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We derive an analytical parameterization of the amplitude and Mueller scattering matrices of a system com-
posed of a small number of electric dipoles. The appeal of this derivation is that it provides a wide range of
light-scattering polarization states with a minimal number of parameters. Such a tool can be used to interpret
observations in terms of physical parameters. We aim to utilize these results in multiple-scattering studies, such
as the interpretation of polarimetric and photometric phase effects of asteroids and other atmosphereless solar-
system objects.
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1. Introduction
Two ubiquitous phenomena are observed near opposition

for asteroids and other atmosphereless solar-system objects
as well as for cometary and interplanetary dust: negative de-
gree of linear polarization and opposition effect. The phe-
nomena are confined to Sun-object-observer angles (phase
angles) of less than 30 and 10 degrees, respectively. Some-
times they appear at extremely small phase angles, less than
one degree. Negative polarization implies that the intensity
polarized parallel to the Sun-object-observer plane (scat-
tering plane) is predominating over the one perpendicular
to the plane. The opposition effect is a nonlinear surge of
brightness towards the backward scattering geometry. The
coherent-backscattering and shadowing mechanisms have
been considered as the primary causes for the phenomena.

Wide backscattering peaks and negative polarization
branches have been detected consistently in extensive
numerical simulations of light scattering by irregular
wavelength-scale particles (e.g., Lumme and Rahola, 1998;
Zubko et al., 2006a; Muinonen et al., 2007a). The phe-
nomena are present for compact irregular particles as well
as for irregular aggregates of constituent spherical or non-
spherical particles. Recently, we have succeeded in un-
covering internal-field characteristics that give rise to such
polarization and intensity signatures (Zubko et al., 2006b,
2007; Muinonen et al., 2007a; Tyynelä et al., 2007, 2008;
Muinonen and Erkkilä, 2007) and thus have introduced
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a single-scattering polarization and intensity mechanism
(Muinonen et al., 2007b). As to the light-scattering exper-
iments, by measuring the single-particle scattering charac-
teristics and those of a close-packed particulate medium of
similar single particles, it has been established that the par-
ticulate media continue to exhibit single-particle polariza-
tion characteristics but that these characteristics are neutral-
ized (e.g., Shkuratov et al., 2004).

Multiple-scattering models for planetary surfaces depend
on five groups of physical parameters. First, surface rough-
ness in length scales of several wavelengths and large num-
bers of particles causes surfacial or interfacial shadowing
effects. Second, the porosity of the particulate medium
causes volume shadowing effects—again, the length scales
are large compared to the wavelength and size of the par-
ticles. Third, particle size introduces its signature into the
scattering characteristics. Fourth, particle shape plays an
important role in determining the detailed structure of the
scattering matrix. Fifth, the complex refractive index rep-
resents the refractory optical properties of the material of
which the particles are composed.

In Section 2, we review the interference effects in scat-
tering by multiple small scatterers essential for the present
study. In Section 3, we develop scattering parameterizations
based on systems composed of a small number of electric
dipoles. We conclude the article in Section 4 describing
future prospects for the scattering parameterization devel-
oped.

2. Single-scattering Interference Characteristics
In order to illustrate single-scattering interference of rele-

vance to the present study (Muinonen et al., 2007a; Tyynelä
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Fig. 1. Illustration of the induced internal-field components and their relation to the scattered field near the backward direction in the xz-plane for
perpendicular incident polarization. See text for more details.
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Fig. 2. As in Fig. 1 for parallel incident polarization.

et al., 2007), we consider an electromagnetic plane wave
(vector amplitude E0, wavelength λ, wave number k =
2π/λ, and wave vector k0) propagating along the z-axis
and incident on a spherical scatterer located in the origin
(Figs. 1 and 2). Consider an observer in the xz-plane (scat-
tering plane) with the scattering angle θ describing the an-
gular deviation from the forward-scattering direction. Thus,
the phase angle is A = π − θ . In order to obtain the scatter-
ing characteristics for incident unpolarized light, the scatter-
ing problem needs to be solved for two perpendicular linear
polarization states of the incident field, that is, for the y-
polarized incident polarization vector perpendicular to the
scattering plane and for the x-polarized incident polariza-
tion vector parallel to the scattering plane. The final scatter-
ing characteristics follow as the average of the characteris-
tics for the two polarization states of the incident wave. To
further simplify the illustration, consider the internal fields
induced in the spherical particle on the x and y-axes only.
In reality, interference can take place at differing depths in
the direction of the z-axis and the depths do not need to be
equal among the pairs of locations shown in Figs. 1 and 2.
Assume, for the time being, that the six contributions de-
picted in Figs. 1 and 2 do not interfere with each other.

First, consider an incident electric field polarized parallel
to the y-axis corresponding to the perpendicular polariza-
tion state. On the x-axis (Fig. 1(a)), due to the symmetry
of the particle, the incident wave gives rise only to internal-
field components (E1 and E2 with subscripts refering to the
two dipoles) perpendicular to the scattering plane, that is, a
y-polarized internal field. Such an internal field gives rise
only to a y-polarized or positively polarized scattered field
in the xz-plane. Contributions to the scattered field from
two mirror locations a distance d apart on the x-axis (x > 0
and x < 0) interfere constructively in the exact backward
direction; whereas, the interference varies from construc-
tive to destructive in other directions in the xz-plane. On
the y-axis, due to the spherical symmetry, the incident y-
polarized wave gives rise to both y-polarized (Fig. 1(b))
and z-polarized internal-field components (Fig. 1(c)). The
z-components at the mirror locations of the y-axis (y > 0
and y < 0) have opposite signs but are otherwise equal. Be-
cause the phase difference equals π , the scattered field com-
ponents arising from the z-components cancel each other.
Note that, in the backward and forward directions, no con-
tribution can results from the z-polarized internal fields be-
cause there is no radiation along the line defined by the
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Fig. 3. Example analytical scattering-matrix elements using the present parameterization: w = 0.8, g1 = 0.8, g2 = −0.2, w1 = 0.5, at = 1,
al = 0.0, 0.1, . . . , 1.0, kd1 = 2π , kd2 = 3

2 π , kd3 = π , and φt − φl = 9
10 π .

electric field vector of an electric dipole scatterer. The y-
components on the two sides are equal and result in scat-
tered wave components that interfere constructively for all
scattering angles in the xz-plane.

Second, consider an incident electric field polarized par-
allel to the x-axis corresponding to the parallel polariza-
tion state. On the x-axis, due to the spherical symmetry,
the incident x-polarized wave gives rise to both x-polarized
(Fig. 2(a)) and z-polarized (Fig. 2(b)) internal-field com-
ponents. The z-components at the two mirror locations of
the x-axis (x > 0 and x < 0) have opposite signs but are
otherwise equal, thus having a phase difference of π . The
scattered-field components arising from the z-components
typically interfere non-destructively with one another, giv-
ing rise to negative polarization across the entire scattering-
angle regime except the exact backward and forward scat-
tering directions where, again, no contribution follows from
the z-components of the internal fields. On the y-axis
(Fig. 2(c)), due to the spherical symmetry, the incident wave
gives rise only to an x-polarized internal-field component.
The x-components at the two mirror locations (y > 0 and

y < 0) are equal and result in scattered wave components
that interfere constructively for all scattering angles with
zero contribution for the scattering angle of π/2.

The single-scattering mechanism is based on the hy-
pothesis that, typically, for the incident y-polarized field,
the y-polarized internal-field components on the x-axis are
stronger than those on the y-axis and, similarly for the in-
cident x-polarized field, the x-polarized internal-field com-
ponents on the y-axis are stronger than those on the x-axis.
As a net result close to backscattering, with the x-polarized
internal-field components on the y-axis predominating over
other contributions via constructive interference, the degree
of linear polarization for incident unpolarized light assumes
negative values. This is enhanced by the first destructive
interference geometry close to backscattering for the y-
polarized scattered field arising from the x-axis. For both
incident polarizations, the transverse internal-field compo-
nents give rise to constructively interfering scattered-field
components in the backward-scattering direction, resulting
in a backscattering peak in the scattered intensity.

The single-scattering mechanism differs from the
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coherent-backscattering mechanism. In coherent backscat-
tering, reciprocal waves travel through the same scatterers
in a random medium, interfering constructively in the exact
backscattering direction but not necessarily in other direc-
tions. In the single-scattering mechanism, the electric fields
on the mirror locations describe the net result of all possi-
ble interactions among the electric dipoles constituting the
scatterer. Last but not least, coherent backscattering is typ-
ically seen to occur in supermicron length scales; whereas,
the single-scattering mechanism is relevant in submicron-
to-micron length scales for visible light.

The single-scattering mechanism has been verified for
homogeneous spheres and Gaussian random particles by
Tyynelä et al. (2007, 2008).

3. Scattering Parameterization
In what follows, we develop an analytical parameteriza-

tion based on the scattering from pairs of electric dipoles.
We make use of Figs. 1 and 2 in developing the amplitude
scattering matrix elements and, in particular, fix the scat-
tering plane to be the xz-plane. We follow the geometries
in Figs. 1 and 2 and assume that the dipoles are located
either on the y-axis (scatterer 1) or on the x-axis (scat-
terer 2). Treated separately, these scatterers produce pure
scattering matrices and well-defined complex amplitude-
scattering matrices. We assess two perpendicular polariza-
tion states of the incident wave propagating in the positive
direction of the z-axis. Our present modeling relies on the
differing interference characteristics along the x-axis for the
perpendicular and parallel polarizations.

Let us start by studying scatterer 1 constituting a sys-
tem in the direction of the y-axis (Figs. 1(b), 1(c), and
2(c)). Due to destructive interference, there is no contri-
bution from the configuration in Fig. 1(c) in the scattering
plane. Thus, the configuration in Fig. 1(b) is solely respon-
sible for the contribution from the incident field perpendic-
ular to the scattering plane. The configuration in Fig. 2(c)
is solely responsible for the contribution from the incident
field parallel to the scattering plane.

The amplitude scattering matrix is of a form identical to
that of a Rayleigh particle:

S1 = 2at exp(iφt ),

S2 = 2at exp(iφt ) cos θ, (1)

S3 = S4 = 0,

where at and φt are the amplitude and phase, respectively.
Note, in particular, that there is no dependence on the dis-
tances between the dipoles.

The Mueller scattering matrix coincides with that of the
Rayleigh case and is independent of the absolute phase φt :

S11 = 2a2
t

(
1 + cos2 θ

)
,

S12 = 2a2
t

(−1 + cos2 θ
)
,

S21 = S12,

S22 = S11,

S33 = 4a2
t cos θ,

S44 = S33,

(2)

the other elements being equal to zero.
Let us continue by studying scatterer 2, constituting a

system in the direction of the x-axis (Figs. 1(a), 2(a), and
2(b)). The configuration in Fig. 1(a) is responsible solely
for the contribution from the incident field perpendicular to
the scattering plane. However, the contributions from con-
figurations in Figs. 2(a) and 2(b) interfere with each other.
For scatterer 2, we introduce the interdipole distances d1,
d2, and d3 corresponding to the configurations in Figs. 1(a),
2(a), and 2(b). Also, we assign different amplitudes and
phase factors at , φt and al , φl for the transverse (Figs. 1(a)
and 2(a)) and longitudinal (Fig. 2(b)) electric dipoles, re-
spectively.

The amplitude scattering matrix takes the following form
for scatterer 2:

S1 = 2at exp(iφt ) cos

(
1

2
kd1 sin θ

)
,

S2 = 2at exp(iφt ) cos θ cos

(
1

2
kd2 sin θ

)

+ i 2al exp(iφl) sin θ sin

(
1

2
kd3 sin θ

)
,

S3 = S4 = 0.

(3)

The Mueller scattering matrix follows from the ampli-
tude matrix and is more complicated than that for scat-
terer 1:

S11 =2a2
t cos2

(
1

2
kd1 sinθ

)
+2a2

t cos2θ cos2

(
1

2
kd2 sinθ

)

+2a2
l sin2 θ sin2

(
1

2
kd3 sin θ

)

+4at al cos θ sin θ cos

(
1

2
kd2 sin θ

)
sin

(
1

2
kd3 sin θ

)

· sin(φt − φl),

S12 =−2a2
t cos2

(
1

2
kd1 sinθ

)
+2a2

t cos2θ cos2

(
1

2
kd2 sinθ

)

+2a2
l sin2 θ sin2

(
1

2
kd3 sin θ

)

+4at al cos θ sin θ cos

(
1

2
kd2 sin θ

)
sin

(
1

2
kd3 sin θ

)

· sin(φt − φl),

S21 = S12,

S22 = S11,

S33 =4a2
t cos θ cos

(
1

2
kd1 sin θ

)
cos

(
1

2
kd2 sin θ

)

+4at al sin θ cos

(
1

2
kd1 sin θ

)
sin

(
1

2
kd3 sin θ

)

· sin (φt − φl) ,

S34 =4at al sin θ cos

(
1

2
kd1 sin θ

)
sin

(
1

2
kd3 sin θ

)

· cos(φt − φl),

S43 =−S34,

S44 = S33, (4)

the other elements being equal to zero. Scatterer 2 intro-
duces the possibility for a nonzero S34-element, a clear de-



K. MUINONEN et al.: SCATTERING MATRIX 51

viation from the pure Rayleigh behavior of scatterer 1. Note
that we have deliberately decided not to introduce different
z-coordinates for the configurations in Figs. 2(a) and 2(b).
Such a difference would introduce additional phase differ-
ences that are left for a future study.

We define the average single-scattering matrix as a
weighted sum of those for the scatterers 1 and 2, multiplied
by a function that allows us to obtain reasonable single-
scattering phase functions:

S = f (θ) [w1S1 + (1 − w1)S2] , (5)

where w1 is the normalized weight of scatterer 1, 1 − w1

is the normalized weight of scatterer 2, and S1 and S2 are
the scattering matrices of scatterers 1 and 2, respectively.
For the function f (θ), we incorporate the double Henyey-
Greenstein (2HG) phase function

f (θ) = w
1 − g2

1(
1 + g2

1 − 2g1 cos θ
) 3

2

+ (1 − w)
1 − g2

2(
1 + g2

2 − 2g2 cos θ
) 3

2

,

g = wg1 + (1 − w)g2

where g1 and g2 describe the forward and backward asym-
metries, w is the normalized weight of the first Henyey-
Greenstein function, and g is the asymmetry parameter of
the full 2HG phase function. Note that, with the present
multiplicative procedure, g is no longer the asymmetry pa-
rameter of the total scattering phase function. An alterna-
tive way to introduce the 2HG dependence is to make f (θ)

contain in its denominator the S11 element of the combined
scattering matrix of scatterers 1 and 2. The multiplication
would then leave the pure 2HG function as the total scat-
tering phase function. By choosing not to introduce the de-
nominator, we are here conserving interference structures
in the 11-element, too. For example scattering matrices, see
Fig. 3.

4. Coherent-backscattering Simulations
We carry out example coherent-backscattering simula-

tions for infinitely thick spherical random media of scat-
terers with the parameters indicated in Fig. 3 (choosing
al = 0.8) for three single-scattering albedos ω̃ = 0.3, 0.6,
and 0.9, and 28 extinction mean free paths k� = 30, 40,
. . . , 100, 120, 140, . . . , 200, 250, 300, . . . , 400, 500, 600,
. . . , 1000, 2000, 3000, . . . , 5000, and 10000 (cf., Boehn-
hardt et al., 2004; Muinonen, 2004). For ω̃ = 0.3 and 0.6,
we sampled 100000 incident rays; whereas, for ω̃ = 0.9, we
sampled 25000 rays due to extensive computational time.

Figure 4 shows the photometric and polarimetric phase
functions for the spherical media for a number of mean free
paths (k� = 100, 300, and 1000). Here ζ is the enhance-
ment factor compared to the pure radiative-transfer contri-
bution at the exact backscattering direction (e.g., Muinonen,
2004), and P = (I⊥ − I‖)/(I⊥ + I‖) is the degree of linear
polarization for unpolarized incident light (the subscripts
refering to the intensity components perpendicular and par-
allel to the scattering plane). The single-scattering charac-
teristics are seen to be neutralized and coherent backscatter-
ing gives rise to sharp photometric and polarimetric surges

Fig. 4. Example coherent-backscattering results for spherical random
media of infinite optical thickness.

close to the backscattering direction. A double-minimum
feature appears for ω̃ = 0.6 in Fig. 4(b): it is straightfor-
ward to identify the negative coherent-backscattering and
single-scattering lobes in the polarization curve. Note that,
for ω̃ = 0.9, the single-scattering lobe disappears due to the
dominating role of multiple scattering.
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5. Conclusion
We have succeeded in developing an analytical semiem-

pirical representation of amplitude and Mueller scattering
matrices to be utilized in inverse problems concerning aster-
oid photometric and polarimetric phase curves. Our first nu-
merical coherent-backscattering simulations show that the
parameterization is realistic and flexible, allowing system-
atic application to the existing asteroid phase-curve data.
Whereas we presently account for the differing interference
characteristics along the x-axis for the perpendicular and
parallel polarizations, it remains as our future goal to study
analytically more complicated systems, such as those com-
posed of four dipoles.
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