A
Hints and Answers to the Exercises

Chapter 1
1.1.4. (b) For |δ| < 1, |τ + δ| ≥ B = B · sup{1, |δ|} for all τ ∈ Ω. For
1 ≤ |δ| ≤ 3A and Im(τ ) > A, |τ + δ| > A ≥ |δ|/3 = sup{1, |δ|}/3. For
1 ≤ |δ| ≤ 3A and B ≤ Im(τ ) ≤ A, the quantity |τ + δ|/|δ| takes a nonzero
minimum m, so |τ + δ| ≥ m|δ| = m · sup{1, |δ|}. For |δ| > 3A, |τ + δ| ≥
|δ| − A ≥ 2|δ|/3 = 2 sup{1, |δ|}/3. So any positive
 C less than inf{B, 1/3, m}
works. For (c), break the sum into 2ζ(k) + c=0,d |cτ + d|−k . For c = 0,
|cτ + d| = |c||τ + δ| where δ = d/c. Apply (b) and then (a). Since any compact
subset of H sits inside a suitable Ω, holomorphy follows from a theorem of
complex analysis.
1.1.5. For the ﬁrst formula,
take the logarithmic derivative of the product
∞
expansion sin πτ = πτ n=1 (1 − τ 2 /n2 ). The second formula follows from the
deﬁnitions of sin and cos in terms of the complex exponential.
1.1.6. (d) To show ĥ(0) = 0, simply antidiﬀerentiate. To show ĥ(m) = 0 for
m < 0 replace τ by −τ and reason as in part (c) except now the rectangle no
longer goes around the singularity at the origin.
1.2.2. (a) Let g = gcd(c, d) and note that g is relatively prime to N . If c = 0,
set s = 0, and use the Chinese Remainder Theorem to ﬁnd t congruent to 1
modulo primes p | g and congruent to 0 modulo primes p  g, p | c. If c = 0
then d = 0 (unless N = 1, in which case the whole problem is trivial) and a
similar argument works.
1.2.3. (a) One way is by induction on e. For e = 1, |GL2 (Z/pZ)| is the
number of bases of (Z/pZ)2 , and SL2 (Z/pZ) is the kernel of the surjective
determinant map to (Z/pZ)∗ . For the induction, count ker(SL2 (Z/pe+1 Z) −→
SL2 (Z/pe Z)). The
map surjects since SL2 (Z)
−→ SL2 (Z/pe Z) does. For (b),


e
i
SL2 (Z/N Z) ∼
= i SL2 (Z/pi Z) where N = i pei i , by the Chinese Remainder
Theorem.
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1.2.6. (b) Since (f [α]k )(τ +N ) = f [α]k (τ ) we may estimate |f [α]k | as qN → 0
letting y → ∞ and assuming 0 ≤ x < N where τ = x + iy. So |cτ + d| grows
as y and |(f [α]k )(τ )| = |f (α(τ ))||cτ +d|−k is bounded by (C0 +C/Im(α(τ ))r )·
|cτ + d|−k , or (C0 + C|cτ + d|2r /y r )|cτ + d|−k . We may take r ≥ 1 and thus
absorb the ﬁrst term into the second. The result follows.
1.2.8. (b) For the inverse, note E2 (τ ) = E2 (γ(γ −1 (τ ))). For (e), note that
for γ ∈ Γ0 (N ), N γ(τ ) = γ  (N τ ) for a certain γ  ∈ SL2 (Z). Use the Fourier
series and Proposition 1.2.4 to check the holomorphy condition.
1.2.9. See Exercise 1.1.7(b) for the relevant ζ-values.
∞  ∞
1.2.10.
sum is− n=1 m=1 q nm /m. The sum of absolute values
 (a) The
m
m
is m n |q|nm /m =
m |q| /(m(1 − |q| )), and this converges since its
−2πmIm(τ )
as m → ∞. The convergence is uniform
terms are bounded by e
on compact sets because any compact subset of H has a point with minimal
imaginary part.
1.2.11. (b) If c = 0 then write a/c = a /c with a , c ∈ Z, gcd(a , c ) = 1.
Now left multiplying by an SL2 (Z) matrix with top row (c , −a ) clears out
the lower left entry. For the second part, if f [α]k has period h then f [γ]k has
period dh.
1.3.2. Show (1) =⇒ (3) =⇒ (2) =⇒ (1).
1.3.3. (c) The entire exercise is set in one E, so multiplying by d takes points
P + Λ to dP + Λ, not to dP + dΛ.
1.4.1. (c) The
 ωintegrals along opposing
 ω pairs of boundary edges cancel down
to 1/(2πi)(ω2 0 1 f  (z)dz/f (z) − ω1 0 2 f  (z)dz/f (z)). Each of these integrals
is d log f (z) along a path with equal f -values at the endpoints, so log f
changes by an integer multiple of 2πi along each path. For the second part, if
f (z) = (z − x)νx (f ) g(z) where g(x) = 0 then zf  (z)/f (z) = νx (f )z/(z − x) +
zg  (z)/g(z) has residue νx (f )x at x, so the Residue Theorem gives the result.
1.4.3. For Λμ3 show that ℘(μ3 z) = μ3 ℘(z) and ℘(z) = ℘(z). If ℘(z) = 0
then also ℘(μ3 z) = 0, so μ3 z ≡ ±z (mod Λ) since ℘ is even and has only two
zeros. The minus sign can not arise because it would imply z ≡ −z (mod Λ)
but ℘ is nonzero at the order 2 points. The zeros are z = (1 + 2μ3 )/3 and
z = (2 + μ3 )/3.
1.5.1. For Γ (N ), take any point [E, (P, Q)] of S(N ). After applying an isomorphism (which preserves the Weil pairing by Exercise 1.3.3(d)) we may
assume E = C/Λτ  , P = (aτ  + b)/N + Λτ  , Q = (cτ  + d)/N + Λτ  with
a, b, c, d ∈ Z/N Z and τ  ∈ H. Since P and Q generate E[N ] and have Weil
pairing eN (P, Q) = e2πi/N , ac db ∈ SL2 (Z/N Z). Lift this matrix back to some
γ ∈ SL2 (Z), let τ = γ(τ  ) and m = cτ  + d, so that mτ = aτ  + b, and show
that [E, (P, Q)] = [C/Λτ , (τ /N + Λτ , 1/N + Λτ )].
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1.5.2. The map S(N ) −→ S1 (N ) takes ψ −1 (Γ (N )τ ) to ψ1−1 (Γ1 (N )τ ). Compute this ﬁrst for points in the form [C/Λτ , (τ /N + Λτ , 1/N + Λτ )], and then
show that in general the map works out to [E, (P, Q)] → [E, Q].
1.5.3. Each b (mod N ) ∈ Z/N Z acts on the modular curve Y (N ) as
b (mod N ) : Γ (N )τ → Γ (N )γ(τ ) where γ = [ 10 1b ] ∈ Γ1 (N ). The corresponding action on the moduli space S(N ) under ψ −1 is therefore
b (mod N ) : [Eτ , (τ /N + Λτ , 1/N + Λτ )]
→ [Eγ(τ ) , (γ(τ )/N + Λγ(τ ) , 1/N + Λγ(τ ) )].
By the methods of the section, letting m = j(γ, τ ) shows that the image
is [Eτ , (mγ(τ )/N + Λτ , m/N + Λτ )]. Since γ = [ 10 1b ], m = 1 and this is
[Eτ , ((τ + b)/N + Λτ , 1/N + Λτ )], showing that the map is
b (mod N ) : [E, (P, Q)] → [E, (P + bQ, Q)].
Argue similarly for d mod N ∈ (Z/N Z)∗ acting on S1 (N ), this time letting
γ = Na kd ∈ Γ0 (N ) for suitable a, k, N .
1.5.4. Note that multiplying Λ−1/(N τ ) by τ gives the lattice τ Z ⊕ (1/N )Z.
The map is [E, C] → [E/C, E[N ]/C].
1.5.6. (a) Recall the condition C ∩ Q = {0E }. If p  N then the bottom
row of the matrix is not always (0, 1).

Chapter 2
2.1.3. (a) Let y1 = inf{Im(τ ) : τ ∈ U1 }, Y1 = sup{Im(τ ) : τ ∈ U1 },
y2 = inf{Im(τ ) : τ ∈ U2 }, all positive. Then for γ = ac db ∈ SL2 (Z) and
τ ∈ U1 , the formula Im(γ(τ )) = Im(τ )/|cτ + d|2 shows that Im(γ(τ )) ≤
min{1/(c2 y1 ), Y1 /(cRe(τ ) + d)2 }. The ﬁrst of these is less than y2 for all but
ﬁnitely many values of c; for each exceptional c, the second is less than y2
uniformly in τ for all but ﬁnitely many values of d.
2.2.5. Both π and ψ are open and continuous.
2.3.4. (b) For part (b), Z[γ] is ring isomorphic to Z[i]. For part (a), if γ has
order 3 then −γ has order 6.
2.3.5. (a) The matrices ﬁxing μ3 are

a b
−b a−b

, (2a − b)2 + 3b2 = 4.

2.3.7. (c) It suﬃces to show the result for Γ0 (p), p ≡ −1 (mod 12). If ac db
ﬁxes a point then a + d ∈ {0, ±1} and ad ≡ 1 (mod p). If a + d = 0 then this
means a2 ≡ −1 (mod p), impossible by the nature of p (mod 4). The other
two cases are similar with p (mod 3).
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2.3.8. The proof of Lemma 2.3.1 shows that given any τ ∈ H, some γ ∈
SL2 (Z) transforms some τ0 ∈ D to τ .
2.4.4. (a) Γ (N ) ⊂ δΓ δ −1 for some N ∈ Z+ . (b) Note that SL2 (Z) =
δSL2 (Z)δ −1 .
2.4.6. See Corollary 2.3.4, recall that Im(γ(τ )) = Im(τ )/|cτ + d|2 for γ =
a b ∈ SL (Z), and note that if τ ∈ {i, μ } then |cτ + d| ≥ 1 for all nonzero
2
3
c d
integer pairs (c, d).

Chapter 3

3.1.1. Let {±I}Γ2 = j {±I}Γ1 γj . Then f −1 (Γ2 τ ) = {Γ1 γj τ } and these are
distinct when τ is not an elliptic point for Γ2 .
3.1.2. Show that for γ ∈ Γ2 , the indices [{±I}Γ2,γ(τ ) : {±I}Γ1,γ(τ ) ] and
[{±I}Γ2,τ : {±I}Γ1,τ ] are equal.
3.1.4. (b) The cusps are 0 and ∞, cf. Figure 3.1. For (c), γαj (i) = αj (i) if and
only if αj−1 γαj (i) = i, and by Corollary 2.3.4 the nontrivial transformations
in SL2 (Z)i are ± 01 −10 . Similarly for (d). The data to compute g in this and
the next two problems are tabulated in Figure H.1.

Γ

d

ε2
ε3
ε∞
1 if p = 2
1 if p = 3
Γ0 (p)
p + 1 2 if p ≡ 1 (4) 2 if p ≡ 1 (3) 2
0 if p ≡ 3 (4) 0 if p ≡ 2 (3)
Γ1 (2) = Γ0 (2)
3
1
0
2
Γ1 (3)
4
0
1
2
2
Γ1 (p), p > 3 p 2−1
0
0
p−1
Γ (2)
6
0
0
3
2

Γ (p), p > 2 p(p 2−1)
0
0
Figure H.1. Data to compute the genus

p2 −1
2

3.1.5. (b) For p > 3 the answer is g = 1 + (p − 1)(p − 11)/24.
3.1.6. The cusp ∞ has ramiﬁcation degree p under π : X(p) −→ SL2 (Z)\H∗ ,
and since Γ (p) is normal in SL2 (Z) so do all the other cusps, cf. Exercise 2.4.4(c). The number of cusps follows from the degree of the map
and the number of cusps of SL2 (Z)\H∗ . For p > 2 the answer is g =
1 + (p2 − 1)(p − 6)/24.
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∞

3.2.2. Let A = 240 n=1 σ3 (n)q n and B = −504 n=1 σ5 (n)q n . Cite Exercise 1.1.5 to show that (60E4 (τ ))3 = (64π 12 /27)(1 + A)3 and Δ(τ ) =
(64π 12 /27)((1 + A)3 − (1 + B)2 ). Consequently j(τ ) = 1728(1 + A)3 /(3A +
3A2 +A3 −2B −B 2 ). The numerator lies in 1728(1+qZ[[q]]), where the double
brackets denote power series. In the denominator 3A2 and A3 and B 2 lie in
1728q 2 Z[[q]], and since d3 ≡ d5 (mod 12) for all integers d, also 3A − 2B lies
in 1728q(1 + qZ[[q]]).
3.2.3. We may assume Γ = SL2 (Z). For weight-2 SL2 (Z)-invariance use
the chain rule relation (j ◦ γ) (τ ) = j  (γ(τ ))γ  (τ ). Also remember to check
meromorphy at ∞. Show that (j  )k/2 ∈ Ak (SL2 (Z)) for positive even k.
3.2.5. The group is the matrices ± [ 10 h1 ] such that ±α [ 10 h1 ] α−1 ∈ Γ1 (4).
3.5.3. For the last part show that for all k ∈ Z, multiplying by the cusp
form Δ deﬁnes an isomorphism Mk (SL2 (Z)) −→ Sk+12 (SL2 (Z)).
3.5.5. Recall Exercise 3.5.4(b) with N = 11.
3.7.1. (a) Suppose γ ∈ SL2 (Z) has order 4 or 6 and ﬁxes the point τ ∈ H,
−1
ﬁxes α(τ ), so α ﬁxes
and suppose γ −1 = αγα−1 with α ∈ GL+
2 (Q). Then γ
τ since α takes H to H and the other ﬁxed point of γ −1 is τ̄ . Thus α ∈ γ
and γ −1 = γ, contradiction. For (c), recall Proposition 2.3.3.
3.7.4. The bottom entry of u γ l = (aI + cγ) [ xy ] works out to ccγ x + (a +
cdγ )y. Use information about cγ and dγ to show that this is 0 (mod N ).
3.7.5. (b) For period 2, the ring A = Z[i] is a principal ideal domain and its
maximal ideals are
• for each prime p ≡ 1 (mod 4), two ideals Jp = a + bi and J p = a − bi
e
such that p = Jp J p and the quotients A/Jpe and A/J p are isomorphic to
Z/pe Z for all e ∈ N,
• for each prime p ≡ −1 (mod 4), the ideal Jp = p such that the quotient
A/Jpe is isomorphic to (Z/pe Z)2 for all e ∈ N,
• for p = 2, the ideal J2 = 1 + i such that 2 = J22 and the quotient
A/J2e is isomorphic to (Z/2e/2 Z)2 for even e ∈ N and is isomorphic to
Z/2(e+1)/2 Z ⊕ Z/2(e−1)/2 Z for odd e ∈ N.
3.7.6. (a) This is another elementary number theory problem. Use the Chinese Remainder Theorem to reduce to prime power N , and then see what
happens when you try to lift solutions modulo primes p to solutions modulo
powers pe .
3.8.1. (a) The numerator and denominator linearly combine back to a and
c under γ −1 .
3.8.2. (b) Since the summand (N/d)φ(d)φ(N/d) is multiplicative in d, the
sum is multiplicative in N , so it suﬃces to take N = pe .
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3.8.7. Since Γ (4) is normal in SL2 (Z), and since the cusp ∞ is regular, all
cusps are regular. See Exercise 5 of Section 3.2 for the argument that s = 1/2
is an irregular cusp of Γ1 (4). Checking the cusp s = 0 is similar.
3.9.1. Since the calculations involve only one value of N such that −I belongs
to the groups, only one irregular cusp, and only one nonzero value of ε2 , the
formulas for even k and odd k usually agree.

Chapter 4
4.2.4. (b) Since v is a point of order N , gcd(gcd(cv , dv ), N ) = 1.
4.3.1. If χ is nontrivial then replace n by n0 n in the sum for some value n0
such that χ(n0 ) = 0. The second relation is proved similarly since if n = 1 in
(Z/N Z)∗ then the proof of duality shows that χ(n) = 1 for some character χ.
4.3.4. (a) This is a standard result from representation theory. Alternatively,
for each d ∈ (Z/N Z)∗ deﬁne the operator d on Mk (Γ1 (N )) to be d =
[ ac δb ]k for any ac δb ∈ Γ0 (N ) with δ ≡ d (mod N ). Chapter 5 will show
that this operator is well deﬁned and multiplicative. For each character χ :
(Z/N Z)∗ −→ C∗ , deﬁne the operator
πχ =

1
φ(N )



χ(d)−1 d

d∈(Z/N Z)∗

on Mk (Γ1 (N )). Show that πχ2 = πχ , so πχ is a projection; show that
that πχ = 1 on Mk (N, χ), so the proπχ (Mk (Γ1 (N ))) ⊂ Mk (N, χ) and 
jection is on Mk (N, χ). Show that χ πχ = 1 and that πχ ◦ πχ = 0 when
χ = χ , so the subspaces Mk (N, χ) span and are linearly disjoint.
4.4.1. For (b), change variables to get a Gaussian integral. For (c), integrate
by parts.
4.4.2. Compute that
k

(−2πi)k
2 2 π k (−1)k/2
=
2Γ (k)
(1 · 3 · · · (k − 1))(1 · 2 · · · ( k2 − 1))
8
7 8
7
k−1
1−k
π − 2 Γ 1−k
π 2 Γ 12
2
=
.
=
8
8
7
7
k
k
−k
2Γ
(− 12 )(− 32 ) · · · 1−k
π − 2 Γ k2
2 π
2
4.4.5. For (c), Exercise 4.4.4 and the fact that ζ(s) has a simple pole at
s = 1 with residue 1 show that L(1N , s) ∼ φ(N )/(N (s − 1)) as s → 1. And
(1 + (−1)−s )/(s − 1) = (e−πis − e−πi )/(s − 1) is a diﬀerence quotient for the
derivative of e−πis at s = 1. For (d), compute that
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χ(n−1 )L(1, χ) =

χ=1N


χ=1N

=

N
−1


χ(n−1 )

χ(m)

m=1
(m,N )=1

∞

d=0
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1
m + dN


1
1 
χ(mn−1 (N )).
N
m/N
+
d
m
χ=1N

d

The inner sum is φ(N ) − 1 if m ≡ n (mod N ) and −1 otherwise. The middle
sum is taken over φ(N ) values of m, so now


−1

χ(n

χ=1N

∞
1 
)L(1, χ) =
N
d=0



N
−1

m=1
(m,N )=1

1
1
−
n/N + d m/N + d


,

where in this calculation the equivalence class n (mod N ) and its representative in {1, . . . , N − 1} are identiﬁed. Replacing n by −n and its representative
by N − n gives
−



χ((−n)−1 )L(1, χ) =

χ=1N

∞
1 
N
d=0

Thus the sum



N
−1

m=1
(m,N )=1

1
1
+
n/N − d − 1 m/N + d


.


1
(χ(n−1 ) − χ((−n)−1 ))L(1, χ) in ζ n (1) is
φ(N )
χ=1N


∞ 
1
1 
1
+
.
N
n/N + d n/N − d − 1
d=0

This is

∞ 
1
1
1
1
1 
+
+
−
N
n/N + d + 1 n/N − d − 1 n/N + d n/N + d + 1
d=0
I∞ 
J

7 πn 8
1
1
1 
1
1
.
+
cot
=
+
=
N
n/N + d + 1 n/N − d − 1
n/N
N
N
d=0

4.4.6. Use the expression for Γ in the exercise and switch to polar coordinates
to get


∞

Γ (a)Γ (b) = 4
r=0

2

e−r r2(a+b−1) r dr



π/2

cos2a−1 θ sin2b−1 θ dθ.
θ=0

Let x = cos2 θ.
4.5.3. (c) For each character ψ modulo d where d | N , Lemma 4.3.2 shows
that half of the characters ϕ modulo N/d combine with ψ to meet the parity
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condition unless N/d = 1 or N/d = 2. For the exceptional values d = N and
d = N/2 (if N is even), for each character ϕ modulo N/d, Lemma 4.3.2 shows
that half of the characters ψ modulo d combine with
 ϕ to meet the parity
condition unless d = 1 or d = 2. Thus |BN,k | = (1/2) φ(d)φ(N/d) for N  4,
as required by formula (4.3). For the exceptional cases, count that |BN,k | for
even k is 1 when N = 1, 2 when N = 2, and 3 when N = 4, and that |BN,k |
for odd k is 0 when N = 1 or N = 2, and 2 when N = 4. Again these match
formula (4.3).
4.6.4. To show that θ(τ, 4) and E211 ,11 ,4 (τ ) are proportional, it suﬃces to
show that in both cases the ﬁrst Fourier coeﬃcient is 8 times the
 zeroth.
The diﬀerence E211 ,11 ,4 (τ ) − 3E211 ,11 ,2 (τ ) leads to the expression m|n m −
4m

3 m|n m, and this is −2σ1 (n) for odd n and is 0 for even n.
2m

4.7.3. Cite the Monotone Convergence Theorem from real analysis, the fact
that absolute integrability implies integrability, and the Dominated Convergence Theorem from real analysis.
4.7.5. (c) Let z = εeiθ and bound the absolute value of the integral by a
quantity of the order |εs−1 |.
4.8.2. This is very similar to Exercise 1.4.1, but integrate ZΛ over t + ∂P
instead.
4.8.7. For (b) See Figure 3.4 and Theorem 3.6.1. For (c), M1 (Γ1 (4)) =
C E1χ,1,1 where χ is the nontrivial character of (Z/4Z)∗ . A basis of M3 (Γ1 (4))
is {E3χ,1,1 , E31,χ,1 }. A basis of M4 (Γ1 (4)) is {E41,1,1 , E41,1,2 , E41,1,4 }. Here all
three basis elements contribute to θ(τ, 8).
4.9.1. fˆ(x) is uniformly approximated within ε by an integral over a compact
subset K of Rl . In the integral fˆ(x + δx) − fˆ(x), note that e−2πi y,x+δx −
e−2πi y,x = e−2πi y,x (e−2πi y,δx − 1), and if δx is small enough then the
quantity in parentheses is uniformly small as y runs through K.

2
2
4.9.3. (b) The square of the integral is x,y e−π(x +y ) dx dy. Change to
polar coordinates.
∞
4.9.4. The Fourier transform is fˆ(x) = y=0 y s−1 e2πiy(τ −x) dy. Replace y
by z/(−2πi(τ − x)), going from 0 to ∞ along a ray in the right half plane.
The resulting integral equals a gamma function integral by complex contour
integration.
4.9.5. (b) Γ (s) is the Mellin transform of e−t . Use part (a).
4.10.2. Compute that
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f (yγr)e−2πi y,x dy =
f (y)e−2πi
y∈R2
y∈R2

−T
= r−2
f (y)e−2πi y,xγ /r dy.

yγ −1 /r,x

421

d(yγ −1 /r)

y∈R2
x,e S

4.10.3. For nonzero x ∈ G, note that μN j
= 1 for j = 1 or j =

x,vS
=
2 where the ej are the standard basis vectors, and that
v μN

x,e S
x,vS
μ
,
so
the
sum
is
0.
μN j
v N


4.10.5. (a) For the ﬁrst part, show that u a(u)b(u) =
v â(−v)b̂(v) in
general. For the second part, replace b by b̂.
4.10.6. (b) For k < 0, since fk (x) = f −k (x) and in general ϕ̂(x) = ϕ̂(−x)
(show this), it follows from fˆ−k = (−i)−k f−k that fˆk = (−i)k fk as before.
Similarly since f−k (xS) = (−i)−k f−k (x), also fk (xS) = (−i)k fk (x) as before.
Note that hk (xt1/2 ) = hk (x)t|k|/2 , that |nγ|−|k|−2s = y −k/2+s /|cτ + d|−k+2s ,
and that hk (nγ) = h−k (nγ) = y k/2 /(cτ + d)k .
4.10.8. For (a), recall formula (4.11). For (c), show that g(ψ)g(ψ̄) = ψ(−1)u
similarly to the calculation after (4.11) and recall that (ψϕ)(−1) = (−1)k .

Chapter 5
5.1.2. Take integers N1 , N2 such that Γ (Ni ) ⊂ Gi for i = 1, 2, and let
N3 = lcm(N1 , N2 ); use the fact that each [Gi : Γ (N3 )] is ﬁnite.
5.1.3. Suppose that β and β  represent the same orbit in Γ1 \Γ1 αΓ2 , i.e.,
Γ1 β = Γ1 β  . Letting β = γ1 αγ2 and β  = γ1 αγ2 translates this condition into
αγ2 ∈ Γ1 αγ2 . Since f is weight-k invariant under Γ1 , it quickly follows that
f [β]k = f [β  ]k .
5.1.4. Set h = lcm({hj }) where each gj has period hj .
5.2.5. (c) If uv = N then t = 1 and part (b) holds for all p. Suppose p  N ; if
t | n then use part (b), if t  n but t | np then p | t | N , contradiction and hence
this case can’t arise, and if t  np then there is nothing to check. For n = 0
there is nothing to check unless ψ = 11 . For (d), an (E) = σ1 (n)−tσ1 (n/t) and
an (Tp E) = σ1 (np) − 1N (p)pσ1 (n/p) − t(σ1 (np/t) − 1N (p)pσ1 (n/(tp))) when
n ≥ 1. If p  N then use parts (b) and (c). If p | N then the assumption is
t = p, N = pf . Verify the result for p  n and for p | n. Also verify the result
for n = 0.
5.2.6. (a) For n ≥ 1, let n = pe m with p  m and then compute both an (Tp ft )
and an (right side) in each of the three cases. One can also check n = 0 or note
that the diﬀerence of the two sides is constant and therefore zero.
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5.2.8. (a) In the desired equality ((τ + j)/p)Z ⊕ Z = ((τ + j)/p)Z + τ Z ⊕ Z
one containment is obvious, and for the other note that τ = p(τ + j)/p − j.
The groups (N pτ + p)Λ[ m n ](pτ ) and Λpτ are equal by Lemma 1.3.1, and
N p

multiplying through by 1/p gives the second desired equality of groups.
5.2.9. Recall the proof of Lemma 2.3.1 and Lemma 2.3.2.
5.3.1. Checking n = p is straightforward. For e > 1 show that Mpe−1 Mp =
p−1
Mpe if p | N and Mpe−1 Mp = Mpe ∪ j=0 p0 p0 Mpe−2 10 1j if p  N , and the
result follows for n = pe . When gcd(m, n) = 1, Mmn isn’t quite Mm Mn but
since [ 10 11 ] ∈ Γ0 (N ) the diﬀerence doesn’t aﬀect the weight-k operator.
5.4.1. (a) Start by writing x = (τ + τ )/2, y = (τ − τ )/2i, and recall that in
the algebra of diﬀerential forms, dτ dτ = dτ dτ = 0 and dτ dτ = −dτ dτ .


5.4.3. If the unions SL2 (Z) = ({±I}Γ )αi , {±I}Γ = ({±I}Γ  )βj are
disjoint then so is SL2 (Z) = ({±I}Γ  )βj αi .


5.4.4. Let SL2 (Z) = j Γ βj so that also SL2 (Z) = i,j Γ  αi βj .
5.5.1. (c) Use Proposition 5.5.2 for the ﬁrst part.
5.6.3. (a) Add a parenthesized subscript to the Hecke operators to denote
level. Checking the diagram reduces to showing that for f, g ∈ Sk (Γ1 (N p−1 )),
(1) T(N p−1 ) f = T(N ) f and (2) (T(N p−1 ) g)[αp ]k = T(N ) (g[αp ]k ).
For T = d, show that if γ ∈ Γ0 (N ) has bottom right entry d then (1)
since also γ ∈ Γ0 (N p−1 ) it follows that d(N p−1 ) is d(N ) restricted to level
N p−1 ; and (2) since αp γαp−1 ∈ Γ0 (N p−1 ) has bottom right entry d as well, it
follows that d(N p−1 ) is [αp ]k · d(N ) · [αp−1 ]k (composing left to right).
For T = Tp , show that (1) Tp ,(N p−1 ) is Tp ,(N ) restricted to level N p−1 ;
and (2) if g ∈ Sk (N p−1 , χ) for some character χ : (Z/N p−1 Z)∗ −→ C∗ , then
g[αp ]k ∈ Sk (N, χ) where χ is now lifted to (Z/N Z)∗ . Use Proposition 5.2.2(b)
to show (Tp ,(N p−1 ) g)[αp ]k = Tp ,(N ) (g[αp ]k ).
 
  

(b) Going down and across takes (f, g) to j f [ 10 pj ]k + j g[ p0 10 10 pj ]k
(this relies on p | N ); at level N p−1 the ﬁrst
sum is Tp f −(pf )[αp ]k regardless
of whether p | N p−1 ; the second sum is j g[ p0 p0 10 1j ]k which is pk−1 g.
Going across and then down gives the same expression.
(e) Show that w(N ) f = (w(N p−1 ) f )[αp ]k and w(N ) (g[αp ]k ) = pk−2 w(N p−1 ) g,
and now checking the diagram is straightforward.


5.7.2. If γ2 = αγ βδ ∈ Γd then det γ2 = 1 and γ2 ≡ 10 β1 (mod N ) and
β = kN/d for some k ∈ Z. Write k = qd + b, 0 ≤ b < d, and compute


1 −bN/d
α β − αbN/d call
γ2
= γ1 .
=
0
1
γ δ − γbN/d
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Then det γ1 = 1, and β − αbN/d ≡ (1 − α)bN/d (mod N ) ≡ 0 (mod N ),
and δ − γbN/d ≡ 1 (mod N ), so γ1 ≡ I (mod N ). Thus γ1 ∈ Γ (N ) and
. For uniqueness, the coset Γ (N ) 10 bN/d
has its upper
γ2 ∈ Γ (N ) 10 bN/d
1
1
right entry (mod N ) determined by b (mod d).
5.7.4. If π is a projection then so is 1 − π. If π1 and π2 are commuting
projections then ker(π1 π2 ) = ker(π1 ) + ker(π2 ) (one containment is clear;
for the other, write x = y + z where y = π2 (x) and z = x − y and show
y ∈ ker(π1 ), z ∈ ker(π2 )). If π is a projection then x ∈ im(π) if and only if
π(x) = x (if x = π(y) then π(x) = π 2 (y) = π(y) = x), and it follows that
ker(1 − π) = im(π).
5.7.5. For example, the right side summand in Theorem 5.7.5 is
Sk (Γ 1 (N/p)) = Sk (Γ (N ))Γ

1

(N/p)/Γ (N )
e

e

e −1

= Sk (Γ (N ))

j=i

Γ 1 (pj j )/Γ (pj j )×Γ 1 (pi i

= Sk (Γ (N ))

j=i

Hj × Hi ,Ki 

= Sk (Γ (N ))

H,Ki 

e

)/Γ (pi i )

by Lemma 5.7.6

.

5.7.6. Setting V = Sk (Γ (N )) isn’t enough since the proposition requires V
to be irreducible.
5.8.3. (c) Formula (5.4) with χ = 111 describes the Tp -action on S2 (Γ0 (11)),
and the same formula with χ = 188 describes the Tp -action on S2 (Γ0 (88)).
5.8.4. By the methods early in the section, if a1 (f ) = 0 then f = 0 and if
a1 (f ) = 0 then normalizing to a1 (f ) = 1 gives Tn f = an (f )f for all n ∈ Z+ .
Let f = g + h with g old and h new. Applying Tn gives an (f )f = Tn g + Tn h,
and since Tn preserves the decomposition of Sk (Γ1 (N )) as a direct sum of old
and new subspaces necessarily Tn g = an (f )g and Tn h = an (f )h. Similarly g
and h are n-eigenforms for all n ∈ Z+ . Thus g and h are eigenforms with
Tn -eigenvalues an (f ). If h = 0 then f = g is old. If h = 0 then again by the
methods early in the section a1 (h) = 0 and Tn h = (an (h)/a1 (h))h, showing
that an (f ) = an (h)/a1 (h) and thus f = h/a1 (h) is new.
5.8.6. (a) The condition pi  N/Mi gives Tpi (fi (nτ )) =
Proposition 5.6.2, and also the condition makes Tpi fi at
Tpi fi = api (fi )fi at level Mi , so that altogether Tpi fi,n =
the last statement of the proposition, the diamond operator
at levels M and N for n coprime to N .

(Tpi fi )(nτ ) by
level N match
api (fi )fi,n . For
n is the same

5.9.1. (a) See the more general argument in Section 5.4.
5.9.2. First consider the product over a ﬁnite set of primes and the sum over
n divisible only by these primes.
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5.9.6. (b) Consider characters ψ, ψ  , ϕ, ϕ modulo N , not necessarily primitive, such that ψ(p) + ϕ(p)pk−1 = ψ  (p) + ϕ (p)pk−1 for all p  N . If ψ = ψ 
then ψ(a) = ψ  (a) for some a. By the Dirichlet theorem on primes in an
arithmetic progression there exist arbitrarily large primes p congruent to a
modulo N , but the condition 0 < pk−1 |ϕ (a) − ϕ(a)| = |ψ(a) − ψ  (a)| ≤ 2
gives a contradiction for large enough p.
5.11.2. For (a), let Tp∗ f = ãp f and compute that
ãp f, f  = Tp∗ f, f  = f, Tp f  = āp f, f .
For (b), if bp = ap for all p then Proposition 5.8.5 shows that Ekψ,ϕ /2 − f is
constant, making it the zero function, but this violates the linear disjointness
of Sk (Γ1 (N )) and Ek (Γ1 (N )). For (c), compute similarly to (a) that
ap Ekψ,ϕ , f  = Ekψ,ϕ , Tp∗ f  = Tp Ekψ,ϕ , f  = bp Ekψ,ϕ , f .
For (d), use Proposition 5.5.2(a) and then Exercise 5.4.3.

Chapter 6
6.1.3. If deg(f ) = 1 then there is no ramiﬁcation.
6.1.4. By Proposition 6.1.4 ϕ(z + Λg ) = mz + Λ for some row vector m ∈ Cg
such that mΛg ⊂ Λ, and m = 0 since ϕ surjects. Thus ker(ϕ) takes the
form V + Λg where V ⊂ Cg is a vector subspace of dimension g − 1. On the
x
other hand im(f ) contains x0 for all x ∈ X0 (N ). This includes 0J0 (N ) so
0E ∈ im(ϕ ◦ f ), and span(im(f )) = J0 (N ) by Abel’s Theorem so im(f ) can’t
be a subset of ker(ϕ). This makes ϕ ◦ f a nonconstant holomorphic map of
compact Riemann surfaces, therefore a surjection.
6.2.2. (a) The result is clear on the subset Y  of Y deﬁned later in the section.
Since normh f extends continuously to Y as a function to C it is meromorphic.
6.3.1. (a) Regardless of whether the weight-k operator in general is deﬁned
by (f [α]k )(τ ) = (det α)e j(α, τ )−k f (α(τ )) with e = k − 1 or with e = k/2,
the exponent is e = 1 for k = 2. The diagram says that g(α(τ ))d(α(τ )) =
(g[α]2 )(τ )dτ for g ∈ S2 (ΓY ), and this is easy to check for any g : H −→ C.
6.4.1. By deﬁnition of r as a resultant, r(u) = 0 if and only if there exists
some t such that q̃(t, u) = 0 and q(t) = 0, and by deﬁnition of q̃ as a resultant,
there exists some t such that q̃(t, u) = 0 if and only if there exists some s such
that p(s) = 0 and u = s + t. Thus r(u) = 0 if and only if there exist s and t
such that p(s) = 0, q(t) = 0, and u = s + t. In particular, r(α + β) = 0.
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6.4.3. If α ∈ Z ∩ Q then α = s/t with gcd(s, t) = 1 and tn p(α) = 0 for some
monic polynomial p with integer coeﬃcients. This last relation implies t | s,
so t = 1. The other containment is clear.
6.4.4. Each algebraic number α satisﬁes a polynomial xn + (c1 /d)xn−1 +
· · · + (cn /d) with c1 , . . . , cn , d ∈ Z. Consider dn α.
6.5.2. For each d ∈ (Z/N Z)∗ take two primes p and p both congruent to d
modulo N . Use formula (5.10) with r = 2 to express χ(d) in terms of ap (f ),
ap2 (f ), ap (f ), and ap 2 (f ).
6.5.3. For the ﬁrst isomorphism, if ϕ ∈ (M/JM )∧ then the map ϕ̃ :
m → ϕ(m + JM ) is an element of M ∧ [J], and if ψ ∈ M ∧ [J] then the
map ψ̃ : m + JM → ψ(m) is a well deﬁned element of (M/JM )∧ . Show
that ϕ → ϕ̃ and ψ → ψ̃ invert each other and that either of them is an Amodule homomorphism. The second isomorphism follows from the ﬁrst since
a ﬁnite-dimensional vector space is naturally isomorphic to its double dual.
In particular, if ϕ + JM ∧ ∈ M ∧ /JM ∧ then the restriction ϕ̃ = ϕ|M [J] is the
corresponding element of M [J]∧ .
6.6.5. (a) Taking ϕ ∈ J1 (N ) and omitting cosets from the notation, ((Ψf,n ◦
Tp )ϕ)(f σ ) = nϕ((Tp f σ ) ◦ n) while ((ap (f ) ◦ Ψf,n )ϕ)(f σ ) = nϕ(Tp (f σ ◦ n)).
These are the same by Section 5.6 since p  N .
(b) Stack (6.19) on (6.20), show that the outer rectangle commutes, combine this with the top square commuting and isogenies surjecting to show that
the bottom square commutes.

Chapter 7
7.1.4. (b) Substitute the relation y = λx+μ into (7.1) to get a cubic equation
4x3 − λ2 x2 + · · · = 0. Show that the roots are xP , xQ , and r as in (7.3). Also
letting s be as in (7.3), the sum P + Q = (r, s) agrees with (7.2).

7.2.3. (a) Since ϕ is a combination i fi ϕi where the fi are polynomials, use
the product rule and then the fact that ϕi (P ) = 0 for all i. (c) If D2 E(P ) = 0
then (0, 1) ∈
/ Tp (E), so Tp (E) is spanned by some (a, b) with a = 0. Thus
x−xP +m2P can serve as the dual basis under the pairing. (d) One containment
is clear. For the other, suppose s ∈ mP ∩ MP2 . Then s = r/t where r ∈ m2P
and t ∈ k[C] − mP . Since mP is maximal, 1 − tv ∈ mP for some v ∈ k[C].
But s = s(1 − tv) + rv, showing that s ∈ m2P .
7.3.2. Renotate {vP } as {v1 , . . . , vN } and use induction on N . The case
N = 1 is clear since v1⊥ is a subspace of codimension 1. For the induction step
suppose some aN −1 satisﬁes aN −1 ·vi = 0 for i = 1, . . . , N −1. If aN −1 ·vN = 0
then there is nothing to show. Otherwise take some u such that u · vN = 0
and consider vectors aN = u − kaN −1 .
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7.3.4. (a) Let F1 (x, y) = (F (x, y)−F (x, −y))/(2y) and F2 (x, y) = (F (x, y)+
F (x, −y))/2. These are both invariant under y → −y, making them functions
of x.
7.5.1. (c) First evaluate the limit termwise and then convince yourself that
doing so is justiﬁed.
−1)
7.5.3. (c) For the ﬁrst part, f0 (Γ (N )∞) = 3N (N
while (f0 ◦ γ)(Γ (N )∞)
2
is strictly smaller if γ ∈
/ Γ0 (N ). Geometrically, as Im(τ ) → +∞ so that
j → ∞, the universal elliptic curve is degenerating to the singular curve
y 2 = 4x3 − 27x − 27, whose singular point (−3/2, 0) is an isolated point of the
curve’s real points. All N -torsion points coming from complex torus points
(cτ + d)/N with c = 0 (mod N ) go to the isolated point as Im(τ ) → +∞,
but the N -torsion points coming from complex torus points d/N stay on the
other real piece. Section 8.1 will discuss singular curves such as this one. For
the second part, the formula before the display shows that jN is γ-invariant if
and only if j is γ  -invariant. Clearly γ  has rational entries and determinant 1.
/ SL2 (Z) then it identiﬁes points
If γ  ∈ SL2 (Z) then j is γ  -invariant. If γ  ∈
that are incongruent under SL2 (Z), because any τ ∈ H such that γ  (τ ) = δ(τ )
for some δ ∈ SL2 (Z) satisﬁes a quadratic equation over Q. But j takes a
diﬀerent value at each point of SL2 (Z)\H, so it is not γ  -invariant. Thus jN is
γ-invariant if and only if γ  ∈ SL2 (Z), and it follows quickly from the display
that this condition is γ ∈ Γ0 (N ).

7.5.4. First compute j for the curve y 2 = 4x3 − g2 (τ )x − g3 (τ ) obtained from
the map (℘, ℘ ). Since the curve Ej diﬀers from this curve by an admissible
change of variable it has the same invariant.
7.7.1. Since f0 = x(Qτ ) is the sum of the ﬁnite x-coordinates of Qτ , it
follows that f0σ = x(Qστ ) for σ ∈ HQ . The results obtained over C show that
the ﬁxing subgroup is the subgroup that preserves Qτ , i.e., Qστ = dQτ for
some d.
7.8.1. (b) Since (P ) = 1 and L(P ) contains k, L(P ) is no more than k. Thus
there is no function with a simple pole at P . Any set of elements with distinct
valuations at P is linearly independent, by properties of the valuation. Thus
the linear relation at the end must involve at least one of X 3 and Y 2 since
the other ﬁve elements are linearly independent. Take the coeﬃcient of X 3 to
be 1 and the coeﬃcient of Y 2 to be a. Substitute aX and aY for X and Y
and then divide by a3 .
7.8.2. (a) The group law is (σ, P )(σ  , P  ) = (σσ  , σ  (P ) + P  ). Check that
(σ, P )((σ  , P  )f ) = ((σ, P )(σ  , P  ))f .
(b) The semidirect product acts on constant functions in K as H since
translating the variable has no eﬀect. Showing that K ∩ l = k in fact shows
K ∩ k = k by the nature of the rest of the conﬁguration.
(d) Write the restriction of i as l(E)HC −→ l(E)H .
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7.8.4. ϕ ◦ ψ ◦ ϕ = ϕ ◦ [deg(ϕ)] = [deg(ϕ)] ◦ ϕ since ϕ is a homomorphism.
Since ϕ surjects it cancels on the right, giving the result.
7.8.5. Take a point Q ∈ E  and any point P ∈ E such that ϕ(P ) = Q. Then
at the level of divisors, ψ̂∗ ((Q) − (0E  )) = ([deg(ϕ)]P ) − (0E ) while since ϕ is
unramiﬁed,


(P + R) −
(R).
ϕ∗ ((Q) − (0E  )) =
R∈ker(ϕ)

R∈ker(ϕ)

These are not equal, but their diﬀerence satisﬁes the characterization of principal divisors in Theorem 7.3.3 since deg(ϕ) = | ker(ϕ)|, so their classes are
equal in Pic0 (E).
7.9.2. (a) wN : X0 (N ) −→ X0 (N ) given by Γ0 (N )τ → Γ0 (N )τ  is a holomorphic map of compact Riemann surfaces. By Section 7.3 it can be viewed
instead as a morphism over C of algebraic curves over C. Its pullback is
∗
: C(X0 (N )) −→ C(X0 (N )), a C-injection of function ﬁelds over C. By
wN
∗
: C(j(τ ), jN (τ )) −→ C(j(τ ), jN (τ )), taking j(τ ) to
Section 7.5 this is wN

j(τ ) and jN (τ ) to jN (τ  ). If j(τ  ) and jN (τ  ) are in Q(j(τ ), jN (τ )) then it
∗
: Q(j(τ ), jN (τ )) −→ Q(j(τ ), jN (τ )), a Q-injection of function
restricts to wN
∗
: Q(X0 (N )alg ) −→ Q(X0 (N )alg ) by Section 7.7, and
ﬁelds over Q. This is wN
now Theorem 7.2.6 gives wN : X0 (N )alg −→ X0 (N )alg , a morphism over Q
of algebraic curves over Q. For the last part, compute that j(τ  ) = jN (τ ) and
jN (τ  ) = j(τ ).
2
(b) A point of X0 (N )planar
is (j, x) ∈ Q such that p0 (j, x) = 0. The map
alg
is [E, C] → (j(E), x(C)) where x(C) is the sum of the x-coordinates of the
nonzero points of C. For the second part, recall Exercise 1.5.4.
7.9.3. (b) The full extensions have the same Abelian Galois group. The
upper and lower Galois extensions on the left inject into the ones on the right,
so the extension degrees must match. Now use the fact that the Galois group
is cyclic.
(e) Compute
f1 (pτ )σ = x(Qτ  ,N )σ = x(Qστ ,N ) = x(ϕ(Qτ,N p )σ ) = x(ϕσ (Qστ,N p ))
= x(±ϕ(Qτ,N p )) = f1 (pτ ),
the second-to-last step using parts (b) and (d) to show that ϕ(Qστ,N p ) =
ϕ(Qτ,N p ).
7.9.4. Consider the map [N ] : E −→ E and recall that the structure of EC [N ]
was established in Chapter 1.
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Chapter 8
8.1.1. (b) Consider the matrices
⎡

⎤
u2 0 r
⎣su2 u3 t ⎦ .
0 0 1

3
2
For (c),
√ the condition implies v√ = w . Take u = w/v. For (e), take r = −3/2,
s = i3 2/2, t = 0, and u = i3 2.

8.1.5. (a) If char(k) = 2 then we may take a1 = a3 = 0 and so P = (x, 0)
where x is a repeated root of a cubic polynomial over k. If char(k) = 2 and
−1 2
a1 = 0 then x = a−1
1 a3 and y = a1 (x + a4 ). If char(k) = 2 and a1 = 0 then
use the fact that every element of k is a square.
8.2.1. For uniqueness, the q − 1 nonzero elements of such a subﬁeld satisfy
xq−1 = 1.
8.3.1. Recall that 1728Δ = c34 − c26 .

8.3.2. (a) Since Δp = Δ/u12
p and νp (Δp ) ≤ νp (Δ) it follows that νp (up ) ≥ 0.
If νp (up ) = 0 then we may take up = 1 and rp = sp = tp = 0, so now assume
νp (up ) > 0. Since νp (ai ) ≥ 0 and νp (ai,p ) ≥ 0 the formula a1,p = (a1 + 2sp )/up
shows that νp (sp ) ≥ 0. (Note that for p = 2 this requires ν2 (u2 ) > 0.) Similarly
the formula a2,p = (a2 − sp a1 + 3rp − s2p )/u2p shows that νp (rp ) ≥ 0, and
a3,p = (a3 + rp a1 + 2tp )/u3p shows that νp (tp ) ≥ 0.
(c) For each p | Δ let rp = pep mp /np . Then νp (r − rp ) = νp (np r − pep mp )
for r ∈ Z. The congruence np r ≡ pep mp (mod p6νp (u) ) has a solution
r (mod p6νp (u) ), and thus νp (r − rp ) ≥ 6νp (u). The Chinese Remainder Theorem gives an integer r simultaneously satisfying the condition for all primes
p | Δ.

8.3.3. (b) If the ai and the ai are integral then so are the bi and the bi . The
relation b2 − b2 = 12r shows that νp (r) ≥ 0 for all primes p except possibly
2 and 3. If ν3 (r) < 0 then the relation ν3 (b6 − b6 ) ≥ 0 is impossible, and
similarly for 2 and b8 − b8 .
(c) The relation ±a1 − a1 = 2s shows that νp (s) ≥ 0 for all primes p
except possibly 2, and the relations ν2 (s) < 0 and a2 − a2 = −sa1 + 3r − s2
are incompatible. Similarly for t, using the relations between ±a3 and a3 , and
a6 and a6 .
, pe )| ≡ 0 (mod p) for
8.3.5. Show that ap (E) ≡ 0 (mod p) if and only if |E(F
, = {0E } for
, pe ) ∩ E[p]
all e ≥ 1. By Theorem 8.1.2 this holds if and only if E(F
,
all e ≥ 1, and this in turn holds if and only if E[p] = {0}.
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8.3.6. (a) The discriminant is −24 33 and c4 = 0. Recall Proposition 8.1.3.
(b) If x3 = 1 and x = 1 then x2 + x + 1 = 0, impossible in Fp when
p ≡ 2 (mod 3) by Quadratic Reciprocity. So as x runs through Fp so does
x3 − 1, giving one point (x, y) on the curve for each y ∈ Fp . Remember 0E as
well.
(c) For the ﬁrst displayed equality, remember 0E . For the last part, remember that f is cubic.
(e) The reduction is ordinary for p ≡ 1 (mod 4), supersingular for p ≡
3 (mod 4).
8.4.1. (b) For the ﬁrst part, β = α̃ for some α ∈ Z, this α satisﬁes some
monic polynomial f ∈ Z[x], and so β satisﬁes the monic polynomial g = f˜ ∈
(Z/pZ)[x] obtained by reducing the coeﬃcients of f modulo p,
g(β) = f˜(α̃) = f
(α) = 0F
Z = 0Z/p .
For the second part, since f (x) =

(x − α̃i ) in (Z/p)[x].



(x − αi ) in Z[x] it follows that g(x) =

8.4.3. Since we don’t have a valuation on Q, one method is to work in the
number ﬁeld K generated by the Weierstrass coeﬃcients and the change of
variable parameters, arguing as in the proof of Lemma 8.4.1 that this ﬁeld has
a valuation and then continuing as in Exercise 8.3.3(b,c). Another method is
∗
to use the lemma itself as follows. The conditions u ∈ Z(p) and u2 b2 −b2 = 12r
/ Z(p) then 1/r ∈ pZ(p) by
show that r ∈ Z(p) unless p lies over 2 or 3. If r ∈
∗
the lemma and the union Z(p) = Z(p) ∪ pZ(p) . If p lies over 3 then the relation
u6 b6 − b6 = (2b4 /r2 + b2 /r + 4)r3
gives a contradiction since the left side lies in Z(p) and the ﬁrst factor on the
∗
right side lies in Z(p) , but r3 ∈
/ Z(p) . If p lies over 2 then use the relation
u8 b8 − b8 = (3b6 /r3 + 3b4 /r2 + b2 /r + 3)r4 .
So r ∈ Z(p) . Argue similarly for s and t.
8.4.4. (c) Recall Exercise 8.3.6(e).
8.5.1. I = {pϕi }, p(pφ − 1), {(pφ − 1)ψj }.
8.5.2. (c) Part (b) applies with i = 0.
8.5.4. I(0) = x1 + px22  works.
8.5.6. (c) If yz ∈ J and y ∈
/ J then z ∈ AnnS (xy), so J, z ⊂ AnnS (xy),
contradicting maximality unless z ∈ J.
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8.5.7. (a) Let C be the curve and Ci the nonempty aﬃne piece. Then P ∈
C − Ci if and only if (xi /xj )(P ) = 0 for some j = i, but each xi /xj (where
xj is not identically 0 on C) has a ﬁnite set of zeros.
(b) This is immediate from (a) since the projective curve is inﬁnite.

8.6.1. Taking [Ej , Q] across and then down gives (j, x(Q)) and then (j̃, x(Q)).
, and then (j(E
,j ), x(Q)).
, These
,j , Q]
Taking it down and then across gives [E
are the same.
8.7.1. Let E  = E/C and Q = Q + C. Let ϕ : E −→ E  be the quotient
isogeny, so that Q = ϕ(Q). Properties of degree and the calculation ker(ϕ̃) ⊂
, = {0} combine to show that ϕ̃ = i ◦ σp where i : E
, σp −→ E
F
ker([p]E ) = E[p]
σ
, p to Q
F . The ﬁrst equality follows. The second
is an isomorphism taking Q
is shown similarly using the dual isogeny ψ, citing Proposition 8.4.4(b), and
applying σp−1 to the coeﬃcients of the resulting isomorphism i in this case.
,j , Q]
8.7.2. (a) For the ﬁrst diagram, going across and then down takes [E
σ
σ
p
p
σ
σ
, ), x(Q p )), while going down and then
, , Q p ] and then to (j(E
to [E
j
j
across takes it to (j, x(Q)) and then to (j σp , x(Q)σp ). For the second dia−1
, σp , Qσp−1 ] and then to
,j , Q] to p[E
gram, going across and then down takes [E
j

−1

, σp ), x(Qσp−1 )), while going down and then across takes it to (j, x(Q))
p(j(E
j
−1

−1

and then to p(j σp , x(Q)σp ), cf. (8.15). In both cases the results are the same.
,1 (N )planar to X
,1 (N ) as
(b) There is a birational equivalence h from X
described in Theorem 8.6.1. Consider the diagram
,1 (N )planar )
Div0 (X

σp,∗

h∗


,1 (N ))
Div0 (X

,1 (N )planar )
/ Div0 (X
h∗

σp,∗


,1 (N ))
/ Div0 (X

and recall formula (8.17). The map across the bottom row descends to Picard
groups. The other diagram is similar by formula (8.19).
(c) Set up a cube diagram as in the section, but with d and d∗ across
F and d
F across the bottom rows.
the top rows and with the reductions d
∗
Thus the bottom square is diagram (8.39). Explain why all the other squares
of the cube commute and why the map from the top front left to the bottom
front left surjects. Complete the argument.
(d) Combine the second diagram from part (b) with diagram (8.39) to get
a commutative diagram
Div0 (S,1 (N ) )

,1 (N ))
Pic0 (X

pσp−1

σp∗

/ Div0 (S,1 (N ) )

,1 (N ))
/ Pic0 (X

d

d∗

/ Div0 (S,1 (N ) )

,1 (N )).
/ Pic0 (X
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Along with the ﬁrst diagram from part (b) this gives (8.34).
8.8.1. (a) Pic0 (X0 (N )C ) is generated by the image of X0 (N )C , and the third
stage of βC is an isomorphism.

Chapter 9
9.1.1. The extension Q(d1/3 )/Q is not Galois but the extensions F/Q(d1/3 ),
F/Q(μ3 ), and Q(μ3 )/Q are. Recall from Exercise 8.3.6(b) that if p ≡ 2 (mod 3)
then every a is a cube modulo p.

9.2.1. (b) A basis of the product topology is the subsets S = n Sn where
Sn = Z/n Z for all but ﬁnitely many n. Each Cn is the subgroup of compatible
elements, naturally isomorphic to Z/n Z.
9.2.2. Any nonidentity m ∈ GLd (C) that is close enough to I takes the form
m = exp(a) where a ∈ Md (C) is nonzero, and mn = exp(na) for all n ∈ Z.


9.2.3. (a) Since λ lies over it follows that λneλ ∩ Z = n Z for some n .
The condition m ∈ λneλ is λ λmeλ ⊂ λneλ , and the unique factorization of
ideals in OK shows that this holds if and only if m ≥ n. Thus n = n. So the
map Z −→ OK /λneλ has kernel n Z, making Z/n Z −→ OK /λneλ an injection
for all n and λ. This gives an injection Z −→ OK,λ for all λ.
(b) The injection surjects if |OK /λneλ | = n for all n, i.e., |OK /λ|eλ = ,
i.e., eλ fλ = 1.
9.3.1. Let U be any open normal subgroup. Then U (F) ⊂ U for some Galois
number ﬁeld F, giving a surjection Gal(F/Q) = GQ /U (F) −→ GQ /U . This
shows that GQ /U = Gal(F /Q) for some F ⊂ F, and so U = U (F ).
9.3.2. Consider any neighborhood U = Uσ (F) in GQ . We want to ﬁnd some
Frobp ∈ U . This holds if Frobp |F = σ|F . But σ|F takes the form FrobpF for
some maximal ideal of OF by Theorem 9.1.2. Lift pF to a maximal ideal p
of Z.
9.3.4. Take a neighborhood V of I in GLd (C) containing no nontrivial subgroup, cf. Exercise 9.2.2. Let U = ρ−1 (V ). As a neighborhood of 1 in GQ , U
contains U (F) for some Galois number ﬁeld F. So ρ is deﬁned on Gal(F/Q).
9.3.5. Let M = lcm(N, N  ), so ρ|Q(μM ) can be viewed via the isomorphism (9.1) as a character χ of (Z/M Z)∗ that factors through (Z/N Z)∗
and (Z/N  Z)∗ . Since χ(n mod M ) is trivial if n ≡ 1 (mod N ) and if
n ≡ 1 (mod N  ) it follows that χ is deﬁned modulo gcd(N, N  ).
9.3.7. (a) Ld is a d-dimensional topological vector space over L. The groups
GLd (L) and Aut(Ld ) are naturally identiﬁed. Since ρ is continuous so is its
composition with vector-by-matrix multiplication,
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Ld × GQ −→ Ld ,

(v, σ) → vρ(σ).

Thus ρ makes Ld a GQ -module satisfying the continuity condition of Definition 9.3.4. On the other hand, any choice of ordered basis of V identiﬁes Aut(V ) with GLd (L), and then the map GQ −→ Aut(V ) gives a map
ρ : GQ −→ GLd (L). Speciﬁcally, the matrix entries are
ρ(σ)ij = xj (ei σ) where
the ordered basis is (e1 , . . . , ed ) and xi : V −→ L is ι aι eι → ai . Each ρij is
a continuous function, making ρ a Galois representation as in Deﬁnition 9.3.2.
(b) Equivalent representations ρ and ρ as in Deﬁnition 9.3.2 determine
GQ -linear isomorphic GQ -module structures of Ld , and if V and V  are equivalent as in Deﬁnition 9.3.4 then any choice of ordered bases B and B  determines equivalent representations as in Deﬁnition 9.3.2. Also, going from ρ
to Ld and then choosing a basis B gives a representation ρ equivalent to ρ,
while on the other hand starting with V and then choosing a basis to deﬁne ρ
gives Ld a GQ -module structure equivalent to V .
9.4.3. The isogeny E −→ E  induces a map V (E) −→ V (E  ). The map
is an isomorphism since the dual isogeny induces a similar map in the other
direction and the composite is multiplication by the degree of the isogeny, an
automorphism because Q has characteristic 0.
9.4.4. (c) Since -torsion contains an -cyclic subgroup of points with rational
coordinates, ρE, ∼ 10 χ0 where χ : GQ −→ F2 is the mod 2 reduction of
the cyclotomic character. Alternatively, the -cyclic subgroup of points with
,  )|, i.e., ap (E) ≡ p + 1 (mod ).
rational coordinates implies that  | |E(F
9.5.1. This follows from Lemma 9.5.2.
9.5.2. (a) Each Kf,λ acts on Vλ (f ) via i−1 . The dimension is 2 because
2 ∼
2
∼
Vλ (f ) = eλ V
 (Af ) = eλ (Kf ⊗Q Q ) = Kf,λ . Apply
 each eλ to any linear
dependence λ eλ vλ = 0 to show that the sum λ Vλ (f ) is direct. The
relation v = λ eλ v for any v ∈ V (Af ) shows that the sum spans V (Af ).
The GQ -action restricts to Vλ (f ) because it commutes with eλ .
(b) The ﬁrst part is explained at the end of Section 9.2. For the second
part, ρAf , is continuous, making V (Af ) × GQ −→ V (Af ) continuous, and
Vλ (f ) is a Q -vector subspace of V (Af ).
9.6.1. (a) Since conj has order 2 the only possible eigenvalues are ±1. Recall
that det ρ(conj) = −1.
(b) Irreducibility immediately gives σ with b = 0 and σ  with c = 0. If
neither σ nor σ  works then σσ  does. For the last part, conjugate by a matrix
0
of the form [ m
0 1 ].
9.6.4. (a) To verify that the map is an embedding check the orders of the
elements by using characteristic polynomials to compute eigenvalues. This
also shows that the two elements of GL2 (F3 ) generate a subgroup H of order
divisible by 24. Since A4 is the only order 12 subgroup of S4 , SL2 (F3 ) is
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the only order 24 subgroup of GL2 (F3 ), but the second generator of H has
determinant −1.
(b) The ﬁrst statement follows from the end of part (a). Working modulo λ,
compute for p  3Mf NE that
ap (f ) ≡ tr ρf,λ (Frobp ) = tr ρE,3 (Frobp ) ≡ ap (E).
∗
Since ψ = det ρf,λ is a lift of det ρE,3 = χ3 (mod 3) from F3∗ to OK
it suﬃces to
consider the latter character, det ρE,3 = χ3 (mod 3). This surjects, making ψ
quadratic, and since as a Galois representation it is deﬁned on Gal(Q(μ3 )/Q),
as a Dirichlet character ψ has conductor 3.
(c) Use results in Chapter 4 to evaluate the leading coeﬃcient of the Eisenstein series.
(d) Since ψ(p) ≡ p (mod λ) the operators Tp on S1 (Mf , ψ) and Tp
on S2 (Γ0 (Mf )) are congruent modulo λ. This observation and part (c) show
that Tp g ≡ Tp f = ap (f )f (mod λ). On the one hand the right side is congruent modulo λ to ap (E)g for all but ﬁnitely many p by parts (b) and (c), giving
the ﬁrst statement. On the other hand the right is also congruent modulo λ
to ap (g)g = a1 (Tp g)g for all p by part (c). The second statement follows.
(e) For all but ﬁnitely many primes φ(Tp ) ≡ ap (E) (mod λ), and so Tp −
ap (E) ∈ ker φ = m, implying φ (Tp ) − ap (E) ∈ φ (m) ⊂ λ .
(h) The argument in Exercise 9.6.1 applies over any ﬁeld whose characteristic is not 2. Let L be a ﬁnite Galois extension of Q containing Kg and Kg .
Use Strong Multiplicity One to show that if σ ∈ Gal(L/Q) then (g  )σ is the
newform associated to (g  )σ ; in particular if σ ﬁxes Kg then it ﬁxes Kg .
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Q (ﬁeld of algebraic numbers, algebraic
closure of Q), 234
ρAf , (Galois representation associated
to Af ), 400
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ρχ (Galois representation associated
to χ), 385
ρE, (Galois representation associated
to E), 391
ρf,λ (Galois representation associated
to f ), 401
ρX1 (N ), (Galois representation
associated to X1 (N )), 397
ρE, (mod  representation associated
to E), 394
ρf,λ (mod  representation associated
to f ), 407
S0 (N ) (moduli space for Γ0 (N )), 37
S1 (N ) (algebraic moduli space), 313
S1 (N ) (moduli space for Γ1 (N )), 38
S1 (N )gd (moduli space points in
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and j = 0, 1728), 351
S1 (N )alg (algebraic moduli space
for Γ1 (N )), 305
S1 (N )alg,C (complex algebraic moduli
space for Γ1 (N )), 305
S(Γ ) (cusp forms of all weights with
respect to Γ ), 17
Sk (Γ ) (cusp forms of weight k with
respect to Γ ), 17
Sk (Γ1 (N ))+ , Sk (Γ1 (N ))− (eigenspaces
of WN ), 209
Sk (Γ1 (N ))new (newforms at level N ),
189
Sk (Γ1 (N ))old (oldforms at level N ), 189
Sk (n) (kth power sum up to n − 1), 134
Sk (SL2 (Z)) (cusp forms of weight k), 6
S(N ) (moduli space for Γ (N )), 38
S01 (N, p) (moduli space), 43
S(n, t) (generating function of power
sums), 134
S(SL2 (Z)) (cusp forms of all weights), 6
σk−1 (n) (arithmetic function), 5
ψ,ϕ
(n) (arithmetic function), 129
σk−1
v
σk−1
(n) (arithmetic function), 115
σΛ (z) (Weierstrass σ-function), 138
σp (Frobenius map), 321
σp∗ (reverse induced map of σp ), 325
σp,∗ (forward induced map of σp ), 325
SL2 (Z) (modular group), 1

440

List of Symbols

SO2 (R) (special orthogonal group of
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Artin’s Conjecture, 407
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-adic Tate module
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of a modular curve, 396
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ordinary, 317
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enhanced elliptic curve
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for Γ1 (N )
algebraic, 305
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equivalence of Galois representations,
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Euler product, 201
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Faltings’s Isogeny Theorem, 367, 394
Fermat’s Last Theorem, 407
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separable, 323
Fontaine–Mazur–Langlands Conjecture,
406
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ﬁnite, 150
free Q-module on the points of a
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Frobenius map
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function ﬁeld over k, 268
functional equation
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of a modular curve, 231
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associated to an elliptic curve, 391
geometric, 406
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Kronecker symbol, 373
Krull Intersection Theorem, 347
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Hecke operator d (diamond operator),
169
Hecke operator Tp , 169
four compatible notions of, 175
Hecke operators on Jacobians, 233
Hilbert Basis Theorem, 270
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homology group of a Riemann surface,
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hyperbolic measure on H, 182
Igusa’s Theorem, 352
inertia group, 375
absolute, 384
integrally closed, 236
invariant of a Weierstrass equation, 254,
314
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isogeny, 27, 247
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λ-adic numbers, 382
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surface, 84
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localization
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259
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new, 173
newform, 196
newforms at level N , 189
node of an elliptic curve, 318
Noetherian ring, 270
nonsingular, geometrically, 255
norm map of function ﬁelds, 223
normal linear operator, 184
N th division polynomials of an elliptic
curve, 258
number ﬁeld, 235
of a modular form, 238
number ring of a ﬁeld, 236
old, 173
oldforms at level N , 188
orthogonality relations, 117
modiﬁed versions, 118
p-adic valuation, 326
perfect ﬁeld, 325

perfect pairing, 247
period of an elliptic point, 49
Petersson inner product, 183
Picard group
of a Riemann surface, 218
of an algebraic curve, 274
Poisson summation formula, 9, 144
polynomial function on an algebraic
curve, 261
power sum, 134
prime subﬁeld of a ﬁeld, 316
principal congruence subgroup of
level N , 13
principal divisor, 274
proﬁnite, 381
projective line, 260
projective plane over k, 256
pullback
of function ﬁelds, 221
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269
of holomorphic diﬀerentials, 222
of meromorphic diﬀerentials, 77
ramiﬁcation degree, 373
of a map of Riemann surfaces, 65
of a morphism at a point, 273
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rational function deﬁned over a ﬁeld,
267
rational function on an algebraic curve,
261
rational integer, 235
rational map of elliptic curves, 269
reduction of a projective algebraic curve
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reduction of an aﬃne algebraic curve
over Q at p, 341
reduction of an elliptic curve over Q
bad, 327
additive, 328
multiplicative, 327
multiplicative nonsplit, 327
multiplicative split, 327
good, 327
ordinary, 327
supersingular, 327
representation number, 11
residue degree, 373
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valuation at a point, 265
variety, 297

tangent line to an algebraic curve, 263
Tchebotarov Density Theorem, 377
tensor product of a ﬁnitely generated
Abelian group and a ﬁeld, 244
theta function, 143
trace map of holomorphic diﬀerentials,
225
transcendental element over a ﬁeld, 254

weakly modular function of weight k, 2
with respect to a congruence
subgroup, 14
Weierstrass σ-function, 138
Weierstrass ℘-function, 31
Weierstrass equation
p-integral, 335
p-minimal, 336
Deuring form, 336
global minimal, 327
Legendre form, 335
nonsingular, 255, 314
over a ﬁeld of characteristic 0, 254
over an arbitrary ﬁeld, 314
Weierstrass polynomial, 255, 315
Weierstrass zeta function, 138
weight-k double coset operator
on divisor groups, 167
on modular forms, 165
weight-k operator, 14
Weil pairing, 30, 279
width of a cusp, 59

uniformizer at a point, 264
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zeta-function
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RANGE. Holomorphic Functions and
Integral Representations in Several
Complex Variables.
LEHTO. Univalent Functions and
Teichmüller Spaces.
LANG. Algebraic Number Theory.
HUSEMÖLLER. Elliptic Curves. 2nd ed.
LANG. Elliptic Functions.
KARATZAS/SHREVE. Brownian Motion and
Stochastic Calculus. 2nd ed.
KOBLITZ. A Course in Number Theory
and Cryptography. 2nd ed.
BERGER/GOSTIAUX. Differential
Geometry: Manifolds, Curves, and
Surfaces.
KELLEY/SRINIVASAN. Measure and
Integral. Vol. I.
J.-P. SERRE. Algebraic Groups and Class
Fields.
PEDERSEN. Analysis Now.
ROTMAN. An Introduction to Algebraic
Topology.
ZIEMER. Weakly Differentiable
Functions: Sobolev Spaces and Functions
of Bounded Variation.
LANG. Cyclotomic Fields I and II.
Combined 2nd ed.
REMMERT. Theory of Complex Functions.
Readings in Mathematics
EBBINGHAUS/HERMES et al. Numbers.
Readings in Mathematics

124 DUBROVIN/FOMENKO/NOVIKOV. Modern
Geometry—Methods and Applications.
Part III
125 BERENSTEIN/GAY. Complex Variables:
An Introduction.
126 BOREL. Linear Algebraic Groups. 2nd ed.
127 MASSEY. A Basic Course in Algebraic
Topology.
128 RAUCH. Partial Differential Equations.
129 FULTON/HARRIS. Representation Theory:
A First Course.
Readings in Mathematics
130 DODSON/POSTON. Tensor Geometry.
131 LAM. A First Course in Noncommutative
Rings. 2nd ed.
132 BEARDON. Iteration of Rational
Functions.
133 HARRIS. Algebraic Geometry: A First
Course.
134 ROMAN. Coding and Information Theory.
135 ROMAN. Advanced Linear Algebra.
136 ADKINS/WEINTRAUB. Algebra: An
Approach via Module Theory.
137 AXLER/BOURDON/RAMEY. Harmonic
Function Theory. 2nd ed.
138 COHEN. A Course in Computational
Algebraic Number Theory.
139 BREDON. Topology and Geometry.
140 AUBIN. Optima and Equilibria. An
Introduction to Nonlinear Analysis.
141 BECKER/WEISPFENNING/KREDEL. Gröbner
Bases. A Computational Approach to
Commutative Algebra.
142 LANG. Real and Functional Analysis.
3rd ed.
143 DOOB. Measure Theory.
144 DENNIS/FARB. Noncommutative
Algebra.
145 VICK. Homology Theory. An
Introduction to Algebraic Topology.
2nd ed.
146 BRIDGES. Computability: A
Mathematical Sketchbook.
147 ROSENBERG. Algebraic K-Theory
and Its Applications.
148 ROTMAN. An Introduction to the
Theory of Groups. 4th ed.
149 RATCLIFFE. Foundations of
Hyperbolic Manifolds.
150 EISENBUD. Commutative Algebra
with a View Toward Algebraic
Geometry.
151 SILVERMAN. Advanced Topics in
the Arithmetic of Elliptic Curves.

152 ZIEGLER. Lectures on Polytopes.
153 FULTON. Algebraic Topology: A
First Course.
154 BROWN/PEARCY. An Introduction
to Analysis.
155 KASSEL. Quantum Groups.
156 KECHRIS. Classical Descriptive Set
Theory.
157 MALLIAVIN. Integration and
Probability.
158 ROMAN. Field Theory.
159 CONWAY. Functions of One
Complex Variable II.
160 LANG. Differential and Riemannian
Manifolds.
161 BORWEIN/ERDÉLYI. Polynomials
and Polynomial Inequalities.
162 ALPERIN/BELL. Groups and
Representations.
163 DIXON/MORTIMER. Permutation
Groups.
164 NATHANSON. Additive Number Theory:
The Classical Bases.
165 NATHANSON. Additive Number Theory:
Inverse Problems and the Geometry of
Sumsets.
166 SHARPE. Differential Geometry: Cartan's
Generalization of Klein's Erlangen
Program.
167 MORANDI. Field and Galois Theory.
168 EWALD. Combinatorial Convexity and
Algebraic Geometry.
169 BHATIA. Matrix Analysis.
170 BREDON. Sheaf Theory. 2nd ed.
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182 WALTER. Ordinary Differential
Equations.

183 MEGGINSON. An Introduction to Banach
Space Theory.
184 BOLLOBAS. Modern Graph Theory.
185 COX/LITTLE/O'SHEA. Using Algebraic
Geometry. 2nd ed.
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188 GOLDBLATT. Lectures on the Hyperreals:
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