
(B.74)
2
2 2
jD2
N
X

2

N
X
xj2
jD2

2

p
 N ln 2 2 > A:

(B.75)

Therefore, the maximum of the log-likelihood does not even exist, and the ML
objective would not provide a valid solution to estimating the unknown parameters.
In fact, in this case, the true parameter corresponds to the largest (finite) local
maximum of the log-likelihood.
From this simple example, we can see that the ML method does not apply
to all probability densities.6 If we insist on using it for mixtures of Gaussians,
we should try to avoid the situation in which the variance can be arbitrarily
small, i.e., ! 0. Unfortunately, this is often the case with random variables in
high-dimensional spaces, where their distributions typically concentrate on lowdimensional subspaces or manifolds.

6
It generally applies well to a class of density functions that are bounded by a common finite value
from above. Hence EM would work well for generic Gaussians.
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B.4 Model-Selection Criteria
So far, we have studied the following problem: given N independent samples fxj gNjD1
drawn from a distribution p .x/, where p .x/ belongs to a family of distributions
indexed by the model parameter , obtain an estimate   of . In doing so, we have
assumed that the parameter  2 Rd is of fixed dimension d.
In practice, however, we may not know exactly the family of distributions to
which the model belongs. Instead, we might know only that the model belongs to
one of several possible families of distributions p.m/ .x/, where m is a (discrete)
index for the model families, .m/ 2 Rd.m/ is the vector of parameters for model
family m, and d.m/ is the number of independent model parameters for that family.
For instance, in the mixture model (B.51), the number of mixture components n
could be unknown and would need to be estimated together with the mixture model
parameters. In this case, for each value of n we can define a parameter vector .n/ D
.1 ; : : : ; n ; 1 ; : : : ; n / of dimension7 d.n/ D nd C n  1. Therefore, the challenge
is to choose among different models of different dimensions.
The problem of determining both the model type m and its parameter .m/ is
conventionally referred to as a model selection problem (as opposed to parameter
estimation). Many important model-selection criteria have been developed in the
statistics community and the algorithmic complexity community for general classes
of models. These criteria include:
• The Akaike information criterion (AIC) (Akaike 1977) (also known as the Cp
statistics (Mallows 1973)) and geometric AIC (G-AIC) (Kanatani 2003);
• The Bayesian information criterion (BIC) (also known as the Schwartz criterion);
and
• Minimum description length (MDL) (Rissanen 1978) and minimum message
length (MML) (Wallace and Boulton 1968).
Although these criteria were originally motivated and derived from different viewpoints (or in different contexts), they all share a common characteristic: the optimal
model should be one that strikes a good balance between the model complexity,
which typically depends on the dimension of the parameter space, and the data
fidelity to the chosen model, which is typically measured as the sum of squared
errors from the data points to the model. In fact, some of the criteria are essentially
equivalent to each other despite their different origins. For instance, to a large extent,
the AIC is equivalent to the Cp statistics, and the BIC is equivalent to the MDL.
In what follows, we give a brief review of the AIC and the BIC to illustrate
the key ideas behind model selection. However, we emphasize here that in general,
no model-selection criterion is always better than others under all circumstances,
and the best criterion depends on the purpose of the model. For a more detailed
exposition of these and many other model-selection criteria, we refer the reader to
(Burnham and Anderson 2002).
7

We subtract one parameter because

Pn
iD1

i D 1.

B

Basic Facts from Mathematical Statistics

497

B.4.1 Akaike Information Criterion
Given N independent sample points X D fxj gNjD1 drawn from a distribution p0 .x/,
recall that the maximum-likelihood estimate ON ofPthe parameter  is the one that
maximizes the log-likelihood function `.; X / D NjD1 log p .xj /.
The Akaike information criterion (AIC) for model selection is motivated from an
information-theoretic viewpoint. In this approach, the quality of the obtained model
is measured by the average code length used by the optimal coding scheme of pON .x/
for a random variable with actual distribution p0 .x/, i.e.,
Z
E0 Œ log pON .x/ D



 log pON .x/ p0 .x/ dx:

(B.76)

The AIC relies on an approximation to the above expected log-likelihood loss that
holds asymptotically as N ! 1:
:
2`.ON ; X / C 2d D AIC;

2E0 Œ log pON .x/

(B.77)

where d is the number of free parameters for the class of models of interest.
For Gaussian noise models with variance 2 , we have
`.ON ; X / D 

N
1 X

2

2

kxj  xO j k2 ;

(B.78)

jD1

where xO j D EON Œxj  is the best estimate of xj given the model pON .x/. Thus, if 2 is
known (or approximated by the empirical sample variance), minimizing the AIC is
equivalent to minimizing the so-called Cp statistic:
N
: 1 X
Cp D 2
kxj  xO j k2 C 2d  N;

(B.79)

jD1

where the first term is obviously the mean squared error (a measure of data fidelity),
and the second term is an affine function of the dimension of the parameter space (a
measure of the complexity of the model).
Now consider multiple classes of models whose parameter spaces are of different
dimensions and denote the dimension of model class m by d.m/. Then the AIC
selects the model class m that minimizes the following objective function:
AIC.m/ D

N
1 X
2
jD1

kxj  xO j .m/k2 C 2d.m/;

(B.80)
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where xO j .m/ D EON .m/ Œxj  is the best estimate of xj given the model pON .m/ .x/, and
ON .m/ is the maximum-likelihood estimate of  for model family m.

B.4.2 Bayesian Information Criterion
The Bayesian information criterion (BIC) for model selection is motivated from
a Bayesian inference viewpoint. In this approach, we assume a prior distribution
of the model p. j m/ and wish to choose the model class m that maximizes
the posterior probability p.m j X /. Using the Bayesian rule, this is equivalent to
maximizing
Z
p.m j X / / p.m/p.X j m/ D p.m/ p.X j ; m/p. j m/ d:
(B.81)
If we assume that each model class is equally probable, this further reduces
to maximizing the likelihood p.X j m/ among all the model classes. This is
equivalent to minimizing the negative log-likelihood 2 log p.X j m/. With
certain approximations, one can show that for general distributions, the following
relationship holds asymptotically as N ! 1:
:
BIC.m/ D 2 log p.X j m/ D 2`.ON .m/; X / C log.N/d.m/
D

N
1 X
2

kxj  xO j .m/k2 C log.N/d.m/:

(B.82)
(B.83)

jD1

As before, ON .m/ is the maximum-likelihood estimate of  given m, d.m/ is the
number of parameters for class m, and 2 is the variance of a Gaussian noise model.
Notice that when N and are known, the BIC is very similar to the AIC, except that
the factor 2 in front of the second term in the AIC is replaced by log.N/ in the BIC.
Because we normally have N
e2 , the BIC penalizes complex models much more
than the AIC does. Thus, the BIC tends to choose simpler models.

B.5 Robust Statistical Methods
For all the model-estimation and selection techniques discussed above, we have
always assumed that the given data samples fxj gNjD1 are independent samples drawn
from the same distribution p0 .x/. By an appeal to the law of large numbers, the
asymptotic optimality of the estimate normally does not depend the particular set
of samples given.8 However, in many practical situations, the validity of the given
8
The fact that almost all sets of i.i.d. samples are “typical” or “representative” of the given
distribution has been at the heart of the development of Shannon’s information theory.
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data as independent samples of the model becomes questionable. Sometimes, the
given data can be corrupted by or mixed with samples of a different (probabilistic)
nature; or it can simply be the case that the given data are not a typical set of i.i.d.
samples from the distribution in question. For the purpose of model estimation, these
seemingly different interpretations are actually equivalent: we need to somehow
infer the correct model while accommodating an atypical set of samples of the
distribution (or the model). Obviously, this is an impossible task unless we impose
some restrictions on how atypical the samples are. It is customary to assume that
only a portion of the samples are different from or inconsistent with the rest of the
data. Those samples are often referred to as outliers, and they may have a significant
effect on the model inferred from data.
Unfortunately, despite centuries of interest and study,9 there is no universally
agreed definition of what an outlier is, especially for multivariate data. Roughly
speaking, most definitions (or tests) for an outlier are based on one of the following
guidelines:
1. The outliers are a set of samples that have relatively large influence on the
estimated model parameters. A measure of influence is normally the difference
between the model estimated with or without the sample in question.
2. The outliers are a set of small-probability samples with respect to the distribution
in question. The given data set is therefore an atypical set if such smallprobability samples constitute a significant portion of the data.
3. The outliers are a set of samples that are not consistent with (the model inferred
from) the remainder of the data. A measure of inconsistency is normally the error
residual of the sample in question with respect to the model.
Nevertheless, as we will soon see, for popular distributions such as the Gaussian,
they all lead to more or less equivalent ways of detecting or accommodating outliers.
However, under different conditions, different approaches that follow each of the
above guidelines may give rise to solutions that can be more convenient and efficient
than others.

B.5.1 Influence-Based Outlier Detection
When we try to estimate the parameter of the distribution p .x/ from a set of samples
fxj gNjD1 , every sample xj might have an uneven effect on the estimated parameter ON .
The samples that have a relatively large effect are called influential samples, and
they can be regarded as outliers.

9
The earliest documented discussions among astronomers about outliers or “erroneous observations” date back to the mid-eighteenth century. See (Barnett and Lewis 1983; Huber 1981; Bickel
1976) for a more thorough exposition of the studies of outliers in statistics.
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To measure the influence of a particular sample xj , we may compare the
difference between the parameter ON estimated from all the N samples and the
.j/
parameter ON estimated from all but the jth sample. Without loss of generality,
we here consider the maximum-likelihood estimate of the model:
ON D arg max
2‚

N
X

log p .xi /;

(B.84)

log p .xi /;

(B.85)

iD1

.j/
ON D arg max
2‚

X
i6Dj

and measure the influence of xj on the estimation of  by the difference
.j/
ON  ON :

(B.86)

Assume that p .x/ is analytic in  and define the gradients of the above objective
functions as
: X
f . / D
N

iD1

: X
f .j/ . / D
i6Dj

1 @p .xi /
p .xi / @

(B.87)

1 @p .xi /
:
p .xi / @

(B.88)

.j/
If we now evaluate the function f . / at  D ON using the Taylor series of f . / at
 D ON , we obtain
.j/
.j/
.j/
f .ON / D f .ON / C f 0 .ON /.ON  ON / C o.kON  ON k/:

(B.89)

Since we have f .ON / D 0 and f .j/ .ON / D 0, the difference in the estimate caused by
the jth sample is
.j/

.j/
ON  ON



f 0 .ON /

 h

@pO .j/ .xj / i
1
N
:
pO .j/ .xj / @

(B.90)

N



Notice that in the expression on the right-hand side, the factor f 0 .ON / is common
for all samples.
Proposition B.20 (Approximate Sample Influence). The difference between the
.j/
ML estimate ON from N samples and the ML estimate ON without the jth sample
xj depends approximately linearly on the quantity
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@pO .j/ .xj /
1
N
:
pO .j/ .xj / @

(B.91)

N

In the special case that p .x/ is the Gaussian distribution N .; 2 I/ with 2
known, the above equation gives the influence of the jth sample on the estimate
of :
.j/

ON 
ON


.j/

O N /;
˛.xj  

(B.92)

where ˛ is some constant depending on . That is, the sample influence can be
measured by the distance between the sample and the mean estimated without the
sample; or equivalently, the smaller the probability of a sample with respect to the
estimated (Gaussian) distribution, the larger its influence on the estimated mean.
Therefore, the three guidelines for defining outliers become very much equivalent
for a Gaussian distribution.
In general, to evaluate the influence of all the samples, one needs to estimate
the model N C 1 times, which is reasonable only if each estimate is not too
costly to compute. In light of this drawback, some first-order approximations of
the influence values were developed in roughly the same period during which the
sample influence function was proposed (Campbell 1978; Critchley 1985), when
computational resources were scarcer than they are today. In robust statistics,
formulas that approximate an influence function are referred to as theoretical
influence functions.

B.5.2 Probability-Based Outlier Detection
Assume that the data are drawn from a zero-mean10 multivariate Gaussian distribution N .0; †x /. If there wereP
no outliers, the maximum likelihood estimate of †x
O N D 1 N xj x> 2 RDD . Therefore, we could approximate
would be given by †
jD1
j
N
the probability that a sample xj comes from this Gaussian model by
O N/ D
p.xj I †

1
O N /1=2
.2/D=2 det.†


 1
O 1
exp  x>
j †N x j :
2

(B.93)

If we adopt the guideline that outliers are samples that have a small probability with
respect to the estimated model, then the outliers are exactly those samples that have
a relatively large residual:

10

We here are interested only in how to robustly estimate the covariance, or “scale,” of the
distribution. In case the mean, or “location,” of the distribution is not known, a separate robust
procedure can be employed to determine the mean before the covariance; see (Barnett and Lewis
1983).
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j D 1; 2; : : : ; N;

(B.94)

also known as the Mahalanobis distance.11
O N / or "j to determine whether xj is an outlier.
In principle, we could use p.xj ; †
However, the above estimate of the covariance matrix †x is obtained using all the
O N is very different from
samples, including the outliers themselves. Therefore, if †
†x , the outliers could be incorrectly detected. In order to improve the estimate of
O N by discarding or downweighting samples that have low
†x , one can recompute †
probability or large Mahalanobis distance. Let wj 2 Œ0; 1 be a weight assigned to
the jth point such that wj
1 if xj is an inlier and wj
0 if xj is an outlier. Then a
new estimate of †x can be obtained as
PN
>
jD1 wj xj xj
O
† N D PN
:
(B.95)
jD1 wj
Maximum-Likelihood-Type Estimators (M-Estimators)
If we choose w."/
", the
Pabove expression gives the original estimate of the
O N D 1 N xj x> . Alternatively, if we simply want to discard
covariance matrix †
jD1
j
N
all samples with a Mahalanobis distance larger than a certain threshold "0 > 0, we
can choose the following weight function:

"; for "  "0 ;
(B.96)
w."/ D
0; for " > "0 :
Nevertheless, under the assumption that the distribution is elliptically symmetric and
is contaminated by an associated normal distribution, the following weight function
gives a more robust estimate of the covariance matrix (Hampel 1974; Campbell
1980):

w."/ D

";
for "  "0 ;
1
."  "0 /2  for " > "0 ;
"0 expŒ 2a

(B.97)

p
with "0 D D C b for some suitable choice of positive values for a and b, and D
denotes the dimension of the space. Many other weight functions have also been
proposed in the statistics literature. They serve as the basis for a class of robust
estimators, known as M-estimators (maximum-likelihood-type estimators) (Huber
1981; Barnett and Lewis 1983). Nevertheless, most M-estimators differ only in how
the samples are downweighted, but no one of them seems to dominate the others in
terms of performance in all circumstances.
11

In fact, it can be shown (Ferguson 1961) that if the outliers have a Gaussian distribution of
a different covariance matrix a†, then "j is a sufficient statistic for the test that maximizes the
probability of correct decision about the outlier (in the class of tests that are invariant under linear
transformations). The interested reader may want to find out how this distance is equivalent (or
O N.j/  †
O N or the approximate sample influence given in (B.91).
related) to the sample influence †
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O N as in (B.95) is not easy, because
Notice that calculating the robust estimate †
O N . There is no surprise that many
the weights wj also depend on the resulting †
known algorithms are based on Monte Carlo (Maronna 1976; Campbell 1980).
Multivariate Trimming (MVT)
One drawback of the M-estimators is that their “breakdown point” is inversely
proportional to the dimension of the data space. The breakdown point is an
important measure of robustness of any estimator. Roughly speaking, it is the
largest proportion of contamination that the estimator can tolerate. Thus, the
M-estimators become much less robust when the dimension of the data is
high.
One way to resolve this problem is to modify the M-estimators by simply
trimming out a percentage of the samples with relatively large Mahalanobis distance
and then using the remaining samples to reestimate the covariance matrix. Then
each time we have a new estimate of the covariance matrix, we can recalculate the
Mahalanobis distance of every sample and reselect samples that need to be trimmed.
We can repeat the above process until a stable estimate of the covariance matrix is
obtained. This iterative scheme is known as multivariate trimming (MVT), another
popular robust estimator. By construction, the breakdown point of MVT does not
depend on the dimension of the problem and depends only on the chosen trimming
percentage.
When the percentage of outliers is somehow known, it is relatively easy to
determine how many samples need to be trimmed, and it usually takes only a few
iterations for MTV to converge. However, if the percentage is wrongfully specified,
MVT is known to have trouble converging, or it may converge to a wrong estimate
of the covariance matrix.

B.5.3 Random-Sampling-Based Outlier Detection
When the outliers constitute a large portion (up to 50% or even more) of the
data set, the (ML) estimate ON obtained from all the samples can be so severely
corrupted that the sample influence and the Mahalanobis distance computed based
on it become useless in discriminating between outliers and valid samples.12 This
motivates estimating the model parameter  using only a (randomly sampled) small
subset of the samples to begin with. In this section, we describe two such methods:
least median of squares (LMS) and random sample consensus (RANSAC).

12

Thus, the iterative process is likely to converge to a local minimum other than the true model
parameter. Sometimes, it can even be the case that the roles of inliers and outliers are exchanged
with respect to the converged estimate.
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Least Median Estimation
If we knew that fewer than half of the samples are potential outliers, we could use
only half of the samples to estimate the model parameter. But which half of the
samples should we use? We know that the maximum-likelihood estimate minimizes
the sum of negative log-likelihoods:
ON D arg min
2‚

N 
X


 log.p .xj // :

(B.98)

jD1

Since outliers should have small probability, hence large negative log-likelihood,
we can order the values of the negative log-likelihood and eliminate from the above
objective half of the samples that have relatively larger values:
ON=2 D arg min
2‚

X


 log.p .xj // ;

(B.99)

j

where the sum is over the points xj such that


 log.p .xj //  median  log.p .x` // :
x` 2X

(B.100)

A popular approximation to the above objective is simply to minimize the median
value of the negative log-likelihood:


:
OM D arg min median  log .p.xj // :
2‚

xj 2X

(B.101)

We call OM the least median estimate. In the case of a Gaussian noise model,
 log p.xj ; / is proportional to the squared error:
 log.p .xj // / kxj  xO j k2 :

(B.102)

For this reason, the estimate OM is often known as the least median of squares (LMS)
estimate.13
However, without knowing , it is impossible to order the log-likelihoods or
the squared errors, let alone compute the median. A typical method to resolve this
difficulty is to randomly sample a number of small subsets of the data:
X1 ; X2 ; : : : ; Xm

13

X;

(B.103)

The importance of the median for robust estimation was pointed out first in the article (Hampel
1974).
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where each subset Xi is independently drawn and contains k  N samples. If p is
the fraction of valid samples (the “inliers”), one can show (see Exercise B.8) that
with probability q D 1  .1  pk /m , one of the above subsets will contain only
valid samples. In other words, if q is the probability that one of the selected subsets
contains only valid samples, we need to randomly sample at least
m

log.1  q/
log.1  pk /

(B.104)

subsets of k samples.
Using each subset Xi , we can compute an estimate Oi of the model and use the
estimate to compute the median for the remaining N  k samples in X n Xi :


:
Oi D
M
median  log.pOi .xj // :
xj 2X nXi

(B.105)

Then the least median estimate OM is approximated by the Oi that gives the smallest
O i D mini M
O i.
median M
In the case of a Gaussian noise model, based on the order statistics of squared
errors, we can use the median statistic to obtain an (asymptotically unbiased)
estimate of the variance, or scale, of the error as follows:
O D

r
NC5
median kxj  xO j k2 ;
xj 2X
Nˆ1 .0:5 C p=2/

(B.106)

where p D 0:5 for the median statistic. Then one can use O to find “good” samples
in X whose squared errors are less than  2 for some chosen constant  (normally
less than 5). Using such good samples, we can recompute a more efficient (ML)
estimate O of the model.
Random Sample Consensus (RANSAC)
In theory, the breakdown point of the least median estimate is up to 50% outliers. In
many practical situations, however, outlying samples may constitute more than half
of the data. Random sample consensus (RANSAC) (Fischler and Bolles 1981) is a
method that is designed to work for such highly contaminated data.
In many respects, RANSAC is actually very similar to LMS. The main difference is that instead of looking at the median statistic,14 RANSAC tries to
find, among all the estimates fOi g obtained from the subsets fXi g, the one that
maximizes the number of samples that have an error residual (measured either by
the negative log-likelihood or the squared error) smaller than a prespecified error
tolerance:

14

Which becomes meaningless when the fraction of outliers is over 50%.
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:
Oi D arg max #fxj 2 X W  log.xj ; Oi /  g:

(B.107)

Oi

In other words, Oi achieves the highest “consensus” among all the random sample
estimates fOi g, whence the name “random sample consensus” (RANSAC). To
improve the efficiency of the estimate, we can recompute an ML estimate O of the
model from all the samples that are consistent with Oi .
Notice that for RANSAC, one needs to specify the error tolerance  a priori.
In other words, RANSAC requires knowing the variance 2 of the error a priori,
while LMS normally does not. There have been a few variations of RANSAC in
the literature that relax this requirement. We here do not elaborate on them, and
interested readers may refer to (Steward 1999) and references therein.
However, when the dimension of the model is large or the model has a large
number of mixture components, random sampling techniques have not been very
effective. The reason is largely that in this case, the number of subsets needed
in (B.104) grows prohibitively large. The reader may refer to (Yang et al. 2006)
for an empirical study that extends RANSAC-type ideas to the case of a mixture of
subspaces.

B.6 Exercises
Exercise B.1 (ML Estimates of the Parameters of a Gaussian) Let x 2 RD
be a random vector with distribution N .x ; †x /, where x D E.x/ 2 RD and
†x D E.x  /.x  /> 2 RDD are, respectively, the mean and the covariance
of x. Show that the maximum likelihood estimates of x and †x are, respectively,
given by
N
: 1X
ON D

xj
N jD1

and

N
: 1X
ON D
O N /.xj  
O N /> :
†
.xj  
N jD1

(B.108)

Exercise B.2 (Invariance of ML Estimator) Let ON be the maximum likelihood
(ML) estimate of  obtained from N i.i.d. samples fxj gNjD1 from the distribution
p .x/. Show that g.ON / is an ML estimate of g. /. What are the conditions that
need to be imposed on g. / in order for g.ON / to be an ML estimate of g. /?
Exercise B.3 (ML Estimates of the MixingP
Proportions) Let W D Œwij  2 RnN
be a left stochastic matrix, i.e., wij  0 and niD1 wij D 1 for all j DP1; : : : ; N. Let
 be a stochastic vector, i.e.,  2 … D f.1 ; : : : ; n / W i  0, and niD1 i D 1g.
Show that
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arg max
2…

N
X
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PN
wij log.i / D Pn

wij
PN

jD1

iD1

jD1

jD1

wij

:

(B.109)

Exercise B.4 (ML Estimates of the Parameters of a MixtureP
of Gaussians) Let
W D Œwij  2 RnN be a left stochastic matrix, i.e., wij  0 and niD1 wij D 1 for all
j D 1; : : : ; N. Show that the solution to the optimization problem

max
i ;†i

 1

1
wij  .xj i /> †1
det.†i /
i .xj i / 
2
2
jD1

N
X

(B.110)

is
N
P

i D

N
P

wij xj

jD1
N
P
jD1

and
wij

†i D

wij .xj  i /.xj  i />

jD1
N
P

:

(B.111)

wij

jD1

Exercise B.5 Study MATLAB’s gmdistribution class, which is described at
http://www.mathworks.com/help/stats/gmdistribution-class.html, and reproduce the
example on clustering using Gaussian mixture models described at http://www.
mathworks.com/help/stats/gaussian-mixture-models.html. That is, use the function
mvnrnd to generate data sampled from a mixture of two Gaussians and the function
fitgmdist to estimate the parameters of the mixture model from the data. Then
plot the isocontours of the estimated distribution, the clustering of the data, and the
soft assignment weights.
Exercise B.6 Reproduce three of the examples described at http://www.
mathworks.com/help/stats/fitgmdist.html. Specifically, reproduce the examples
entitled Cluster Data Using a Gaussian Mixture Model, Regularize Gaussian
Mixture Model Estimation, and Determine the Best Gaussian Mixture Fit Using
AIC. In addition, add a new example called Determine the Best Gaussian Mixture
Fit Using BIC and compare it to AIC.
Exercise B.7 Implement the EM and MAP-EM algorithms for a mixture of
Gaussians. The format of your function should be as follows.
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Function [group,mu,Sigma,pi]=GMM(x,n,method,group0,
restarts)
Parameters
x D  N matrix whose columns are the data points
n number of groups
method ‘EM’, ‘MAPEM’
group0 1  N vector containing an initial soft or hard assignment of points
to groups
Returned values
group 1  N vector containing the soft or hard assignments of points to
groups
mu D  n matrix whose ith column is the mean for the ith group
Sigma D  D  n tensor whose ith slice is the covariance matrix of the ith
group
pi n  1 vector whose entries are the mixing proportions
Estimates the parameters of a Gaussian mixture model
Generate data from a mixture of two Gaussians in R2 with means .1; 1/ and
.1; 1/, equal covariance matrices 2 I, and equal mixing proportions 1 D 2 D
1=2. Increase from 0:1 to 1 and plot the clustering error as a function of . Plot
also the error in the estimated parameters as a function of . Compare your results
with those produced by the MATLAB function fitgmdist.
Exercise B.8 (RANSAC) Suppose you are given N data points such that p% are
inliers and .1  p/% are outliers. Suppose you wish to fit a model to the inliers and
that k  N is the minimum number of points needed to estimate the model.
1. Suppose that you sample k out of N data points with replacement. What is the
probability that all k points are inliers?
2. Suppose that not all k points are inliers, and so you keep sampling k points m
times. Show that the probability that after m trials all k points are inliers for the
first time is 1  .1  pk /m .
3. Show that the number of trials needed so that the probability that all k points are
inliers is at least q is given by
m

log.1  q/
:
log.1  pk /

(B.112)

Appendix C

Basic Facts from Algebraic Geometry

Algebra is but written geometry; geometry is but drawn algebra.
—Sophie Germain

A centuries-old practice in science and engineering it to fit polynomials to a
given set of data points. In this book, we often use the set of zeros of (multivariate)
polynomials to model a given data set. In mathematics, polynomials and their zero
sets are studied in algebraic geometry, with Hilbert’s Nullstellensatz establishing the
basic link between algebra (polynomials) and geometry (the zero set of polynomials,
a geometric object). In order to make this book self-contained, we review in
this appendix some of the basic algebraic notions and facts that are used in
this book, especially in Chapter 5. In particular, we will introduce the special
algebraic properties of multiple subspaces as algebraic sets. For a more systematic
introduction to abstract algebra and algebraic geometry, the reader may refer to the
classic texts of Lang (Lang 1993) and Eisenbud (Eisenbud 1996).

C.1 Abstract Algebra Basics
C.1.1 Polynomial Rings
Consider a D-dimensional vector space over a field R (of characteristic 0), denoted
by RD , where R is usually the field of real numbers R or the field of complex
numbers C.
Let RŒx D Œx1 ; x2 ; : : : ; xD  be the set of all polynomials in D variables
x1 ; x2 ; : : : ; xD . Then RŒx is a commutative ring with two basic operations: “summation” and “multiplication” of polynomials. The elements of R are called scalars
or constants. A monomial is a product of the variables; its degree is the number
© Springer-Verlag New York 2016
R. Vidal et al., Generalized Principal Component Analysis, Interdisciplinary
Applied Mathematics 40, DOI 10.1007/978-0-387-87811-9
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of the variables (counting repeats). A monomial of degree n is of the form xn D
nD
x1n1 x2n2    xD
with 0  nj  n and n1 C n2 C    C nD D n. Altogether, there are
  DCn1 
: 
D D1
Mn .D/ D DCn1
n
different degree-n monomials.
Definition C.1 (Veronese Map). For given n and D, the Veronese map of degree n,
denoted by n W RD ! RMn .D/ , is defined as
n

W Œx1 ; : : : ; xD > 7! Œ: : : ; xn ; : : :> ;

(C.1)

nD
with n D .n1 ; n2 ; : : : ; nD /
where xn are degree-n monomials of the form x1n1 x2n2    xD
chosen in the degree-lexicographic order.

Example C.2 (The Veronese Map of Degree 2 in Three Variables). If x D
Œx1 ; x2 ; x3 > 2 R3 , the Veronese map of degree 2 is given by
2 .x/

D Œx12 ; x1 x2 ; x1 x3 ; x22 ; x2 x3 ; x32 > 2 R6 :

In the context of kernel methods (Chapter 4), the Veronese map is usually referred
to as the polynomial embedding, and the ambient space RMn .D/ is called the feature
space.
A term is a scalar multiplying a monomial. A polynomial p.x/ is said to be
homogeneous if all its terms have the same degree. Sometimes, the word form is
used to mean a homogeneous polynomial. Every homogeneous polynomial p.x/ of
degree n can be written as
p.x/ D c>
n n .x/ D

X

nD
cn1 ;:::;nD x1n1    xD
;

(C.2)

where cn1 ;:::;nD 2 R are the coefficients associated with the monomials xn D
nD
x1n1    xD
.
In this book, we are primarily interested in the algebra of homogeneous
polynomials in D variables.1 Because of that, we view RD as a projective
space—the set of one-dimensional subspaces (meaning lines through the origin).
Every one-dimensional subspace, say a line L, can be represented by a point
Œa1 ; a2 ; : : : ; aD > 6D Œ0; 0; : : : ; 0> on the line. The result is a projective .D  1/space over R that can be regarded as the D-tuples Œa1 ; a2 ; : : : ; aD > of elements of
R, modulo the equivalence relation Œa1 ; a2 ; : : : ; aD > Œba1 ; ba2 ; : : : ; baD > for all
b 6D 0 in R.
If p.x1 ; x2 ; : : : ; xD / is a homogeneous polynomial of degree n, then for b 2 R, we
have
p.ba1 ; ba2 ; : : : ; baD / D bn p.a1 ; a2 ; : : : ; aD /:
1

(C.3)

For algebra of polynomials defined on RD as an affine space, the reader may refer to (Lang 1993).
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Therefore, whether p.a1 ; a2 ; : : : ; aD / D 0 on a line L does not depend on the
representative point chosen on the line L.
We may view RŒx as a graded ring, which can be decomposed as
RŒx D

1
M

Ri D R0 ˚ R1 ˚    ˚ Rn ˚    ;

(C.4)

iD0

where Ri consists of all polynomials of degree i. In particular, R0 D R is the set
of nonzero scalars (or constants). It is convention (and convenient) to define the
degree of the zero element 0 in R to be infinite or 1. The set R1 consists of all
homogeneous polynomials of degree one, i.e., the set of 1-forms,
: ˚
R1 D b1 x1 C b2 x2 C    C bD xD W Œb1 ; b2 ; : : : ; bD > 2 RD :

(C.5)

Obviously, the dimension of R1 as a vector space is also D; R1 can also be viewed as
the dual space .RD / of RD . For convenience, we also define the following two sets:
m
: M
Rm D
Ri D R0 ˚ R1 ˚    ˚ Rm ;
iD0
1
: M
Rm D
Ri D Rm ˚ RmC1 ˚    ;
iDm

which are the set of polynomials of degree less than or equal to m and those of
degree greater than or equal to m, respectively.

C.1.2 Ideals and Algebraic Sets
Definition C.3 (Ideal). An ideal in the (commutative) polynomial ring RŒx is an
additive subgroup I (with respect to the summation of polynomials) such that if
p.x/ 2 I and q.x/ 2 RŒx, then p.x/q.x/ 2 I.
From the definition, one can verify that if I; J are two ideals of RŒx, their
intersection K D I \ J is also an ideal. The previously defined set Rm is an ideal
for every m. In particular, R1 is the so-called irrelevant ideal, sometimes denoted
by RC .
An ideal is said to be generated by a subset G I if every element p.x/ 2 I can
be written in the form
p.x/ D

k
X
iD1

qi .x/gi .x/;

with qi .x/ 2 RŒx and gi .x/ 2 G:

(C.6)
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We write .G/ for the ideal generated by a subset G RŒx; if G contains only a finite
number of elements fg1 ; : : : ; gk g, we usually write .g1 ; : : : ; gk / in place of .G/. An
ideal I is principal if it can be generated by one element (i.e., I D p.x/RŒx for some
polynomial p.x/). Given two ideals I and J, the ideal that is generated by the product
of elements in I and J,
ff .x/g.x/; f .x/ 2 I; g.x/ 2 Jg
is called the product ideal, denoted by IJ.
An ideal I of the polynomial ring RŒx is prime if I 6D RŒx and if p.x/; q.x/ 2 RŒx
and p.x/q.x/ 2 I implies that p.x/ 2 I or q.x/ 2 I. If I is prime, then for any ideals
J; K with JK  I, we have J  I or K  I.
A polynomial p.x/ is said to be prime or irreducible if p.x/ generates a prime
ideal. Equivalently, p.x/ is irreducible if p.x/ is not a nonzero scalar and whenever
p.x/ D f .x/g.x/, then one of f .x/ and g.x/ is a nonzero scalar.
Definition C.4 (Homogeneous Ideal). A homogeneous ideal of RŒx is an ideal that
is generated by homogeneous polynomials.
Note that the sum of two homogeneous polynomials of different degrees
is no longer a homogeneous polynomial. Thus, a homogeneous ideal contains
inhomogeneous polynomials too.
Definition C.5 (Algebraic Set). Given a set of homogeneous polynomials J
RŒx, we may define a corresponding (projective) algebraic set Z.J/ as a subset
of RD to be
:
Z.J/ D fŒa1 ; a2 ; : : : ; aD > 2 RD jf .a1 ; a2 ; : : : ; aD / D 0; 8f 2 Jg:

(C.7)

If we view algebraic sets as the closed sets of RD , this assigns a topology to the
space RD , which is called the Zariski topology.2
If X D Z.J/ is an algebraic set, an algebraic subset Y
X is a set of the form
Y D Z.K/ (where K is a set of homogeneous polynomials) that happens to be
contained in X. A nonempty algebraic set is said to be irreducible if it is not the
union of two nonempty smaller algebraic subsets. We call irreducible algebraic sets
algebraic varieties. For instance, every subspace of RD is an irreducible algebraic
variety.
There is an inverse construction of algebraic sets. Given any subset X  RD , we
define the vanishing ideal of X to be the set of all polynomials that vanish on X:
:
I.X/ D ff .x/ 2 RŒxjf .a1 ; a2 ; : : : ; an / D 0; 8Œa1 ; a2 ; : : : ; an > 2 Xg:

(C.8)

2
This is because the intersection of any algebraic sets is an algebraic set; and the union of finitely
many algebraic sets is also an algebraic set.
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One can verify that I.X/ is an ideal. Treating two polynomials as equivalent if they
agree at all the points of X, we get the coordinate ring A.X/ of X as the quotient
RŒx=I.X/ (see (Eisenbud 1996) for details).
Now let us consider a set of homogeneous polynomials J
RŒx (which is not
necessarily an ideal) and a subset X
RD (which is not necessarily an algebraic
set).
Proposition C.6. The following assertions are true:
1. I.Z.J// is an ideal that contains J;
2. Z.I.X// is an algebraic set that contains X.
Proposition C.7. If X is an algebraic set and I.X/ is the vanishing ideal of X, then
X is irreducible if and only if I is a prime ideal.
Proof. If X is irreducible and f .x/g.x/ 2 I, since Z.fI; f .x/g/ [ Z.fI; g.x/g/ D
X, then either X D Z.fI; f .x/g/ or X D Z.fI; g.x/g/. That is, either f .x/ or g.x/
vanishes on X and is in I. Conversely, suppose X D X1 [ X2 . If both X1 and X2 are
algebraic sets strictly smaller than X, then there exist polynomials f1 .x/ and f2 .x/
that vanish on X1 and X2 respectively, but not on X. Since the product f1 .x/f2 .x/
vanishes on X, we have f1 .x/f2 .x/ 2 I, but neither f1 .x/ nor f2 .x/ is in I. So I is not
prime.
t
u

C.1.3 Algebra and Geometry: Hilbert’s Nullstellensatz
In practice, we often use an algebraic set to model a given set of data points, and
the (ideal of) polynomials that vanish on the set provides a natural parametric model
for the data. One question that is of particular importance in this context is whether
there is a one-to-one correspondence between ideals and algebraic sets. This is in
general not true, since the ideals I D .f 2 .x// and J D .f .x// both vanish on the
same algebraic set as the zero set of the polynomial f .x/. Fortunately, this turns out
to be essentially the only case that prevents the one-to-one correspondence between
ideals and algebraic sets.
Definition C.8 (Radical Ideal). Given a (homogeneous) ideal I of RŒx, the (homogeneous) radical ideal of I is defined to be
:
rad.I/ D ff .x/ 2 RŒxjf .x/m 2 I for some integer mg:

(C.9)

We leave it to the reader to verify that rad.I/ is indeed an ideal and furthermore,
that if I is homogeneous, then so is rad.I/.
Hilbert proved in 1893 the following important theorem that establishes one of
the fundamental results in algebraic geometry:
Theorem C.9 (Nullstellensatz). Let R be an algebraically closed field (e.g., R D
C). If I RŒx is a (homogeneous) ideal, then
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I.Z.I// D rad.I/:

(C.10)

Thus, the maps I 7! Z.I/ and X 7! I.X/ induce a one-to-one correspondence
between the collection of (projective) algebraic sets of RD and (homogeneous)
radical ideals of RŒx.
One may find up to five different proofs for this theorem in (Eisenbud 1996).3 The
importance of the Nullstellensatz cannot be exaggerated. It is a natural extension
of Gauss’s fundamental theorem of algebra4 to multivariate polynomials. One of
the remarkable consequences of the Nullstellensatz is that it identifies a geometric
object (algebraic sets) with an algebraic object (radical ideals).
In our context, we often assume that our data points are drawn from an algebraic
set and use the set of vanishing polynomials as a parametric model for the data.
Hilbert’s Nullstellensatz guarantees that such a model for the data is well defined
and unique. To some extent, when we fit vanishing polynomials to the data, we are
essentially inferring the underlying algebraic set. In the next section, we will discuss
how to extend Hilbert’s Nullstellensatz to the practical situation in which we have
only finitely many sample points from an algebraic set.

C.1.4 Algebraic Sampling Theory
We often face a common mathematical problem: how to identify a (projective)
algebraic set Z  RD from a finite, though perhaps very large, number of sample
points in Z. In general, the algebraic set Z is not necessarily irreducible,5 and the
ideal I.Z/ is not necessarily prime.
From an algebraic viewpoint, it is impossible to recover a continuous algebraic
set Z from a finite number of discrete sample points. To see this, note that the set
of all polynomials that vanish on one (projective) point z is a submaximal ideal6 m
in the (homogeneous) polynomial ring RŒz. The set of polynomials that vanish on a
set of sample points fz1 ; z2 ; : : : ; zi g  Z is the intersection
:
ai D m 1 \ m 2 \    \ m i ;

(C.11)

which is a radical ideal that is typically much larger than I.Z/.

3

Strictly speaking, for homogeneous ideals, for the one-to-one correspondence to be exact, one
should consider only proper radical ideals.
4
Every degree-n polynomial in one variable has exactly n roots in an algebraically closed field such
as C (counting repeats).
5
6

For instance, it is often the case that Z is the union of many subspaces or algebraic surfaces.

The ideal of a point in the affine space is a maximal ideal; and the ideal of a point in the projective
space is called a submaximal ideal. They both are “maximal” in the sense that they cannot be a
subideal of any other homogeneous ideal of the polynomial ring.
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Thus, some additional assumptions must be imposed on the algebraic set in order
to make the problem of inferring I.Z/ from the samples well defined. Typically, we
assume that the ideal I.Z/ of the algebraic set Z in question is generated by a set
of (homogeneous) polynomials whose degrees are bounded by a relatively small n.
That is,

: 
I.Z/ D
f1 ; f2 ; : : : ; fs s.t. deg.fj /  n;
: ˚
Z.I/ D
z 2 RD j fi .z/ D 0; i D 1; 2; : : : ; s :
We are interested in retrieving I.Z/ uniquely from a set of sample points
fz1 ; z2 ; : : : ; zi g  Z. In general, I.Z/ is always a proper subideal of ai , regardless of
how large i is. However, the information about I.Z/ can still be retrieved from ai in
the following sense.
Theorem C.10 (Sampling of an Algebraic Set). Consider a nonempty set Z  RD
whose vanishing ideal I.Z/ is generated by polynomials in Rn . Then there is a finite
sequence FN D fz1 ; : : : ; zN g such that the subspace I.FN / \ Rn generates I.Z/.
Proof. Let In D I.Z/ \ Rn . This vector space generates I.Z/. Let a0 D RŒx D
I.;/. Let b0 D a0 \ Rn and let A0 D .b0 /, the ideal generated by polynomials in
a0 of degree less than or equal to n. Since 1 2 RŒx \ Rn is the generator of this
ideal, we have A0 D RŒx. Since Z ¤ ;, then A0 6D I.Z/. Set N D 1 and pick a point
z1 2 Z. Then 1.z1 / ¤ 0 (1 is the function that assigns 1 to every point of Z). Let a1
be the ideal that vanishes on fz1 g and define b1 D a1 \ Rn . Further, let A1 D .b1 /.7
Since I.Z/  a1 , it follows that In  b1 . If A1 D I.Z/, then we are done. Suppose
then that I.Z/ A1 .
Let us do the induction at this point. Suppose we have found a finite sequence
FN D fz1 ; z2 ; : : : ; zN g Z with
I.FN / D aN

(C.12)

bN D aN \ Rn

(C.13)

AN D .bN /

(C.14)

b0  b1      bN  In :

(C.15)

It follows that In  bN and that I.Z/  AN . If equality holds here, then we
are done. If not, then there exist a function g 2 bN not in I.Z/ and an element
zNC1 2 Z for which g.zNC1 / ¤ 0. Set FNC1 D fz1 ; : : : ; zN ; zNC1 g. Then one gets
aNC1 ; bNC1 ; ANC1 as before with
b0  b1      bN  bNC1  In :

(C.16)

7
Here we are using the convention that .S/ is the ideal generated by the set S. Recall also that
the ring RŒx is Noetherian by the Hilbert basis theorem, and so all ideals in the ring are finitely
generated (Lang 1993).
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We obtain a descending chain of subspaces of the vector space Rn . This chain must
stabilize, since the vector space is finite-dimensional. Hence there is an N for which
bN D In , and we are done.
t
u
We point out that in the above proof, no clear bound on the total number
N of points needed is given.8 Nevertheless, from the proof of the theorem, the
set of finite sequences of samples that satisfy the theorem is an open set. This
is of great practical importance: with probability one, the vanishing ideal of an
algebraic set can be correctly determined from a randomly chosen sequence of
samples.
Example C.11 (A Hyperplane in R3 ). Consider a plane P D fz 2 R3 W f .z/ D
az1 C bz2 C cz3 D 0g. Given any two points in general position in the plane P,
f .x/ D ax1 C bx2 C cx3 will be the only (homogeneous) polynomial of degree 1
that fits the two points. In terms of the notation introduced earlier, we have I.P/ D
a2 \ R1 .
Example C.12 (Zero Polynomial). When Z D RD , the only polynomial that
vanishes on Z is the zero polynomial, i.e., I.Z/ D .0/. Since the zero polynomial is
considered to be of degree 1, we have .aN \ Rn / D ; for any given n (and large
enough N).
The above theorem can be viewed as a first step toward an algebraic analogy
to the well-known Nyquist–Shannon sampling theorem in signal processing, which
stipulates that a continuous signal with a limited frequency bandwidth
can be
uniquely determined from a sequence of discrete samples with a sampling rate
higher than 2 . Here a signal is replaced by an algebraic set, and the frequency
bandwidth is replaced by the bound on the degree of polynomials. It has been widely
practiced in engineering that a curve or surface described by polynomial equations
can be recovered from a sufficient number of sample points in general configuration,
a procedure often loosely referred to as “polynomial fitting.” However, the algebraic
basis for this is often not clarified, and the conditions for the uniqueness of the
solution are usually not well characterized or specified. This problem certainly
merits further investigation.

C.1.5 Decomposition of Ideals and Algebraic Sets
Modeling a data set as an algebraic set does not stop at obtaining its vanishing
ideal (and polynomials). The ultimate goal is to extract all the internal geometric or
algebraic structures of the algebraic set. For instance, if an algebraic set consists of

8

However, loose bounds can be obtained from the dimension of Rn as a vector space. In fact, in
the algorithm, we implicitly used the dimension of Rn as a bound for N.
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multiple subspaces, called a subspace arrangement, we need to know how to derive
from its vanishing ideal the number of subspaces, their dimensions, and a basis of
each subspace.
Thus, given an algebraic set X or equivalently its vanishing ideal I.X/, we want
to decompose or segment it into a union of subsets each of which can no longer
be further decomposed. As we mentioned earlier, an algebraic set that cannot
be decomposed into smaller algebraic sets is called irreducible. As one of the
fundamental finiteness theorems of algebraic geometry, we have the following.
Theorem C.13. An algebraic set can have only finitely many irreducible components. That is, for some n,
X D X1 [ X2 [    [ Xn ;

(C.17)

where X1 ; X2 ; : : : ; Xn are irreducible algebraic varieties.
Proof. The proof is essentially based on the fact that the polynomial ring RŒx is
Noetherian (i.e., finitely generated), and there are only finitely many prime ideals
containing I.X/ that are minimal with respect to inclusion (See (Eisenbud 1996)).
t
u
The vanishing ideal I.Xi / of each irreducible algebraic variety Xi must be a prime
ideal that is minimal over the radical ideal I.X/ – there is no prime subideal of I.Xi /
that includes I.X/. The ideal I.X/ is precisely the intersection of all the minimal
prime ideals:
I.X/ D I.X1 / \ I.X2 / \    \ I.Xn /:

(C.18)

This intersection is called a minimal primary decomposition of the radical ideal
I.X/. Thus the primary decomposition of a radical ideal is closely related to the
notion of “segmenting” or “decomposing” an algebraic set into multiple irreducible
algebraic varieties: if we know how to decompose the ideal, we can find the
irreducible algebraic variety corresponding to each primary component.
We are particularly interested in a special class of algebraic sets known as
subspace arrangements. One of the goals of subspace clustering and modeling
is to decompose a subspace arrangement into individual (irreducible) subspaces
(see Chapter 5). In later sections, we will further study the algebraic properties of
subspace arrangements.

C.1.6 Hilbert Function, Polynomial, and Series
Finally, we introduce an important invariant of algebraic sets, given by the Hilbert
function. Knowing the values of the Hilbert function can be very useful in the
identification of subspace arrangements, especially the number of subspaces and
their dimensions.
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Given a (projective) algebraic set Z and its vanishing ideal I.Z/, we can grade
the ideal by degree as
I.Z/ D I0 .Z/ ˚ I1 .Z/ ˚    ˚ Ii .Z/ ˚    :

(C.19)

The Hilbert function of Z is defined to be
:
hI .i/ D dim.Ii .Z//:

(C.20)

Notice that hI .i/ is exactly the number of linearly independent polynomials of
degree i that vanish on Z. In this book, we also refer to hI as the Hilbert function of
the algebraic set Z.9
The Hilbert series, also known as the Poincaré series, of the ideal I is defined to
be the power series10
1

: X
H.I; t/ D
hI .i/ti D hI .0/ C hI .1/t C hI .2/t2 C    :

(C.21)

iD0

Thus, given H.I; t/, we know all the values of the Hilbert function hI from its
coefficients.
Example C.14 (Hilbert Series of a Polynomial Ring). The Hilbert series of the
polynomial ring RŒx D RŒx1 ; x2 ; : : : ; xD  is
H.RŒx; t/ D

1
X

dim.Ri /ti D

iD0

1
X


DCi1
i

i
t D

iD0

1
:
.1  t/D

(C.22)

One can verify the correctness of the formula with the special case D D 1.
Obviously, the coefficients of the Hilbert series of any ideal (as a subset of RŒx)
are bounded by those of H.RŒx; t/, and hence the Hilbert series converges.
Example C.15 (Hilbert Series of a Subspace). The above formula can be generalized to the vanishing ideal of a subspace S of dimension d in RD . Let the
codimension of the subspace be c D D  d. We have
H.I.S/; t/ D

1
1 
.1  t/c

1
.1  t/Dc

D

1  .1  t/c
:
.1  t/D

(C.23)

9

In the literature, however, the Hilbert function of an algebraic set Z is sometimes defined to be the
:
dimension of the homogeneous components of the coordinate ring A.Z/ D RŒx=I.Z/ of Z, which
is the codimension of Ii .Z/ as a subspace in Ri .

10
E D
P1 module
LIn1general, the Hilbert series can be defined for any finitely generated: graded
i
iD1 Ei using any Euler–Poincaré Z-valued function hE ./ as H.E; t/ D
iD0 hE .i/t (Lang
1993). Here, for E D I, we choose hI .i/ D dim.Ii /.
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The following theorem, also due to Hilbert, reveals that the values of the Hilbert
function of an ideal have some remarkable properties:
Theorem C.16 (Hilbert Polynomial). Let I.Z/ be the vanishing ideal of an
algebraic set Z over RŒx1 ; : : : ; xD . Then the values of its Hilbert function hI .i/ agree,
for large i, with those of a polynomial of degree  D. This polynomial, denoted by
HI .i/, is called the Hilbert polynomial of I.Z/.
Then in the above example, for the polynomial ring, the Hilbert function itself is
a polynomial in i:
HR .i/ D hR .i/ D

 DCi1 
i

D

1
.D C i  1/.D C i  2/    .i C 1/:
.D  1/Š

However, for a general ideal I (of an algebraic set), it is not necessarily true
that all values of its Hilbert function hI agree with those of its Hilbert polynomial
HI . They might agree only when i is large enough. Thus, for a given algebraic
set (or ideal), it would be interesting to know how large i needs to be in order
for the Hilbert function to coincide with a polynomial. As we will soon see, for
subspace arrangements, there is a very elegant answer to this question. One can
even derive closed-form formulas for the Hilbert polynomials. These results are
very important and useful for the subspace clustering problem, both conceptually
and computationally.

C.2 Ideals of Subspace Arrangements
In this book, the main problem that we study is how to cluster a collection of
data points drawn from a subspace arrangement A D fS1 ; S2 ; : : : ; Sn g, formally
introduced in Chapter 5;11 ZA D S1 [ S2 [    [ Sn is the union of all the subspaces,
and ZA can be naturally described as the zero set of a set of polynomials, which
makes it an algebraic set. The solution to the above problem typically relies on
inferring the subspace arrangement ZA from the data points. Thus, knowing the
algebraic properties of ZA may significantly facilitate this task.
Although subspace arrangements seem to be a very simple class of algebraic sets,
a full characterization of their algebraic properties is a surprisingly difficult, if not
impossible, task. Subspace arrangements have been a centuries-old subject that still
actively interweaves many mathematical fields: algebraic geometry and topology,
combinatorics, and complexity theory, graph and lattice theory, etc. Although the
results are extremely rich and deep, in fact only a few special classes of subspace
arrangements have been well characterized.

11

Unless stated otherwise, the subspace arrangement considered will always be a central arrangement, as in Definition 5.4.
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In the remaining sections of this appendix, we examine some important concepts
and properties of subspace arrangements that are closely related to the subspaceclustering problem. The purpose of these sections is twofold: 1. to provide a rigorous
justification for the algebraic subspace clustering algorithms derived in Chapter 5;
2. to summarize some important in-depth properties of subspace arrangements,
which may suggest potential improvements of the algorithms. For readers who are
interested only in the basic subspace clustering algorithms and their applications,
these sections can be skipped on a first reading.
Vanishing Ideal of a Subspace.
A d-dimensional subspace S can be defined by k D Dd linearly independent linear
forms fl1 ; l2 ; : : : ; lk g:
:
S D fx 2 RD W li .x/ D 0; i D 1; 2; : : : ; k D D  dg;

(C.24)

where li is of the form li .x/ D ai1 x1 C ai2 x2 C    aiD xD with aij 2 R. Let S denote
:
the space of all linear forms that vanish on S. Then dim.S / D k D D  d. The

subspace S is also called the zero set of S , i.e., points in the ambient space that
vanish on all polynomials in S , which is denoted by Z.S /. We define
:
I.S/ D fp 2 RŒx W p.x/ D 0; 8x 2 Sg:

(C.25)

Clearly, I.S/ is an ideal generated by linear forms in S , and it contains polynomials
of all degrees that vanish on the subspace S. Every polynomial p.x/ in I.S/ can be
written as a superposition:
p D l1 h1 C l2 h2 C    C lk hk

(C.26)

for some polynomials h1 ; h2 ; : : : ; hk 2 RŒx. Furthermore, I.S/ is a prime ideal.12
Vanishing Ideal of a Subspace Arrangement
Given a subspace arrangement ZA D S1 [ S2 [    [ Sn , its vanishing ideal is
I.ZA / D I.S1 / \ I.S2 / \    \ I.Sn /:

(C.27)

The ideal I.ZA / can be graded by the degree of its polynomials
I.ZA / D Im .ZA / ˚ ImC1 .ZA / ˚    ˚ Ii .ZA / ˚    :

(C.28)

Each Ii .ZA / is a vector space that consists of forms of degree i in I.ZA /, and m  1
is the least degree of the polynomials in I.ZA /. Notice that forms that vanish on
ZA may have degrees strictly less than n. One example is an arrangement of two
lines and one plane in R3 . Since any two lines lie on a plane, the arrangement can

12

It is a prime ideal because for every product p1 p2 2 I.S/, either p1 2 I.S/ or p2 2 I.S/.
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be embedded into a hyperplane arrangement of two planes, and there exist forms
of second degree that vanish on the union of the three subspaces. The dimension of
Ii .ZA / is known as the Hilbert function hI .i/ of ZA .
Example C.17 (Boolean Arrangement). The Boolean arrangement is the collec:
tion of coordinate hyperplanes Hj D fx W xj D 0g; 1  j  D. The vanishing ideal
of the Boolean arrangement is generated by a single polynomial p.x/ D x1 x2    xD
of degree D.
Example C.18 (Braid Arrangement). The braid arrangement is the collection
:
of hyperplanes Hjk D fx W xj  xk D 0g; 1  j 6D k  D. Similarly, the
vanishing
Q ideal of the Braid arrangement is generated by a single polynomial
p.x/ D 1j<kD .xj  xk /.
Theorem C.19 (Regularity of Subspace Arrangements). The vanishing ideal
I.ZA / of a subspace arrangement ZA D S1 [ S2 [    [ Sn is n-regular. This implies
that I.Z/ has a set of generators with degree  n.
Proof. For the concept of n-regularity and the proof of the above statement, please
refer to (Derksen 2007) and references therein.
t
u
Due to the above theorem, the subspace arrangement ZA is uniquely determined
as the zero set of all polynomials of degree up to n in its vanishing ideal, i.e., as the
zero set of polynomials in
ZA D Z.In /;
:
where In D I0 ˚ I1 ˚    ˚ In :
Product Ideal of a Subspace Arrangement
Let J.ZA / be the ideal generated by the products of linear forms
fl1  l2    ln ;

8lj 2 Sj ; j D 1; : : : ; ng:

Or equivalently, we can define J.ZA / to be the product of the n ideals
I.S1 /; I.S2 /; : : : ; I.Sn /:
:
J.ZA / D I.S1 /  I.S2 /    I.Sn /:
Then the product ideal J.ZA / is a subideal of I.ZA /. Nevertheless, the two ideals
share the same zero set:
ZA D Z.J/ D Z.I/:

(C.29)

By definition, I is the largest ideal that vanishes on ZA . In fact, I is the radical ideal
of the product ideal J, i.e., I D rad.J/. We may also grade the ideal J.ZA / by the
degree
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J.ZA / D Jn .ZA / ˚ JnC1 .ZA / ˚    ˚ Ji .ZA / ˚    :

(C.30)

Notice that unlike I, the lowest degree of polynomials in J always starts from n, the
number of subspaces. The Hilbert function of J is denoted by hJ .i/ D dim.Ji .ZA //.
As we will soon see, the Hilbert functions (or polynomials, or series) of the product
ideal J and the vanishing ideal I have very interesting and important relationships.

C.3 Subspace Embedding and PL-Generated Ideals
Let ZA be a central subspace arrangement ZA D S1 [ S2 [    [ Sn . Let ZA0 D
S10 [ S20 [    [ Sn0 0 be another (central) subspace arrangement. If we have ZA  ZA0 ,
then it is necessary that for all Sj ZA , there exist Sj00
ZA0 such that Sj  Sj00 . If
so, we call
ZA  ZA0
a subspace embedding. Beware that it is possible that n0 < n for a subspace
embedding, since more than one subspace Sj of ZA may belong to the same subspace
Sj0 of ZA0 . The subspace arrangements in Theorem 5.14 are examples of subspace
embeddings. If ZA0 happens to be a hyperplane arrangement, we call the embedding
a hyperplane embedding.
Is the zero-set of each homogeneous component of I.ZA /, in particular Im .ZA /,
a subspace embedding of ZA ? Unfortunately, this is not true, since counterexamples
can be constructed.
Example C.20 (Five Lines in R3 ). Consider five points in P2 (or equivalently, five
lines in R3 ). The Veronese embedding of order two of a point x D Œx1 ; x2 ; x3  2 R3
is Œx12 ; x1 x2 ; x1 x3 ; x22 ; x2 x3 ; x32  2 R6 . For five points in general position, the matrix
V 2 D Œ 2 .x1 /; 2 .x2 /; : : : 2 .x5 / is of rank 5. Let c> be the only vector in the
left null space of V 2 such that c> V 2 D 0. Then p.x/ D c> 2 .x/ is in general
an irreducible quadratic polynomial. Thus, the zero set of I2 .ZA / D p.x/ is not a
subspace arrangement but an (irreducible) cone in R3 .
Nevertheless, the following statement allows us to retrieve a subspace embedding
from any polynomials in the vanishing ideal I.ZA /.
Theorem C.21 (Hyperplane Embedding via Differentiation). For every polynomial p in the vanishing ideal I.ZA / of a subspace arrangement ZA D S1 [S2 [  [Sn
and n points fxi 2 Si gniD1 in general position, the union of the hyperplanes [niD1 Hi D
fx W rp.xi /> x D 0g is a hyperplane embedding of the subspace arrangement.
Proof. The proof is based on the simple fact that the derivative (gradient) rf .x/
of any smooth function f .x/ is orthogonal to (the tangent space of) its level set
f .x/ D c.
t
u
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In the above statement, if we replace p with a collection of polynomials in the
vanishing ideal, their derivatives give a subspace embedding in a similar fashion
as the hyperplane embedding. When the collection contains all the generators of
the vanishing ideal, the subspace embedding becomes tight: the resulting subspace
arrangement coincides with the original one. This property has been used in the
development of algebraic subspace clustering algorithms in Chapter 5.
Another concept that is closely related to subspace embedding is a pl-generated
ideal.
Definition C.22 (pl-Generated Ideals). An ideal is said to be pl-generated if it is
generated by products of linear forms.
If the ideal of a subspace arrangement ZA is pl-generated, then the zero set of
every generator gives a hyperplane embedding of ZA .
Example C.23 (Hyperplane Arrangements). If ZA is a hyperplane arrangement,
then I.ZA / is always pl-generated, since it is generated by a single polynomial of
the form13
>
>
p.x/ D .b>
1 x/.b2 x/    .bn x/;

(C.31)

where bi 2 RD are the normal vectors to the hyperplanes.
Obviously, the vanishing ideal I.S/ of a single subspace S is always pl-generated.
The following example shows that this is also true for an arrangement of two
subspaces.
Example C.24 (Two Subspaces). Let us show that for an arrangement ZA of two
:
subspaces, I.ZA / is always pl-generated. Let ZA D S1 [ S2 and define U  D S1 \



 :

 :

S2 and V D S1 n U ; W D S2 n U . Let .u1 ; u2 ; : : : ; uk / be a basis for U  ,
.v1 ; v2 ; : : : ; vl / a basis for V  , and .w1 ; w2 ; : : : ; wm / a basis for W  . Then I.ZA / D
I.S1 / \ I.S2 / is generated by .u1 ; : : : ; uk ; v1 w1 ; v1 w2 ; : : : ; vl wm /.
Now consider an arrangement of n subspaces ZA D S1 [ S2 [    [ Sn . By its
definition, the product ideal J.ZA / is always pl-generated. Now, is the vanishing
ideal I.ZA / always pl-generated? Unfortunately, this is not true. Below are some
counterexamples.
Example C.25 (Lines in R3 (Björner et al. 2005)). For a central arrangement ZA
of r lines in general position in R3 , I.ZA / is not pl-generated when r D 5 or r > 6.
Example C.20 gives a proof for the case with r D 5.
Example C.26 (Planes in R4 (Björner et al. 2005)). For a central arrangement ZA
of r planes in general position in R4 , I.ZA / is not pl-generated for all r > 2.

13

In algebra, an ideal that is generated by a single generator is called a principal ideal.
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However, can each homogeneous component Ii .ZA / be “pl-generated” when i is
large enough? For instance, can it be that In D Jn D S1  S2    Sn ? This is in general
not true for an arbitrary arrangement. Below is a counterexample.
Example C.27 (Three Subspaces in R5 ; due to R. Fossum). Consider RŒx D
RŒx1 ; : : : ; x5  and an arrangement ZA of three three-dimensional subspaces in R5
whose vanishing ideals are given by, respectively,
I.S1 / D .x1 ; x2 /;

I.S2 / D .x3 ; x4 /;

I.S3 / D ..x1 C x3 /; .x2 C x4 //:

Denote their intersection by I D I.S1 / \ I.S2 / \ I.S3 /. The intersection contains the
element
x1 x4  x2 x3 D .x1 C x3 /x4  .x2 C x4 /x3 D x1 .x2 C x4 /  x2 .x1 C x3 /:
Then every element .x1 x4  x2 x3 /l.x1 ; : : : ; x5 / with l a linear form is in I3 .ZA /, the
homogeneous component of elements of degree three. In particular, .x1 x4  x2 x3 /x5
is in I3 .ZA /. However, one can check that this element cannot be written in the form
X

.ai x1 C bi x2 /.ci x2 C di x4 /.ei .x1 C x3 / C fi .x2 C x4 //

i

for any ai ; bi ; ci ; di ; ei ; fi 2 R. Thus, I3 .ZA / is not spanned by S1  S2  S3 .
However, notice that the subspaces in the above example are not in “general
position”: their intersections are not of the minimum possible dimension. Could
In D Jn D S1  S2    Sn be instead true for n subspaces if they are in general
position? The answer is yes. In fact, we can say more than that. As we will see in
the next section, from the Hilbert functions of I and J, we actually have
Ii D Ji ;

8i  n

if S1 ; S2 ; : : : ; Sn are “transversal” (i.e., all intersections are of minimum possible
dimension). In other words, Ji could differ from Ii only for i < n.

C.4 Hilbert Functions of Subspace Arrangements
In this section, we study the Hilbert functions of subspace arrangements defined
in Section C.1.6. We first discuss a few reasons why in the context of generalized
principal component analysis, it is very important to know the values of the Hilbert
function for the vanishing ideal I or the product ideal J of a subspace arrangement.
We then examine the values of the Hilbert function for a few special examples.
Finally, we give a complete characterization of the Hilbert function, the Hilbert
polynomial, and the Hilbert series of a general subspace arrangement. In particular,
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we give a closed-form formula for the Hilbert polynomial of the vanishing ideal and
the product ideal of the subspace arrangement.

C.4.1 Hilbert Function and Algebraic Subspace Clustering
In general, for a subspace arrangement ZA D S1 [ S2 [    [ Sn in general position,
the values of the Hilbert function hI .i/ of its vanishing ideal I.ZA / are invariant
under a continuous change of the positions of the subspaces. They depend only on
the dimensions of the subspaces d1 ; d2 ; : : : ; dn or their codimensions ci D Ddi ; i D
1; 2; : : : ; n. Thus, the Hilbert function gives a rich set of invariants of subspace
arrangements. In the context of subspace clustering, such invariants can help to
determine the type of the subspace arrangement, such as the number of subspaces
and their individual dimensions from a given set of (possibly noisy) sample points.
To see this, consider a sufficiently large number of sample points in general
position X D fx1 ; x2 ; : : : ; xN g
ZA that are drawn from the subspaces, and let
the embedded data matrix (via the Veronese map of degree i) be
:
V i D Œ i .x1 /; i .x2 /; : : : ; i .xN /> :

(C.32)

According to the algebraic sampling theorem of Appendix C.1.4, the dimension of
Null.V i / is exactly the number of linearly independent polynomials of degree i that
vanish on ZA . That is, the following relation holds:
dim.Null.V i // D hI .i/;

(C.33)

rank.V i / D dim.Ri /  hI .i/:

(C.34)

or equivalently,

Thus, if we know the Hilbert function for different subspace arrangements in
advance, we can determine from the rank of the data matrix from which subspace
arrangement the sample data points are drawn. The following example illustrates
the basic idea.
Example C.28 (Three Subspaces in R3 ). Suppose that we know only that our
data are drawn from an arrangement of three subspaces in R3 . There are in total
four different types of such arrangements, shown in Figure C.1. The values of their
corresponding Hilbert functions are listed in Table C.1. Given a sufficiently large
number N of sample points from one of the above subspace arrangements, the rank
of the embedded data matrix V 3 2 RN10 can be, instead of any value between 1
and 10, only 10  hI .3/ D 9; 8; 6; 3, which correspond to the only four possible
configurations of three subspaces in R3 : three planes, two planes and one line, one
plane and two lines, or three lines, respectively, as shown in Figure C.1.
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(c) (1, 2, 2)

(d) (2, 2, 2)

Fig. C.1 Four configurations of three subspaces in R3 : The numbers are the codimensions
.c1 ; c2 ; c3 / of the subspaces.
Table C.1 Values of the Hilbert functions of the
four arrangements (assuming the subspaces are in
general position).
c1
1
1
1
2

c2
1
1
2
2

c3
1
2
2
2

hI.ZA / .1/
0
0
0
0

hI.ZA / .2/
0
0
1
3

hI.ZA / .3/
1
2
4
7

This suggests that given the dimensions of individual subspaces, we may know
the rank of the embedded data matrix. Conversely, given the rank of the embedded
data matrix, we can determine to a large extent the possible dimensions of the
individual subspaces. Therefore, knowing the values of the Hilbert function will
help us to at least rule out in advance impossible rank values for the embedded data
matrix or the impossible subspace dimensions. This is particularly useful when the
data are corrupted by noise, so that there is ambiguity in determining the rank of the
embedded data matrix or the dimensions of the subspaces.
The next example illustrates how the values of the Hilbert function can help
determine the correct number of subspaces.
Example C.29 (Overfit Hyperplane Arrangements in R5 ). Consider a data set
sampled from a number of hyperplanes in general position in R5 . Suppose we know
only that the number of hyperplanes is at most 4, and we embed the data via the
degree-4 Veronese map anyway. Table C.2 gives the possible values of the Hilbert
function for an arrangement of 4, 3, 2, 1 hyperplanes in R5 , respectively. Here we
use the convention that the empty set has codimension 5 in R5 .
The first row shows that if the number of hyperplanes is exactly equal to the
degree of the Veronese map, then hI .4/ D 1, i.e., the data matrix V 4 has a rank1 null space. The following rows show the values of hI .4/ when the number of
hyperplanes is n D 3; 2; 1, respectively. If the rank of the matrix V 4 matches any
of these values, we know exactly the number of hyperplanes in the arrangement.
Figure C.2 shows a superimposed plot of the singular values of V 4 for sample points
drawn from n D 1; 2; 3; 4 hyperplanes in R5 , respectively.
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Table C.2 Values of the Hilbert function
of (codimension-1) hyperplane arrangements in R5 .
c1
1
1
1
1
10

40

10

20

10

c3
1
1
5
5

c4
1
5
5
5

hI.ZA / .4/
1
5
15
35

rank.V 4 /
69
65
55
35

0

10

−20

10

−40

10

−60

10

−80

10

c2
1
1
1
5

−100

0

10

20

30

40

50

60

70

Fig. C.2 A superimposed semilog plot of the singular values of the embedded data matrix V 4 for
n D 1; 2; 3; 4 hyperplanes in R5 , respectively. The rank drops at 35; 55; 65; 69, which confirms the
theoretical values of the Hilbert function.

Thus, in general, knowing the values of hI .i/ even for i > n may significantly
help determine the correct number of subspaces in case the degree i of the Veronese
map used for constructing the data matrix V i is strictly higher than the number n of
nontrivial subspaces in the arrangement.
The above examples show merely a few cases in which the values of the
Hilbert function may facilitate solving the subspace clustering and modeling
problem in Chapter 5, in particular the model-selection issue. It now remains as
a question how to compute the values of the Hilbert function for arbitrary subspace
arrangements.
Mathematically, we are interested in finding closed-form formulas, if they exist
at all, for the Hilbert function (or the Hilbert polynomial, or the Hilbert series) of
the subspace arrangements. As we will soon show, if the subspace arrangements
are transversal (i.e., every intersection of subsets of the subspaces has the smallest
possible dimension), we are able to show that the Hilbert function (of both I and J)
agrees with the Hilbert polynomial (of both I and J) with i  n; and a closed-form
formula for the Hilbert polynomial is known (and will be given later). However, no
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general formula is known for the Hilbert function (or series) of I, especially for the
values hI .i/ with i < n. For those values, one can still compute them in advance
numerically based on the identity
hI .i/ D dim.Null.V i //

(C.35)

from a sufficient set of samples on the subspace arrangements. The values for each
type of arrangement needs to be computed only once, and the results can be stored
in a table such as Table C.1 for each ambient space dimension D and number
of subspaces n. We may later query these tables to retrieve information about
the subspace arrangements and exploit relations among these values for different
practical purposes.
However, computing the values of hI numerically can be very expensive,
especially when the dimension of the space (or the subspaces) is high. In order
to densely sample the high-dimensional subspaces, the number of samples grows
exponentially with the number of subspaces and their dimensions. Indeed, the
MATLAB package that we are using runs out of the memory limit of 2 GB for
computing the table for the case D D 12 and n D 6.
Fortunately, for most applications in image processing, computer vision, or
systems identification, it is typically sufficient to know the values of hI .i/ up to
n D 10 and D D 12. For instance, for most images, the first D D 12 principal
components already keep up to 99% of the total energy of the image, which is
more than sufficient for any subsequent representation or compression purposes.
Furthermore, if one chooses to use 2  2 blocks to represent a color image, then
each block becomes one data point of dimension 2  2  3 D 12. The number of
segments sought for an image is typically less than ten. In system identification, the
dimensions of the subspaces correspond to the orders of the systems, and they are
typically less than 10.

C.4.2 Special Cases of the Hilbert Function
Before we study the Hilbert function for general subspace arrangements in the next
section, we here give a few special cases for which we have computed certain values
of the Hilbert function.
Example C.30 (Hyperplane Arrangements). Consider ZA D S1 [ S2 [ : : : [
Sn
RD with each Si a hyperplane. The subspaces Si are of codimension 1, i.e.,
c1 D c2 D    D cn D 1. Then we have hI .n/ D 1, which is consistent with the fact
that there is exactly one (factorable) polynomial of degree n that fits n hyperplanes.
Furthermore, hI .i/ D 0 for all i < n, and
hI .n C i/ D

 DCi1 
i

;

8i  1:
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We can generalize the case of hyperplanes to the following example.
Example C.31 (Subspaces Whose Duals Have No Intersection). Consider a
subspace arrangement ZA D S1 [ S2 [ : : : [ Sn
RD with Si \ Sj D 0 for
all i 6D j. In other words, if the codimensions of S1 ; S2 ; : : : ; Sn are c1 ; c2 ; : : : ; cn ,
respectively, we have c1 C c2 C    C cn  D. Notice that hyperplane arrangements
are a special case here. Generalizing the result in Example C.15, one can show that
the Hilbert series of I.ZA / (and J.ZA /) is

Qn 
ci
:
iD1 1  .1  t/
:
(C.36)
H.I.ZA /; t/ D H.J.ZA /; t/ D f .t/ D
.1  t/D
The values of the Hilbert function hI .i/ can be computed from the coefficients of the
function f .t/ associated with ti .
However, if the dual subspaces Si have nontrivial intersections, the computation
of Hilbert series and function becomes much more complicated. Below we give
some special examples and leave the general study to the next section.
Example C.32 (Hilbert Function of Two Subspaces). We here derive a closedform formula of hI .2/ for an arrangement of n D 2 subspaces ZA D S1 [ S2 in
general position (see also Example C.24). Suppose their codimensions are c1 and
c2 , respectively. In R1
RD , the intersection of their dual subspaces S1 and S2 has
the dimension
:
(C.37)
c D maxfc1 C c2  D; 0g:
Then we have
hI .2/ D c  .c C 1/=2 C c  .c1  c/ C c  .c2  c/ C .c1  c/  .c2  c/
D c1  c2  c  .c  1/=2:

(C.38)

Example C.33 (Three Subspaces in R5 ). Consider an arrangement of three subspaces ZA D S1 [ S2 [ S3
R5 in general position. After a change of

coordinates, we may assume S1 D spanfx1 ; x2 ; x3 g; S2 D spanfx1 ; x4 ; x5 g, and
S3 D spanfx2 ; x3 ; x4 ; x5 g. The value of hI .3/ in this case is equal to dim.S1  S2  S3 /.
Firstly, we compute S1  S2 and obtain a basis for it:
S1  S2 D spanfx12 ; x1 x4 ; x1 x5 ; x2 x1 ; x2 x4 ; x2 x5 ; x3 x1 ; x3 x4 ; x3 x5 g:
From this, one can compute the basis for S1  S2  S3 :
S1  S2  S3 D spanfx12 x2 ; x1 x2 x4 ; x1 x2 x5 ; x1 x22 ; x22 x4 ; x22 x5 ; x1 x2 x3 ; x2 x3 x4 ;
x2 x3 x5 ; x12 x3 ; x1 x3 x4 ; x1 x3 x5 ; x1 x32 ; x32 x4 ; x32 x5 ; x12 x4 ; x1 x42 ;
x1 x4 x5 ; x2 x42 ; x2 x4 x5 ; x3 x42 ; x3 x4 x5 ; x12 x5 ; x1 x52 ; x2 x52 ; x3 x52 g:
Thus, we have hI .3/ D 26.
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Table C.3 Values of the Hilbert
function hI .5/ for arrangements
of five subspaces in R3 .
c1
1
1
1
1
1
2

c2
1
1
1
1
2
2

c3
1
1
1
2
2
2

c4
1
1
2
2
2
2

c5
1
2
2
2
2
2

hI .5/
1
2
4
7
11
16

Example C.34 (Five Subspaces in R3 ). Consider an arrangement of five subspaces S1 ; S2 ; : : : ; S5 in R3 of codimensions c1 ; c2 ; : : : ; c5 , respectively. We want
to compute the value of hI .5/, i.e., the dimension of homogeneous polynomials of
degree five that vanish on the five subspaces ZA D S1 [ S2 [    [ S5 . For all the
possible values of 1  c1  c2      c5 < 3, we have computed the values
of D53 and listed them in Table C.3. Notice that the values of hI .3/ in the earlier
Table C.1 form a subset of those of hI .5/ in Table C.3. In fact, many relationships
like this one exist among the values of the Hilbert function. If properly harnessed,
they can significantly reduce the amount of work in computing the values of the
Hilbert function.
Example C.35 (Five Subspaces in R4 ). Similar to the above example, we have
computed the values of hI .5/ for arrangements of five linear subspaces in R4 . The
results are given in Table C.4. In fact, using the numerical method described earlier,
we have computed the values of hI .5/ up to five subspaces in R12 .

C.4.3 Formulas for the Hilbert Function
In this section, we give a general formula for the Hilbert polynomial of the subspace
arrangement ZA D S1 [ S2 [    [ Sn . However, due to limitations of space, we will
not be able to give a detailed proof for all the results given here. Interested readers
may refer to (Derksen 2007).
:
Let U be any subset of the set of indices n D f1; 2; : : : ; ng. We define the
following ideals:
: \
I.Su /;
IU D

: Y
JU D
I.Su /:

u2U

u2U

(C.39)

If U is empty, we use the convention I; D J; D R. We further define VU D
T
u2U Su , dU D dim.VU /, and cU D D  dU .
Let us define polynomials pU .t/ recursively as follows. First we define
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Table C.4 Values of the Hilbert
function hI .5/ for arrangements
of five subspaces in R4 .
c1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
2
2
2
2
2
3

c2
1
1
1
1
1
1
1
1
1
1
2
2
2
2
3
2
2
2
2
3
3

c3
1
1
1
1
1
1
2
2
2
3
2
2
2
3
3
2
2
2
3
3
3

c4
1
1
1
2
2
3
2
2
3
3
2
2
3
3
3
2
2
3
3
3
3

c5
1
2
3
2
3
3
2
3
3
3
2
3
3
3
3
2
3
3
3
3
3

hI .5/
1
2
3
4
6
8
8
11
14
17
15
19
23
27
31
26
31
36
41
46
51

p; .t/ D 1:
For U 6D ; and if pW .t/ is already defined for all proper subsets W of U, then pU .t/
is uniquely determined by the following equation:
X

.t/jWj pW .t/

0 mod .1  t/cU ;

deg.pU .t// < cU :

(C.40)

WU

Here jWj is the number of indices in the set W.
With the above definitions, the Hilbert series of the product ideal J is given by
H.J; t/ D

pn .t/tn
:
.1  t/D

(C.41)

That is, the Hilbert series of the product ideal J depends only on the numbers
cU ; U  n. Thus, the values of the Hilbert function hJ .i/ are all combinatorial
invariants—invariants that depend only on the values fcU g but not the particular
position of the subspaces.
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Definition C.36 (Transversal
The subspaces S1 ; S2 ; : : : ; Sn are called

 PSubspaces).
transversal if cU D min D; u2U cu for all U  n. In other words, the intersection
of any subset of the subspaces has the smallest possible dimension.
Notice that the notion of “transversality” defined here is less strong than the
typical notion of “general position.” For instance, according to the above definition,
three coplanar lines (through the origin) in R3 are transversal. However, they are not
“in general position.”
Theorem C.37 (Hilbert Function of a Transversal Subspace Arrangement). Suppose that S1 ; S2 ; : : : ; Sn are transversal.
 Then H.I; t/  f .t/ and H.J; t/  f .t/ are
polynomials in t, where f .t/ D

Qn

iD1

1.1t/ci

.1t/D

:

Thus, the difference between H.I; t/ and H.J; t/ is also a polynomial. We have
the following corollary to the above theorem.
Corollary C.38. If S1 ; S2 ; : : : ; Sn are transversal, then hI .i/ D HI .i/ D hJ .i/ D
HJ .i/ for all i  n. That is, the Hilbert polynomials of both the vanishing ideal I
and the product ideal J are the same, and the values of their Hilbert functions agree
with the polynomial with i  n.
One of the consequences of this corollary is that for transversal subspace
arrangements, we must have Ii D Ji for all i  n. This is a result that we have
mentioned earlier, in Section C.3.
Example C.39 (Hilbert Series of Three Lines in R3 ). For example, suppose that
ZA is the union of three distinct lines (through the origin) in R3 . Regardless of
whether the three lines are coplanar, they are transversal. We have
H.J.ZA /; t/ D

7t3  9t4 C 3t5
D 7t3 C 12t4 C 18t5 C    :
.1  t/3

However, one has
H.I.ZA /; t/ D

t C t3  t4
D t C 3t2 C 7t3 C 12t4 C 18t5 C   
.1  t/3

if the lines are coplanar, and
H.I.ZA /; t/ D

3t2  2t3
D 3t2 C 7t3 C 12t4 C 18t5 C   
.1  t/3

if the three lines are not coplanar. Notice that the coefficients of these Hilbert series
become the same starting from the term t3 .
Then, using the recursive formula (C.41) of the Hilbert series H.J; t/, we can
derive a closed-form formula for the values of the Hilbert function hI .i/ with i  n:
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Corollary C.40 (A Closed-Form Formula for Hilbert Function). If S1 ; S2 ; : : : ; Sn
are transversal, then
hI .i/ D hJ .i/ D

X

.1/jUj

U

where cU D

P

m2U cm

D C i  1  cU
;
D  1  cU

i  n;

(C.42)

and the sum is over all index subsets U of n for which cU < D.

Example C.41 (Three Subspaces in R4 ). Suppose that ZA D S1 [ S2 [ S3
is a transversal arrangement in R4 . Let d1 ; d2 ; d3 (respectively c1 ; c2 ; c3 ) be the
dimensions (respectively codimensions) of S1 ; S2 ; S3 . We make a table of hI .n/ for
n D 3; 4; 5:
c1 ; c2 ; c3
1; 1; 1
1; 1; 2
1; 1; 3
1; 2; 2
1; 2; 3
1; 3; 3
2; 2; 2
2; 2; 3
2; 3; 3
3; 3; 3

d1 ; d2 ; d3
3; 3; 3
3; 3; 2
3; 3; 1
3; 2; 2
3; 2; 1
3; 1; 1
2; 2; 2
2; 2; 1
2; 1; 1
1; 1; 1

hI .3/
1
2
3
4
6
8
8
11
14
17

hI .4/
4
7
9
12
15
18
20
24
28
32

hI .5/
10
16
19
25
29
33
38
43
48
53

Note that the codimensions c1 ; c2 ; c3 are almost determined by hI .3/. They are
uniquely determined by hI .3/ and hI .4/.
The corollary below is a general result that explains why the codimensions of the
subspaces c1 ; c2 ; c3 can be uniquely determined by hI .3/; hI .4/; hI .5/ in the above
example. The corollary also reveals a strong theoretical connection between the
Hilbert function and the algebraic subspace clustering problem.
Corollary C.42 (Subspace Dimensions from the Hilbert Function). Consider
a transversal arrangement of n subspaces. The codimensions c1 ; c2 ; : : : ; cn
are uniquely determined by the values of the Hilbert function hI .i/ for i D
n; n C 1; : : : ; n C D  1.
As we have alluded to earlier, in the context of algebraic subspace clustering,
these values of the Hilbert function are closely related to the ranks of the embedded
data matrix V i for i D n; nC1; : : : ; nCD1. Thus, knowing these ranks, we should
in principle be able to uniquely determine the (co)dimensions of all the individual
subspaces. These results suggest that knowing the values of the Hilbert function,
one can potentially develop better algorithms for determining the correct subspace
arrangement from a given set of data.
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C.5 Bibliographic Notes
Subspace arrangements constitute a very special but important class of algebraic sets
that have been studied in mathematics for centuries (Björner et al. 2005; Björner
1994; Orlik 1989). The importance as well as the difficulty of studying subspace
arrangements can hardly be exaggerated. Different aspects of their properties have
been and are still being investigated and exploited in many mathematical fields,
including algebraic geometry and topology, combinatorics and complexity theory,
and graph and lattice theory. See (Björner 1994) for a general review. Although the
results about subspace arrangements are extremely rich and deep, only a few special
classes of subspace arrangements have been fully characterized. Nevertheless,
thanks to the work of (Derksen 2007), the Hilbert function, Hilbert polynomial, and
Hilbert series of the vanishing ideal (and the product ideal) of transversal subspace
arrangements have recently become well understood. This appendix gives a brief
summary of these theoretical developments. These results have provided a sound
theoretical foundation for many of the methods developed in this book for clustering
and modeling multiple subspaces.
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Symbols
`0 minimization, 311, 314
`1 minimization, 312, 314–316, 458
`1 norm, 308
properties, 116
`2;1 norm, 111, 308
properties, 117

A
ACA (aligned cluster analysis), 428
accelerated proximal gradient, 466
ADM (alternating direction minimization), 466
ADMM, 96
ADMM (alternating direction method of
multipliers), 308, 322, 329, 330, 471,
472
for PCP, 97, 98
proximal gradient, 473
affine camera matrix, 406
affine projection, 405
affinity matrix, 268
distance based, 268
global methods, 270
LLMC, 275
local methods, 270
LSA, 272
principal angles, 271
SASC, 280
SCC, 278
SLBF, 273
agglomerative clustering, 233
linkage algorithms, 237
mixture of Gaussians, 236

subspaces, 236
Ward’s method, 237
AIC (Akaike information criterion), 48, 496
Akaike information criterion
see AIC, 48
ALC (agglomerative lossy compression), 236,
260
algorithm, 236
motion segmentation, 412
subspace clustering, 236, 260
algebraic set, 512
decomposition, 516, 517
irreducible, 512
algebraic subspace clustering
see ASC, 171
algebraic varieties, 512
algorithm
agglomerative lossy compression for
subspace clustering, 236
algebraic hyperplane clustering algorithm,
184
algebraic line clustering algorithm, 181
algebraic point clustering algorithm, 178
ASC: algebraic subspace clustering, 194
EM for MPPCA, 227
EM for subspace clustering, 227
expectation maximization, 488, 489
hybrid linear model estimation, 360
identification of an SISO hybrid ARX
system, 446
incomplete PCA by power factorization,
83
incomplete PPCA by expectation
maximization, 73
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554
algorithm (cont.)
iteratively reweighted least squares for
PCA with outliers, 105
K-means for mixture of isotropic
Gaussians, 147
K-subspaces for subspace clustering, 221
local subspace affinity, 272
locally linear embedding, 138
locally linear manifold clustering, 276
low-rank matrix completion via proximal
gradient, 77
low-rank subspace clustering for
uncorrupted data, 302
MAP-EM for MPPCA, 229
MAP-EM for subspace clustering, 229
matrix `1 minimization by ADMM, 323
matrix completion by partition alternating
minimization, 85
matrix completion by power factorization,
82
matrix LASSO minimization by ADMM,
329
multiscale hybrid linear model estimation,
365
multiscale hybrid linear model: wavelet
domain, 372
nonlinear kernel PCA, 132
normalized cut, 156
normalized spectral clustering, 157
power factorization for complete matrix
factorization, 81
principal component pursuit by ADMM, 98
random sample consensus for PCA with
outliers, 107
recursive algebraic subspace clustering,
208
robust PCA by iteratively reweighted least
squares, 91
sparse subspace clustering for noisy data,
329
sparse subspace clustering for uncorrupted
data, 324
sparse subspace clustering with corrupted
entries, 331
sparse subspace clustering with outliers,
326
spectral algebraic subspace clustering, 286
spectral clustering, 153
spectral curvature clustering, 278
spectral local best-fit flats, 273
texture and boundary encoding-based
segmentation (TBES), 389

Index
ALM (augmented Lagrange multiplier
method), 96, 470
exact, 97
alternating direction method of multipliers
see ADMM, 97, 471
alternating direction minimization
see ADM, 466
alternating proximal gradient minimization
see APGM, 473
AMSE (asymptotic mean square error), 51, 52
hard thresholding, 53
minimizing AMSE, 52
optimal singular value shrinkage, 53
optimal soft thresholding, 53
truncated SVD, 53
APGM (alternating proximal gradient
minimization), 473
convergence, 474
AR (autoregressive) models, 422
arrangement of subspaces, 128
ARX (auto regressive exogenous) system,
432
ARX (autoregressive exogenous) system, 56
hybrid, 432
ASC (algebraic subspace clustering), 171, 360,
423, 431
by line intersection, 419
by minimum distance, 419
exercise, 212
motion segmentation, 411
recursive ASC, 205, 208
spectral ASC, 419
asymptotic efficiency
of an estimator, 482
asymptotic mean square error
see AMSE, 51
asymptotic unbiasedness, 482
AT&T face data set, 146
augmented Lagrange multiplier method
see ALM, 96, 470
augmented Lagrangian, 97
augmented Lagrangian function, 470, 472
autoregressive exogenous
see ARX, 432

B
Bayesian information criterion
see BIC, 48
BCD (block coordinate descent), 467
convergence, 467
BDE (boundary displacement error), 394

Index
Berkeley Multimodal Human Action Database,
425
Berkeley segmentation data set
see BSD, 382
bias of an estimator, 477
BIC (Bayesian information criterion), 48, 496,
498
big data, 457, 459
block coordinate descent
see BCD, 467
Boolean arrangement, 521
boundary displacement error
see BDE, 394
braid arrangement, 521
BSD (Berkeley segmentation data set), 382,
392

C
Caltech 101 data set, 113
camera calibration matrix, 415
camera models, 403
affine projection, 405
orthographic projection, 405
perspective projection, 414
centering matrix, 130
cloud computing, 459
clustering
compression-based, 242
deterministic, 243
phase transition, 251
probabilistic assignment, 246
via data compression, 235
coding length, 383
affine subspaces, 265
expected, 232
image, 386
linear subspaces, 264
minimization, 236
multivariate Gaussian, 234, 238
optimal, 236
region boundary, 385
samples on subspaces, 263
texture region, 384
coding length function, 240
concavity, 245
mixed Gaussians, 242
properties, 241
coherence, 95
column incoherence, 111
mutual coherence, 95
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color space
HSV, 393
lab, 393
RGB, 393
XYZ, 393
YUV, 393
column incoherence, 111
column sparse matrix, 111
complete statistics, 480
compression-based classification, 238
compression-based clustering, 231,
260
gene expression data, 254
image segmentation, 255
mixed Gaussians, 235, 236
model selection, 252
phase transition, 250
robustness to outliers, 249
simulations, 247
subspaces, 235, 236
compressive sensing, 74, 94, 456, 458
decomposable structures, 456
concave optimization, 246
simplex algorithm, 246
conformal eigenmaps, 160
consistency
of an estimate, 481
convex
pseudoconvex, 464
quasiconvex, 464
convex function, 462, 463
exercises, 54
minima, 463
subgraident, 465
convex hull, 463
convex optimization
for matrix completion, 73
convex set, 462
exercises, 54
corollary
a closed-form formula for Hilbert function,
533
identifying the number of ARX systems,
443
subspace dimensions from the Hilbert
function, 533
zero coefficients of the decoupling
polynomial, 442
Cramér–Rao lower bound, 478
CTM (compression-based texture merging),
395
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curvature
Menger curvature, 277
polar curvature, 277

D
data compression, 231
data set
AT&T face data set, 146
Berkeley Multimodal Human Action
Database, 425
Berkeley segmentation data set, 382, 392
Caltech 101, 113
extended Yale B, 36
Hopkins 155 motion data set, 407, 418
MOCAP, 426
Yale B, 61
DCT (discrete cosine transform), 350, 354,
366, 372
decomposable function, 305
decomposable structures, 456
deep learning, 457
dictionary learning, 457
matrix factorization, 457
sparsity, 457
deep neural networks, 457
definition
algebraic set, 512
asymptotic efficiency, 482
asymptotic unbiasedness, 482
complete statistics, 480
consistency, 481
convex function, 463
convex hull, 463
convex set, 462
dual directions, 320
dual points, 320, 327
effective dimension, 202
expressiveness property, 294
homogeneous ideal, 512
ideal, 511
incoherent matrix with respect to sparse
matrices, 67
independent subspaces, 300
matrix incoherence with respect to column
sparse matrices, 111
mutual coherence, 95
pl-generated ideals, 523
principal angle, 315
projected dual directions, 327
projected subspace incoherence, 328
pseudoconvex, 464
quasiconvex, 464
self-expressiveness property, 295

Index
subgradient of a convex function, 465
subspace arrangement, 172
subspace incoherence, 320
subspace-preserving representation, 296
sufficient statistics, 476
sufficiently exciting switching and input
sequences, 440
transversal subspaces, 532
Veronese map, 510
dictionary learning, 457
difference chain code, 385
dimension reduction, 358
discrete cosine transform
see DCT, 350
disjoint subspaces, 315
Douglas–Rachford operator splitting method,
472
dual direction, 320
dual point, 320, 327
dynamical models
linear autoregressive model, 422

E
ED (effective dimension), 202, 358
example, 203
minimum effective dimension, 204
effective dimension
see ED, 202
efficiency of an unbiased estimator, 479
eigenfaces, 36
by PPCA, 44
eigenfunctions, 162, 167
eigensubspace, 151
eigenvalues, 137, 167
generalized, 140
eigenvectors, 137, 167
generalized, 140
power method, 80
segmentation eigenvectors, 275
EM (expectation maximization), 68, 69, 73,
218, 248, 359, 428, 443, 487
a failure case, 494
algorithm, 488
convergence, 488
exercise, 117
for multiple subspaces, 228
for PPCA, 58
incomplete PCA, 69, 71
incomplete PPCA, 73
MAP-EM, 70
matrix completion, 69, 71, 73
mixture of PPCAs, 225
subspace clustering, 227, 259

Index
embedded data matrix, 187
entropy
of a random variable, 232
epipolar constraint, 417, 418
epipolar geometry, 416
estimators
asymptotic efficient, 482
asymptotically unbiased, 482
bias, 477
consistency, 481
efficient, 479
ML estimators, 480
relative efficiency, 477
unbiased, 477, 480
exact ALM, 97
Example
clustering of gene expression data, 254
example
a hybrid linear model for the grayscale
Barbara image, 360
ALC for clustering face images under
varying illumination, 256
algebraic subspace clustering on synthetic
data, 194
completing face images with missing pixels
by convex optimization, 78
completing face images with missing pixels
by power factorization, 87
effective dimension of one plane and two
lines, 203
embeddings for face images of two
different subjects, 142
face shadow removal by iteratively
reweighted least squares, 91
face shadow removal by PCP, 99
K-means clustering of face images under
varying illumination, 148
K-means clustering of face images under
varying pose, 146
K-subspaces for clustering face images
under varying illumination, 256
KPCA for face images under varying pose,
132
LE for face images under varying pose, 142
LLE for face images under varying pose,
138
matrix Lagrange multipliers, 469
ML estimate of two mixed Gaussians, 495
model selection for face images, 49
MPPCA for clustering face images under
varying illumination, 256
outlier detection among face images,
113
PCA as a particular case of KPCA, 131
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PCA for face images under varying pose,
123
PCA for modeling face images under
varying illumination, 36
PPCA for modeling face images under
varying illumination, 44
recursive ASD on synthetic data, 206
segmentation of natural images, 255
spectral clustering of face images under
varying illumination, 159
spectral clustering of face images under
varying pose, 158
strongly correlated subsets, 243
uncorrelated subsets, 242
Veronese map for an arrangement of
subspaces, 128
expectation maximization (EM)
mixture of PPCAs, 224
expressiveness property, 294
extended Yale B data set, 36, 49, 78, 79, 88, 92,
100, 113, 114, 337

F
face recognition, 60
robust face recognition, 119
feature
texture features, 382
feature space, 127
high-dimensional, 128
Fisher discriminant analysis
for subspaces, 213
Fisher information matrix, 478
Freeman encoding, 385
Frobenius norm, 56, 305
of a matrix, 34
function
augmented Lagrangian function, 470
convex function, 462, 463
gradient of a function, 461
Hessian of a function, 461
Hilbert function, 518
kernel function, 129
Lagrangian function, 469
positive semidefinite functions, 129
square integrable function, 129
subgradient of a function, 464
symmetric functions, 129
fundamental matrix, 417

G
G-AIC (geometric AIC), 48, 204, 205, 496
effective dimension, 204
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Gaussian distribution, 379
coding length, 234
rate-distortion function, 234
Gaussian MMM, 399
gene expression data clustering, 254
generalized eigenvalues, 140
generalized eigenvectors, 140
geometric AIC
see G-AIC, 48
GFM (global F-measure), 394
global F-measure
see GFM, 394
GPCA (generalized PCA), 458
gradient, 461
subgradient, 464
gradient descent, 465
graph, 268
connected subgraphs, 150
Laplacian, 149, 268
minimum cut, 154, 155, 399
Ncut, 155
normalized cut, 155
ratiocut, 154, 155
region adjacency graph, 387
undirected, 149
weight, 149
graph cut, 153, 164
Ncut, 155, 165
normalized cut, 155
ratiocut, 153, 165
Grassmannian coordinates, 203, 356

H
Hadamard product
of matrices, 66
HDP (hybrid decoupling polynomial), 439
identification, 440, 441
structure, 441
zero coefficients, 442
Hessian, 461
hidden Markov models, 428
hierarchical model, 353
Hilbert function
closed-form formula for subspace
arrangements, 533
of a subspace arrangement, 208, 530, 533
of an algebraic set, 518
special cases, 528
Hilbert polynomial, 519
Hilbert series, 518
Hilbert’s Nullstellensatz, 509, 513
HITS (hypertext-induced topic-selection), 58
homogeneous coordinates, 414, 418

Index
homogeneous representation
affine subspace, 173
homogeneous coordinates, 414
homographic constraint, 418
homography matrix, 418
Hopkins 155 motion data set, 407, 418
Huffman code, 385
Huffman coding, 235
hybrid ARX system, 432
discrete state identification, 445
HDP structure, 441
hybrid decoupling polynomial, 439
identification, 438
identification problem, 434
identifying HDP, 440, 441
JMLS, 433, 439, 446
number of ARX systems, 443
PWARX, 433, 439, 446
system parameter identification, 444
hybrid decoupling polynomial
see HDP, 439
hybrid linear model, 353, 354, 356
multiple-PCA, 376
multiscale, 354, 361, 369
wavelet domain, 369, 371
hybrid model, 352
hyperplane, 181
hyperplane arrangement, 523

I
ideal
decomposition, 516
homogeneous ideal, 512
in a ring, 511
irrelevant ideal, 511
maximal ideal, 514
of subspace arrangements, 519
pl-generated, 522, 523
prime ideal, 512
principal ideal, 512
product ideal, 512
radical ideal, 513, 517
submaximal ideal, 514
vanishing ideal, 512, 514
image denoising, 376
image inpainting, 376
image representations
comparison, 372
experiments, 365
image segmentation
compression-based, 255, 377, 386, 400
contour cue, 399
CTM, 395

Index
edge cue, 399
F&H, 399
hierarchical, 389, 400
MCMC, 395
mean shift, 395, 399
mixture models, 399
multilayer spectral segmentation, 399
multiscale normalized cut, 395, 399
normalized cut, 399
normalized tree partitioning, 399
problem formulation, 378
saliency driven total variation, 395
TBES, 388
ultrametric contour maps, 395
versus distortion level, 389
incoherent matrix, 67
incomplete PCA, 68, 69, 78
by complete mean and covariance, 68
by convex optimization, 73
by EM, 69
by matrix factorization, 78
by power factorization, 81, 83
global optimality, 83
independent subspaces, 300, 313
inliers, 106, 505
inradius, 320
Internet of things, 457
IRLS (iteratively reweighted least squares), 91,
105
exercise, 119
face images, 91
Ising model, 379
ISOMAP, 160
iteratively reweighted least squares
see IRLS, 91, 105

J
JMLS (jump-Markov linear system), 433
JPEG, 350
JPEG-2000, 350

K
K nearest neighbors
see K-NN, 139
K-means, 145, 164, 207, 493
algorithm, 147
exercise, 164, 261
face images, 146, 148
image patches, 352
MAP-EM, 493
spectral clustering, 268
K-NN (K nearest neighbors), 135, 136, 139
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K-subspaces, 217, 219, 228, 258, 259, 261
algorithm, 221
exercise, 261
Karhunen–Loève transform
see KLT, 161
kernel
example, 132
polynomial kernels, 161
positive semidefinite, 131, 161
kernel function, 129
kernel matrix, 130, 135, 241
kernel PCA
see KPCA, 126, 129
Kinect sensors, 425
KL (Kullback–Leibler) divergence, 232, 484
KLT (Karhunen–Loève transform), 161, 351,
355
Kolmogorov entropy, 358
KPCA (kernel PCA), 126, 129, 132, 135, 160,
188, 281, 286
example, 131
exercise, 162
face images under varying pose, 132
Kronecker product, 417
Kullback–Leibler divergence
see KL divergence, 484

L
Lagrange multiplier, 323
Lagrange multiplier theorem
necessary conditions, 468
sufficient conditions, 469
Lagrange multipliers, 27, 31, 56, 77, 141, 166,
191, 322, 468, 486
matrix, 469
Lagrangian function, 27, 31, 77, 136, 141, 166,
469
augmented, 470, 472
Lagrangian method, 468
augmented ALM, 470
Lambertian, 7, 78, 91, 285, 336
Lanczos method, 80
Laplace–Beltrami operator, 167
Laplacian
null space, 151
of a graph, 149
stability, 152
with noise, 152
Laplacian eigenmaps
see LE, 133
Laplacian matrix, 149
Laplacian pyramid, 361
LASSO, 328
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LDS (linear dynamical system), 429
LE (Laplacian eigenmaps), 133, 138, 140, 156,
160, 281, 286
algorithm, 141
continuous formulation, 140, 166
discrete formulation, 140
face images under varying pose, 142
subspace clustering, 274
Lehmann–Scheffé theorem, 480
lemma
identifying the orders of an ARX system,
436
structure of the hybrid decoupling
polynomial, 441
Von Neumann’s inequality, 35
linear AR model, 422
switched linear AR model, 422
linear model, 355
linear regression, 390
linkage algorithms, 237
LLE (locally linear embedding), 133, 135, 137
affinity matrix, 289
algorithm, 138
face images under varying pose, 138
Hessian LLE, 160
subspace clustering, 274
LLMC (locally linear manifold clustering),
274, 281, 286
algorithm, 276
motion segmentation, 412
LME (least median estimate), 209, 504
LMS (least median of squares), 503
locally linear embedding
see LLE, 133, 135
log-likelihood function
complete log-likelihood function, 485
expected log-likelihood function, 486
incomplete log-likelihood function, 485
low-rank matrix, 74, 93, 94, 291, 297
subspace clustering, 300
low-rank matrix completion
see LRMC, 63
LRMC (low-rank matrix completion), 63
exercise, 117
LRMC, 63
LRR (low-rank representation), 308
LRSC (Low-Rank Subspace clustering)
subspace-preserving, 300
LRSC (low-rank subspace clustering), 297,
425
affinity, 301
algorithm, 302
bibliographic notes, 344
closed-form solution, 298

Index
corrupted data, 308
face images, 336
motion segmentation, 413
noisy data, 302, 303
nonconvex error model, 306, 308
robust, 308
simulations, 333
uncorrupted case, 299
LSA (local subspace affinity), 270, 272, 281,
286
algorithm, 272
motion segmentation, 412
LTSA (local tangent space alignment), 160

M
M-estimators, 502
Mahalanobis distance, 103, 502
manifold learning, 133
MAP (maximum a posteriori), 238, 378
MAP-EM
a mixture model, 492
a mixture of Gaussians, 493
K-means, 493
subspace clustering, 219, 229
MAP-EM (maximum a posteriori expectation
maximization), 70, 492
algorithm, 489
for incomplete PCA, 70
for matrix completion, 70
MAP-EM estimate
of a mixture model, 492
matrix
affine camera matrix, 406
affinity matrix, 149, 157, 268
camera calibration matrix, 415
centering matrix, 130
embedded data matrix, 187
Fisher information matrix, 478
Frobenius norm, 34, 56
fundamental matrix, 417
Gram matrices, 162
homography, 418
kernel matrix, 126, 130, 135, 241
Laplacian matrix, 149
logarithm, 54
Moore–Penrose inverse, 191
nuclear norm, 50
perspective projection matrix, 415
positive definite, 482
positive semidefinite, 140
pseudoinverse, 54
shape interaction, 299
skew-symmetric matrix, 417

Index
symmetric matrix, 54
trace, 54
matrix completion, 66, 74
by convex optimization, 73, 77
by partition alternating minimization, 85
by power factorization, 82
minimum number of measurements, 74
via proximal gradient, 77
matrix factorization, 78, 457
alternating minimization, 80
maximum likelihood
see ML, 480
MCMC (Markov chain Monte Carlo), 395
MDL (minimum description length), 241, 358,
496
image segmentation, 382, 400
MDS (multidimensional scaling), 133, 134,
160
mean shift, 395, 399
mean square error, 477
see MSE, 52
MED (minimum effective dimension), 205
simulation, 206
Menger curvature, 277
MICL (minimum incremental coding length),
237
minimal primary decomposition
of a radical ideal, 517
minimization rule, 465
minimum coding length, 236
minimum cut, 154
minimum effective dimension
see MED, 205
minimum entropy principle, 484
minimum incremental coding length
see MICL, 237
mixture models, 399
expected log-likelihood, 491
MAP-EM estimate, 492
ML estimate via EM, 490
mixtures of principal component analyzers,
172
ML (maximum likelihood), 38, 480
asymptotic efficiency, 481
asymptotically efficient, 483
asymptotically unbiased, 483
consistency, 481, 482
Gaussian covariance, 29
mixture of distributions, 232
of a Gaussian, 55
probabilistic PCA, 41, 58
via EM, 488
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MML (minimum message length), 496
MMM (mesh Markov model), 399
MOCAP (Carnegie Mellon University Motion
Capture) database, 426
model selection
by AIC, 48
by AMSE, 51
by BIC, 48
by geometric AIC, 48
by information-theoretic criteria, 46
by minimum description length, 48
by minimum message length, 48
by rank minimization, 49
face images, 49
for multiple subspaces, 201
for PCA, 45
for subspace clustering, 252
Kolmogrov complexity, 48
via compression, 231
model-selection
criteria, 496
Moore–Penrose inverse, 191
motion segmentation
2D motion, 401
3D motion, 401, 407, 428
experiments, 418
multiple affine views, 405
planar scenes, 417
problem formulation, 404
rotational motion, 417
temporal motion segmentation, 421
translational motion, 415
two perspective views, 413
motion subspace, 406
MPPCA (mixture of probabilistic PCAs), 222
EM algorithm, 224
MAP estimate, 226
ML estimation, 223
MSE (mean square error), 52, 354, 358, 359,
477
MSL
motion segmentation, 412
multibody trifocal tensor, 428
multidimensional scaling
see MDS, 133
multiple eigenspaces, 172
multiple-subspace clustering, 173
multiscale structures, 353
multivariate trimming
see MVT, 104
MVT (multivariate trimming), 104, 209, 214,
503
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N
Newton’s method, 466
NLPCA (nonlinear PCA), 126, 128, 132, 135,
188
nonlinear PCA
see NLPCA, 126
nonlinear principal components, 128
norm
`1 norm, 116
`2;1 norm, 111, 117
Frobenius norm, 34, 56
nuclear norm, 59
nuclear norm of a matrix, 50
weighted nuclear norm, 116
normalized cut, 155, 156, 399
algorithm, 156
multiscale, 395, 399
relaxed, 156, 165
symmetric normalization, 156
normalized spectral clustering
algorithm, 157
nuclear norm, 50, 74, 94, 298, 305
properties, 59
weighted, 116
Nyquist–Shannon sampling theorem, 516

O
optimality conditions
constrained optimization, 468
necessary, 462
sufficient, 462
optimization
accelerated proximal gradient, 466
ADM, 466
BCD, 467
constrained, 468, 471
gradient descent, 465
Newton’s method, 466
optimality conditions, 462, 468
steepest descent method, 465
the minimization rule, 465
unconstrained, 461
orthogonal power iteration, 80, 115
convergence, 116
orthographic projection, 405
outlier detection, 101, 113, 249, 325
by `1 minimization, 107, 110
by `2;1 minimization, 110
by convex optimization, 107
consensus-based, 105
influence-based, 101, 499

Index
outlier pursuit, 112
probability-based, 102, 501
random-sampling-based, 503
outlier pursuit, 112
exercise, 117
face images, 113
outliers, 499
overcomplete representation, 351

P
PCA (principal component analysis), 25, 351,
354, 366, 372, 453
robust PCA, 64
a geometric view, 30
a rank minimization view, 34
a statistical view, 26
an example, 33
eigenfaces, 36
face images, 36, 60
face images under varying pose, 123
geometric PCA, 68
incomplete data, 64
model selection, 45
motion segmentation, 423
nonlinear PCA, 126
principal components, 26
probabilistic PCA, 38, 68
rotational ambiguity, 31
statistical, 55
translational ambiguity, 30
via rank minimization, 36
via SVD, 32
with corrupted entries, 87
with missing entries, 64, 68, 69, 73, 78
with outliers, 99
PCP (principal component pursuit), 96
alternating direction method of multipliers,
96
extensions, 98
peak signal-to-noise ratio
see PSNR, 205
perfect subspace arrangement, 196
perspective projection, 414
perspective projection matrix, 415
polar curvature, 277
polynomial
Hilbert polynomial, 519
homogeneous polynomials, 510
vanishing polynomials, 185
polynomial rings, 509
positive definite, 482

Index
positive semidefinite, 135
function, 129
kernel, 131
Laplacian matrix, 140
matrix, 140, 479
power factorization, 80, 81
exercise, 117
global optimality, 83, 85
incomplete matrix, 81, 82
incomplete PCA, 81
orthogonal power iteration, 80
power method, 80
PPCA (probabilistic PCA), 38, 218
by EM, 58
by maximum likelihood, 40, 41
by ML, 58
face images, 44, 60
from population mean and covariance, 40
mixture of PPCAs, 225
with incomplete data, 73
PPCA (robabilistic PCA)
log-likelihood, 69
PRI (probabilistic Rand index), 389, 394
principal angle, 316, 319
between subspaces, 55
smallest principal angle, 315
principal angles, 271
principal component analysis
see PCA, 25
principal component pursuit
see PCP, 96
principal components
an example, 33
nonlinear, 128
of a nonzero-mean random variable, 29
of a random variable, 26
of face images, 36
of samples, 29, 33
probabilistic PCA
see PPCA, 38
probabilistic Rand index
see PRI, 389
problem
motion segmentation, 404
multiple-subspace clustering, 173
projected dual direction, 327
projected subspace incoherence, 328
projectivization of subspace, 172
proposition
approximate sample influence, 500
basic properties of the Laplacian matrix,
140
convergence of ADMM with proximal
gradient, 474

563
convergence of ALM, 471
convergence of block coordinate descent,
467
Laplacian eigenmaps, 140
locally linear embedding, 137
number of connected subgraphs, 150
optimal hard thresholding for minimizing
AMSE, 52
second-order sufficient optimality
conditions, 462
proximal gradient, 76
for matrix completion, 76
pseudoconvex, 464
PSNR (peak signal-to-noise ratio), 205,
355
PWARX (piecewise ARX), 433

Q
quasiconvex, 464

R
RAG (region adjacency graph), 387
random sample consensus
see RANSAC, 106
random variable, 476
random vector, 476
covariance, 477
variance, 477
rank minimization, 34, 49, 74, 94
by convex relaxation, 74
model selection for PCA, 49
NP-hardness, 74, 94
PCA, 34
ranking webpages, 57
authorities, 57
HITS algorithm, 58
hubs, 57
RANSAC (random sample consensus), 106,
503, 505
motion segmentation, 411
multiple subspaces, 209
with outliers, 107
Rao–Blackwell theorem, 479
rate-distortion function, 238, 240
Gaussian distribution, 235
multivariate Gaussian, 234
ratiocut, 153, 154
relaxed, 155, 165
recursive ASC, 205
algorithm, 208
simulation, 206
relative efficiency of estimators, 477
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representation
low-rank, 298
sparse, 310, 311
subspace-preserving, 292, 296, 311
restricted isometry, 95
restricted isometry constant, 95
rigid-body motion, 414
rigid-body transformation, 403
rings
commutative rings, 509
coordinate rings, 513
graded rings, 511
polynomial rings, 509
robust LRSC, 308
robust PCA
see RPCA, 64
RPCA (robust PCA), 64, 87, 309, 458
ADMM, 471
by convex optimization, 92
by convex relaxation, 94, 96
by iteratively reweighted least squares, 89
by PCP, 96
face images, 99
online RPCA, 455
outlier pursuit, 112
with outliers, 99

S
sample influence, 500
sample principal components, 29, 33
SASC (spectral algebraic subspace clustering),
279, 281, 286
algorithm, 286
SCC (spectral curvature clustering), 276, 278,
281, 286
algorithm, 278
motion segmentation, 412
Schwartz criterion
see BIC, 496
self-expressiveness, 292, 295, 345
semisupervised learning, 455
Shannon coding scheme, 232
shape interaction matrix, 299
signal-to-noise ratio
see SNR, 230
single-input single-output
see SISO, 438
singular value decomposition
see SVD, 30
singular value shrinkage, 53
singular value thresholding
hard thresholding, 51, 53, 307
nonlinear thresholding, 305

Index
optimal hard thresholding for minimizing
AMSE, 52
soft thresholding, 52, 53
truncated, 51
SISO (single-input single-output) system, 438
skew-symmetric matrix, 417
SLBF (spectral local best-fit flats), 270, 273
algorithm, 273
motion segmentation, 413
SNR (signal-to-noise ratio), 230
sparse matrix, 93, 94
column sparse, 111
sparse representation, 310, 311, 349, 353, 376
of images, 349
subspace-preserving, 311
special Euclidean group, 402
spectral clustering, 148, 152, 458
algorithm, 153
face images, 158, 159
faces, 285
normalized cut, 156
normalized spectral clustering, 157
relations to ratiocut, 153
spectral subspace clustering, 268
two circles, 269
variations, 155
spectral embedding, 149
sphere packing, 238
square integrable function, 129
SSC (sparse subspace clustering), 310, 419,
423, 425
arbitrary subspaces, 319
bibliographic notes, 344
disjoint subspaces, 315
face images, 336
for deterministic noise, 326
motion segmentation, 413
random subspaces, 321
simulations, 333
uncorrupted data, 310
with noise, 328
with noisy data, 326
with outliers, 324, 326
with outlying entries, 330
stagewise singular value projection, 86
steepest descent method, 465
stratifications, 456
subgradient, 464
subspace
homogeneous representation, 173
hyperplanes, 181
minimum representation, 174
projectivization, 172
vanishing ideal, 520

Index
subspace arrangement, 172
disjoint subspaces, 315
effective dimension, 202
filtration, 201
Hilbert function, 524, 530
hyperplane arrangement, 523
model selection, 201
perfect subspace arrangement, 196
product ideal, 521
regularity, 521
special cases, 528
vanishing ideal, 186, 519, 520
vanishing polynomials, 186
subspace arrangements
disjoint subspaces, 312
independent subspaces, 312
Subspace clustering
EM, 225
subspace clustering, 172
agglomerative algorithm, 236
agglomerative clustering, 233
ALC, 236, 260
ALC (agglomerative lossy compression),
236
algebraic subspace clustering, 455
by minimum coding length, 233
compression-based, 231, 235, 236
EM, 227
K-subspaces, 219
low-rank subspace clustering, 297
LRSC, 297
MAP-EM, 229
model selection, 252
probabilistic model, 223
sparse subspace clustering, 310, 458
spectral subspace clustering, 268
SSC, 310
subspace embedding
of subspace arrangements, 522
subspace incoherence, 320
subspace-preserving representation, 296, 312,
315, 316
sufficient statistics, 476
Fisher–Neyman theorem, 476
superpixel, 386
SVD (singular value decomposition), 30, 32,
80, 134, 176, 458
approximate, 97
binary quantization, 264
hard thresholding, 51, 53
singular value shrinkage, 53
soft thresholding, 52, 53
truncated, 51, 53
switched linear AR model, 422
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symmetric function, 129
symmetric matrix, 54
system identification, 423
ARX system, 434
discrete states, 445
hybrid ARX systems, 438
number of ARX systems, 443
orders of an ARX system, 436
SISO hybrid ARX systems, 446
system parameters, 444

T
TBES (texture and boundary encoding-based
segmentation), 388
temporal segmentation, 402
tensor
multibody trifocal tensor, 428
symmetric tensor product, 441, 443, 445
texture
statistical models, 399
theorem
a filtration of subspace arrangements, 201
choosing one point per subspace by
polynomial division, 193
concavity of asymptotic coding length, 245
Cramér–Rao lower bound, 478
equivalence of geometric and sample
principal components, 33
Fisher–Neyman, 476
Hilbert function of a transversal subspace
arrangement, 532
Hilbert polynomial, 519
hyperplane embedding via differentiation,
522
identifying the constituent system
parameters, 444
identifying the hybrid decoupling
polynomial, 441
Lagrange multiplier theorem; necessary
conditions, 468
Lagrange multiplier theorem; sufficient
conditions, 469
Lehmann–Scheffé, 480
low-rank matrix completion via convex
optimization, 76
LRSC for noisy data, 303
LRSC for uncorrupted data, 299
LRSC with nonconvex error model, 306
maxima of convex function over compact
convex domain, 464
Mercer’s theorem, 131
minima of convex function, 463
Nullstellensatz, 513
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theorem (cont.)
number of hyperplanes, 182
partition alternating minimization for
matrix completion, 85
PCA via rank minimization, 36
PCA via SVD, 32
power factorization, 81
PPCA by maximum likelihood, 41
PPCA from population mean and
covariance, 40
principal components of a random variable,
26
Rao–Blackwell, 479
regularity of subspace arrangements,
521
robust PCA by outlier pursuit, 112
robust PCA by principal component
pursuit, 96
sampling of an algebraic set, 515
segmentation-preserving projection,
175
sparse recovery under restricted isometry,
95
SSC for arbitrary subspaces, 320
SSC for deterministic noise, 328
SSC for disjoint subspaces, 316
SSC for random subspaces, 321
SSC with outliers, 325
subspace bases and dimensions by
polynomial differentiation, 189
subspaces of equal dimension,
198
thresholding operators
hard thresholding operator, 50
singular value thresholding, 51
soft thresholding operator, 51
transversal subspaces, 532
U
UMVU (uniformly minimum variance
unbiased) estimate, 480
uniqueness, 480

Index
uniformly minimum variance unbiased
see UMVU, 480
unsupervised learning, 190, 454

V
vanishing ideal, 186, 512
of subspace arrangement, 186
vanishing polynomials, 185
differentiation, 186, 188
division, 186, 190
estimation, 212
of hyperplanes, 182
of subspaces, 186
variation of information
see VOI, 389
vector quantization
see VQ, 260
Veronese map, 128, 187, 510
properties, 211
video segmentation, 423
VOI (variation of information), 389, 394
Von Neumann’s inequality, 35, 36
VQ (vector quantization), 260
image patches, 352

W
Ward’s method, 237
wavelet transform, 350, 354
bi-orthogonal 4.4, 366, 371, 372
countourlets, 350
curvelets, 350
wedgelets, 350

Y
Yale B data set, 61
extended, 36

Z
Zariski topology, 512

