Appendices

Most of the material included here is needed, in one way or another, for the
development in the main text. Results have been deferred to an appendix
for various reasons: They may not ﬁt naturally into the basic exposition, or
their proofs may be too technical or complicated to include in the regular
text. In fact, some of the longer proofs are omitted altogether and replaced
by references to the standard literature.
We begin, in Appendix A1, with a review of some basic results about
extremal or ergodic decompositions. Though referred to explicitly only in
the later chapters, the subject is clearly of fundamental importance for the
entire book. Unfortunately, some key results in the area are quite deep, and
their proofs often require methods outside the scope of the present exposition.
Some more specialized results in this area appear in Section 9.2.
Appendix A2 contains some technical results about convergence in distribution, especially for random measures, needed in Chapter 3. In Appendix A3 we review some results about multiple stochastic integrals, required in Chapters 8 and 9, where the underlying processes may be either
Gaussian or Poisson. In particular, we give a short proof of Nelson’s hypercontraction theorem for multiple Wiener–Itô integrals. Next, to ﬁll some
needs in Sections 1.6 and 1.7, we list in Appendix A4 some classical results about completely monotone and positive deﬁnite functions, including
the Hausdorﬀ–Bernstein characterizations and the celebrated theorems of
Bochner and Schoenberg. Finally, Appendix A5 reviews the basic theory of
Palm measures and Papangelou kernels, required for our discussion in Section 2.7.

A1. Decomposition and Selection
Given a family T of measurable transformations on a probability space
(S, S, µ), we say that a set I ∈ S is (strictly) T -invariant if T −1 I = I
for every T ∈ T and a.s. T -invariant if µ(I ∆ T −1 I) = 0 for every T ∈ T ,
where A ∆ B denotes the symmetric diﬀerence of A and B. Furthermore, we
say that µ is ergodic if µI = 0 or 1 for every a.s. T -invariant set I ∈ S, and
weakly ergodic if the same condition holds for every strictly invariant set I.
A random element ξ of S is said to be T -symmetric if its distribution µ is
T -invariant, in the sense that µ ◦ T −1 = µ for every T ∈ T , and we say that
ξ is T -ergodic if the corresponding property holds for µ.
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Let us begin with a common situation where the symmetry or ergodicity
of a random element is preserved by a measurable mapping.
Lemma A1.1 (preservation laws) Let T and T  be families of measurable
transformations on some measurable spaces S and S  , and ﬁx a measurable
mapping f : S → S  such that
{f ◦ T ; T ∈ T } = {T  ◦ f; T  ∈ T  }.
Then for any T -symmetric or T -ergodic random element ξ in S, the random
element η = f(ξ) in S is T  -symmetric or T  -ergodic, respectively.
Proof: Suppose that ξ is T -symmetric. Letting T  ∈ T  be arbitrary and
choosing T ∈ T with f ◦ T = T  ◦ f, we get
T  ◦ η = T  ◦ f ◦ ξ = f ◦ T ◦ ξ = f ◦ ξ = η,
d

which shows that η is T  -symmetric.
Next we note that the invariant σ-ﬁelds I in S and J in S  are related
by f −1 J ⊂ I. In fact, letting J ∈ J and T ∈ T be arbitrary and choosing
T  ∈ T  with T  ◦ f = f ◦ T , we get a.s. L(ξ)
−1

T −1 f −1 J = f −1 T  J = f −1 J.
Hence, if ξ is T -ergodic,
P {η ∈ J} = P {ξ ∈ f −1 J} = 0 or 1,
which means that η is T  -ergodic.

J ∈ J,
2

For any class T of measurable transformations on a measurable space
S, the set of T -invariant probability measures µ on S is clearly convex.
A T -invariant distribution µ is said to be extreme if it has no non-trivial
representation as a convex combination of invariant measures. We examine
the relationship between the notions of ergodicity and extremality.
Lemma A1.2 (ergodicity and extremality) Let T be a family of measurable
transformations on a measurable space S, and consider a T -invariant distribution µ on S. If µ is extreme, it is even ergodic, and the two notions are
equivalent when T is a group. For countable groups T , it is also equivalent
that µ be weakly ergodic.
Proof: Suppose that µ is not ergodic. Then there exists an a.s. T -invariant
set I ∈ S such that 0 < µI < 1, and we get a decomposition
µ = µ(I) µ[ · |I] + µ(I c ) µ[ · |I c ].
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Here µ[·|I] = µ[·|I c ], since µ[I|I] = 1 and µ[I|I c ] = 0. Furthermore, the
invariance of I and µ implies that, for any T ∈ T and B ∈ S,
µ(I) µ[T −1 B|I] = µ(T −1 B ∩ I) = µ ◦ T −1 (B ∩ I)
= µ(B ∩ I) = µ(I) µ[B|I],
which shows that µ[·|I] is again invariant. Hence, µ is not extreme either.
Now let T be a group, and assume that µ is ergodic. Consider any convex
combination
µ = cµ1 + (1 − c)µ2 ,
where µ1 and µ2 are T -invariant distributions on S and c ∈ (0, 1). Introduce
the Radon–Nikodým density f = dµ1 /dµ. Letting T ∈ T and B ∈ S be
arbitrary and using the invariance of µ1 and µ, we get


µ1 B = µ1 (T B) =



f dµ =
TB

TB

f d(µ ◦ T −1 ) =


B

(f ◦ T )dµ.

The uniqueness of f yields f ◦ T = f a.s., and so for any a ≥ 0
T −1 {f ≥ a} = {f ◦ T ≥ a} = {f ≥ a} a.s. µ,
which means that the set {f ≥ a} is a.s. invariant. Since µ is ergodic, we get
µ{f ≥ a} = 0 or 1 for every a, and it follows that f is a.s. a constant. But
then µ1 = µ2 = µ, and the stated decomposition is trivial. This shows that
µ is extreme.
If T is a countable group and I is a.s. invariant, then the set I  =

−1
I is strictly invariant with µ(I∆I  ) = 0. Assuming µ to be weakly
T ∈T T
ergodic, we get µI = µI  = 0 or 1, which shows that µ is even ergodic.
2
The following result identiﬁes two cases where every invariant distribution
has an integral representation in terms of extreme points. This decomposition
may not be unique in general.
Theorem A1.3 (extremal decomposition, Choquet, Kallenberg) Let T be a
class of measurable transformations on a measurable space S, and assume
one of these conditions:
(i) S = B ∞ for some Borel space B, and T is induced by a class of transformations on N
N;
(ii) S is Polish, and the set of T -invariant distributions on S is weakly
closed.
Then every T -invariant probability measure on S is a mixture of extreme,
T -invariant distributions.
Proof: (i) Embedding B as a Borel set in [0, 1], we may regard µ as an
invariant distribution on the compact space J = [0, 1]∞ . The space M1 (J)
is again compact and metrizable (cf. Rogers and Williams (1994), Theorem
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81.3), and the sub-set M of T -invariant distributions on J is convex and
closed, hence compact. By a standard form of Choquet’s theorem (cf. Alfsen
(1971)), any measure µ ∈ M has then an integral representation


µA =

m(A) ν(dm),

A ∈ B(J),

(1)

where ν is a probability measure on the set ex(M) of extreme elements in
M. In particular, we note that ν{m; mB ∞ = 1} = 1. Writing R(m) for the
restriction of m to B ∞ and putting πA m = m(A), we get for any Borel set
A ⊂ B∞
µA = µ(A ∩ B ∞ ) =


=


=



(πA ◦ R) dν =

m(A ∩ B ∞ ) ν(dm)



πA d(ν ◦ R−1 )

m(A) (ν ◦ R−1 )(dm).

(2)

It remains to note that if m ∈ ex(M) with mB ∞ = 1, then m is an extreme,
T -invariant distribution on B ∞ .
(ii) Here we may embed S as a Borel sub-set of a compact metric space
J (cf. Rogers and Williams (1994), Theorem 82.5). The space M1 (J) is
again compact and metrizable, and M1 (S) can be identiﬁed with the sub-set
{µ ∈ M1 (J); µS = 1} (op. cit., Theorem 83.7). Now the set M of all T invariant distributions on S remains convex as a sub-set of M1 (J), and its
closure M in M1 (J) is both convex and compact. Thus, Choquet’s theorem
yields an integral representation as in (1), in terms of a probability measure
ν on ex(M).
Since µ is restricted to S, we may proceed as before to obtain a representation of type (2), where R(m) now denotes the restriction of m to S. It
remains to show that ex(M) ∩ M1 (S) ⊂ ex(M). But this follows easily from
the relation M ∩ M1 (S) = M, which holds since M is closed in M1 (S). 2
Under suitable regularity conditions, the ergodic decomposition is unique
and can be obtained by conditioning on the invariant σ-ﬁeld.
Theorem A1.4 (decomposition by conditioning, Farrel, Varadarajan) Let
T be a countable group of measurable transformations on a Borel space S,
and consider a T -symmetric random element ξ in S with distribution µ and
invariant σ-ﬁeld Iξ . Then the conditional distributions P [ξ ∈ ·|Iξ ] are a.s.
ergodic and T -invariant, and µ has the unique ergodic decomposition


µ=

m ν(dm),

ν = L(P [ξ ∈ ·|Iξ ]).

Proof: See Dynkin (1978) or Maitra (1977).

2

The following result allows us to extend a representation from the ergodic
to the general case through a suitable randomization.
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Lemma A1.5 (randomization) Given some Borel spaces S, T , and U, a
measurable mapping f : S × T → U, and some random elements ξ in S and
η in U, deﬁne mt = L(f(ξ, t)), t ∈ T . Then L(η) is a mixture over the class
d
C = {mt } iﬀ η = f(ξ̃, τ) a.s. for some random elements ξ̃ = ξ in S and
τ⊥
⊥ ξ̃ in T . If even P [η ∈ ·|I] ∈ C a.s. for some σ-ﬁeld I, we can choose τ
to be I-measurable.
Proof: Put M = M1 (U), and note that M is again Borel. In M × T we
may introduce the product measurable set
A = {(µ, t) ∈ M × T ; µ = L(f(ξ, t))}.


Then, by hypothesis, L(η) = µ ν(dµ) for some probability measure ν on
M satisfying ν(πA) = ν(C) = 1, where πA denotes the projection of A onto
M. Hence, the general section theorem (FMP A1.4) yields a measurable
mapping g : M → T satisfying
ν{µ = L(f(ξ, g(µ)))} = ν{(µ, g(µ)) ∈ A} = 1.
d

Letting α ⊥
⊥ ξ be a random element in M with distribution ν, we get η =
f(ξ, g(α)) by Fubini’s theorem. Finally, the transfer theorem (FMP 6.10)
d
yields a random pair (ξ̃, τ) = (ξ, g(α)) in S × T satisfying η = f(ξ̃, τ) a.s.
If P [η ∈ ·|I] ∈ C a.s., we may instead apply the section theorem to the
product-measurable set
A = {(ω, t) ∈ Ω × T ; P [η ∈ ·|I](ω) = L(f(ξ, t))},
to obtain an I-measurable random element τ in T satisfying
P [η ∈ ·|I] = L(f(ξ, t))|t=τ a.s.
d

Letting ζ = ξ in S with ζ ⊥
⊥ τ and using Fubini’s theorem, we get a.s.
P [f(ζ, τ) ∈ ·|τ] = P {f(ζ, t) ∈ ·}|t=τ = µτ = P [η ∈ ·|τ],
d

which implies (f(ζ, τ), τ) = (η, τ). By FMP 6.11 we may then choose a
d
random pair (ξ̃, τ̃) = (ζ, τ) in S × T such that
(f(ξ̃, τ̃), τ̃) = (η, τ) a.s.
In particular, we get τ̃ = τ a.s., and so η = f(ξ̃, τ) a.s. Finally, we note that
d
d
⊥ τ since ζ ⊥
⊥ τ by construction.
2
ξ̃ = ζ = ξ, and also that ξ̃ ⊥
We proceed with a result on measurable selections.
Lemma A1.6 (measurable selection) Let ξ and η be random elements in
some measurable spaces S and T , where T is Borel, and let f be a measurable
function on S × T such that f(ξ, η) = 0 a.s. Then there exists a ξ-measurable
random element η̂ in T satisfying f(ξ, η̂) = 0 a.s.
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Proof: Deﬁne a measurable set A ⊂ S × T and its S-projection πA by
A = {(s, t) ∈ S × T ; f(s, t) = 0},

πA =
{s ∈ S; f(s, t) = 0}.
t∈T
By the general section theorem (FMP A1.4), there exists a measurable function g : S → T satisfying
(ξ, g(ξ)) ∈ A a.s. on {ξ ∈ πA}.
Since (ξ, η) ∈ A implies ξ ∈ πA, we also have
P {ξ ∈ πA} ≥ P {(ξ, η) ∈ A} = P {f(ξ, η) = 0} = 1.
This proves the assertion with η̂ = g(ξ).

2

A2. Weak Convergence
For any metric or metrizable space S, let M̂(S) denote the space of bounded
measures on S, write M̂c (S) for the sub-set of measures bounded by c, and
let Mc (S) be the further sub-class of measures µ with µS = c. For any
µ ∈ M̂(S), we deﬁne µ̂ = µ/(µS ∨ 1). On M̂(S)
we introduce the weak

topology, induced by the mappings µ → µf = f dµ for any f belonging to
the space Ĉ+ (S) of bounded, continuous, non-negative functions on S. Then
w
the weak convergence µn → µ means that µn f → µf for every f ∈ Ĉ+ (S).
A set M ⊂ M̂(S) is said to be tight if
inf sup µK c = 0,

K ∈K µ∈M

where K = K(S) denotes the class of compact sets in S. We begin with a
simple extension of Prohorov’s theorem (FMP 16.3).
Lemma A2.1 (weak compactness, Prohorov) For any Polish space S, a set
M ⊂ M̂(S) is weakly, relatively compact iﬀ
(i) supµ∈M µS < ∞,
(ii) M is tight.
Proof: First suppose that M is weakly, relatively compact. Since the
mapping µ → µS is weakly continuous, we conclude that the set {µS; µ ∈
M} is relatively compact in RR+ , and (i) follows by the Heine–Borel theorem.
To prove (ii), we note that the set M̂ = {µ̂; µ ∈ M} is again weakly, relatively
compact by the weak continuity of the mapping µ → µ̂. By (i) we may then
assume that M ⊂ M̂1 (S). For ﬁxed s ∈ S, deﬁne µ = µ + (1 − µS)δs .
The mapping µ → µ is weakly continuous on M̂1 (S), and so the set M  =
{µ ; µ ∈ M} in M1 (S) is again relatively compact. But then Prohorov’s
theorem yields (ii) for the set M  , and the same condition follows for M.
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Conversely, assume conditions (i) and (ii), and ﬁx any µ1 , µ2 , . . . ∈ M. If
w
lim inf n µn S = 0, then µn → 0 along a sub-sequence. If instead lim inf n µn S >
0, then by (i) we have µn S → c ∈ (0, ∞) along a sub-sequence N  ⊂ N
N. But
then by (ii) the sequence µ̃n = µn /µn S, n ∈ N  , is tight, and so by Prow
horov’s theorem we have µ̃n → µ along a further sub-sequence N  . Hence,
w
µn = (µn S)µ̃n → cµ along N  , which shows that M is weakly, relatively
compact.
2
Next we prove a tightness criterion for a.s. bounded random measures.
Lemma A2.2 (weak tightness, Prohorov, Aldous) Let ξ1 , ξ2 , . . . be a.s.
bounded random measures on a Polish space S. Then (ξn ) is tight for the
weak topology on M̂(S) iﬀ
(i) (ξn S) is tight in RR+ ,
(ii) (E ξ̂n ) is weakly tight in M̂(S).
Proof: First suppose that (ξn ) is weakly tight. Since the mapping µ → µS
is weakly continuous on M̂(S), condition (i) follows by FMP 16.4. Using the
continuity of the mapping µ → µ̂, we see from the same result that (ξ̂n ) is
weakly tight. Hence, there exist some weakly compact sets Mk ⊂ M̂1 (S)
such that
P {ξ̂n ∈
/ Mk } ≤ 2−k−1 , k, n ∈ N
N.
By Lemma A2.1 we may next choose some compact sets Kk ⊂ S such that
Mk ⊂ {µ; µKkc ≤ 2−k−1 },

k∈N
N.

Then for any n and k
/ Mk } + E[ξ̂n Kkc ; ξn ∈ Mk ] ≤ 2−k ,
E ξ̂n Kkc ≤ P {ξ̂n ∈
and (ii) follows.
Conversely, assume conditions (i) and (ii). We may then choose some
constants ck > 0 and some compact sets Kk ⊂ S such that
P {ξn S > ck } ≤ 2−k ,
Now introduce in M̂(S) the sets
Mm = {µ; µS ≤ cm } ∩

E ξ̂n Kkc ≤ 2−2k ,


k, n ∈ N
N.

{µ; µ̂Kkc ≤ 2−k },

m∈N
N,

k>m

which are weakly, relatively compact by Lemma A2.1. Using the countable
sub-additivity of P and Chebyshev’s inequality, we get


P {ξn ∈
/ Mm } = P {ξn S > cm } ∪
≤ P {ξn S > cm } +
≤ 2−m +
≤ 2−m +





k>m

k>m

k
2 E ξ̂n Kkc
k>m



k>m

{ξ̂n Kkc > 2−k }



P {ξ̂n Kkc > 2−k }

2−k = 2−m+1 → 0,

which shows that (ξn ) is weakly tight in M̂(S).

2
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The last result leads to some useful criteria for convergence in distribution
of a.s. bounded random measures on a metrizable space S. When S is Polish,
wd
we write ξn −→ ξ for such convergence with respect to the weak topology
on M̂(S). In the special case where S is locally compact, we may also
consider the corresponding convergence with respect to the vague topology,
vd
here denoted by ξn −→ ξ. In the latter case, write S for the one-point
compactiﬁcation of S. With a slight abuse of notation, we say that (Êξn ) is
tight if
inf lim sup E[ξn K c ∧ 1] = 0.
K ∈K

n→∞

Theorem A2.3 (convergence in distribution) Let ξ, ξ1 , ξ2 , . . . be a.s. bounded random measures on a Polish space S. Then these two conditions are
equivalent:
wd

(i) ξn −→ ξ,
d

(ii) ξn f → ξf for all f ∈ Ĉ+ (S).
If S is locally compact, then (i) is also equivalent to each of the following
conditions:
vd

d

(iii) ξn −→ ξ and ξn S → ξS,
vd

(iv) ξn −→ ξ and (Êξn ) is tight,
vd

(v) ξn −→ ξ on S.
wd

d

Proof: If ξn −→ ξ, then ξn f → ξf for all f ∈ Ĉ+ (S) by continuous
mapping, and (Êξn ) is tight by Prohorov’s theorem and Lemma A2.2. Hence,
(i) implies conditions (ii)–(v).
Now assume instead condition (ii). Then the Cramér–Wold theorem
d
d
(FMP 5.5) yields (ξn f, ξn S) → (ξf, ξS) for all f ∈ Ĉ+ , and so ξ̂n f → ξ̂f
for the same functions f, where ξ̂ = ξ/(ξS ∨ 1) and ξ̂n = ξn /(ξn S ∨ 1), as
w
before. Since ξ̂S ≤ 1 and ξ̂n S ≤ 1 for all n, it follows that E ξ̂n → E ξ̂, and
d
so by Lemma A2.1 the sequence (E ξ̂n ) is weakly tight. Since also ξn S → ξS,
Lemma A2.2 shows that the random sequence (ξn ) is tight with respect to
the weak topology. Then Prohorov’s theorem (FMP 16.3) shows that (ξn )
is also relatively compact in distribution. In other words, any sub-sequence
wd
N ⊂ N
N has a further sub-sequence N  , such that ξn −→ η along N  for
some random measure η on S with ηS < ∞ a.s. Thus, for any f ∈ Ĉ+ , we
d
d
d
have both ξn f → ξf and ξn f → ηf, and then also ξf = ηf. Applying the
Cramér–Wold theorem once again, we obtain
d

(ξf1 , . . . , ξfn ) = (ηf1 , . . . , ηfn ),

f1 , . . . , fn ∈ Ĉ+ .
d

By a monotone-class argument we conclude that ξ = η, on the σ-ﬁeld C
generated by the mappings µ → µf for arbitrary f ∈ Ĉ+ . Noting that C
agrees with the Borel σ-ﬁeld on M̂(S) since the latter space is separable, we

448

Probabilistic Symmetries and Invariance Principles
wd

d

obtain ξ = η. This shows that ξn −→ ξ along N  , and (i) follows since N 
was arbitrary.
Now suppose that S is locally compact. In each of the cases (iii)–(v) it
suﬃces to show that (ξn ) is weakly tight, since the required weak convergence
will then follow as before, by means of Prohorov’s theorem. First we assume
condition (iii). For any compact set K ⊂ S, continuous function f on S with
0 ≤ f ≤ 1K , and measure µ ∈ M̂(S), we note that
1 − e−µK ≤ 1 − e−µ(1−f ) ≤ eµS (e−µf − e−µS ).
c

Letting c > 0 with ξS = c a.s., we obtain
E(1 − e−ξn K ) ≤ E[1 − e−ξn K ; ξn S ≤ c] + P {ξn S > c}
≤ ec E(e−ξn f − e−ξn S ) + P {ξn S > c}
→ ec E(e−ξf − e−ξS ) + P {ξS > c}.
c

c

Here the right-hand side tends to 0 as f ↑ 1 and then c → ∞, which shows
that (Êξn ) is tight. The required tightness of (ξn ) now follows by Lemma
A2.2.
Now assume condition (iv). By the tightness of (Êξn ), we may choose
some compact sets Kk ⊂ S such that
E[ξn Kkc ∧ 1] ≤ 2−k ,

k, n ∈ N
N.

Next, for every k ∈ N
N, we may choose some fk ∈ CK (S) with fk ≥ 1K k .
d
Since ξn Kk ≤ ξn fk → ξfk , the sequences (ξn Kk ) are tight in RR+ , and we may
choose some constants ck > 0 such that
P {ξn Kk > ck } ≤ 2−k ,

k, n ∈ N
N.

Letting rk = ck + 1, we get by combination
P {ξn S > rk } ≤ P {ξn Kk > ck } + P {ξn Kkc > 1}
≤ 2−k + 2−k = 2−k+1 ,
which shows that the sequence (ξn S) is tight in RR+ . By Lemma A2.2 it
follows that (ξn ) is weakly tight in M̂(S).
Finally, we assume condition (v). If S is compact, then S = S, and the
weak and vague topologies coincide. Otherwise, we have ∞ ∈ K c in S for
K ⊂ K(S), and every f ∈ CK (S) may be extended to a continuous function
¯
f¯ on S satisfying f(∞)
= 0. By continuous mapping,
d
ξn f = ξn f¯ → ξ f¯ = ξf,

f ∈ CK (S),

vd

and so ξn −→ ξ on S by FMP 16.16. Since also 1 ∈ CK (S), we get
d

ξn S = ξn S → ξS = ξS.
This reduces the proof to the case of (iii).

2
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The following lemma is often useful to extend a convergence criterion
from the ergodic to the general case.
Lemma A2.4 (randomization) Let µ, µ1 , µ2 , . . . be probability kernels bew
tween two metric spaces S and T such that sn → s in S implies µn (sn , ·) →
µ(s, ·) in M1 (T ). Then for any random elements ξ, ξ1 , ξ2 , . . . in S with
d
w
ξn → ξ, we have Eµn (ξn , ·) → Eµ(ξ, ·). This remains true when the constants s, s1 , s2 , . . . and random elements ξ, ξ1 , ξ2 , . . . are restricted to some
measurable subsets S0 , S1 , . . . ⊂ S.
Proof: For any bounded, continuous function f on T , the integrals µf
and µn f are bounded, measurable functions on S such that sn → s implies
µn f(sn ) → µf(s). Hence, the continuous-mapping theorem in FMP 4.27
d
yields µn f(ξn ) → µf(ξ), and so Eµn f(ξn ) → Eµf(ξ). The assertion follows
since f was arbitrary. The extended version follows by the same argument
from the corresponding extension of FMP 4.27.
2
We also need the following elementary tightness criterion.
Lemma A2.5 (hyper-contraction and tightness) Consider some random
variables ξ1 , ξ2 , . . . ≥ 0, σ-ﬁelds F1 , F2 , . . ., and constant c ∈ (0, ∞) such
that a.s.
E[ξn2 |Fn ] ≤ c(E[ξn |Fn ])2 < ∞, n ∈ N
N.
Then, assuming (ξn ) to be tight, so is the sequence ηn = E[ξn |Fn ], n ∈ N
N.
Proof: Fix any r, ε, and p1 , p2 , . . . ∈ (0, 1) with pn → 0. Using the
Paley–Zygmund inequality in FMP 4.1, we have a.s. on {ηn > 0}
(1 − r)2
(E[ξn |Fn ])2
≤ (1 − r)2
c
E[ξn2 |Fn ]
≤ P [ξn > rηn | Fn ]
≤ P [pn ξn > rε| Fn ] + 1{pn ηn < ε},

0 <

(1)
P

which is also trivially true when ηn = 0. The tightness of (ξn ) yields pn ξn → 0
by the criterion in FMP 4.9, and so the ﬁrst term on the right of (1) tends
to 0 in L1 , hence also in probability. Since the sum is bounded from below,
P
P
we obtain 1{pn ηn < ε} → 1, which shows that pn ηn → 0. Using FMP 4.9 in
the opposite direction, we conclude that even (ηn ) is tight.
2

A3. Multiple Stochastic Integrals
Multiple Gaussian and Poisson integrals are needed to represent processes
with higher-dimensional symmetries. The former are deﬁned, most natu
rally, on tensor products i Hi = H1 ⊗ · · · ⊗ Hd of Hilbert spaces, which are
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understood to be inﬁnite-dimensional and separable, unless otherwise speciﬁed. Given an ortho-normal basis (ONB) hi1 , hi2 , . . . in each Hi , we recall


that the tensor products i hi,ji = h1,j1 ⊗ · · · ⊗ hd,jd form an ONB in i Hi .
Since the Hi are isomorphic, it is often convenient to take Hi = H for all i,

in which case we may write i Hi = H ⊗d .
For any f ∈ H1 ⊗ · · · ⊗ Hd , we deﬁne the supporting spaces M1 , . . . , Md
of f to be the smallest closed, linear sub-spaces Mi ⊂ Hi , i ≤ d, such that
f ∈ M1 ⊗ · · · ⊗ Md . More precisely, the Mi are the smallest closed, linear
sub-spaces of Hi such that f has an orthogonal expansion in terms of tensor
products h1 ⊗ · · · ⊗ hd with hi ∈ Mi for all i. (Such an expansion is said
to be minimal if it is based on the supporting spaces Mi .) For a basis-free

description of the Mi , write Hi = j=i Hj , and deﬁne some bounded, linear
operators Ai : Hi → Hi by
g, Ai h = f, g ⊗ h,

g ∈ Hi , h ∈ Hi , i ≤ d.

Then Mi equals R(Ai ), the closed range of Ai .
The orthogonal representation of an element f ∈ H1 ⊗ · · · ⊗ Hd clearly
depends on the choice of ortho-normal bases in the d spaces. In the twodimensional case, however, there is a simple diagonal version, which is essentially unique.
Lemma A3.1 (diagonalization) For any f ∈ H1 ⊗ H2 , there exist a ﬁnite

or inﬁnite sequence λ1 , λ2 , . . . > 0 with j λ2j < ∞ and some ortho-normal
sequences ϕ1 , ϕ2 , . . . in H1 and ψ1 , ψ2 , . . . in H2 , such that
f=



λ
j j

(ϕj ⊗ ψj ).

(1)

This representation is unique, apart from joint, orthogonal transformations
of the elements ϕj and ψj , within sets of indices j with a common value
λj > 0. Furthermore, the expansion in (1) is minimal.
Proof: Deﬁne a bounded linear operator A : H2 → H1 and its adjoint
A∗ : H1 → H2 by
g, Ah = A∗ g, h = f, g ⊗ h,

g ∈ H1 , h ∈ H2 .

(2)

Then A∗ A is a positive, self-adjoint, and compact operator on H2 , and so
it has a ﬁnite or inﬁnite sequence of eigen-values λ21 ≥ λ22 ≥ · · · > 0 with
associated ortho-normal eigen-vectors ψ1 , ψ2 , . . . ∈ H2 . For deﬁniteness, we
may choose λj > 0 for all j. It is easy to check that the elements ϕj =
∗
λ−1
j Aψj ∈ H1 are ortho-normal eigen-vectors of the operator AA on H1
with the same eigen-values, and that
Aψj = λj ϕj ,

A∗ ϕj = λj ψj .

(3)
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This remains true for any extension of the sequences (ϕi ) and (ψi ) to ONBs
of H1 and H2 . Since the tensor products ϕi ⊗ ψj form an ONB in H1 ⊗ H2 ,
we have a representation
f=
for some constants cij with


i,j



c
i,j ij

(ϕi ⊗ ψj ),

c2ij < ∞. Using (2) and (3), we obtain

cij = f, ϕi ⊗ ψj  = Aψj , ϕi  = λj ϕj , ϕi  = λj δij ,
and (1) follows.
Conversely, suppose that (1) holds for some constants λj > 0 and orthonormal elements ϕj ∈ H1 and ψj ∈ H2 . Combining this with (2) yields (3),
and so the λ2j are eigen-values of A∗ A with associated ortho-normal eigenvectors ψj . This implies the asserted uniqueness of the λj and ψj . Since any
other sets of eigen-vectors ψj and ϕj must satisfy (3), the two sets are related
by a common set of orthogonal transformations. Finally, the minimality of
the representation (1) is clear from (3).
2
A process η on a Hilbert space H is said to be iso-normal if ηh ∈ L2
for every h ∈ H and the mapping η preserves inner products, so that
E(ηh ηk) = h, k. By a G-process on H we mean an iso-normal, centered
Gaussian process on H. More generally, we deﬁne a continuous, linear, random functional (CLRF) on H as a process η on H such that
η(ah + bk) = aηh + bηk a.s.,
P

ηhn → 0,

h, k ∈ H, a, b ∈ RR,

hn  → 0.

We need the following basic existence and uniqueness result, valid for multiple
stochastic integrals based on independent or identical G-processes.
Theorem A3.2 (multiple Gaussian integrals, Wiener, Itô) Let η1 , . . . , ηd
be independent G-processes on some Hilbert spaces H1 , . . . , Hd , and ﬁx any

k1 , . . . , kd ∈ N
N. Then there exists an a.s. unique CLRF η = i η⊗ki on

⊗k i
H = i Hi such that


η⊗ki
i i

 

f
i,j ij

=

ηf ,
i,j i ij

whenever the elements fij ∈ Hi are orthogonal in j for ﬁxed i. The functional
η is L2 -bounded with mean 0.
Proof: The result for d = 1 is classical (cf. FMP 13.21). In general, we
may introduce the G-process ζ = i ηi on the Hilbert space H = i Hi and


⊗k i
⊗k
put χ = ζ , where k = i ki . The restriction η of χ to i Hi has clearly
the desired properties.
2
We also need some norm estimates for multiple Wiener–Itô integrals.
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Lemma A3.3 (hyper-contraction, Nelson) Let η1 , . . . , ηd be independent Gprocesses on some Hilbert spaces H1 , . . . , Hd , and ﬁx any p > 0 and k1 , . . . ,
kd ∈ N
N. Then we have, uniformly in f,

 



ηi⊗ki f 

< f,

f∈

p 

i



i

Hi⊗ki .
-

Proof: Considering the G-process η = η1 + · · · + ηd in H = i Hi , we may

write the multiple integral ( i ηi⊗ki )f in the form η⊗k g for a suitable element

g ∈ H ⊗k with g = f, where k = i ki . It is then enough to prove that,
for any p > 0 and n ∈ N
N,
η⊗n fp <
f,


f ∈ H ⊗n .

(4)

Here we may take H = L2 (RR+ , λ) and let η be generated by a standard
Brownian motion B on RR+ , in which case f may be regarded as an element
of L2 (λn ). Considering separately each of the n! tetrahedral regions in RRn+ ,
we may further reduce to the case where f is supported by the set
∆n = {(t1 , . . . , tn ) ∈ RRn+ ; t1 < · · · < tn }.
Then η⊗n f can be written as an iterated Itô integral (FMP 18.13)
η⊗n f =




=



dBtn

dBtn−1 · · ·



f(t1 , . . . , tn ) dBt1

(η⊗(n−1) fˆt ) dBt ,

(5)

where fˆtn (t1 , . . . , tn−1 ) = f(t1 , . . . , tn ).
For n = 1 we note that ηf is N(0, f22 ), and therefore
ηfp = η(f /f2 )p f2 <
f2 ,


f ∈ L2 (λ),

as required. Now suppose that (4) holds for all multiple integrals up to order
n − 1. Using the representation (5), a BDG-inequality from FMP 17.7, the
extended Minkowski inequality in FMP 1.30, the induction hypothesis, and
Fubini’s theorem, we get for any p ≥ 2
η⊗n fp

=
<

≤





 (η⊗(n−1) fˆt ) dBt 


p

1/2


 (η⊗(n−1) fˆt )2 dt 





<


p/2

η⊗(n−1) fˆt 2p dt
fˆt 22 dt

1/2

1/2

= f2 .

Taking p = 2 and using Jensen’s inequality, we get for any p ≤ 2
η⊗n fp ≤ η⊗n f2 <
f2 ,

This completes the induction and proves (4).

f ∈ L2 (λn ).
2
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Next we construct the tensor product X ⊗ h of a CLRF X on H with a
ﬁxed element h ∈ H.
Lemma A3.4 (mixed multiple integrals) For any CLRF X on H and element h ∈ H, there exists an a.s. unique CLRF X ⊗ h on H ⊗2 such that
(X ⊗ h)(f ⊗ g) = (Xf ) h, g a.s.,

f, g ∈ H.

(6)

Proof: For any h ∈ H, deﬁne a linear operator Ah from H to H ⊗2 by
Ah f = f ⊗ h, f ∈ H, and note that Ah is bounded since
Ah f = f ⊗ h = f h,

f ∈ H.

The adjoint A∗h is a bounded, linear operator from H ⊗2 to H, and we may
deﬁne a CLRF X ⊗ h on H ⊗2 by
(X ⊗ h)f = XA∗h f,

f ∈ H ⊗2 .

(7)

For any f, g, k ∈ H, we have
k, A∗h (f ⊗ g) = Ah k, f ⊗ g = k ⊗ h, f ⊗ g = k, f h, g,
which implies
A∗h (f ⊗ g) = h, g f,

f, g ∈ H.

Combining with (7) and using the linearity of X, we obtain (6). To prove the
asserted uniqueness, ﬁx any ONB h1 , h2 , . . . of H and apply (6) to the the
tensor products hi ⊗ hj , i, j ∈ N
N, which form an ONB in H ⊗2 . The required
uniqueness now follows by the linearity and continuity of X.
2
We turn our attention to double Poisson integrals of the form ξηf or
ξ 2 f, where ξ and η are independent Poisson processes on some measurable
spaces S and T . We assume the underlying intensity measures Eξ and Eη
to be σ-ﬁnite, and to simplify the writing we may take S = T = RR+ and
Eξ = Eη = λ. The existence poses no problem, since the mentioned integrals
can be deﬁned as path-wise, Lebesgue-type integrals with respect to the
product measures ξ ⊗ η and ξ 2 = ξ ⊗ ξ, respectively. It is less obvious when
these integrals converge.
The following result gives necessary and suﬃcient conditions for the a.s.
convergence of the stochastic integrals ξf, ξ 2 f, or ξηf, where ξ and η are
independent, unit rate Poisson processes on RR+ and f ≥ 0 is a measurable
function on RR+ or RR2+ , respectively. Given a measurable function f ≥ 0 on
ˆ where fˆ = f ∧ 1, and λi f denotes the
RR2+ , we deﬁne f1 = λ2 fˆ and f2 = λ1 f,
Lebesgue integral of f in the i-th coordinate. Also put f ∗ = sups |f(s)|, and
write λD for normalized Lebesgue measure along the diagonal D = {(x, y) ∈
RR2+ ; x = y}.
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Theorem A3.5 (convergence of Poisson integrals, Kallenberg and Szulga)
Let ξ and η be independent, unit rate Poisson processes on RR+ . Then for
any measurable function f ≥ 0 on RR+ , we have ξf < ∞ a.s. iﬀ λfˆ < ∞. If
f ≥ 0 is instead measurable on RR2+ and fi = λj fˆ for i = j, we have ξηf < ∞
a.s. iﬀ these three conditions are fulﬁlled:
(i) λ{fi = ∞} = 0 for i = 1, 2,
(ii) λ{fi > 1} < ∞ for i = 1, 2,
ˆ f1 ∨ f2 ≤ 1] < ∞.
(iii) λ2 [f;
Finally, ξ 2 f < ∞ a.s. iﬀ (i)–(iii) hold and λD fˆ < ∞.
Our proof is based on a sequence of lemmas. We begin with some elementary moment formulas, where we write ψ(t) = 1 − e−t for t ≥ 0.
Lemma A3.6 (moment identities) Let ξ and η be independent, unit rate
Poisson processes on RR+ . Then for any measurable set B ⊂ RR+ or function
f ≥ 0 on RR+ or RR2+ , we have
(i)
(ii)
(iii)
(iv)

Eψ(ξf) = ψ(λ(ψ ◦ f)),
P {ξB > 0} = ψ(λB),
E(ξf)2 = λf 2 + (λf )2 , Eξηf = λ2 f,
E(ξηf)2 = λ2 f 2 + λ(λ1 f)2 + λ(λ2 f)2 + (λ2 f)2 .

Proof: Statements (i) and (ii) appear in FMP 12.2. For claim (iii), note
that E(ξB)2 = λB + (λB)2 , and extend by linearity, independence, and
monotone convergence. To prove (iv), conclude from (iii) and Fubini’s theorem that
E(ξηf)2 = E(ξ(ηf))2 = Eλ1 (ηf)2 + E(λ1 ηf)2
= λ1 E(ηf)2 + E(η(λ1 f))2
= λ2 f 2 + λ1 (λ2 f)2 + λ2 (λ1 f)2 + (λ2 f)2 .

2

We proceed to estimate the tails in the distribution of ξηf. For simplicity
we let f ≤ 1, so that fi = λj f for i = j.
Lemma A3.7 (tail estimate) Let ξ be a unit rate Poisson process on RR+ ,
and consider a measurable function f : RR2+ → [0, 1] with λ2 f < ∞. Then


P ξηf > 12 λ2 f





>
ψ


λ2 f
.
1 + f1∗ ∨ f2∗

Proof: We may clearly assume that λ2 f > 0. By Lemma A3.6 we have
Eξηf = λ2 f and
E(ξηf)2 ≤ (λ2 f)2 + λ2 f + f1∗ λf1 + f2∗ λf2
= (λ2 f)2 + (1 + f1∗ + f2∗ )λ2 f,
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and so the Paley–Zygmund inequality in FMP 4.1 yields


P ξηf > 12 λ2 f



≥

(1 − 12 )2 (λ2 f)2
(λ2 f)2 + (1 + f1∗ ∨ f2∗ )λ2 f



>

>


1 + f1∗ ∨ f2∗
λ2 f

2
λf
ψ
.
1 + f1∗ ∨ f2∗

−1

1+

2

Lemma A3.8 (decoupling) Let ξ and η be independent, unit rate Poisson
processes on RR+ . Then for any measurable functions f ≥ 0 on RR2+ with f = 0
on D, we have
Eψ(ξ 2 f) Eψ(ξηf).
Proof: We may clearly assume that f is supported by the wedge W =
{(s, t); 0 ≤ s < t}. It is equivalent to show that
E[(V · ξ)∞ ∧ 1]

E[(V · η)∞ ∧ 1],

where Vt = ξf(·, t) ∧ 1. Here V is clearly predictable with respect to the
right-continuous and complete ﬁltration induced by ξ and η (FMP 25.23).
The random time
τ = inf{t ≥ 0; (V · η)t > 1}
is then optional (FMP 7.6), and so the process 1{τ ≥ t} is again predictable
(FMP 25.1). Noting that ξ and η are both compensated by λ (FMP 25.25),
we get (FMP 25.22)
E[(V · ξ)∞ ; τ = ∞] ≤ E(V · ξ)τ = E(V · λ)τ = E(V · η)τ
≤ E[(V · η)∞ ∧ 1] + 2P {τ < ∞},
and therefore
E[(V · ξ)∞ ∧ 1] ≤ E[(V · ξ)∞ ; τ = ∞] + P {τ < ∞}
≤ E[(V · η)∞ ∧ 1] + 3P {τ < ∞}
≤ 4E[(V · η)∞ ∧ 1].
The same argument applies with the roles of ξ and η interchanged.

2

Proof of Theorem A3.5: To prove the ﬁrst assertion, let f ≥ 0 on RR+ .
Then Lemma A3.6 (i) shows that ξf = ∞ a.s. iﬀ λfˆ ≥ λ(ψ ◦ f) = ∞, and
so by Kolmogorov’s zero-one law we have ξf < ∞ a.s. iﬀ λfˆ < ∞.
Turning to the second assertion, let f ≥ 0 on RR2+ . Since ξ ⊗ η is a.s.
simple, we have ξηf < ∞ iﬀ ξηfˆ < ∞ a.s., which allows us to take f ≤ 1.
First assume conditions (i)–(iii). Here (i) yields
Eξη[f; f1 ∨ f2 = ∞] ≤


i

λ2 [f; fi = ∞] = 0,
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and so we may assume that f1 , f2 < ∞. Then the ﬁrst assertion yields
ηf(s, ·) < ∞ and ξf(·, s) < ∞ a.s. for every s ≥ 0. Furthermore, (ii) implies
ξ{f1 > 1} < ∞ and η{f2 > 1} < ∞ a.s. By Fubini’s theorem we get a.s.
ξη[f; f1 ∨ f2 > 1] ≤ ξ[ηf; f1 > 1] + η[ξf; f2 > 1] < ∞,
which allows us to assume that even f1 , f2 ≤ 1. Then (iii) yields Eξηf =
λ2 f < ∞, which implies ξηf < ∞ a.s.
Conversely, suppose that ξηf < ∞ a.s. for some function f into [0, 1]. By
Lemma A3.6 (i) and Fubini’s theorem we have
Eψ(λψ(tηf)) = Eψ(tξηf) → 0,

t ↓ 0,

which implies λψ(tηf) → 0 a.s., and hence ηf < ∞ a.e. λ ⊗ P . By the
ﬁrst assertion and Fubini’s theorem we get f1 = λ2 f < ∞ a.e. λ, and the
symmetric argument yields f2 = λ1 f < ∞ a.e. This proves (i).
Next, Lemma A3.6 (i) yields, on the set {f1 > 1},
Eψ(ηf) = ψ(λ2 (ψ ◦ f)) ≥ ψ((1 − e−1 )f1 )
≥ ψ(1 − e−1 ) ≡ c > 0.
Hence, for any measurable set B ⊂ {f1 > 1},
Eλ[1 − ψ(ηf); B] ≤ (1 − c)λB,
and so, by Chebyshev’s inequality,
P {λψ(ηf) < 12 cλB} ≤ P {λ[1 − ψ(ηf); B] > (1 − 12 c)λB}
1−c
Eλ[1 − ψ(ηf); B]
≤
.
≤
(1 − 12 c)λB
1 − 12 c
Since B was arbitrary, we conclude that
P {λψ(ηf) ≥ 12 cλ{f1 > 1}} ≥ 1 −

c
1−c
> 0.
=
1
1 − 2c
2−c

Noting that λψ(ηf) < ∞ a.s. by the one-dimensional result and Fubini’s
theorem, we obtain λ{f1 > 1} < ∞. This, together with the corresponding
result for f2 , proves (ii).
Finally, we may apply Lemma A3.7 to the function f1{f1 ∨ f2 ≤ 1} to
obtain




P ξηf > 12 λ2 [f; f1 ∨ f2 ≤ 1] >
ψ




1
2



λ2 [f; f1 ∨ f2 ≤ 1] .

This implies (iii), since the opposite statement would yield the contradiction
P {ξηf = ∞} > 0.

Appendices

457

Now turn to the last assertion. Since 1D · ξ 2 has coordinate projections ξ,
the one-dimensional result shows that ξ 2 f1D < ∞ a.s. iﬀ λD fˆ < ∞. Thus,
we may henceforth assume that f = 0 on D. Then Lemma A3.8 yields
Eψ(tξ 2 f)
and so, as t → 0,

Eψ(tξηf),

P {ξ 2 f = ∞}

t > 0,

P {ξηf = ∞},

2

which shows that ξ f < ∞ a.s. iﬀ ξηf < ∞ a.s.

2

A4. Complete Monotonicity
For any inﬁnite sequence c0 , c1 , . . . ∈ RR, put ∆ck = ck+1 − ck , and deﬁne
recursively the higher order diﬀerences by
∆0 ck = ck ,

∆n+1 ck = ∆(∆n ck ),

k, n ≥ 0,

where all diﬀerences are with respect to k. We say that (ck ) is completely
monotone if
(−1)n ∆n ck ≥ 0, k, n ≥ 0.
(1)
The deﬁnition for ﬁnite sequences is the same, apart from the obvious restrictions on the parameters k and n.
Next we say that a function f : RR+ → RR is completely monotone, if the
sequence f(nh), n ∈ ZZ+ , is completely monotone in the discrete-time sense
for every h > 0. Thus, we require
(−1)n ∆nh f(t) ≥ 0,

t, h, n ≥ 0,

(2)

where ∆h f(t) = f(t + h) − f(t), and the higher order diﬀerences are deﬁned
recursively by
∆0h f(t) = f(t),

n
∆n+1
h f(t) = ∆h (∆h f(t)),

t, h, n ≥ 0,

where all diﬀerences are now with respect to t. For functions on [0, 1] the
deﬁnitions are the same, apart from the obvious restrictions on t, h, and n.
When f ∈ C k (RR+ ) or C k [0, 1], it is easy to verify by induction that
∆nh f(t) =

 h
0

···

 h
0

f (n) (t + s1 + · · · + sn ) ds1 · · · dsn ,

for appropriate values of t, h, and n, where f (n) denotes the nth derivative
of f. In this case, (2) is clearly equivalent to the condition
(−1)n f (n) (t) ≥ 0,

t ∈ I ◦ , n ≥ 0.

(3)

Sometimes it is more convenient to consider the related notion of absolute
monotonicity, deﬁned as in (1), (2), or (3), respectively, except that the
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factor (−1)n is now omitted. Note that a sequence (ck ) or function f(t) is
absolutely monotone on a discrete or continuous interval I iﬀ (c−k ) or f(−t)
is completely monotone on the reﬂected interval −I = {t; −t ∈ I}.
We may now state the basic characterizations of completely monotone
sequences and functions. For completeness, we include the elementary case
of ﬁnite sequences, using the notation
n(k) =

n!
= n(n − 1) · · · (n − k + 1),
(n − k)!

0 ≤ k ≤ n.

Theorem A4.1 (complete monotonicity, Hausdorﬀ, Bernstein)
(i) A ﬁnite sequence c0 , . . . , cn ∈ RR is completely monotone with c0 = 1 iﬀ
there exists a random variable κ in {0, . . . , n} such that
ck = Eκ(k) /n(k) ,

k = 0, . . . , n.

(ii) An inﬁnite sequence c0 , c1 , . . . ∈ RR is completely monotone with c0 = 1
iﬀ there exists a random variable α in [0, 1] such that
ck = Eαk ,

k ∈ ZZ+ .

(iii) A function f : [0, 1] → RR is completely monotone with f(0) = f(0+) =
1 iﬀ there exists a random variable κ in ZZ+ such that
f(t) = E(1 − t)κ ,

t ∈ [0, 1].

(iv) A function f : RR+ → RR is completely monotone with f(0) = f(0+) = 1
iﬀ there exists a random variable ρ ≥ 0 such that
f(t) = Ee−ρt ,

t ≥ 0.

In each case, the associated distribution is unique.
Proof: See Feller (1971), pp. 223, 225, 439.

2

Next we say that a function f : RRd → CC is non-negative deﬁnite if


c c̄ f(xh
h,k h k

− xk ) ≥ 0,

c1 , . . . , cd ∈ CC, x1 , . . . , xd ∈ RRd .

The following result characterizes non-negative deﬁnite functions in terms of
characteristic functions.
Theorem A4.2 (non-negative deﬁnite functions, Bochner) A function f :
RRd → CC is continuous and non-negative deﬁnite with f(0) = 1 iﬀ there exists
a random vector ξ in RRd such that
f(t) = Eeitξ ,

t ∈ RRd .
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Proof: See Feller (1971), p. 622, for the case d = 1. The proof for d > 1
is similar.
2
The next result gives a remarkable connection between non-negative definite and completely monotone functions. Given a function f on RR+ , we
deﬁne the functions fn on RRn by
fn (x1 , . . . , xn ) = f(x21 + · · · + x2n ),

x1 , . . . , xn ∈ RR.

(4)

Theorem A4.3 (Fourier and Laplace transforms, Schoenberg) A continuous function f : RR+ → RR with f(0) = 1 is completely monotone iﬀ the
function fn in (4) is non-negative deﬁnite on RRn for every n ∈ N
N.
Proof: See Schoenberg (1938a), Theorem 2, Donoghue (1969), pp. 201–
206, or Berg et al. (1984), pp. 144–148.
2

A5. Palm and Papangelou Kernels
Given a random measure ξ on a measurable space (S, S), we deﬁne the associated Campbell measure C on S × M(S) by


Cf = E

f(s, ξ) ξ(ds),

f ∈ (S × M(S))+ ,

where (S × M(S))+ denotes the class of measurable functions f ≥ 0 on
S × M(S). Since ξ is assumed to be a.s. σ-ﬁnite, the same thing is true
for C, and we may choose f to be strictly positive with Cf < ∞, in which
case the projection ν = (f · C)(· × M) is bounded and satisﬁes νB = 0 iﬀ
ξB = 0 a.s. for every B ∈ S. Any σ-ﬁnite measure ν with the latter property
is called a supporting measure for ξ, and we note that ν is unique up to an
equivalence, in the sense of mutual absolute continuity. In particular, we
may choose ν = Eξ when the latter measure is σ-ﬁnite.
If S is Borel, then so is M(S), and there exists a kernel Q = (Qs ) from
S to M(S) satisfying the disintegration formula


Cf =



ν(ds)

f(s, µ) Qs (dµ),

f ∈ (S × M(S))+ ,

(1)

or simply C = ν ⊗ Q. This can be proved in the same way as the existence
of regular conditional distributions (FMP 6.3–4). The Palm measures Qs
of ξ are a.e. unique up to a normalization, and they can be chosen to be
probability measures—the Palm distributions of ξ—iﬀ ν = Eξ is σ-ﬁnite.
When ξ is a point process (i.e. integer-valued), we can also introduce the
reduced Campbell measure C  on S × N (S), given by
C f = E



f(s, ξ − δs ) ξ(ds),

f ∈ (S × N (S))+ ,

460

Probabilistic Symmetries and Invariance Principles

and consider the disintegration of C  into reduced Palm measures,
C f =





ν(ds)

f(s, µ) Qs (dµ),

f ∈ (S × N (S))+ ,

or C  = ν ⊗ Q . Comparing with (1), we see that




ν(ds)
B

f(µ) Qs (dµ) = E





B

f(ξ − δs ) ξ(ds)


ν(ds)

=
B

f(µ − δs ) Qs (dµ),

which implies Qs = Qs ◦ (µ − δs )−1 a.e. ν, in the sense that


f(µ) Qs (dµ) =



f(µ − δs ) Qs (dµ),

s ∈ S a.e. ν.

If Eξ is σ-ﬁnite, then again we may choose ν = Eξ, in which case Qs may
be thought of as the conditional distribution of ξ − δs , given that ξ{s} > 0.
We may also consider a disintegration of C  in the other variable. This
is especially useful when C  (S × ·) ! L(ξ), in the sense that P {ξ ∈ A} = 0
implies C  (S × A) = 0, since we can then choose the supporting measure
on N (S) to be equal to L(ξ). Unfortunately, the stated absolute continuity
may fail in general, which makes the present theory more complicated. In
the following we shall often write 1B · ξ = 1B ξ, for convenience.
Theorem A5.1 (disintegration kernel, Papangelou, Kallenberg) Let C  be
the reduced Campbell measure of a point process ξ on a Borel space S. Then
there exists a maximal kernel R from N (S) to S such that


E

f(s, ξ) R(ξ, ds) ≤ C  f,

f ∈ (S × N (S))+ ,

(2)

where the random measure η = R(ξ, ·) is given on (supp ξ)c by
1B η =

E[1B ξ; ξB = 1|1B c ξ]
a.s. on {ξB = 0},
P [ξB = 0|1B c ξ]

B ∈ S.

(3)

If ξ is simple, we have η = 0 a.s. on supp ξ, and equality holds in (2) iﬀ
P [ξB = 0|1B c ξ] > 0 a.s. on {ξB = 1},

B ∈ S,

(4)

which then remains true on {ξB < ∞}.
By the maximality of R we mean that, if R is any other kernel satisfying (2), then R (ξ, ·) ≤ R(ξ, ·) a.s. The maximal solution R is called the
Papangelou kernel of ξ, and we may refer to the associated random measure
η = R(ξ, ·) on S as the Papangelou measure. The requirement (4) for absolute continuity is often referred to as condition (Σ).
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Proof: Since C  is σ-ﬁnite, we may ﬁx a measurable function g > 0 on
S × N (S) with C  g < ∞ and introduce the projection ν = (g · C  )(S × ·) on
N (S). Then ν is a supporting measure of C  in the second variable, in the
sense that C  (S × M) = 0 iﬀ νM = 0 for any measurable set M ⊂ N (S).
Now consider the Lebesgue decomposition ν = νa + νs with respect to L(ξ)
(FMP 2.10), and ﬁx a measurable subset A ⊂ N (S) with νs A = 0 and
P {ξ ∈ Ac } = 0, so that νa = 1A · ν. Then C  (S × (A ∩ ·)) ! L(ξ), in the
sense that the left-hand side vanishes for any set M with P {ξ ∈ M} = 0,
and we may introduce the associated disintegration


E

f(s, ξ) R(ξ, ds) = (1S×A · C  )f ≤ C  f,

f ∈ (S × N (S))+ .

If R is any other kernel satisfying (2), then for any f as above,


E

f(s, ξ) R (ξ, ds) = E



f(s, ξ) R (ξ, ds); ξ ∈ A

≤ C  (1S×A f) = (1S×A · C  )f


= E

f(s, ξ) R(ξ, ds).

Choosing g > 0 as before with C  g < ∞, we get a similar relationship between
the kernels
R̃(ξ, ds) = g(s, ξ)R(ξ, ds),

R̃ (ξ, ds) = g(s, ξ)R (ξ, ds).

In particular, for any B ∈ S, we may take
f(s, ξ) = 1B (s) 1{R̃(ξ, B) < R̃ (ξ, B)}
to obtain

E[R̃(ξ, B) − R̃ (ξ, B); R̃(ξ, B) < R̃ (ξ, B)] ≥ 0,

which implies R̃(ξ, B) ≥ R̃ (ξ, B) a.s. Starting from countably many such
relations and extending by a monotone-class argument, we conclude that
R̃(ξ, ·) ≥ R̃ (ξ, ·) and hence R(ξ, ·) ≥ R (ξ, ·), outside a ﬁxed null set, which
establishes the required maximality.
Next we show that
1{ξB = 0} ! P [ξB = 0|1B c ξ] a.s.,

B ∈ S,

(5)

where a relation a ! b between two quantities a, b ≥ 0 means that b = 0
implies a = 0. Formula (5) follows from the fact that
P {P [ξB = 0|1B c ξ] = 0, ξB = 0}
= E[P [ξB = 0|1B c ξ]; P [ξB = 0|1B c ξ] = 0] = 0.
Fixing any B ∈ S and letting M ⊂ N (S) be measurable with
M ⊂ M0 ≡ {µ; µB = 0, P [ξB = 0|1B c ξ ∈ dµ] > 0},
we obtain
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C  (B × M) = P {1B c ξ ∈ M, ξB = 1, P [ξB = 0|1B c ξ] > 0}
! E[P [ξB = 0|1B c ξ]; 1B c ξ ∈ M]
= P {ξB = 0, 1B c ξ ∈ M} ≤ P {ξ ∈ M},

which shows that C  (B × ·) ! L(ξ) on M0 . Combining (5) with the maximality of R, we get for any A ∈ S ∩ B
E[E[ξA;
=
=
=
=
=

ξB = 1|1B c ξ]; 1B c ξ ∈ M, P [ξB = 0|1B c ξ] > 0]
E[ξA; 1B c ξ ∈ M, ξB = 1, P [ξB = 0|1B c ξ] > 0]
C  (A × (M ∩ M0 )) = E[ηA; ξ ∈ (M ∩ M0 )]
E[ηA; 1B c ξ ∈ M, ξB = 0, P [ξB = 0|1B c ξ] > 0]
E[R(1B c ξ, A); 1B c ξ ∈ M, ξB = 0]
E[R(1B c ξ, A) P [ξB = 0|1B c ξ]; 1B c ξ ∈ M].

Since M was arbitrary, it follows that
E[ξA; ξB = 1|1B c ξ] 1{P [ξB = 0|1B c ξ] > 0}
= R(1B c ξ, A) P [ξB = 0|1B c ξ],
and so by (5) we have
ηA =

E[ξA; ξB = 1|1B c ξ]
a.s. on {ξB = 0},
P [ξB = 0|1B c ξ]

which extends to (3) since both sides are random measures on B.
From this point on, we assume that ξ is simple. Applying (2) to the
product-measurable function
f(s, µ) = µ{s},
we obtain



E

s ∈ S, µ ∈ N (S),


η{s} ξ(ds) = E


= E


= E

ξ{s} η(ds) ≤ C  f
(ξ − δs ){s} ξ(ds)
(ξ{s} − 1) ξ(ds) = 0.



Hence, η{s}ξ(ds) = 0 a.s., which implies η = 0 a.s. on supp ξ.
Now suppose that (4) is fulﬁlled. Fix any B ∈ S with ξB < ∞ a.s., and
consider any measurable subset M ⊂ N (S) with P {ξ ∈ M} = 0. Assuming
ﬁrst that M ⊂ {µB = 0}, we get by (4)
C  (B × M) = E
=
!
=
≤



B

1{(ξ − δs )B = 0, 1B c ξ ∈ M} ξ(ds)

P {ξB = 1, 1B c ξ ∈ M}
E[P [ξB = 0|1B c ξ]; 1B c ξ ∈ M]
P {ξB = 0, 1B c ξ ∈ M}
P {ξ ∈ M} = 0,

which shows that C  (B × M) = 0.
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Next let M ⊂ {µB < m} for some m ∈ N
N. Fix a nested sequence of
countable partitions of B into measurable subsets Bnj , such that any two
points s = t of B eventually lie in diﬀerent sets Bnj . By the result for m = 1
and dominated convergence, we obtain
C  (B × M) =
=
=





≤ m

j

C  (Bnj × M)

j

C  (Bnj × (M ∩ {µBnj > 0}))


E
j



= mE

j

B nj

1{ξ − δs ∈ M, ξBnj > 1} ξ(ds)

P {ξB ≤ m, ξBnj > 1}


j

1{ξBnj > 1}; ξB ≤ m → 0,

which shows that again C  (B × M) = 0. The result extends by monotone
convergence, ﬁrst to the case M ⊂ {µB < ∞}, and then to B = S for general
M. Thus, (4) implies C  (S × ·) ! L(ξ).
Conversely, suppose that C  (S × ·) ! L(ξ). Then for any n ∈ N
N, B ∈ S,
and measurable M ⊂ N (S), we have
nP {ξB = n, 1B c ξ ∈ M} = E[ξB; ξB = n, 1B c ξ ∈ M]
= C  (B × {µB = n − 1, 1B c µ ∈ M})
! P {ξB = n − 1, 1B c ξ ∈ M}.
Iterating this relation and then summing over n, we obtain
P {ξB < ∞, 1B c ξ ∈ M} ! P {ξB = 0, 1B c ξ ∈ M},
which together with (5) yields
P {ξB < ∞, P [ξB = 0|1B c ξ] = 0}
! P {ξB = 0, P [ξB = 0|1B c ξ] = 0} = 0.
This shows that P [ξB = 0|1B c ξ] > 0, a.s. on {ξB < ∞}.
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Historical and Bibliographical Notes
Only publications closely related to topics in the main text are
mentioned. No completeness is claimed, and I apologize in advance for inevitable errors and omissions. References to my own
papers are indicated by K(·).

1. The Basic Symmetries
The notion of exchangeability was introduced by Haag (1928), who derived
some formulas for ﬁnite sequences of exchangeable events, some of which are
implicit already in the work of de Moivre (1718–56). Further information
about the early development of the subject appears in Dale (1985).
The characterization of inﬁnite, exchangeable sequences as mixtures of
i.i.d. sequences was established by de Finetti, ﬁrst (1929, 1930) for random events, and then (1937) for general random variables. The result was
extended by Hewitt and Savage (1955) to random elements in a compact
Hausdorﬀ space. Dubins and Freedman (1979) and Freedman (1980)
showed by examples that de Finetti’s theorem fails, even in its weaker mixing form, without some regularity conditions on the underlying space.
De Finetti’s study of exchangeable sequences was continued by many
people, including Khinchin (1932, 1952), de Finetti (1933a,b), Dynkin
(1953), Loève (1960–63), Aldous (1982a,b), and Ressel (1985). Olshen
(1971, 1973) noted the equivalence of the various σ-ﬁelds occurring in the
conditional form of the result. The paper by Hewitt and Savage (1955)
also contains the celebrated zero-one law named after these authors, extensions of which are given by Aldous and Pitman (1979).
The connection between ﬁnite, exchangeable sequences and sampling from
a ﬁnite population has been noted by many authors. A vast literature deals
with comparative results for sampling with or without replacement, translating into comparisons of ﬁnite and inﬁnite, exchangeable sequences. A
notable result in this area is the inequality of Hoeffding (1963), which has
been generalized by many authors, including Rosén (1967) and Pathak
(1974). Our continuous-time version in Proposition 3.19 may be new. Error
estimates in the approximation of ﬁnite, exchangeable sequences by inﬁnite
ones are given by Diaconis and Freedman (1980b).
For inﬁnite sequences of random variables, Ryll-Nardzewski (1957)
noted that the properties of exchangeability and contractability are equivalent. The result fails for ﬁnite sequences, as noted by Kingman (1978a).
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In that case, the relationship between the two notions was investigated in
K(2000). Part (i) of Theorem 1.13 was conjectured by Ivanoff and Weber (personal communication) and proved by the author.
Processes with exchangeable increments were ﬁrst studied by Bühlmann
(1960), who proved a version of Theorem 1.19. Alternative approaches appear in Accardi and Lu (1993) and in Freedman (1996). Exchangeable
random measures on [0, 1] were ﬁrst characterized in K(1973b, 1975a); the
corresponding characterizations on the product spaces S × RR+ and S × [0, 1]
appeared in K(1990a). The relationship between contractable sequences and
processes, stated in Theorem 1.23, is quoted from K(2000). General symmetry properties, such as those in Theorems 1.17 and 1.18, were ﬁrst noted for
random measures in K(1975–86). The fact that exchangeability is preserved
under composition of independent processes was noted in K(1982).
Feller (1966–71) noted the connection between exchangeable sequences
and Hausdorff’s (1921) characterization of absolutely monotone sequences.
Further discussion on the subject appears in Kimberling (1973). The corresponding relationship between exchangeable processes and Bernstein’s
(1928) characterization of completely monotone functions was explored in
K(1972, 1975–86), and independently by Daboni (1975, 1982). Related remarks appear in Freedman (1996). The fact, from K(1973a), that any
exchangeable, simple point process on [0, 1] is a mixed binomial process was
also noted by both Davidson (1974) and Matthes, Kerstan, and Mecke
(1974–82). The characterization of mixed Poisson processes by the orderstatistics property in Corollary 1.28 (iii) goes back to Nawrotzki (1962)
(see also Feigin (1979)). The result in Exercise 12 was explored by Rényi
(1953), in the context of order statistics. The description of the linear birth
(or Yule) process in Exercise 13 is due to Kendall (1966), and alternative
proofs appear in Waugh (1970), Neuts and Resnick (1971), and Athreya
and Ney (1972).
Maxwell (1875, 1878) derived the normal distribution for the velocities
of the molecules in a gas, assuming spherical symmetry and independence in
orthogonal directions. The Gaussian approximation of spherically symmetric
distributions on a high-dimensional sphere seems to be due to Maxwell (op.
cit.) and Borel (1914), though the result is often attributed to Poincaré
(1912). (See the historical remarks in Everitt (1974), p. 134, and Diaconis
and Freedman (1987).) Related discussions and error estimates appear in
McKean (1973), Stam (1982), Gallardo (1983), Yor (1985), and Diaconis and Freedman (1987).
Random sequences and processes with more general symmetries than
exchangeability have been studied by many authors, beginning with de
Finetti himself (1938, 1959). In particular, Freedman (1962–63) obtained
the discrete- and continuous-time versions of Theorem 1.31. Alternative
proofs and further discussion appear in papers by Kelker (1970), Kingman (1972b), Eaton (1981), Letac (1981), and Smith (1981). The result
was later recognized as equivalent to the celebrated theorem of Schoenberg
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(1938a,b) in classical analysis.
Related symmetries, leading to mixtures of stable distributions, have been
studied by many authors, including Bretagnolle, Dacunha-Castelle,
and Krivine (1966), Dacunha-Castelle (1975), Berman (1980), Ressel (1985, 1988), and Diaconis and Freedman (1987, 1990). The underlying characterization of stable distributions goes back to Lévy (1924,
1925). The general operator version in Theorem 1.37 is quoted from K(1993).
Our Lp -invariance is related to a notion of “pseudo-isotropy,” studied by
Misiewicz (1990). For p = 2, every linear isometry on Lp [0, 1] is essentially
of the type employed in the proof of Lemma 1.39, according to a characterization of Lamperti, quoted by Royden (1988). In the Hilbert-space case
of p = 2, a much larger class of isometries is clearly available.
The only full-length survey of exchangeability theory, previously available, is the set of lecture notes by Aldous (1985), which also contain an
extensive bibliography. The reader may also enjoy the short but beautifully
crafted survey article by Kingman (1978a). Brief introductions to exchangeability theory appear in Chow and Teicher (1997) and in K(2002).
De Finetti himself, one of the founders of Bayesian statistics, turned
gradually (1972, 1974–75) away from mathematics to become a philosopher
of science, developing theories of subjective probability of great originality,
where his celebrated representation theorem plays a central role among the
theoretical underpinnings. An enthusiastic gathering of converts payed tribute to de Finetti at a 1981 Rome conference, held on the occasion of his 75th
birthday. The ensuing proceedings (eds. Koch and Spizzichino (1982))
exhibit a curious mix of mathematics and philosophy, ranging from abstract
probability theory to the subtle art of assigning subjective probabilities to
the possible outcomes of a soccer game.

2. Conditioning and Martingales
The ﬁrst use of martingale methods in exchangeability theory may be credited to Loève (1960–63), who used the reverse martingale property of the
empirical distributions to give a short proof of de Finetti’s theorem. A related martingale argument had previously been employed by Doob (1953)
to give a simple proof of the strong law of large numbers for integrable, i.i.d.
random variables. Though Loève himself (1978) eventually abandoned his
martingale approach to exchangeability, the method has subsequently been
adopted by many text-book authors. The present characterizations of exchangeability in terms of reverse martingales, stated in Theorems 2.4, 2.12,
and 2.20, appear to be new.
Martingale characterizations of special processes go back to Lévy (1937–
54), with his celebrated characterization of Brownian motion. A similar
characterization of the Poisson process was dicovered by Watanabe (1964).
Local characteristics of semi-martingales were introduced, independently, by
Jacod (1975) and Grigelionis (1975, 1977), both of whom used them to
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characterize processes with independent increments. The criteria for mixed
Lévy processes in Theorem 2.14 (i) were obtained by Grigelionis (1975),
and a wide range of further extensions and applications may be found in
Jacod and Shiryaev (1987).
The relationship between exchangeability and martingale theory was explored more systematically in K(1982), which contains the basic discreteand continuous-time characterizations of exchangeability in terms of strong
stationarity and reﬂection invariance, as well as a primitive version of Thed
orem 2.15. For ﬁnite exchangeable sequences, the relation ξτ = ξ1 was also
noted, independently, by Blom (1985). Further semi-martingale characterizations in discrete and continuous time, including some early versions of
Theorems 2.13 and 2.15, were established in K(1988a). The paper K(2000)
provides improved and extended versions of the same results, gives the basic
norm relations for contractable processes in Theorem 2.23, and contains the
regularization properties in Theorems 2.13 and 2.25. Martingale characterizations of exchangeable and contractable arrays were recently obtained by
Ivanoff and Weber (1996, 2003, 2004). A property strictly weaker than
strong stationarity has been studied by Berti, Pratelli, and Rigo (2004).
The general representation of exchangeable processes in Theorem 2.18,
originating with K(1972), was ﬁrst published in K(1973a). The obvious
point-wise convergence of the series of compensated jumps was strengthened in K(1974a) to a.s. uniform convergence, after a similar result for Lévy
processes had been obtained by Ferguson and Klass (1972). Hyper-contraction methods were ﬁrst applied to exchangeability theory in K(2002).
The discrete super-martingale in Proposition 2.28 was discovered and explored in K(1975c), where it was used, along with some special continuoustime versions, to study stochastic integration with respect to Lévy processes.
The special case of f(x) = x2 had been previously considered by Dubins and
Freedman (1965), and a related maximum inequality appears in Dubins
and Savage (1965). The proof of the general result relies on an elementary estimate, due to Esseen and von Bahr (1965). The growth rates in
Theorem 2.32, originally derived for Lévy processes by Fristedt (1967) and
Millar (1971, 1972), were extended to more general exchangeable processes
in K(1974b). Finally, a version of Proposition 2.33 appears in K(1989b).
Pure and mixed Poisson processes were characterized by Slivnyak (1962)
and Papangelou (1974b), through the invariance of their reduced Palm
distributions. The general characterization of mixed Poisson and binomial
processes appeared in K(1972, 1973c), and the version for general random
measures was obtained in K(1975a). Motivated by problems in stochastic geometry, Papangelou (1976) also derived related characterizations of
suitable Cox processes, in terms of invariance properties of the associated
Papangelou kernels. Various extensions and asymptotic results were derived
in K(1978a,b; 1983–86).
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3. Convergence and Approximation
Central-limit type theorems for sampling from a ﬁnite population and for
ﬁnite or inﬁnite sequences of exchangeable random variables have been established by many authors, including Blum, Chernoff, Rosenblatt,
and Teicher (1958), Bühlmann (1958, 1960), Chernoff and Teicher
(1958), Erdös and Rényi (1959), Teicher (1960), Bikelis (1969), Moran
(1973), and Klass and Teicher (1987). Asymptotically invariant sampling
from stationary and related processes was studied in K(1999a).
Criteria for Poisson convergence have been given by Kendall (1967),
Ridler-Rowe (1967), and Benczur (1968), and convergence to more general limits was considered by Hájek (1960) and Rosén (1964). More recent developments along those lines include some martingale-type limit theorems of Eagleson and Weber (1978), Weber (1980), Eagleson (1982),
and Brown (1982), and some extensions to Banach-space valued random
variables, due to Daffer (1984) and Taylor, Daffer, and Patterson
(1985). Limit theorems for exchangeable arrays were obtained by Ivanoff
and Weber (1992, 1995).
Functional limit theorems for general random walks and Lévy processes
go back to the seminal work of Skorohod (1957). The ﬁrst genuine ﬁniteinterval results are due to Rosén (1964), who derived criteria for convergence
to a Brownian bridge, in the context of sampling from a ﬁnite population. His
results were extended by Billingsley (1968) to summation processes based
on more general exchangeable sequences. Hagberg (1973), still working in
the special context of sampling theory, derived necessary and suﬃcient conditions for convergence to more general processes. The general convergence
criteria for exchangeable sequences and processes, here presented in Sections
3.1 and 3.3, were ﬁrst developed in K(1973a), along with the general representation theorem for exchangeable processes on [0, 1]. (The latter result
appeared ﬁrst in K(1972), written independently of Hagberg’s work.)
The restriction and extension results for exchangeable processes, here
exhibited in Section 3.5, also originated with K(1973a). In K(1982), the basic
convergence criterion for exchangeable processes on [0, 1] was strengthened
to a uniform version, in the spirit of Skorohod (1957); the even stronger
coupling result in Theorem 3.25 (iv) is new. The remaining coupling methods
of Section 3.6 were ﬁrst explored in K(1974b), along with applications to a
wide range of path properties for exchangeable processes. The underlying
results for Lévy processes, quoted in the text, were obtained by Khinchin
(1939), Fristedt (1967), and Millar (1971, 1972).
Though a general convergence theory for exchangeable random measures
on [0, 1] or RR+ was developed already in K(1975a), the more general results
in Section 3.2, involving random measures on the product spaces S × [0, 1]
and S × RR+ , appear to be new. The one-dimensional convergence criteria
of Section 3.5 were ﬁrst obtained in K(1988c), along with additional results
of a similar nature. Finally, an extensive theory for contractable processes
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was developed in K(2000), including the distributional coupling theorem and
related convergence and tightness criteria.
The sub-sequence principles have a rich history, going back to some early
attempts to extend the classical limit theorems of probability theory to the
context of orthogonal functions and lacunary series. (See Gaposhkin (1966)
for a survey and extensive bibliography.) For general sequences of random
variables, sub-sequence principles associated with the law of large numbers
were obtained by Révész (1965) and Komlós (1967). Chatterji (1972)
stated the sub-sequence property for arbitrary limit theorems as an heuristic
principle, and the special cases of the central limit theorem and the law of
the iterated logarithm were settled by Gaposhkin (1972), Berkes (1974),
and Chatterji (1974a,b).
In independent developments, Rényi and Révész (1963) proved that
exchangeable sequences converge in the stable sense, a mode of convergence
previously introduced by Rényi (1963). Motivated by problems in functional
analysis, Dacunha-Castelle (1975) proved that every tight sequence of
random variables contains an asymptotically exchangeable sub-sequence. A
related Banach-space result was obtained, independently, by Figiel and
Sucheston (1976). The stronger version in Theorem 3.32 is essentially due
to Aldous (1977), and the present proof follows the approach in Aldous
(1985).
Kingman (unpublished) noted the subtle connection between the two
sub-sequence problems, and Aldous (1977), in a deep analysis, proved a
general sub-sequence principle for broad classes of weak and strong limit theorems. Berkes and Péter (1986) proved Theorem 3.35, along with some
more reﬁned approximation results, using sequential coupling techniques akin
to our Lemma 3.36, previously developed by Berkes and Philipp (1979).
A further discussion of strong approximation by exchangeable sequences appears in Berkes and Rosenthal (1985).

4. Predictable Sampling and Mapping
Doob (1936) proved the optional skipping property for i.i.d. sequences of random variables, thereby explaining the futility of the gambler’s attempts to
beat the odds. His paper is historically signiﬁcant for being possibly the ﬁrst
one to employ general optional times. Modernized versions of the same result
are given by Doob (1953), Theorem III.5.2, and Billingsley (1986), Theorem 7.1, and some pertinent historical remarks appear in Halmos (1985),
pp. 74–76.
The mentioned result was extended in K(1982) to any ﬁnite or inﬁnite,
exchangeable sequence, and in K(1988a) the order restriction on the sampling times τ1 , . . . , τm was eliminated. Furthermore, the optional skipping
property was extended in K(2000) to arbitrary contractable sequences. The
cited papers K(1982, 1988a, 2000) also contain continuous-time versions of
the same results. The optional skipping and predictable sampling theorems
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were extended by Ivanoff and Weber (2003, 2004) to ﬁnite or inﬁnite,
contractable or exchangeable arrays.
The ﬂuctuation identity of Sparre-Andersen (1953–54) was “a sensation greeted with incredulity, and the original proof was of an extraordinary
intricacy and complexity,” according to Feller (1971). The argument was
later simpliﬁed by Feller (op. cit.) and others. The present proof, based on
the predictable sampling theorem, is quoted from K(2002), where the result
is used to give simple proofs of the arcsine laws for Brownian motion and
symmetric Lévy processes.
The time-change reduction of a continuous local martingale to a Brownian
motion was discovered, independently, by Dambis (1965) and Dubins and
Schwarz (1965), and the corresponding multi-variate result was proved by
Knight (1970, 1971). The similar reduction of a quasi-left-continuous, simple point process to Poisson was proved, independently, by Meyer (1971)
and Papangelou (1972). Cocozza and Yor (1980) derived some more
general reduction theorems of the same type. The general Gauss–Poisson
reduction in Theorem 4.5 is taken from K(1990b).
The invariance criteria for the Brownian motion and bridge are quoted
from K(1989b). Integrability criteria for strictly stable Lévy processes were
ﬁrst established in K(1975b), and a more careful discussion, covering even the
weakly stable case, appears in K(1992a). The time-change representations
in Theorem 4.24 were obtained for symmetric processes by Rosiński and
Woyczyński (1986), and independently, in the general case, in K(1992a).
(Those more general results were ﬁrst announced in an invited plenary talk
of 1984.) The general invariance theorem for stable processes appears to be
new.
Apart from the publications already mentioned, there is an extensive literature dealing with Poisson and related reduction and approximation results
for point processes, going back to the seminal papers of Watanabe (1964)
and Grigelionis (1971). Let us only mention the subsequent papers by
Karoui and Lepeltier (1977), Aalen and Hoem (1978), Kurtz (1980),
Brown (1982, 1983), Merzbach and Nualart (1986), Pitman and Yor
(1986), and Brown and Nair (1988a,b), as well as the monograph of Barbour, Holst, and Janson (1992). Our present development in Section 4.5
is based on results in K(1990b).

5. Decoupling Identities
For a random walk Sn = ξ1 + · · · + ξn on RR and for suitable optional times
τ < ∞, the elementary relations ESτ = Eτ Eξ and ESτ2 = Eτ Eξ 2 were
ﬁrst noted and explored by Wald (1944, 1945), in connection with his development of sequential analysis. The formulas soon became standard tools
in renewal and ﬂuctuation theory. Elementary accounts of the two equations and their numerous applications appear in many many texts, including
Feller (1971) and Chow and Teicher (1997).
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Many authors have improved on Wald’s original statements by relaxing
the underlying moment conditions. Thus, Blackwell (1946) established
the ﬁrst order relation under the minimal conditions Eτ < ∞ and E|ξ| < ∞.
When Eξ = 0 and Eξ 2 < ∞, the ﬁrst order Wald equation ESτ = 0 remains
true under the weaker condition Eτ 1/2 < ∞, as noted by Burkholder
and Gundy (1970), and independently by Gordon (as reported in Chung
(1974), p. 343). The latter result was extended by Chow, Robbins, and
Siegmund (1971), who showed that if Eξ = 0 and E|ξ|p < ∞ for some
p ∈ [1, 2], then the condition Eτ 1/p < ∞ suﬃces for the validity of ESτ = 0.
The ultimate result in this direction was obtained by Klass (1988), who
showed that if Eξ = 0, then ESτ = 0 holds already under the minimal
condition Eaτ < ∞, where an = E|Sn |.
We should also mention an extension of the ﬁrst order Wald identity to
dependent random variables, established by Franken and Lisek (1982) in
the context of Palm distributions. The result also appears in Franken,
König, Arndt, and Schmidt (1981).
The continuous-time Wald identities EBτ = 0 and EBτ2 = Eτ , where B
is a standard, one-dimensional Brownian motion, have been used extensively
in the literature, and detailed discussions appear in, e.g., Loève (1978) and
Karatzas and Shreve (1991). Here the ﬁrst order relation holds when
Eτ 1/2 < ∞ and the second order formula is valid for Eτ < ∞. Those
equations, along with some more general, ﬁrst and second order moment
identities for the Itô integral V ·B, follow from the basic martingale properties
of stochastic L2 -integrals, ﬁrst noted and explored by Doob (1953).
The general decoupling identities for exchangeable sums and integrals
on bounded or unbounded index sets were originally obtained in K(1989b),
where the connection with predictable sampling was also noted. The tetrahedral moment identities for contractable sums and integrals were ﬁrst derived,
under more restrictive boundedness conditions, in K(2000).
Predictable integration with respect to Lévy processes was essentially
covered already by the elementary discussion of the stochastic L2 -integral
in Doob (1953). The theory is subsumed by the more general, but also
more sophisticated, semi-martingale theory, as exhibited in Chapter 26 of
K(2002). A detailed study of Lévy integrals was undertaken in Millar
(1972) and K(1975b). The quoted norm conditions, presented here without
any claims to optimality, were originally derived in K(1989b), along with
similar estimates in the general, exchangeable case.

6. Homogeneity and Reﬂections
The notions of local homogeneity and reﬂection invariance were ﬁrst introduced and studied in K(1982), where versions can be found for random sets
of the basic representation theorems. The same paper includes a discussion
of the multi-state case and its connections with the Markov property, and it
also contains a simple version of the uniform sampling Theorem 6.17.

472

Probabilistic Symmetries and Invariance Principles

Excursion theory and the associated notion of local time can be traced
back to a seminal paper of Lévy (1939). Building on Lévy’s ideas, Itô
(1972) showed how the excursion structure of a Markov process can be represented in terms of a Poisson process on the local time scale. Regenerative
sets with positive Lebesgue measure were studied extensively by Kingman
(1972a). An introduction to regenerative processes and excursion theory appears in Chapter 22 of K(2002), and a more detailed exposition is given by
Dellacherie, Maisonneuve, and Meyer (1987, 1992), Chapters 15 and
20.
Exchangeable partitions of ﬁnite intervals arise naturally in both theory
and applications. In particular, they appear to play a signiﬁcant role in game
theory. Their Hausdorﬀ measure was studied in K(1974b), where results for
regenerative sets were extended to the ﬁnite-interval case. The associated
distributions also arose naturally in K(1981), as Palm measures of regenerative sets. The latter paper further contains discussions, in the regenerative
case, of continuity properties for the density of the local time intensity measure Eξ. Similar results on a ﬁnite interval were obtained in K(1983), where
a slightly weaker version of Theorem 6.16 appears.
Both Carleson and Kesten, in independent work, proved that a subordinator with zero drift and inﬁnite Lévy measure will a.s. avoid any ﬁxed
point in (0, ∞), a result originally conjectured by Chung. Their entirely different approaches are summarized in Assouad (1971) and Bertoin (1996),
Theorem III.4. The corresponding result for exchangeable partitions of [0, 1]
was established by Berbee (1981). Our simple proof, restricted to the regular case, is adapted from K(1983). The asymptotic probability for an exchangeable random set in RR+ or [0, 1] to hit a short interval was studied
extensively in K(1999c, 2001, 2003), along with the associated conditional
distribution. Some extensions of those results to higher dimensions were
derived by Elalaoui-Talibi (1999).
Blumenthal and Getoor (1968) noted that the strong Markov property follows from a condition of global homogeneity, in a version for optional
times that may take inﬁnite values. (To obtain a true Markov process, in
the sense of the usual axiomatic deﬁnition, one needs to go on and construct
an associated transition kernel, a technical problem addressed by Walsh
(1972).) Connections with exchangeability were noted in K(1982), and some
related but less elementary results along the same lines, though with homogeneity deﬁned in terms of ﬁnite optional times, were established in K(1987)
(cf. Theorem 8.23 in K(2002) for a short proof in a special case). In K(1998),
the homogeneity and independence components of the strong Markov property were shown, under suitable regularity conditions, to be essentially equivalent. A totally unrelated characterization of mixed Markov chains was noted
by Diaconis and Freedman (1980a) and subsequently studied by Zaman
(1984, 1986).
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7. Symmetries on Arrays
The notion of partial exchangeability of a sequence of random variables—
the invariance in distribution under a sub-group of permutations—goes back
to de Finetti (1938, 1959, 1972), and has later been explored by many
authors. Separately (or row-column) exchangeable arrays X = (Xij ), ﬁrst
introduced by Dawid (1972), arise naturally in connection with a Bayesian
approach to the analysis of variance. Jointly exchangeable, set-indexed arrays X = (X{i,j} ) (often referred to as weakly exchangeable) arise naturally in
the context of U-statistics, a notion ﬁrst introduced by Hoeffding (1948).
Dissociated and exchangeable arrays were studied in some early work of
McGinley and Sibson (1975), Silverman (1976), and Eagleson and
Weber (1978).
A crucial breakthrough in the development of the subject came with the
ﬁrst representation theorems for row-column and weakly exchangeable arrays, established independently by Aldous (1981) and Hoover (1982a),
using entirely diﬀerent methods. While the proof appearing in Aldous
(1981), also outlined in Aldous (1985) and attributed by the author to
Kingman, is purely probabilistic, the proof of Hoover (1982a), also outlined in Hoover (1982b), is based on profound ideas in symbolic logic and
non-standard analysis. The underlying symmetry properties were considered
much earlier by logicians, such as Gaifman (1961) and Krauss (1969), who
obtained de Finetti-type results in the two cases, from which the functional
representations can be derived.
Hoover (1979), in a formidable, unpublished manuscript, went on to
prove the general representation theorems for separately or jointly exchangeable arrays on N
Nd , d ≥ 1, using similar techniques from mathematical logic.
His paper also provides criteria for the equivalence of two representing functions, corresponding to our condition (iii) in Theorems 7.28 and 7.29. (Condition (ii) was later added in K(1989a, 1992b, 1995).) A probabilistic approach to Hoover’s main results, some of them in a slightly extended form,
was provided in K(1988b, 1989a, 1992b, 1995). Contractable arrays on N
N
were studied in K(1992b), where the corresponding functional representation
and equivalence criteria were established.
A diﬀerent type of representation was obtained by Dovbysh and Sudakov (1982), in the special case of positive deﬁnite, symmetric, jointly
exchangeable arrays of dimension two. Hestir (1986) shows how their result can be deduced from Hoover’s representation.
Conditional properties of exchangeable arrays have been studied by many
authors. In particular, extensions and alternative proofs of the basic Lemma
7.6 have been provided by Lynch (1984), K(1989a), and Hoover (1989).
The conditional relations presented here were developed in K(1995). Convergence criteria and martingale-type properties for exchangeable arrays have
been studied extensively by Ivanoff and Weber (1992, 1995, 1996, 2003).
The relevance of such arrays and their representations, in the contexts of the

474

Probabilistic Symmetries and Invariance Principles

analysis of variance and Bayesian statistics, has been discussed by Kingman
(1979), Speed (1987), and others.
An application to the study of visual perception was considered by Diaconis and Freedman (1981), who used simulations of exchangeable arrays
of zeros and ones to disprove some conjectures in the area, posed by the
psychologist Julesz and his followers. Such considerations lead naturally to
the statistical problem of estimating (a version of) the representation function for an exchangeable array, given a single realization of the process. The
problem was solved in K(1999b), to the extent that a solution seems at all
possible. A non-technical introduction to exchangeable arrays appears in
Aldous (1985), where more discussion and further references can be found.
Motivated by some problems in population genetics, Kingman (1978b,
1982b) studied exchangeable partitions of N
N and proved the corresponding
special case of the so-called paint-box representation in Theorem 7.38. (The
term comes from the mental picture, also suggested by Kingman, of an inﬁnite sequence of objects, painted in randomly selected colors chosen from
a possibly inﬁnite paint box, where one considers the partition into classes
of objects with the same color.) The present result for general symmetries
is new; its proof was inspired by the ﬁrst of two alternative approaches to
Kingman’s result suggested by Aldous (1985). A continuity theorem for
exchangeable partitions appears in Kingman (1978c, 1980). Some algebraic
and combinatorial aspects of exchangeable partitions have been studied extensively by Pitman (1995, 2002) and Gnedin (1997).

8. Multi-variate Rotations
The early developments in this area were motivated by some limit theorems
for U-statistics, going back to Hoeffding (1948). Here the classical theory
is summarized in Serfling (1980), and some more recent results are given by
Dynkin and Mandelbaum (1983) and Mandelbaum and Taqqu (1984).
Related results for random matrices are considered in Hayakawa (1966) and
Wachter (1974).
Jointly rotatable matrices may have been mentioned for the ﬁrst time
in Olson and Uppuluri (1970, 1973), where a related characterization is
proved. Inﬁnite, two-dimensional, separately and jointly rotatable arrays
were introduced by Dawid (1977, 1978), who also conjectured the general
representation formula in the separate case. The result was subsequently
proved by Aldous (1981), for dissociated arrays and under a moment condition, restrictions that were later removed in K(1988b). The latter paper
also characterizes two-dimensional, jointly rotatable arrays, as well as separately or jointly exchangeable random sheets. It further contains some related
uniqueness and continuity criteria.
Independently of K(1988b), Hestir (1986) derived the representation
formula for separately exchangeable random sheets on RR2+ , in the special case
of vanishing drift components and under a moment condition, using a char-
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acterization of jointly exchangeable, positive deﬁnite arrays from Dovbysh
and Sudakov (1982). Other, apparently independent, developments include
a paper by Olshanski and Vershik (1996), where a related representation
is established for jointly rotatable, Hermitian arrays.
The general theory of separately or jointly rotatable random arrays and
functionals of arbitrary dimension was originally developed in K(1994, 1995),
with some crucial ideas adopted from Aldous (1981), as indicated in the
main text. The paper K(1995) also provides characterizations of exchangeable and contractable random sheets of arbitrary dimension. Brownian sheets
and related processes have previously been studied by many authors, including Orey and Pruitt (1973) and Adler (1981).

9. Symmetric Measures in the Plane
The topic of exchangeable point processes in the plane ﬁrst arose in discussions with Aldous (personal communication, 1979), and a general representation in the ergodic, separately exchangeable case was conjectured in
Aldous (1985). The ﬁve basic representation theorems for exchangeable
random measures in the plane were subsequently established in K(1990a).
The extension theorem for contractable random measures was proved by Casukhela (1997).

Appendices
The general theory of integral representations over extreme points was developed by Choquet (1960), and modern expositions of his deep results
may be found in Alfsen (1971) and in Dellacherie and Meyer (1983),
Chapter 10. The special case of integral representations of invariant distributions has been studied extensively by many authors, including Farrell
(1962), Varadarajan (1963), Phelps (1966), Maitra (1977), and Kerstan and Wakolbinger (1981). The connection with suﬃcient statistics
was explored by Dynkin (1978), Diaconis and Freedman (1984), and
Lauritzen (1989). Our general extremal decompositions are adapted from
K(2000). Ergodicity is usually deﬁned in terms of strictly invariant sets,
which may require an extra condition on the family of transformations in
Lemma A1.2. The randomization and selection Lemmas A1.5 and A1.6 are
quoted from K(1988b) and K(2000), respectively, and the simple conservation law in Lemma A1.1 is adapted from K(1990a).
The equivalence of tightness and weak relative compactness, for probability measures on a Polish space, was established by Prohorov (1956). The
general criteria were applied in Prohorov (1961) to random measures on
a compact metric space. Tightness criteria for the vague topology on a Polish space were developed by Debes, Kerstan, Liemant, and Matthes
(1970–71) and Harris (1971), and the corresponding criteria in the locally
compact case were noted by Jagers (1974). The relationship between the
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weak and vague topologies for bounded random measures on a locally compact space was examined in K(1975–86). The present criterion for weak
tightness of bounded random measures on a Polish space is adapted from
Aldous (1985). The associated convergence criterion may be new.
The theory of multiple integrals with respect to Brownian motion was
developed in a seminal paper of Itô (1951). The underlying idea is implicit
in Wiener’s (1938) discussion of chaos expansions of Gaussian functionals.
For a modern account, see Chapters 13 and 18 of K(2002). The associated
hyper-contraction property was discovered by Nelson (1973), and related
developments are surveyed in Dellacherie et al. (1992) and Kwapień and
Woyczyński (1992). Convergence criteria for Poisson and related integrals
were derived by Kallenberg and Szulga (1989).
The characterization of completely monotone sequences is due to Hausdorff (1921), and the corresponding results for completely monotone functions on RR+ and [0, 1] were obtained by Bernstein (1928). Simple, probabilistic proofs of these results were given by Feller (1971), pp. 223–225 and
439–440. Bochner (1932) proved his famous characterization of positive
deﬁnite functions, after a corresponding discrete-parameter result had been
noted by Herglotz (1911). Simple proofs of both results appear in Feller
(1971), pp. 622 and 634. The fundamental relationship between completely
monotone and positive deﬁnite functions was established by Schoenberg
(1938a,b). Modern proofs and further discussion appear in Donoghue
(1969) and Berg, Christensen, and Ressel (1984).
The idea of Palm probabilities goes back to Palm (1943), and the modern
deﬁnition of Palm distributions, via disintegration of the Campbell measure,
is due to Ryll-Nardzewski (1961). The Papangelou kernel of a simple
point process was introduced in a special case by Papangelou (1974b),
and then in general in K(1978a). Nguyen and Zessin (1979) noted the
profound connection between point process theory and statistical mechanics,
and Matthes, Warmuth, and Mecke (1979) showed how the Papangelou
kernel can be obtained, under the regularity condition (Σ), through disintegration of the reduced Campbell measure. The present approach, covering
even the general case, is based on K(1983–86).
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Berkes, I., Péter, E. (1986). Exchangeable random variables and the subsequence principle. Probab. Th. Rel. Fields 73, 395–413.
Berkes, I., Philipp, W. (1979). Approximation theorems for independent and
weakly dependent random vectors. Ann. Probab. 7, 29–54.
Berkes, I, Rosenthal, H.P. (1985). Almost exchangeable sequences of random variables. Z. Wahrsch. verw. Geb. 70, 473–507.
Berman, S. (1980). Stationarity, isotropy, and sphericity in lp . Z. Wahrsch.
verw. Geb. 54, 21–23.
Bernstein, S. (1928). Sur les fonctions absolument monotones. Acta Math. 52,
1–66.
Berti, P., Pratelli, L., Rigo, P. (2004). Limit theorems for a class of
identically distributed random variables. Ann. Probab. 32, 2029–2052.
Berti, P., Rigo, P. (1997). A Glivenko–Cantelli theorem for exchangeable
random variables. Statist. Probab. Lett. 32, 385–391.
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Bühlmann, H. (1958). Le problème “limit centrale” pour les variables aléatoires
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Erdös, P., Rényi, A. (1959). On the central limit theorem for samples from a
ﬁnite population. Publ. Math. Inst. Hungar. Acad. Sci. A 4, 49–61.
Esseen, C.G., von Bahr, B. (1965). Inequalities for the rth absolute moment
of a sum of random variables, 1 ≤ r ≤ 2. Ann. Math. Statist. 36, 299–303.
Etemadi, N., Kaminski, M. (1996). Strong law of large numbers for 2-exchangeable random variables. Statist. Probab. Letters 28, 245–250.
Evans, S.N., Zhou, X. (1999). Identiﬁability of exchangeable sequences with
identically distributed partial sums. Elec. Comm. Probab. 4, 9–13.
Everitt, C.W.F. (1974). James Clerk Maxwell. Scribner’s, New York.

Bibliography

483

Farrell, R.H. (1962). Representation of invariant measures. Ill. J. Math. 6,
447–467.
Feigin, P. (1979). On the characterization of point processes with the order
statistic property. J. Appl. Probab. 16, 297–304.
Feller, W. (1966, 1971). An Introduction of Probability Theory and its Applications, Vol. 2, 1st and 2nd eds. Wiley, New York.
Ferguson, T.S., Klass, M.J. (1972). A representation of independent increment processes without Gaussian component. Ann. Math. Statist. 43,
1634–1643.
Figiel, T, Sucheston, L. (1976). An application of Ramsey sets in analysis.
Adv. Math. 20, 103–105.
Finetti, B. de (1929). Fuzione caratteristica di un fenomeno aleatorio. In: Atti
Congr. Int. Mat., Bologna, 1928 (ed. Zanichelli) 6, 179–190.
— (1930). Fuzione caratteristica di un fenomeno aleatorio. Mem. R. Acc. Lincei
(6) 4, 86–133.
— (1933a). Classi di numeri aleatori equivalenti. Rend. Accad. Naz. Lincei 18,
107–110.
— (1933b). La legge dei grandi numeri nel caso dei numeri aleatori equivalenti.
Rend. Accad. Naz. Lincei 18, 279–284.
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their Applications (eds. C. Houdré, V. Pérez-Abreu), pp. 73–86. CRC
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Kendall, D.G. (1966). Branching processes since 1873. J. London Math. Soc.
41, 385–406.
— (1967). On ﬁnite and inﬁnite sequences of exchangeable events. Studia Sci.
Math. Hung. 2, 319–327.
Kerstan, J., Wakolbinger, A. (1981). Ergodic decomposition of probability
laws. Z. Wahrsch. verw. Geb. 56, 399–414.
Khinchin, A.Y. (1932). Sur les classes d’événements équivalents. Mat. Sbornik
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Loève, M. (1960–63). Probability Theory, 2nd and 3rd eds. Van Nostrand,
Princeton, NJ.
— (1978). Probability Theory, Vol. 2, 4th ed. Springer, New York.
Lynch, J. (1984). Canonical row-column-exchangeable arrays. J. Multivar.
Anal. 15, 135–140.
Maitra, A. (1977). Integral representations of invariant measures. Trans.
Amer. Math. Soc. 229, 209–225.
Mandelbaum, A., Taqqu, M.S. (1983). Invariance principle for symmetric
statistics. Ann. Statist. 12, 483–496.
Mandrekar, V., Patterson, R.F. (1993). Limit theorems for symmetric
statistics of exchangeable random variables. Statist. Probab. Lett. 17, 157–
161.
Matthes, K., Kerstan, J., Mecke, J. (1974–82). Inﬁnitely Divisible Point
Processes. Wiley, Chichester 1978 (German ed., Akademie-Verlag, Berlin
1974; Russian ed., Nauka, Moscow 1982).
Matthes, K., Warmuth, W., Mecke, J. (1979). Bemerkungen zu einer
Arbeit von Nguyen Xuan Xanh and Hans Zessin. Math. Nachr. 88, 117–127.
Maxwell, J.C. (1875). Theory of Heat, 4th ed. Longmans, London.
— (1878). On Boltzmann’s theorem on the average distribution of energy in a
system of material points. Trans. Cambridge Phil. Soc. 12, 547.
McGinley, W.G., Sibson, R. (1975). Dissociated random variables. Math.
Proc. Cambridge Phil. Soc. 77, 185–188.
McKean, H.P. (1973). Geometry of diﬀerential space. Ann. Probab. 1, 197–
206.
Merzbach, E., Nualart, D. (1986). A characterization of the spatial Poisson
process and changing time. Ann. Probab. 14, 1380–1390.
Meyer, P.A. (1971). Démonstration simpliﬁée d’un théorème de Knight. Lect.
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Rosiński, J., Woyczyński, W.A. (1986). On Itô stochastic integration with
respect to p-stable motion: inner clock, integrability of sample paths, double
and multiple integrals. Ann. Probab. 14, 271–286.
Royden, H.L. (1988). Real Analysis, 3rd ed. Macmillan, New York.
Ryll-Nardzewski, C. (1957). On stationary sequences of random variables
and the de Finetti’s [sic] equivalence. Colloq. Math. 4, 149–156.
— (1961). Remarks on processes of calls. In: Proc. 4th Berkeley Symp. Math.
Statist. Probab. 2, 455–465.
Saunders, R. (1976). On joint exchangeability and conservative processes with
stochastic rates. J. Appl. Probab. 13, 584–590.
Scarsini, M. (1985). Lower bounds for the distribution function of a k-dimensional n-extendible exchangeable process. Statist. Probab. Lett. 3, 57–62.
Scarsini, M., Verdicchio, L. (1993). On the extendibility of partially exchangeable random vectors. Statist. Probab. Lett. 16, 43–46.
Schoenberg, I.J. (1938a). Metric spaces and completely monotone functions.
Ann. Math. 39, 811–841.
— (1938b). Metric spaces and positive deﬁnite functions. Trans. Amer. Math.
Soc. 44, 522–536.
Scott, D.J., Huggins, R.M. (1985). A law of the iterated logarithm for weakly
exchangeable arrays. Math. Proc. Camb. Phil. Soc. 98, 541–545.
Seneta, E. (1987). Chuprov on ﬁnite exchangeability, expectation of ratios, and
measures of association. Hist. Math. 14, 249–257.
Serfling, R.J. (1980). Approximation Theorems of Mathematical Statistics.
Wiley, New York.
Shaked, M. (1977). A concept of positive dependence for exchangeable random
variables. Ann. Statist. 5, 505–515.
Silverman, B.W. (1976). Limit theorems for dissociated random variables.
Adv. Appl. Probab. 8, 806–819.

494

Probabilistic Symmetries and Invariance Principles

Skorohod, A.V. (1957). Limit theorems for stochastic processes with independent increments. Theory Probab. Appl. 2, 138–171.
Slivnyak, I.M. (1962). Some properties of stationary ﬂows of homogeneous
random events. Th. Probab. Appl. 7, 336–341; 9, 168.
Slud, E.V. (1978). A note on exchangeable sequences of events. Rocky Mtn. J.
Math. 8, 439–442.
Smith, A.M.F. (1981). On random sequences with centered spherical symmetry.
J. Roy. Statist. Soc. Ser. B 43, 208–209.
Sparre-Andersen, E. (1953–54). On the ﬂuctuations of sums of random variables, I–II. Math. Scand. 1, 263–285; 2, 193–194, 195–223.
Speed, T. (1987). What is an analysis of variance? Ann. Statist. 15, 885–910.
Spizzichino, F. (1982). Extendibility of symmetric probability distributions and
related bounds. In Koch and Spizzichino (eds.), pp. 313–320.
Stam, A.J. (1982). Limit theorems for uniform distributions on high dimensional
Euclidean spaces. J. Appl. Probab. 19, 221–228.
Sun, Y. (1998). The almost equivalence of pairwise and mutual independence
and the duality with exchangeability. Probab. Theor. Rel. Fields 112, 425–
456.
Szczotka, W. (1980). A characterization of the distribution of an exchangeable
random vector. Bull. Acad. Polon., Ser. Sci. Math. 28, 411–414.
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Rosiński, J., 198, 470
Royden, H.L., 466
Ryll-Nardzewski, C., v, 1, 4, 24–5, 126,
303, 464, 476
Salas, L.C.J.D., 479
Saunders, R., 493
Savage, L.J., v, 29, 424, 464, 467
Sazonov, V.V., 492
Scarsini, M., 493
Schechtman, G., 486
Schmidt, V., 471
Schoenberg, I.J., 5, 59, 68, 351, 356, 459,
465, 476
Schwarz, G., 11, 470
Scott, D.J., 493
Seneta, E., 493
Serﬂing, R.J., 474
Shaked, M., 493
Shanbhag, D.N., 492
Shiryaev, A.N., 467
Shreve, S., 471
Sibson, R., 473
Siegmund, D., 471
Silverman, B.W., 473
Skorohod, A.V., 9, 101, 137ﬀ, 155, 468
Slivnyak, I.M., 7, 69, 112, 467
Slud, E.V., 494
Smith, A.M.F., 465
Sparre-Andersen, E., 171, 470
Speed, T., 474
Spizzichino, F., 466
Stam, A.J., 465
Stieltjes, T.J., 254
Stone, M.H., 135
Su, J.C., 485
Sucheston, L., 469
Sudakov, V.N., 473, 475
Sudderth, W., 485
Sun, Y., 494

Szczotka, W., 494
Szulga, J., 454, 476
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paths, 150
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contractable
array, 16, 301, 318–9, 329
increments, 36
integral, 223, 243
measure, 46, 148, 403
partition, 342, 345
point process, 46
process, 4, 36, 146, 188
sequence, 2, 24, 126
series, 241
sheet, 20, 398
contraction, 3, 10, 27, 36, 42
control measure, 63
convergence in/of
distribution, 126ﬀ, 447
integrals, 454
partitions, 346
processes, 137–42, 150
random measures, 130–4, 148, 447
random sets, 285
restriction, 150, 285
sequences, 126–8, 162–4
series, 90, 110, 210, 421, 438
convex
function, 32, 103–10, 149, 161
set, 408, 441
convolution semigroup, 43
coupling, 9, 32, 146, 158–9, 166, 184, 305,
307, 369
covariance, 43, 152, 173, 356
covariation, 83, 136, 173, 205, 230
Cox process, 45, 139, 265, 272, 428
cyclic stationarity, 287–9
decoupling, 12
identity, 12–3, 217ﬀ, 229, 234, 241ﬀ
inequality, 455
de Finetti’s theorem, 25, 302
density of
compensator, 7, 78, 80
endpoint distribution, 287
local time intensity, 277–8, 285–9
nested arrays, 332–3
partition class, 346
determining sequence, 166
diagonal (space), 385, 422–3, 453
decomposition, 213, 390, 397
extension, 379, 387

diagonalization, 354, 450
diﬀuse random measure, 46, 52, 273
directing
element, 8, 272, 291, 408
measure, 8, 28, 346–7
triple, 8, 44, 136, 139, 142
discounted compensator, 11, 200–4
disintegration, 459–60
dissociated array/sheet, 339, 393
Doléans equation/exponential, 11, 200
dual projection, 201, 203, 239, 362
eigen-value/vector, 450–1
elementary integral, 185–6
embedding, 181
empirical
distribution, 6, 8, 31, 74, 126–7
measure, 82
endpoint distributions, 287
equivalent
partitions, 382
representations, 329–31
σ-ﬁelds, 29
symmetries, 37, 42
ergodic, 338–9, 369, 393, 440–1
decomposition, 443
estimation problem, 474
exchangeable
array, 16, 300, 318, 325, 429
excursions, 265
extension, 17, 319, 399
increments, 36
integral, 224–6, 229
measure, 5, 45–56, 130–4, 148, 401ﬀ
partially, 473
partition, 17, 342, 345–6
point process, 7, 45, 269, 429
process, 4, 36, 44, 136ﬀ, 176
row-column, 473
sequence, 3, 24, 127, 170
set, 14–5, 268, 271–8, 282–90
sheet, 20, 355, 391, 395
σ-ﬁeld, 29
sum, 217
weakly, 473
excursion, 14, 56, 256, 472
inﬁnite, 282
exponential
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reduction, 173, 205
distribution, 15
representation, 358–9
Doléans, 200
generating
moments, 250
function, 52, 458
scaling, 282
point process, 268
truncation, 283–5
genetics, 474
extended
globally homogeneous, 15, 293
array, 306, 319, 372, 385
grid process, 21, 386–90, 402
invariance, 42
group (of)
measure, 403
action, 311–3
process, 150, 282f, 387–96
transformations, 349, 441
representation, 340
extreme/al, 28, 35, 47, 93, 150, 217, 275, growth rate, 96, 108, 161
349, 408, 441
Haar measure, 312
decomposition, 442
Hermite/ian
array, 475
factorial measure, 30
polynomial, 19, 354
F-contractable, 6, 70, 75–6, 83
Hilbert space, 19, 350, 449
-exchangeable, 6, 70, 75–6
hitting probabilities, 286, 289, 472
-extreme, 93, 218
Hölder continuous, 391
-homogeneous, 255, 261
homogeneous, 255, 294, 297
-i.i.d., 70
globally, 15
-independent, 93
locally, 14
-integrable, 83
hyper-contraction, 96, 449, 452
-Lévy, 75–6, 192
hyper-geometric, 52
-martingale, 70
-prediction, 70
ideal, 335, 341, 367, 370
-reﬂection property, 72, 76–7
i.i.d.
-stationary, 70, 75
sequence, 29
-urn sequence, 71–2
sum, 210, 220
Fell topology, 285
uniform, 31, 49–50, 52, 90, 279, 302
ﬁltration, 6, 69, 75, 78, 92, 94, 100, 145
increments,
36–7
ﬁnite-dimensional convergence, 136, 147,
independent, 54
150
elements/entries, 58, 309, 407
FL (Fourier–Laplace) transform, 150
increments, 63, 424
ﬂuctuation theory, 171, 470
index of regularity, 157, 275–6
FMP, 25
indicator array, 343–6
Fourier inversion, 276, 288
functional representation, 302, 318, 325, induced ﬁltration, 265
inﬁnitely divisible, 175
333
integral
fundamental martingale, 202
contractable, 223, 243
games/gambling, 13, 469, 472
exchangeable, 224–6, 229
G-array/process, 351, 354, 451
Gaussian, 451
Gaussian
Lévy, 211, 234
approximation, 57
mixed multiple, 353, 453
distribution, 5, 57
Poisson, 453–4
integral, 451
representation, 442–4, 475
process, 63, 351
selection, 186
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integration by parts, 214–5, 245
interval sampling, 41
invariant
function, 312
Palm measures, 112, 116
set, 338, 440
σ-ﬁeld, 25, 29, 128, 272, 406, 443
inverted representation, 315–7
iso-metric, 65, 358, 373, 383, 466
-normal, 63, 351, 451
iterated logarithm, 159, 161
Itô representation, 264–5, 354
J-rotatable, 367
J1 -topology, 125, 129
jointly
contractable, 16, 301, 318, 398
exchangeable
array, 16, 300, 325, 337
measure, 401, 411–2, 433
processes, 93
sheet, 354–5, 395
Gaussian, 358
rotatable, 18, 352, 378, 385
symmetric/ergodic, 407
jump point process, 83, 91, 103–5, 175
kernel criterion, 409
lacunary series, 469
λ-preserving, 42, 328–31, 402, 411
-randomization, 49
-symmetric, 115–6
Laplace transform, 5, 52, 151, 283, 458f
lattice component, 431
law of (the)
iterated logarithm, 161, 469
large numbers, 28, 292, 466, 469
lcsc (loc. compact, 2nd countable), 151
Lebesgue
decomposition, 461
measure, 46, 53, 385, 411f, 432f
left-stationary, 358
Lévy
integral, 211, 234
measure, 43, 175, 192
process, 12, 43, 157
Lévy–Itô representation, 43, 139
linear

birth process, 68, 465
isometry, 65
random functional, 19, 62, 351, 451
localization, 183
local(ly)
characteristics, 7, 83, 87
dichotomies, 256, 260
growth, 108, 161
homogeneous, 14, 255, 262ﬀ, 290f
intensity, 278
martingale, 103–5, 173, 205
prediction, 73
time, 14–5, 264, 273, 472
uniform, 155
Lp /lp -invariance, 5, 62
Lp -bounded, 361
marked
optional time, 11
partition, 343–6
point process, 45, 173, 430
Markov property, 15, 290, 293–4
martingale, 6
criterion, 84, 86, 466
measure-valued, 70, 73–4, 76, 82
product, 230
reduction, 175
reverse, 6, 74, 82, 91
uniformly integrable, 202
maximal/maximum
components, 388
distribution, 171
inequality, 96, 102, 210–1, 226
kernel, 460
measurable
CLRF, 360
random element, 353, 359
selection, 444
measure-preserving, 10, 176, 328ﬀ, 402
measure-valued
martingale, 70, 73–4, 76, 82
sequence/process, 70, 73, 75, 163
minimal representation, 376, 450
mixed/mixture of
Bernoulli, 52
binomial, 5, 46, 52, 112
ergodic/extreme, 442–4
i.i.d., 4, 25
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integral, 353, 453
Lévy, 4, 44, 158–9
Markov, 290, 472
Poisson, 52, 55, 112
urn sequence, 5, 30
mixing random measure, 166
moment
comparison, 32, 149, 455
estimate, 26
existence, 363
identity, 217ﬀ, 229, 234, 241f, 454
sequence, 458
moving average, 359
multiple integral
Gaussian, 19, 352–3, 451
mixed, 355, 385, 390f, 396ﬀ, 453
Poisson, 432–3, 453–4
multi-variate
invariance, 199
sampling, 172
natural compensator, 200
nested arrays, 332–3
noise, 63
non-decreasing process, 159, 161
non-negative deﬁnite, 5, 150, 152, 458f
non-standard analysis, 473
norm
comparison, 202, 211, 452
estimate, 7, 31, 95–6, 102, 210, 216
normal distribution, 57
nowhere dense, 256, 260
occupation measure, 71
oﬀ-diagonal, 379, 381, 387, 396, 399
ONB (ortho-normal basis), 350, 450–1
one-dimensional
convergence, 150
coupling, 32, 146
optional
continuity, 100
projection, 215, 239
reﬂection, 258–61, 269
sampling, 239
shift, 6, 70, 75–6, 255
skipping, 10, 169, 252
time, 10–1, 177, 200–5, 265
ordered partition, 214, 353, 378
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order statistics, 68, 465
orthogonal
functions, 364, 450–1, 469
martingales, 175, 203
matrix, 18, 385–6
optional times, 203
processes, 358
projection, 362
over an element, σ-ﬁeld, 29, 33, 244
paint-box representation, 17, 343
Palm measure, 7, 111–2, 459–60, 471–2
Papangelou kernel, 123, 460
parametric representation, 410
partial exchangeability, 473
partition, 217, 342–9, 352–3, 395, 398
path properties, 9, 44, 90, 100, 108, 161
perfect set, 256, 260
permutation, 3, 380
pinned Brownian sheet, 355, 395
Poisson
approximation, 134
integral, 453–4
process, 21ﬀ, 53ﬀ, 112, 279, 416, 432f
reduction, 173, 206
sampling, 279
population genetics, 474
positive
deﬁnite, 473, 475, 458–9
stable, 59
predictable
contraction, 185, 188, 253
embedding, 181
mapping, 10, 176, 250
process, 10ﬀ, 105, 173ﬀ, 211, 223ﬀ
projection, 201, 203, 239
sampling, 10, 170, 249
sequence, 170
set, 177
sum/integral, 210, 217, 241–2
time, 10, 73, 169, 179
prediction
process, 75–6
sequence, 6, 70
preservation laws, 338, 441
product
martingale, 230
moment, 203, 217ﬀ, 229, 234, 241f
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symmetry, 406–7
progressively measurable, 255, 261
projection, 60, 362
pseudo-isotropic, 466
p-stable, 5, 60
purely discontinuous, 83, 105–6, 175
quadratic variation, 6, 83, 86, 96
quasi-left-continuous, 11, 106, 173
random
distribution, 25, 163
element, 353, 359
functional, 19, 62, 351, 451
isometry, 373
matrix, 474
measure, 21, 446–7
partition, 17, 342–9
sheet, 20, 354
walk, 470
randomization, 49, 444, 449
ratio limit laws, 291
rcll (right-continuous, left limits), 7
rectangular index set, 340
recurrent, 255
reduction of/to
CLRF, 394
Gaussian, 173, 205
independence, 204
Palm measure, 7, 112, 116, 460
Poisson, 173, 206
reﬂectable, 36
reﬂection, 35, 387, 422–8
invariance, 14, 72, 258–61
operator, 71
regenerative, 14, 261, 472
regular(ity)
index, 157, 275–6
exchangeable set, 286
regularization, 44, 83, 100, 145
renewal theory, 470
Rényi stable, 162
representable, 325
representation of
array, 318, 325, 370, 385
excursions, 265, 269
functional, 370, 376, 378
measure, 5, 45ﬀ, 411f, 416, 432f

point process, 46, 49, 53–6
process, 44, 90, 145
sequence, 25, 30
sheet, 391, 395, 398
restriction, 40, 54, 150, 282–5, 388
reverse martingale, 6, 74, 82, 91
rotatable
array, 338, 370, 385
decomposition, 393
functional, 19, 351, 370, 378
process, 351
sequence, 3, 58, 356
row-column exchangeable, 473
sampling (from)
asymptotically invariant, 128
equivalence, 31
ﬁnite population, 464, 468
intervals, 41
Poisson, 279
uniform, 231, 279
scaling, 356–7, 385
selection
integral, 186
measurable, 444
self-adjoint, 450
-similar, 191, 385
semi-continuous, 275, 278
-martingale, 6–7, 83, 145–6, 214
special, 83–4, 100, 105
variations, 213, 235
separately
contractable, 16, 29, 172
exchangeable
array, 16, 304, 308f, 325, 331, 335
measure, 401–2, 411, 416, 432
processes, 93
sequences, 29–30, 172, 217
sheet, 355, 391, 395
rotatable, 18, 352, 370, 391
symmetric/ergodic, 405–6
separating
class, 341
sites and marks, 429
subspace, 64
variables, 364
sequential
analysis, 470
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coupling, 164
shell σ-ﬁeld, 308
shift, 6, 69, 75, 162–4, 358
optional, 6, 70, 75–6, 255
-invariant σ-ﬁeld, 25, 29, 128
simple
point process, 21, 46, 123
predictable set, 177–9
Skorohod topology, 125, 129, 285
spacing, 55–6
special semi-martingale, 83–4, 100, 105
spherical symmetry, 57–8
spreadable, 2
stabilizer, 311
stable
convergence, 162
integral, 192
invariance, 196
Lévy process, 11, 191–9
noise, 63
positive, 59
Rényi, 162
strictly, 11, 191–9
symmetric, 5, 11, 59, 196–8
weakly, 191–9
standard extension, 94, 205–6
stationary, v, 1
extension, 335–8, 356
independent increments, 84, 424
process, 128
random set, 15
strongly, 6
statistical mechanics, 465, 476
stochastic geometry, 467
stochastic integral, 10ﬀ, 85ﬀ, 106, 173ﬀ,
211, 223ﬀ
existence, 192, 211, 223–4,
representation, 224, 226
strictly
invariant, 440
stable, 191–9
strong(ly)
Markov, 290, 293
orthogonal, 175, 203
reﬂection property, 14, 71, 259f, 269
stationary, 6, 70, 76
subjective probability, 466
subordinator, 161, 235, 268, 272
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sub-sequence principle, 9, 162–6
suﬃcient statistics, 475
summation process, 8, 95, 137, 140, 144
super-martingale, 103–5
supporting
line, 416, 428
measure, 112, 459
set, 388
subspace, 450
symbolic logic, 473
symmetric
coding, 311
function, 302, 314–5, 318, 330
partition, 342–9
random element, 405, 440–1
stable, 5, 59, 196–8
tail
estimate, 454
process, 200–1
σ-ﬁeld, 29
tensor product, 20, 350–2, 361, 449–51
term-wise
exchangeable, 94
integration, 224
tetrahedral
decomposition, 214, 238
moment, 241, 243
region, 214, 398, 403
thinning, 141
tight(ness), 445
at inﬁnity, 140
criterion, 137, 140, 147, 446, 449
time-change
reduction, 11, 173, 206
representation, 11, 198
time reversal, 258
time-scale comparison, 144
total variation, 31, 57, 128, 134
totally rotatable, 367–8
trans-ﬁnite extension, 193
transition kernel, 295, 472
transposition, 4, 36, 402
truncation, 236, 239, 248
U-array/process, 302, 411–2
U-statistics, 473–4
uniform(ly)
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convergent, 90, 110, 155
distribution, 5, 15
integrable, 83, 202
randomization, 49, 205–6
sampling, 279
topology, 155
truncation, 283–5
uniqueness, 28, 88, 373, 383, 396
unitary, 19, 351, 385
urn sequence, 5, 30

Wald identity, 12, 217, 220, 229, 470–1
weak(ly)
compact, 163, 445
ergodic, 440–1
exchangeable, 473
stable, 191–9
tight, 445–6
topology, 126, 285, 346–7, 445–7
Wiener–Itô integral, 19, 352, 451
Yule process, 465

vague topology, 130, 447
variations of semi-martingale, 213, 235
velocity distribution, 465
visual perception, 474

zero–one law, 29, 297, 310
zero set, 255–60, 265, 269, 273
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Q[0,1] , Q
QI , 6, 36, 177
Q
Q, Q
Qd , 305, 309
R, Ra , Rτ , 14, 35, 258, 460
RJ , Rπ , 217
R
R+ , R
Rd , 2, 139
r+ , 325
ρ, ρ , ρX , 43, 90, 157, 275
S, S̄, S, S+ , 25, 111, 447, 459
S1 , Sn , Sπ , S∞ , 115, 277, 379
SJ , S∞ , SJ1 ,...,Jm , 217, 219f, 241
S(·), 308
(Σ), 123, 460
σ, 43, 90
σt± , σ̃t± , 287
T , 268, 270, 272
Tp , Tq , 380, 383
Ta,b , Ta,b,c , 4, 36f
T , T , Tt , Tξ , 27, 29, 74, 82, 92
t̂π , 395
τr , 255
θn , θt , 6, 69, 75f, 358
U (0, 1), U {·}, 5, 31
U t , 189f, 226
U ⊗d , 352
(U · X) ◦ V −1 , 196
u
ud
→, −→, 155
Vd+ , 150
V̂ j , V J , V̂ J , 229, 234, 243
V · λ, V · X, 11, 192, 211, 223
v
vd
→, −→, 77, 130, 447
W , W1 , 422f
w̃, 101, 156
w
wd
→, −→, 9, 126, 445, 447
wP
−→, 164

X̂, 6, 83, 326
X̃, X π , 301, 387
X c , X d , 83
X J , XhJ , X J , X a,b , 40, 335, 367
X(·), XA , Xπ , 177, 185f, 388
Xϕ, 353, 360f
X ◦ p, 16, 300, 304
X ◦ V −1 , 10, 176
xJ , x̂J , x̂J , 328
Ξ, Ξ̃, Ξh , Ξτ , 14f, 255, 274, 282, 287
Ξ · λ, 256
ˆ ξd , ξt , 6, 78, 115, 357
ξ,
ξ d , ξˆd , 309, 315
ξ J , ξˆJ , ξ J , 217, 309, 335
ξ¯J , ξˆJ , ξˆk , 302, 362
¯ ξ¯s , 422, 426
˜ ξ˜t , ξ,
ξ,
ξ ◦ p, 9, 29, 163
Z, 200
ZZ+ , ZZ− , ZZ− , 6, 319
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