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Abstract Multinomial processing tree (MPT) models
account for observed categorical responses by assuming a
finite number of underlying cognitive processes. We pro-
pose a general method that allows for the inclusion of
response times (RTs) into any kind of MPT model to
measure the relative speed of the hypothesized processes.
The approach relies on the fundamental assumption that
observed RT distributions emerge as mixtures of latent RT
distributions that correspond to different underlying pro-
cessing paths. To avoid auxiliary assumptions about the
shape of these latent RT distributions, we account for RTs
in a distribution-free way by splitting each observed cate-
gory into several bins from fast to slow responses, separately
for each individual. Given these data, latent RT distributions
are parameterized by probability parameters for these RT
bins, and an extended MPT model is obtained. Hence, all of
the statistical results and software available for MPT mod-
els can easily be used to fit, test, and compare RT-extended
MPT models. We demonstrate the proposed method by
applying it to the two-high-threshold model of recognition
memory.
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Many substantive psychological theories assume that
observed behavior results from one or more latent cognitive
processes. Because these hypothesized processes can often
not be observed directly, measurement models are impor-
tant tools to test the assumed cognitive structure and to
obtain parameters quantifying the probabilities that certain
underlying processing stages take place or not. Multino-
mial processing tree models (MPT models; Batchelder &
Riefer, 1990) provide such a means by modeling observed,
categorical responses as originating from a finite number
of discrete, latent processing paths. MPT models have been
successfully used to explain behavior in many areas such
as memory (Batchelder & Riefer, 1986, 1990), decision
making (Erdfelder, Castela, Michalkiewicz, & Heck, 2015;
Hilbig, Erdfelder, & Pohl, 2010), reasoning (Klauer, Voss,
Schmitz, & Teige-Mocigemba, 2007), perception (Ashby,
Prinzmetal, Ivry, & Maddox, 1996), implicit attitude mea-
surement (Conrey, Sherman, Gawronski, Hugenberg, &
Groom, 2005; Nadarevic & Erdfelder, 2011), and pro-
cessing fluency (Fazio, Brashier, Payne, & Marsh, 2015;
Unkelbach & Stahl, 2009). Batchelder & Riefer (1999) and
Erdfelder et al. (2009) reviewed the literature and showed
the usefulness and broad applicability of the MPT model
class. In the present paper, we introduce a simple but gen-
eral approach to include information about response times
(RTs) into any kind of MPT model.

As a running example, we will use one of the most simple
MPT models, the two-high-threshold model of recogni-
tion memory (2HTM; Bröder & Schütz, 2009; Snodgrass
& Corwin, 1988). The 2HTM accounts for responses in a
binary recognition paradigm. In such an experiment, partic-
ipants first learn a list of items and later are prompted to
categorize old and new items as such. Hence, one obtains
frequencies of hits (correct old), misses (incorrect new),
false alarms (incorrect old), and correct rejections (correct
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Fig. 1 The two-high threshold model of recognition memory

new responses). The 2HTM, shown in Fig. 1, assumes that
hits emerge from two distinct processes: Either a memory
signal is sufficiently strong to exceed a high threshold and
the item is recognized as old, or the signal is too weak, an
uncertainty state is entered, and respondents only guess old.
The two processing stages of target detection and guessing
conditional on the absence of detection are parameterized by
the probabilities of their occurrence do and g, respectively.
Given that the two possible processing paths are disjoint,
the overall probability of an old response to an old item is
given by the sum do+(1−do)g. Similarly, correct rejections
can emerge either from lure detection with probability dn or
from guessing new conditional on nondetection with prob-
ability 1 − g. In contrast, incorrect old and new responses
always result from incorrect guessing.

The validity of the 2HTM has often been tested in experi-
ments by manipulating the base rate of learned items, which
should only affect response bias and thus the guessing
parameter g (Bröder & Schütz, 2009; Dube, Starns, Rotello,
& Ratcliff, 2012). If the memory strength remains constant,
the model predicts a linear relation between the probabili-
ties of hits and false alarms (i.e., a linear receiver-operating
characteristic, or ROC, curve; Bröder & Schütz, 2009;
Kellen, Klauer, & Bröder, 2013). The 2HTM is at the core
of many other MPT models that account for more complex
memory paradigms such as source memory (Bayen, Mur-
nane, & Erdfelder, 1996; Klauer & Wegener, 1998; Meiser
& Böder, 2002) or process dissociation (Buchner, Erdfelder,
Steffens, & Martensen, 1997; Jacoby, 1991; Steffens, Buch-
ner, Martensen, & Erdfelder, 2000). These more complex
models have a structure similar to the 2HTM because they
assume that correct responses either result from some mem-
ory processes of theoretical interest or from some kind of
guessing.

Whereas MPT models are valuable tools to disentangle
cognitive processes based on categorical data, they lack the
ability to account for response times (RTs). Hence, MPT
models cannot be used to test hypotheses about the speed
of the assumed cognitive processes, for example, whether
one underlying process is faster than another one. How-
ever, modeling RTs has a long tradition in experimental

psychology, for instance, in testing whether cognitive pro-
cesses occur serially or in parallel (Luce, 1986; Townsend
& Ashby, 1983). Given that many MPT models have been
developed for cognitive experiments that are conducted with
the help of computers under controlled conditions, record-
ing RTs in addition to categorical responses comes at a small
cost. Even more importantly, substantive theories imple-
mented as MPT models might readily provide predictions
about the relative speed of the hypothesized processes or
about the effect of experimental manipulations on process-
ing speeds. For instance, the 2HTM can be seen as a two-
stage serial process model in which guessing occurs only
after unsuccessful detection attempts (see, e.g., Dube et al.,
2012; Erdfelder, Küpper-Tetzel, & Mattern, 2011). Given
this assumption of serial processing stages, the 2HTM pre-
dicts that, for both target and lure items, responses based
on guessing are slower than responses based on detection
(Province & Rouder, 2012). This hypothesis, however, can-
not directly be tested because it concerns RT distributions
of unobservable processes instead of directly observable RT
distributions.

To our knowledge, there are mainly three general
approaches to use information about RTs in combination
with MPT models. First, Hu (2001) developed a method,
based on an approach of Link (1982), that decomposes the
mean RTs of the observed categories based on the esti-
mated parameters of an MPTmodel. This approach assumes
a strictly serial sequence of processing stages. Each tran-
sition from one latent stage to another is assigned with a
mean processing time that is assumed to be independent
of the original core parameters of the MPT model. Within
each branch, all of the traversed mean processing times
sum up to a mean observed RT. Despite its simplicity, this
approach has not been applied often in the literature. One
reason might be that the assumption of a strictly serial
sequence of processing stages is too restrictive for many
MPT models. Moreover, the method does not allow for
testing different structures on the latent processing times
because MPT parameters and mean processing speeds are
estimated separately in two steps and not jointly in a single
model.

The second approach of combining RTs with MPT mod-
els involves directly testing qualitative predictions for spe-
cific response categories (e.g., Dube et al., 2012; Erdfelder
et al., 2011; Hilbig & Pohl, 2009). For instance, Erdfelder
et al. (2011) and Dube et al. (2012) derived the predic-
tion for the 2HTM that the mean RT of guessing should
be slower than that of detection if guesses occur serially
after unsuccessful detection attempts.1 Moreover, a stronger

1Note that this order constraint on mean RTs of guessing and detec-
tion is implied by the stronger assumption of stochastic dominance
discussed below.
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response bias towards old items will result in a larger pro-
portion of slow old-guesses. Assuming that response bias
manipulations do not affect the speed of detection and the
speed of guessing itself, we would thus expect an increase of
the mean RT of hits with increasing guessing bias towards
old responses (Dube et al., 2012). Whereas such indirect,
qualitative tests may help clarify theoretical predictions,
they often rest on assumptions of unknown validity and
might require many paired comparisons for larger MPT
models.

A third approach was used by Province and Rouder
(2012) and Kellen et al. (2015). Similar to the two-step
method by Hu (2001), the standard MPT model is fitted to
the individual response frequencies to obtain parameter esti-
mates first. Next, each response and the corresponding RT is
assigned to the cognitive process from which it most likely
emerged. For example, if a participant with 2HTM parame-
ter estimates d̂o = .80 and ĝ = .50 produces a hit, then the
recruitment probability that this hit was due to detection is
estimated as .80/(.80 + .20 · .50) = .89 (cf. Fig. 1). Hence,
this response and its RT are assigned to the detection process
rather than to the guessing process for which the recruitment
probability estimate is only (.20·.50)/(.80+.20·.50) = .11.
Note that although assignments of responses to latent pro-
cesses may vary between participants with different MPT
parameter estimates, they are necessarily identical within
participants. Hence, all RTs of a participant corresponding
to a specific response type are always assigned to the same
process. Classification errors implied by this procedure are
likely to be negligible if recruitment probabilities are close
to 1 as in our example but may be substantial if the latter
are less informative (i.e., close to .50). Despite this problem,
the method provides an approximate test of how exper-
imental manipulations affect process-specific mean RTs.
For example, both Province and Rouder (2012) and Kellen
et al. (2015) found that the overall mean RTs across pro-
cesses decreased when the number of repetitions during the
learning phase increased. However, the mean RTs for the
subsets of responses that were assigned to detection and
guessing processes, respectively, were not affected by this
experimental manipulation. Instead, the faster overall mean
RTs for higher repetition rates could solely be explained
by a larger proportion of fast detection responses (i.e., an
increase of do with repetitions), or equivalently, by a smaller
proportion of slow guesses.

All of these three approaches rely on separate, two-
step analyses of categorical responses and RTs and do
not allow to account for response frequencies and RTs in
a single statistical model. Therefore, we propose a novel
method that directly includes information about RTs into
any MPT model. As explained in the following sections,
the method rests on the fundamental idea that MPT models
imply finite mixture distributions of RTs for each response

category because they assume a finite number of underly-
ing cognitive processes. Second, instead of modeling RTs
as continuous variables, each observed response category is
split into discrete bins representing fast to slow responses,
similar to a histogram. Based on these more fine-grained
categories, the relative speed of each processing branch is
represented by probability parameters for the discrete RT
bins, resulting in an RT-extended MPT model. Importantly,
the underlying, unobservable RT distributions are modeled
in a distribution-free way to avoid potentially misspecified
distributional assumptions. Third, we introduce a strategy
how to impose restrictions on the latent RT distributions in
order to ensure their identifiability. Moreover, we discuss
how to test hypotheses concerning the ordering of latent
processes. Note that the RT-extended MPT model can be fit-
ted and tested using the existing statistical tools for MPT
models. We demonstrate the approach using the 2HTM of
recognition memory.

MPT models imply mixtures of latent RT
distributions

One core property of MPT models is their explicit assump-
tion that a finite number of discrete processing sequences
determines response behavior. In other words, each branch
in an MPT model constitutes a different, independent cog-
nitive processing path. It is straightforward to assume that
each of these possible processes results in some (unknown)
distribution of RTs. Given a category that is reached only by
a single branch, the distribution of RTs for the correspond-
ing process is directly observable. In contrast, if at least two
branches lead to the same category, the observed distribu-
tion of RTs within this category will be a finite mixture
distribution (Luce, 1986; Hu, 2001; Townsend & Ashby,
1983). This means that each RT of any response category
of the MPT model originates from exactly one of the latent
RT distributions corresponding to the branches of the MPT
model, with mixture probabilities given by the core MPT
structure. Mathematically, an observed RT distribution is a
mixture of J latent RT distributions with mixture probabili-
ties αj if the observed density f (x) is a linear combination
of the latent densities fj (x),

f (x) =
J∑

j=1

αjfj (x). (1)

Because MPT models necessarily include more than a sin-
gle response category, separate mixture distributions are
assumed for the RT distributions corresponding to the dif-
ferent response categories, where the proportions αj are
defined by the branch probabilities of the core MPT model.
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Fig. 2 The six hypothesized processing paths of the 2HTM imply six separate latent RT distributions. The observed RT distributions of hits
and correct rejections are mixture distributions of the corresponding latent RT distributions. Solid and dashed densities represent old and new
responses, respectively

This basic idea is illustrated in Fig. 2 for the 2HTM,
where the six branches — and thus the six processing
sequences — are assumed to have separate latent RT dis-
tributions. We use the term latent for these distributions
because they cannot directly be observed in general. Con-
sider, for instance, the RT distribution of hits: For a single
old response to a target and the corresponding RT, it is
impossible to decide whether it resulted from target detec-
tion (first branch) or guessing old in the uncertainty state
(second branch). However, we know that a single observed
RT must stem from one of two latent RT distributions, either
from target detection with probability do or from guessing
old with probability (1−do)g. Hence, the RTs for hits follow
a two-component mixture distribution where the mixture
probabilities are proportional to these two MPT branch
probabilities.2 In contrast to RTs of hits, the observed RT
distributions of misses and false alarms are identical to
the latent RT distributions of guessing new for targets and
guessing old for lures, respectively, because only a single
branch leads to each of these two categories. Note that, later
on, some of these latent RT distributions may be restricted
to be identical for theoretical reasons or in order to obtain a
model that provides unique parameter estimates.

2Note that in order to obtain proper mixture probabilities that sum
up to one, these path probabilities have to be normalized within each
response category (e.g., for hits in the 2HTM, P(detect old | hit) =
do/(do + (1 − do)g) and P(guess old | hit) = (1 − do)g/(do + (1 −
do)g)).

Whereas this mixture structure of latent RT distributions
emerges directly as a core property of the model class, MPT
models do not specify the temporal order of latent processes,
that is, whether processes occur in parallel, in partially over-
lapping order, or in a strictly serial order (Batchelder &
Riefer, 1999). In general, both parallel and serial processes
can be represented within an MPT structure (Brown, 1998).
Whereas the assumption of a serial order of latent pro-
cessing stages might be plausible for the 2HTM (guessing
occurs after unsuccessful detection attempts; cf. Dube et al.,
2012; Erdfelder et al., 2011), other MPT models represent
latent processes without the assumption of such a simple
time course. Moreover, many MPT models can be reparam-
eterized into equivalent versions with a different order of
latent processing stages (Batchelder & Riefer, 1999), which
prohibits simple tests of the processing order. In some cases,
however, factorial designs allow for such tests using only
response frequencies (Schweickert & Chen, 2008).

To avoid auxiliary assumptions about the serial or paral-
lel nature of processing stages, our approach is more general
and does not rely on an additive decomposition of RTs into
processing times for different stages as proposed by Hu
(2001). Instead, we directly estimate the latent RT distri-
butions shown in Fig. 2 separately for each process (i.e.,
for each branch of the MPT model). Nevertheless, once
the latent RT distributions are estimated for each branch,
the results can be useful to exclude some of the possible
processing sequences. For instance, we can test the assump-
tion that detection occurs strictly before guessing by testing
whether detection-responses are stochastically faster than
guessing-responses (see below).
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Another critical assumption concerns the exact shapes of
the hypothesized latent RT distributions. These unobserv-
able distributions could, for instance, be modeled by typical,
right-skewed distributions for RTs such as ex-Gaussian, log-
normal, or shifted Wald distributions (Luce, 1986; Matzke
& Wagenmakers, 2009; Van Zandt & Ratcliff, 1995).
However, instead of testing only the core structure of an
MPT model, the validity of such a parametric model will
also rest on its distributional assumptions. Since MPT mod-
els exist for a wide range of experimental paradigms, it
is unlikely that a single parameterization of RTs will be
appropriate for all applications. Moreover, many substantive
theories might only provide predictions about the relative
speed of cognitive processes instead of specific predic-
tions about the shape of RTs. Given that most MPT models
deal with RT distributions that are not directly observable,
it is difficult to test such auxiliary parametric assump-
tions. Therefore, to avoid restrictions on the exact shape
of latent RT distributions, we propose a distribution-free
RT model.

Categorizing RTs into bins

Any continuous RT distribution can be approximated in a
distribution-free way by a histogram (Van Zandt, 2000).
Given some fixed boundaries on the RT scale, the number of
responses within each bin is counted and displayed graph-
ically. Besides displaying empirical RT distributions, dis-
crete RT bins can also be used to test hypotheses about RT
distributions without parametric assumptions. For instance,
Yantis, Meyer, and Smith (1991) used discrete bins to test
whether observed RT distributions can be described as mix-
tures of a finite number of basis distributions corresponding
to different cognitive states (e.g., being in a prepared or
unprepared cognitive state, Meyer, Yantis, Osman, & Smith,
1985). Yantis et al.’s (1991) method is tailored to situations
in which all basis distributions can directly be observed
in different experimental conditions. Using discrete RT
bins, one can then test whether RT distributions in addi-
tional conditions are mixtures of these basis distributions.
The method is mathematically tractable because the fre-
quencies across RT bins follow multinomial distributions if
identically and independently distributed RTs are assumed.
Moreover, likelihood ratio tests allow for testing the mixture
structure without the requirement of specifying parametric
assumptions.

The model has two sets of parameters, the mixture prob-
abilities αij that responses in condition i emerge from the
cognitive state j , and the probabilities Ljb that responses
of the state j fall into the b-th RT bin. Importantly, the
latency parameters Lj1, . . . , LjB model the complete RT
distribution of the j -th state without any parametric assump-
tions. Using this discrete parametrization of the basis RT

distributions, the mixture density in Eq. 1 gives the proba-
bility that responses in the i-th condition fall into the b-th
RT bin,

pib =
J∑

j=1

αijLjb. (2)

Given a sufficient amount of experimental conditions and
bins, the model can be fitted and tested within the maximum
likelihood framework.

Besides the advantage of avoiding arbitrary distributional
assumptions, Yantis et al. (1991) showed that the method
has sufficient power to detect deviations from the assumed
mixture structure given realistic sample sizes between 40
to 90 responses per condition. However, the method is
restricted to RT distributions for a single type of response,
and it also requires experimental conditions in which the
basis distributions can directly be observed. MPT models,
however, usually account for at least two different types of
responses and do not necessary allow for direct observations
of the underlying component distributions. For instance, in
the 2HTM (Fig. 2), the latent RT distributions of target and
lure detection cannot directly be observed, because hits and
false alarms also contain guesses. Moreover, MPT models
pose strong theoretical constraints on the mixture probabili-
ties αij , which are assumed to be proportional to the branch
probabilities.

We retain the benefits of Yantis et al.’s (1991) method and
overcome its limitations regarding MPT models by using
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discrete RT bins and probability parameters Ljb to model
the latent RT distributions in Fig. 2. Thereby, instead of
assuming a specific distributional shape, we estimate each
latent RT distribution directly. This simple substitution pro-
duces a new, RT-extended MPT model. To illustrate this,
Fig. 3 shows the RT-extended 2HTM for old items. In this
example, each of the original categories is split into four
bins using some fixed boundaries on the observed RTs. In
the 2HTM, this results in a total of 4 · 4 = 16 categories
for the RT-extended MPT model. Once the RTs have been
used to obtain these more fine-grained category frequen-
cies, the new MPT model can easily be fitted, tested, and
compared to other models by means of existing software
for MPT models (e.g., Moshagen, 2010; Singmann &
Kellen, 2013).

Note that the number of RT bins can be adjusted to
account for different sample sizes. Whereas experiments
with many responses per participant allow for using many
RT bins, the method can also be applied with small samples
by using only two RT bins. The latter represents a special
case in which responses are categorized as either fast or slow
based on a single RT boundary. As a result, each latent RT
distribution j is described by one latency parameter Lj , the
probability that RTs of process j are below the individual
RT boundary, which is direct measure of the relative speed
of the corresponding process.

Choosing RT boundaries for categorization

If the latent RT distributions are modeled by discrete RT
bins, the question remains how to obtain RT boundaries
to categorize responses into bins. In the following, we
discuss the benefits and limitations of three different strate-
gies. One can use (1) fixed RT boundaries, (2) collect
a calibration data set, or (3) rely on data-dependent RT
boundaries. We used the last of these strategies in the
present paper for reasons that will become clear in the
following.

Most obviously, one can use fixed RT boundaries that are
chosen independently from the observed data. For instance,
to get eight RT bins, we can use seven equally-spaced points
on a range typical for the paradigm under consideration,
for example, from 500 ms to 2,000 ms in steps of 250 ms.
Obviously, however, this strategy can easily result in many
zero-count cells if the RTs fall in a different range than
expected. This is problematic, because a minimum expected
frequency count of five per category is a necessary condition
to make use of the asymptotic χ2 test for the likelihood ratio
statistic, which is used to test the proposed mixture struc-
ture. For category counts smaller than five, the asymptotic
test may produce misleading results (Agresti, 2013). Even
more importantly, the resulting frequencies are not com-
parable across participants because of natural differences

in the speed of responding (Luce, 1986). Hence, frequen-
cies cannot simply be summed up across participants, which
further complicates the analysis.

As a remedy, it is necessary to obtain RT boundaries that
result in comparable bins across participants. If comparable
RT bins are defined for all participants on a-priori grounds,
it is in general possible to analyze the RT-extended MPT
model for the whole sample at once, either by summing
individual frequencies or by using hierarchical MPT exten-
sions (Klauer, 2010; Smith & Batchelder, 2010). Hence,
as a second strategy, one could use an independent set of
data to calibrate the RT boundaries separately for each par-
ticipant. Often, participants have to perform a learning task
similar to the task of interest. We can then use any sum-
mary statistics of the resulting RT distribution to define
the RT boundaries for the subsequent MPT analysis. For
instance, the empirical 25 %-, 50 %-, and 75 %-quantiles
ensure that the resulting four RT bins are a-priori equally
likely (for B RT bins, one would use the b/B-quantiles with
b = 1, . . . , B−1). Given that the RT boundaries are defined
for each participant following this rule, the resulting RT bins
share the same interpretation and can be analyzed jointly.
Besides minimizing zero-count frequencies, the adjusted
RT boundaries for each participant eliminate individual RT
differences in the RT-extended MPT model.

Often, a separate calibration data set might not be avail-
able or costly to obtain. In such a situation, it is possible
to use the available data twice: First, to obtain some RT
boundaries according to a principled strategy, and second,
to analyze the same, categorized data with an RT-extended
MPT model. For instance, Yantis et al. (1991) proposed to
vary the location and scale of equal-width RT intervals to
ensure a minimum of five observations per category. At first
view, however, choosing RT boundaries as a function of the
same data is statistically problematic. If the boundaries for
categorization are fixed as in our first strategy, the multino-
mial sampling theory is correct and the standard MPT anal-
ysis is valid. In contrast, if the RT boundaries are stochastic
and depend on the same data, it is not clear whether the
resulting statistical inferences are still correct. However, the
practical advantages of obtaining RT boundaries from the
same data are obviously very large. Therefore, to justify this
approach, we provide simulation studies in the Supplemen-
tary Material showing that the following strategy results in
correct statistical inferences with respect to point estimates,
standard errors, and goodness-of-fit tests.

According to the third strategy, RT boundaries are
obtained from the overall RT distribution across all response
categories as shown in Fig. 4. For each person, the distribu-
tion of RTs across all response categories is approximated
by a right-skewed distribution, for instance, a log-normal
distribution (Fig. 4a). This approximation serves as a refer-
ence distribution to choose reasonable boundaries that result
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Fig. 4 A principled strategy to obtain comparable RT bins across individuals. a Computation of quantiles from a log-normal approximation to
the RT distribution across all response categories. b Categorization of hits, misses, false alarms, and correct rejections from fast to slow

in RT bins with a precise interpretation, for example, the
b/B-quantiles (the 25 %-, 50 %-, 75 %-quantiles for four
RT bins). These individual RT boundaries are then used
to categorize responses into B subcategories from fast to
slow (Fig. 4b). By applying the same approximation strat-
egy separately for each individual, the new category system
has an identical interpretation across individuals. Moreover,
the right-skewed approximation results in a-priori approxi-
mately equally likely RT bins. Importantly, this approxima-
tion is only used to define the RT boundaries. Hence, it is
neither necessary that it fits the RT distribution, nor does
it constrain the shape of the latent RT distributions because
the latency parameters Ljb of the RT-extended MPT model
can still capture any distribution.

We decided to use a log-normal approximation because
it is easy to apply and uses less parameters than other
right-skewed distributions such as the ex-Gaussian or the
shifted Wald distribution (Van Zandt, 2000). However,
in our empirical example below, using these alternative
distributions resulted in similar RT boundaries, and hence,
in the same substantive conclusions. The detailed steps
to derive individual RT boundaries are (1) log-transform
all RTs of a person, (2) compute mean and variance of
these log-RTs, (3) get b/B-quantiles of a normal distribu-
tion with mean and variance of Step 2, (4) re-transform
these log-quantiles tb back to the standard RT scale to

get the boundaries required for categorization (i.e., RTb =
exp(tb)).3

Note that there is an alternative, completely different
approach of using RT boundaries based on the overall RT
distribution. For instance, with two RT bins, we can catego-
rize a response as fast or slow if the observed RT is below or
above the overall median RT, respectively. However, instead
of using an MPT model with latent RT distributions as
in Fig. 3, it is possible to use the standard MPT tree in
Fig. 1 twice but with separate parameters for fast and slow
responses. Hence, this approach allows for testing whether
the core parameters (do, dn, and g in case of the 2HTM)
are invariant across fast and slow responses. Since our inter-
est here is in direct estimates of the relative speed of the
hypothesized processes, we did not pursue this direction any
further.

Identifiability: constraints on the maximum number
of latent RT distributions

Up to this point, we assumed that each processing path is
associated with its own latent RT distribution. However,

3Mathematically more concise, RTb = exp
[
SDlogRT · (�−1(b/B)

+logRT)
]
, where �−1 is the inverse cumulative density function of

the standard-normal distribution.
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assuming a separate latent RT distribution for each process-
ing path will in general cause identifiability problems. For
example, Fig. 2 suggests that it is not possible to obtain
unique estimates for six latent RT distributions based on
only four observed RT distributions (for hits, misses, false
alarms, and correct rejections, respectively). Hence, it will
usually be necessary to restrict some of these latent dis-
tributions in one way or another to obtain an identifiable
model (Hu, 2001). For instance, in the 2HTM, one could
assume that any type of guessing response is equally fast,
thereby reducing the number of latent RT distributions to
three. In practice, these restrictions should of course rep-
resent predictions based on psychological theory. However,
before discussing restrictions on RTs in case of the 2HTM,
we will first present a simple strategy how to check that a
chosen set of restricted latent RT distributions can actually
be estimated.

Before using any statistical model in practice, it has to be
shown that fitting the model to data results in unique param-
eter estimates. A sufficient condition for unique parameter
estimates is the global identifiability of the model, that is,
identical category probabilities p(θ) = p(θ ′) imply identi-
cal parameter values θ = θ ′ for all θ , θ ′ in the parameter
space � (Bamber & van Santen, 2000). For larger, more
complex MPT models, it can be difficult to proof this
one-to-one mapping of parameters to category probabilities
analytically (but see Batchelder & Riefer, 1990; Meiser,
2005 for examples of analytical solutions). Therefore,
numerical methods based on simulated model identifiability
(Moshagen, 2010) or the rank of the Jacobian matrix
Schmittmann, Dolan, Raijmakers, & Batchelder, (2010) have
been developed to check the local identifiability of MPT
models, which ensures the one-to-one relation only in the
proximity of a specific set of parameters. All of these meth-
ods can readily be applied to RT-extended MPT models.

However, when checking the identifiability of an RT-
extended MPT model, the problem can be split into two
parts: (1) the identifiability of the core parameters θ from
the original MPT model and (2) the identifiability of the
additional latency parameters L of the RT-extension given
that the original MPT model is identifiable. The first issue
has a simple solution. If the original MPT model is globally
identifiable, then, by definition, the core parameters θ of
the extended MPT model are also globally identifiable. This
holds irrespective of the hypothesized structure of latent RT
distributions. This simple result emerges from the fact that
the original category frequencies are easily recovered by
summing up the frequencies across all RT bins within each
category (see Appendix A).

Given a globally identifiable original MPT model, the
identifiability of the latency parameters L in the RT-

extended model can be checked using a simple strategy.
First, all categories are listed that are reached by a sin-
gle branch. The latency parameters of the respective latent
RT distributions of these categories are directly identifiable.
Intuitively, the RTs in such a category can be interpreted
as process-pure measures of the latencies corresponding to
the processing path (similar to the basis distributions of
Yantis et al., 1991). Second, for each of the remaining cat-
egories, their associated latent RT distributions are listed.
If for one of these categories, all but one of the latent RT
distributions are identifiable (from the first step), then the
remaining latent RT distribution of this category is also
identifiable. This second step can be applied repeatedly
using the identifiability of RT distributions from previous
steps. If all of the hypothesized latent RT distributions are
rendered identifiable by this procedure, the whole model is
identifiable. Note, however, that this simple strategy might
not always provide a definite result. For instance, if one or
more latent RT distributions might not be rendered iden-
tifiable by this strategy, it is still possible that the model
is identifiable. Therefore, the successful application of this
simple strategy provides a sufficient but not a necessary
condition for the identifiability of an RT-extended MPT
model.

In case this simple strategy does not ensure the identi-
fiability of all of the latency parameters, a different, more
complex approach can be used. For this purpose, a matrix
P(θ) is defined which has as many rows as categories and
as many columns as latent RT distributions. A matrix entry
P(θ)kj is defined as the branch probability pki(θ) if the i-th
branch of category k is assumed to generate RTs according
to the j -th latent RT distribution; otherwise, it is zero (see
Appendix A for details). The extended MPT model will be
globally identifiable if and only if the rank of this matrix
P(θ) is equal to or larger than the number of latent RT
distributions. This general strategy directly implies that an
identifiable RT-extended model cannot have more latent RT
distributions than observed categories. Otherwise, the rank
of the matrix P(θ) will necessarily be smaller than the
number of latent RT distributions. For example, consider
the 2HTM as shown in Fig. 2. For this model, the matrix
P(θ) has four rows for the four types of responses and six
columns for the latent RT distributions. Hence, this model
is not identifiable. Below, we discuss theoretical constraints
to solve this issue.

Note that these results about the identifiability of the
latency parameters only hold if the core parameters are in
the interior of the parameter space, that is, θ ∈ (0, 1)S ,
where S is the number of parameters. In other words, if
one of the processing paths can never be reached because
some of the core parameters are zero or one, it will be
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Fig. 5 a The continuous RT distribution Fj stochastically dominates Fi . b In an RT-extended MPT model, the latent RT distribution of process j

is slower (i.e., RTs are larger) than that of process i

impossible to estimate the corresponding RT distribution if
it does not occur in another part of the MPT model. There-
fore, in experiments, it is important to ensure that all of the
hypothesized cognitive processes actually occur. Otherwise,
it is possible that some of the latent RT distributions are
empirically not identified (Schmittmann et al., 2010). One
solution to this issue is the analysis of the group frequencies
aggregated across participants. Summing the individual fre-
quencies of RT-extended MPT models is in general possible
because only the relative speed of processing is represented
in the data due to the individual log-normal approxima-
tion. However, despite the comparable data structure, the
assumption of participant homogeneity is questionable in
general (Smith & Batchelder, 2008) and might require the
use of hierarchical MPT models (e.g., Klauer, 2010; Smith
& Batchelder, 2010).

Testing the ordering of latent processes

There are two main types of hypotheses that are of interest
with regard to RT-extended MPT models. On the one hand,
psychological theory might predict which of the latent RT
distributions corresponding to cognitive processes are iden-
tical or different. Substantive hypotheses of interest could
be, for instance, whether RTs due to target and lure detec-
tion follow the same distribution, or whether the speed of
detection is affected by response-bias manipulations. These
hypotheses about the equality of latent RT distributions i

and j can easily be tested by comparing an RT-extended
MPT model against a restricted version with equality con-
straints on the corresponding latency parameters, that is,
Lib = Ljb for all RT bins b = 1, .., B − 1. In other words,
testing such a hypothesis is similar to the common approach
in MPT modeling to test whether an experimental manip-
ulation affects the parameters (Batchelder & Riefer, 1999;
Erdfelder et al., 2009).

On the other hand, psychological theory might pre-
dict that RTs from one cognitive process are faster than
those from another one (Heathcote, Brown, Wagenmak-
ers, & Eidels, 2010). For instance, if guesses occur strictly
after unsuccessful detection attempts in the 2HTM (Erd-
felder et al., 2011), RTs resulting from detection should be
faster than RTs resulting from guessing.4 Such a substantive
hypothesis about the ordering of cognitive processes trans-
lates into the statistical property of stochastic dominance of
RT distributions (Luce, 1986; Townsend & Ashby, 1983).
The RT distribution of process j stochastically dominates
the RT distribution of process i if their cumulative density
functions fulfill the inequality

Fj (t) ≤ Fi(t) for all t ∈ R, (3)

which is illustrated in Fig. 5a. Note that a serial interpreta-
tion of the 2HTM directly implies the stochastic dominance
of guessing RTs over detection RTs. If the RTs correspond-
ing to the cognitive processes i and j are directly observ-
able, this property can be tested using the empirical cumu-
lative density functions. Note that several nonparametric
statistical tests for stochastic dominance use a finite number
of RT bins to test Eq. 3 based on the empirical cumulative
histograms (see Heathcote et al., 2010, for details).

In RT-extended MPT models, substantive hypotheses
concern the ordering of latent RT distributions. Moreover,
the continuous RTs t are replaced by a finite number of RT
bins. However, Eq. 3 can directly be translated to an RT-
extended MPT model considering that the term

∑b
k=1 Ljk

gives the probability of responses from process j falling
into an RT bin between 1 and b. In other words, it gives the
underlying cumulative density function for RTs of process

4In terms of serial stage models (Roberts & Sternberg, 1993), we are
comparing the random variable of observed detection RTs Td against
the random variable of observed guessing RTs Tg = Td + T ′, where
T ′ is a positive random variable resembling pure guessing duration.
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j . Hence, the statistical property of stochastic dominance of
process j over process i results in the following constraint
on the latency parameters of an RT-extended MPT model:

b∑

k=1

Ljk ≤
b∑

k=1

Lik for all b = 1, . . . , B − 1. (4)

This constraint is illustrated in Fig. 5b, where process i is
faster than process j .

When using only two RT bins, this relation directly sim-
plifies to the linear order restriction Lj1 ≤ Li1 because
each latent RT distribution has a single latency param-
eter only. In MPT models, such linear order constraints
can be reparameterized using auxiliary parameters η, for
example, Lj1 = ηLi1 (Klauer & Kellen, 2015; Knapp &
Batchelder, 2004). To test this kind of restrictions, model
selection techniques that take the diminished flexibility of
order-constrained MPT models into account have become
available (e.g., Klauer & Kellen, 2015; Vandekerckhove,
Matzke, &Wagenmakers, 2015; Wu, Myung, & Batchelder,
2010). Hence, the ordering of latent processes can directly
be tested using existing software and methods as shown in
the empirical example below.

Even though the use of only two RT bins is attractive in
terms of simplicity, it will also limit the sensitivity to detect
violations of stochastic dominance. Specifically, the cumu-
lative densities might intersect at the tails of distributions.
In such a case, an analysis based on two RT bins might
still find support for stochastic dominance even with large
sample sizes (Heathcote et al., 2010). Therefore, it might
be desirable to use more than two RT bins if the sample
size is sufficiently large. However, when using more than
two RT bins, a statistical test of Eq. 4 becomes more com-
plex because the sum on both sides of the inequality allows
for trade-offs in the parameter values. Importantly, a test
of the set of simple linear order constraints Ljb ≤ Lib

for all bins b captures only a sufficient but not a neces-
sary condition for stochastic dominance. In other words,
the set of restrictions Ljb ≤ Lib can be violated even
though two latent RT distributions meet the requirement for
stochastic dominance. Note that this problem transfers to
any binary reparameterization of an extended MPT model
with more than two RT bins (see Appendix B). As a conse-
quence, standard software for MPT models that relies on a
binary representations (e.g., Moshagen, 2010; Singmann &
Kellen, 2013) can in general not be used to test stochastic
dominance of latent RT distributions using more than two
bins.

As a solution, Eq. 4 can be tested using Bayes factors
based on the encompassing prior approach (Klugkist, Laudy,
& Hoijtink, 2005), similarly as in Heathcote et al. (2010).

Essentially, this approach quantifies the evidence in favor
of a restriction by the ratio of prior and posterior probabil-
ity mass over a set of order-constraints on the parameters.
To test stochastic dominance of latent RT distribution, the
RT-extended MPT model is fitted without any order con-
straints. Next, the posterior samples are used to estimate the
prior and posterior probabilities that Eq. 4 holds. The ratio
of these two probabilities is the Bayes factor in favor of
stochastic dominance (Klugkist et al., 2005). We show how
to apply this approach in the second part of our empirical
example below.

The RT-extended two-high-threshold model

In this section, we discuss theoretical constraints on the
number of latent RT distributions for the 2HTM. Moreover,
we demonstrate how the proposed model can be applied to
test hypotheses about latent RT distributions using data on
recognition memory.

Theoretical constraints on the latent RT distributions
of the 2HTM

As discussed above, the 2HTM with six latent RT distri-
butions in Fig. 2 is not identifiable. However, assuming
complete-information loss of the latent RT distributions of
guessing, the model becomes identifiable. Here, complete-
information loss refers to the assumption that guessing,
conditional on unsuccessful detection, is independent of
item type. In other words, the guessing probability g is iden-
tical for lures and targets because no information about the
item type is available in the uncertainty state (Kellen &
Klauer, 2015). This core property of discrete-state mod-
els should also hold for RTs: Given that an item was not
recognized as a target or a lure, the RT distributions for
guessing old and new should not differ between targets
and lures. Based on a serial-processing interpretation of the
2HTM (Erdfelder et al., 2011), this actually includes two
assumptions: Not only the time required for actual guessing
but also the preceding time period from test item presenta-
tion until any detection attempts are stopped are identically
distributed for targets and lures.5 Both assumptions are rea-
sonable. They are in line with the idea that participants
do not have additional information about the item type
that might affect their motivation to detect a test item. In

5As noted by a reviewer, this assumption is mandatory for the 2HTM
when applied to yes-no recognition tasks. However, it might be dis-
pensable in other models (e.g. the one-high threshold model) or when
using other memory tasks (e.g. the two-alternative forced choice task).
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sum, complete-information loss implies that RT distribu-
tions involving guessing are indistinguishable for targets
and lures.

The assumption of complete-information loss restricts
the six latent RT distributions in Fig. 2 to only four latent RT
distributions; those of target and lure detection, and those
of guessing old and new, respectively. This restriction ren-
ders the RT-extended 2HTM identifiable given that the core
parameters do, dn, and g are identified. Identification of the
core parameters can be achieved, for example, by imposing
the equality constraint do = dn (e.g., Bayen et al., 1996;
Klauer & Wegener, 1998). To check the identifiability of
the RT-extended model, we apply the simple strategy intro-
duced above. First, we observe that misses and false alarms
both result from single branches. Hence, the corresponding
RT distributions for guessing new and old are identifiable.
Second, because RTs for hits either emerge from the iden-
tifiable distribution of guessing old or from the process of
target detection, the latter RT distribution is also identifi-
able. The same logic holds for correct rejections and lure
detection.

In sum, all of the four latent RT distributions are iden-
tifiable within a single experimental condition. Therefore,
we can estimate four separate latent RT distributions for
several experimental manipulations. Here, we want to test
whether the assumptions of complete-information loss and
fast detection hold across different memory-strength and
base-rate conditions, and whether the speed of detection is
affected by the base-rate manipulation.

Sensitivity simulations

Before applying the proposed method to actual data, we
show that the approach is sufficiently sensitive to decom-
pose observed mixture distributions. First, we estimate the
statistical power to detect a discrepancy between the latent
RT distributions of detection and guessing using only two
RT bins, and second, we show that our distribution-free
approach can recover even atypical RT distributions using
eight RT bins.

To assess the statistical power, we simulated data for a
single experimental condition with true, underlying detec-
tion probabilities of do = dn = .7 and a symmetric guessing
probability of g = .5. To generate RTs from the latent
RT distributions of detection and guessing, we used two
ex-Gaussian distributions (i.e., RTs were sampled from
the sum of a normal and an independent exponential ran-
dom variable). Both of these distributions shared the stan-
dard deviation σ = 100 ms of the normal component
and the mean ν = 300 ms of the exponential com-
ponent. Differences between the two distributions were
induced by manipulating the mean of the normal com-
ponent. Whereas the normal component for the guess-
ing RTs had a constant mean of μg = 1, 000 ms, we
manipulated this mean in the range of μd = 1, 000
ms, . . . , 700 ms in steps of 50 ms for the detection RTs.
Note that the resulting mean RT differences correspond to
effect sizes in terms of Cohen’s d between d = 0 and
d = 0.95.
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Fig. 6 a The theoretically expected mixture distributions for observed
RTs of hits and correct rejections, depending on the (standardized)
difference in means of the latent RT distributions of detection and

guessing. b Power of the RT-extended 2HTM to detect the discrepancy
between the latent RT distributions of detection and guessing
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Figure 6a shows the theoretically expected mixture
distributions for the observed RTs of hits and correct
rejections for the five simulated conditions. Note that
these mixture distributions are all unimodal and are thus
statistically more difficult to discriminate than bimodal
mixtures. For each of the five conditions, we generated
1,000 data sets, categorized RTs into two bins based on
the log-normal approximation explained above, and fit-
ted two RT-extended MPT models. The more general
model had two latency parameters Ld and Lg for the
relative speed of detection and guessing, respectively.
The nested MPT model restricted these two parameters
to be identical and was compared to the more general
model by a likelihood-ratio test using a significance level
of α = .05.

Figure 6b shows the results of this simulation. When
the latent RT distributions for detection and guessing were
identical (d = 0), that is, the null hypothesis did hold, the
test adhered to the nominal α-level of 5 % for all sample
sizes. In this simple setting, medium and large effects were
detected with sufficient power using realistic sample sizes.
For instance, the power was 85.9 % to detect an effect of
d = 0.71 based on a sample size of 100 learned items. As
can be expected for a model that does not rely on distribu-
tional assumptions, the statistical power to detect a small
difference in mean RTs (d = 0.24) was quite low even for
200 learned items.

In principle, the distribution-free approach allows for
modeling nonstandard RT distributions, for instance, those

emerging in experimental paradigms with a fixed time-
window for responding. In such a scenario, latent RT dis-
tributions could potentially be right-skewed (fast detection),
left-skewed (truncation by the response deadline), or even
uniform (guessing). To test the sensitivity of the proposed
method in such a scenario, we therefore sampled RT values
in the fixed interval [0, 1] from beta distributions with these
different shapes.

In contrast to the power study, we used a slightly
more complex setting with different parameters for target
and lure detection (do = .65, dn = .4), two response
bias conditions and parameters (gA = .3, gB = .7),
and separate beta distributions to generate RTs for tar-
get detection (right-skewed), lure detection (left-skewed),
and guessing in condition A and B (uniform and bimodal,
respectively). Figure 7 shows the latent, data-generating
RT distributions (black curves) along with the mean esti-
mates (black histogram) across 500 replications (light gray),
each based on 150 responses per item type and condition.
The results clearly indicate a good recovery of all four
distributions.

Overall, we conclude that our distribution-free approach
is sufficiently sensitive to estimate latent RT distributions
even if the observed mixture distributions are unimodal or
if the latent distributions differ markedly in shape. Note
that, as in all simulation studies, these results depend on the
specific model and the scenarios under consideration. They
do not necessarily generalize to more complex situations.
Nevertheless, our simulations show that, in principle, the

Fig. 7 Latent, data-generating beta distributions are shown by solid curves, whereas individual and mean estimates of the RT-extended 2HTM
are shown as light gray and black histograms, respectively
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categorization of RTs into bins allows for a distribution-free
estimation of latent RT distributions.

Methods

As in previous work introducing novel RT models (e.g.,
Ollman, 1966; Yantis et al., 1991), we use a small sam-
ple with many responses per participant to illustrate the
application of the proposed method. The data are from four
students of the University of Mannheim (3 female, mean
age = 24) who responded to 1,200 test items each. The
study followed a 2 (proportion of old items: 30 % vs. 70
%) × 2 (stimulus presentation time: 1.0 vs. 2.2 seconds)
within-subjects design. To obtain a sufficient number of
responses while also maintaining a short testing duration
per session, the study was split into three sessions that took
place on different days at similar times. The four conditions
were completed block-wise in a randomized order in each
of the three sessions. We selected stimuli from a word list
with German nouns by Lahl, Gritz, Pietrowsky, & Rosen-
berg, (2009). From this list, words shorter than three letters
and longer than ten letters were removed. The remaining
items were ordered by concreteness to select the 1464 most
concrete words for the experiment. From this pool, words
were randomly assigned to sessions, conditions, and item
types without replacement.

The learning list contained 72 words in each of the four
conditions including one word in the beginning and the end
of the list to avoid primacy and recency effects, respec-
tively. Each word was presented either for one second in
the low memory strength condition or for 2.2 seconds in the
high memory strength condition with a blank inter-stimulus
interval of 200 ms. After the learning phase, participants
worked on a brief distractor task (i.e., two minutes for find-
ing differences in pairs of pictures). In the testing phase, 100
words were presented including either 30 % or 70 % learned
items. Participants were told to respond either old or new as
accurate and as fast as possible by pressing the keys ‘A’ or
‘K.’ Directly after each response, a blank screen appeared
for a random duration drawn from a uniform distribution
between 400 ms and 800 ms. This random inter-test interval
was added to prevent the participants from responding in a
rhythmic manner that might result in statistically dependent
RTs (Luce, 1986). After each block of ten responses, par-
ticipants received feedback about their current performance
to induce base-rate-conform response behavior. The exper-
iment was programmed using the open-source software
OpenSesame (Mathôt, Schreij, & Theeuwes, 2012).

Analyses based on two RT bins

We first tested our three hypotheses (complete-information
loss, fast detection, and effects of base-rates on detection

RTs) based on only two RT bins using standard software
and methods. In the next step, we reexamined our conclu-
sions regarding stochastic dominance of detection RTs over
guessing RTs using more RT bins.

Competing models

We compared six RT-extended MPT models to test our
hypotheses about the latent RT distributions. All of these
models share the same six core parameters of the basic
2HTM. In line with previous applications of the 2HTM
(e.g., Bayen et al., 1996; Bröder & Schütz, 2009; Klauer
& Wegener, 1998), we restricted the probability of detect-
ing targets and lures to be identical, do = dn, separately for
the two memory strength conditions to obtain a testable ver-
sion of the standard 2HTM. In addition to the two detection
parameters, we used four parameters for the guessing prob-
abilities, separately for all four experimental conditions.
Note that we included separate response bias parameters
for the memory strength conditions because this factor was
manipulated between blocks, which can result in different
response criteria (Stretch & Wixted, 1998). Whereas all
of the six RT-extended MPT models shared these six core
parameters, the models differed in their assumptions about
the latent RT distributions.

The most complex substantive model (‘CI loss’) assumes
four separate latent RT distributions for each of the four
experimental conditions. This model allows for any effects
of experimental manipulations on the relative speed of
the underlying processes. The core assumptions of this
model are (a) two-component mixtures for RTs of cor-
rect responses to targets and lures and (b) complete-
information loss in the uncertainty state. Specifically, the
latter assumption implies that guesses are equally fast for
targets and lures. This holds for both old and new guesses,
respectively.

The second substantive model (‘Fast detection’) is a sub-
model of the ‘CI loss’ model. It tests a necessary condition
for a serial interpretation of the 2HTM (Dube et al., 2012;
Erdfelder et al., 2011). According to the hypothesis that
guesses occur strictly after unsuccessful detection attempts,
responses due to detection must be faster than responses
due to guessing. Specifically, we assumed that this hypoth-
esis of stochastic dominance holds within each response
category, that is, within old-responses (Ldo ≥ Lgo) and
within new-responses (Ldn ≥ Lgn). Imposing these two
constraints in all four experimental conditions results in
a total of eight order constraints. Note that adding the
corresponding constraints across response categories (i.e.,
Ldo ≥ Lgn and Ldn ≥ Lgo) would result in the overall
constraint

min(Ldo, Ldn) ≥ max(Lgo, Lgn) (5)
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within each condition. However, this constraint requires the
additional assumption that there is no difference in the over-
all speed of old and new responses. Since our interest is
only in the core assumptions of the RT-extended 2HTM,
we tested stochastic dominance only within response cate-
gories.

The third substantive model (‘Invariant Ldo’) is nested
in the ‘Fast detection’ model. It tests the hypothesis that
the speed of the actual recognition process is not affected
by response bias, or in other words, the restriction that tar-
get detection is similarly fast across base rate conditions,
L30 %

do = L70 %
do . Since the constraint applies in both memory

strength conditions, this reduces the number of free param-
eters by two. The fourth substantive model (‘Invariant Ld ’)
adds the corresponding constraint for lure detection to the
model ‘Invariant Ldo,’ thus implying invariance of both Ldo

and Ldn against base-rate manipulations.
These four substantive RT-extended MPT models are

tested against two reference models that should be rejected
if the theoretical assumptions underlying the RT-extended
2HT model hold. The first of these models (‘No mix’) does
not assume RT-mixture distributions for correct responses.
Instead, it estimates 4·4 = 16 separate RT distributions, one
for each response category of all experimental conditions.
This model has no additional restrictions in comparison to
the standard 2HTM without RTs because the categorization
of responses from fast to slow is perfectly fitted within each
response category. The second reference model (‘Null’)
tests whether the proposed method is sufficiently sensitive
to detect any differences in latent RT distributions at all. For
this purpose, it assumes that all observed RTs stem from a
single RT distribution by constraining all latency parameters
to be equal, Lj = Li for all i, j .

Model selection results

Before testing any RT-extended MPT model, it is nec-
essary to ensure that the basic MPT model fits the
observed responses. Otherwise, model misfit cannot clearly
be attributed either to the assumed structure of latent RT
distributions or to the MPT model itself. In our case, the
standard 2HTM with the restriction of identical detection
probabilities for targets and lures (dstrong

o = d
strong
n , dweak

o =
dweak
n ) fitted the individual data of all participants well

(all G2(2) ≤ 3.6, p ≥ .16, with a statistical power of
1 − β = 88.3 % to detect a small deviation of w = 0.1).
Figure 8 shows the fitted ROC curves (gray solid lines)
and indicates that both experimental manipulations selec-
tively influenced the core parameters as expected.6 This
visual impression was confirmed by likelihood-ratio tests

6The same pattern of selective influence tests also emerged if do and
dn were not constrained to be identical (see Supplementary Material).

showing that the d-parameters differed between memory
strength conditions (all 
G2(1) > 21.1, p < .001) and
that the g-parameters differed between the base-rate condi-
tions (all 
G2(2) > 11.3, p < .004). Note that we did
not constrain the guessing parameters to be identical across
memory strength conditions because of possibly different
response criteria per block (Stretch & Wixted, 1998). Both
Fig. 8 and a likelihood-ratio test showed that this was indeed
the case for Participant 3 (G2(2) = 15.7, p < .001).

In addition to a good model fit, it is important that the
core parameters of the MPT model are not at the bound-
ary of the parameter space. If one of the core parameters
is close to zero, the corresponding cognitive process is
assumed not to occur, and thus, the corresponding latent
RT distribution can neither be observed nor estimated if
it does not occur in another part of the tree. Hence, if
some of the core parameters are at the boundaries, it is
possible that some of the latent RT distributions are empir-
ically not identified. This issue did not arise in our data
because all core parameter estimates varied between .10 and
.81. Note that core parameter estimates and standard errors
were stable across the different RT-extended 2HT models
below with mean absolute differences of .013 and .001,
respectively (maximum absolute differences of .079 and
.008, respectively).

To select between the six competing RT-extended 2HT
models, we used the Fisher information approximation
(FIA; Rissanen, 1996), an information criterion based on
the minimum description length principle (Grünwald, 2007;
Rissanen, 1978). Compared to standard goodness-of-fit tests
and other model section measures, FIA has a number
of advantages. Resembling the Akaike information crite-
rion (AIC; Akaike, 1973) and the Bayesian information
criterion (BIC; Schwarz, 1978), FIA minimizes errors in
predicting new data by making a trade-off between good-
ness of fit and model complexity. However, whereas AIC
and BIC penalize the complexity of a model only by the
number of free parameters, FIA takes additional informa-
tion into account such as order constraints on parameters
and the functional form of the competing models (Klauer
& Kellen, 2011). This is important in the present case,
because three of the models do not differ in the num-
ber of parameters. Whereas the substantive model ‘CI
loss’ has the same number of parameters as the refer-
ence model ‘No mix’, it has a smaller complexity because
of the structural assumption of conditional independence
of RTs. The model ‘Fast detection’ is even less complex
since it adds eight order constraints that decrease the flex-
ibility even more without affecting the number of free
parameters.

Besides accounting for such differences in functional
flexibility, FIA has the benefits that it is consistent (i.e.,
it asymptotically selects the true model if it is in the set
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Fig. 8 Fit of the standard 2HTM (solid gray lines) to the observed frequencies (shown with standard errors). ML parameter estimates (and
standard errors) are displayed for each participant

of competing models) and that it can efficiently be com-
puted for MPT models (Wu et al., 2010). Despite these
advantages, FIA can be biased in small samples and should
therefore only be used if the empirical sample size exceeds
a lower bound (Heck, Moshagen, & Erdfelder, 2014). In the
present case, we can use FIA for model selection on the indi-
vidual level because the lower bound of N ′ = 190 is clearly
below 1,200, the number of responses per participant.

Table 1 shows the 
FIA values for all participants and
models, that is, the difference in FIA values to the preferred
model. Moreover, the likelihood-ratio tests for all models
are shown to assess their absolute goodness of fit. For all
participants, both reference models were rejected. Despite
its larger complexity, the model ‘No mix’ did not outper-
form the substantive models. Concerning the other extreme,
the null model which assumes no RT differences at all

Table 1 Model selection for the RT-extended 2HTM models using two RT bins

Participant 1 Participant 2 Participant 3 Participant 4

Model df G2 p 
FIA G2 p 
FIA G2 p 
FIA G2 p 
FIA

No mix 2 3.6 .16 13.2 0.3 .88 14.5 2.6 .27 13.0 2.0 .37 12.5

CI loss 2 3.6 .16 6.2 0.3 .88 7.4 2.6 .27 5.9 2.0 .37 5.5

Fast detection 2 3.6 .16 0.7 0.3 .88 1.9 2.6 .27 0.4 2.0 .37 0.0

Invariant Ldo 4 6.7 .15 0.0 0.8 .93 0.0 8.1 .09 0.9 27.5 <.01 10.5

Invariant Ld 6 23.4 <.01 6.5 6.4 .38 0.9 10.0 .13 0.0 37.3 <.01 13.5

Null 17 128.7 <.01 45.0 111.3 <.01 39.2 90.0 <.01 25.8 103.1 <.01 32.3

Note. 1,200 responses per participant, which exceeds the lower-bound N ′ = 190 for the application of FIA (Heck et al., 2014)
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performed worst as indicated by the large 
FIA val-
ues. Hence, the categorization of RTs into two bins pre-
served information about the relative speed of the under-
lying processes, which can be used to test our substantive
hypotheses.

Concerning the substantive model, detection responses
were faster than guessing responses for all participants as
indicated by the low 
FIA values of the model ‘Fast detec-
tion.’ Note that this model fitted just as well as the two more
complex models ‘No mix’ and ‘CI loss’ and is therefore
preferred by FIA due to its lower complexity. Regarding
the effect of different base rates on the speed of detection,
the results were mixed. For Participant 4, this manipulation
clearly affected the detection speed as indicated by the large
FIA and G2 values for the ‘Invariant Ldo’ and ‘Invariant
Ld ’ models. In contrast, different base rates did not affect
the speed of target detection for the other three participants.
Moreover, the model ‘Invariant Ld ,’ which additionally
restricts the speed of lure detection to be identical across
base rates, was selected only for Participant 3.7

Overall, our results support the hypotheses of complete-
information loss and fast detection. The results were
ambiguous with respect to effects of the base-rate manipu-
lation on detection speed. For some participants, the speed
of target detection was invariant with respect to different
base rates, for others (Participant 4, in particular) detection
tended to be faster when the correct response was congruent
with the base-rate conditions.

Plotting the relative speed of latent processes

To facilitate comparisons of the relative speed of the
assumed cognitive processes, the parameter estimates L̂j

can directly be compared in a single graph for several
processes and participants. Since Lj is defined as the prob-
ability that responses of process j are faster than the RT
boundary, larger estimates directly correspond to faster cog-
nitive processes. Therefore, the latency estimates in Fig. 9,
based on the model ‘CI loss,’ represent a parsimonious
and efficient way of comparing the relative speed of the
hypothesized processes across experimental conditions and
participants.

In line with the model-selection results, target and lure
detection were always estimated to be faster than guess-
ing, with the exception of Participant 2 in the base-rate
conditions with 70 % targets. Note that many of the differ-
ences are quite substantial, especially when comparing the
relative speed of target detection, which was clearly faster

7However, without the constraint do = dn, the model ‘Fast detection’
was selected for Participant 3 (see Supplementary Material).

than guessing across all of our four experimental condi-
tions. Moreover, for Participants 1 and 4, the time required
to detect an item and give the correct response was not
invariant under different base rates, in line with the rejec-
tion of the model ‘Invariant Ld’: These two participants
were faster at detecting old items when base rates of tar-
gets were high (i.e., 70 % targets), and they were faster
at rejecting new items when base rates of lures were high
(i.e., 30 % targets). However, based on the present exper-
iment, we cannot disentangle whether this effect resulted
from actual differences in the speed of memory retrieval or
from a generally increased preparedness towards the more
prevalent response.

Testing stochastic dominance using more than two RT
bins

In the following, we compute the Bayes factor based on the
encompassing-prior approach (Hoijtink, Klugkist, & Boe-
len, 2008; Klugkist et al., 2005 to quantify the evidence in
favor of the hypothesis that responses due to detection are
stochastically faster than those due to guessing. The Bayes
factor is defined as the odds of the conditional probabili-
ties of the data y given the models M0 and M1 (Kass &
Raftery, 1995),

B01 = p(y | M0)

p(y | M1)
, (6)

and represents the factor by which the prior odds are
multiplied to obtain posterior odds. Moreover, the Bayes
factor has a direct interpretation of the evidence in favor
of model M0 compared to model M1 and can be under-
stood as a weighted average likelihood ratio (Wagenmak-
ers et al., 2015). Note that model selection based on the
Bayes factor takes the reduced functional complexity of
order-constrained models into account and is asymptotically
identical to model selection by FIA under some conditions
(Heck, Wagenmakers, & Morey, 2015). In the present case,
the model M0 is the order-constrained RT-extended 2HTM
that assumes stochastic dominance within each response
category (the model ‘Fast detection’ above). Moreover, the
model M1 is the unconstrained model that only assumes
complete-information loss (‘CI loss’). Hence, in the present
case, observed Bayes factors substantially larger than one
provide evidence in favor of the hypothesis that detection is
faster than guessing.

To compute the Bayes factor, we rely on a theo-
retical result showing that the Bayes factor for order-
constrained models is identical to a simple ratio of pos-
terior to prior probability if the prior distributions of the
parameters are proportional on the constrained subspace
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Fig. 9 Estimated probabilities L̂j1 that responses generated by each of four processes are faster than the individual RT boundaries, based on the
model ‘CI loss,’ including 95 % confidence intervals

(Klugkist et al., 2005). For instance, the Bayes factor in
favor of the simple order constraint θ1 ≤ θ2 is identical to

B01 = p(θ1 ≤ θ2 | y,M1)

p(θ1 ≤ θ2 | M1)
, (7)

where the numerator and the denominator are the posterior
and prior probabilities, respectively, that the constraint holds
within the unconstrained modelM1. In our case, the simple
order constraint θ1 ≤ θ2 is replaced by the order constraint
representing stochastic dominance in Eq. 4. In practice,
this result facilitates the computation of the Bayes factor

because one only needs to fit the unconstrained model using
standard Markov chain Monte Carlo (MCMC) sampling.

In detail, computing the Bayes factor for the present pur-
pose requires the following steps: (1) obtain RT-extended
frequencies using the log-normal approximation or any
other strategy as explained above, (2) estimate the full
model ‘CI loss’ by sampling from the posterior distribu-
tion using MCMC (e.g., using the software JAGS, Plummer,
2003), (3) count the MCMC samples that fulfill the con-
straint of stochastic dominance in Eq. 4, (4) compute
the Bayes factor as the ratio of this posterior proba-
bility vs. the prior probability that the constraint holds

Table 2 Bayesian factors in favor of stochastic dominance

4 RT bins 8 RT bins

Participant BLdo BLdn pT1 BLdo BFLdn pT1

1 179.22 50.00 0.29 696.52 2.48 0.12

2 17.45 1.99 0.42 33.34 0.65 0.18

3 201.52 43.85 0.39 1269.57 94.65 0.22

4 174.79 44.81 0.37 288.45 51.88 0.23

The Bayes factors BLdo and BLdn quantify the evidence that target detection is faster than guessing old and that lure detection is faster than
guessing new, respectively. The posterior predictive p-value pT1 provides an absolute measure of fit for the encompassing model ‘CI Loss’
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Fig. 10 Estimated cumulative density functions of the latent RT distributions of target detection and guessing old (including 80 % credibility
intervals) for Participant 3

(Klugkist et al., 2005). In the present case, we esti-
mated the prior probability that the constraint holds
based on parameters directly sampled from the prior
distribution. Note that we used uniform priors on the
core parameters of the 2HTM and symmetric, unin-
formative Dirichlet priors on each set of the multi-
nomial latency parameters, that is, (Lj1, . . . , LjB) ∼
Dir(α, . . . , α) with parameters α = 1/B, similarly as
in Heathcote et al. (2010). Note that the core parameter
estimates for d and g differed by less than .02 compared to
fitting the RT-extended 2HTM using maximum likelihood.

For testing stochastic dominance, we differentiated
between the hypotheses that target detection is faster than gues-
sing old and that lure detection is faster than guessing new.
Table 2 shows the resultingBayes factors using four and eight
RT bins based on 50 million MCMC samples. The table also
includes posterior predictive p-values pT1 that represent an
absolute measure of fit similar to p-values associated with
the χ2 test (Klauer, 2010). The large pT1-values imply that
the model did not show substantial misfit for any partic-
ipant and or number of RT bins. More interestingly, the
large Bayes factors BLdo in Table 2 represent substantial
evidence that target detection was faster than guessing old.
In contrast, the corresponding hypothesis that lure detec-
tion was faster than guessing new was only supported for

Participants 3 and 4. For the other two participants, the
Bayes factors BLdn was close to one and does therefore nei-
ther provide evidence for nor against stochastic dominance.

In addition to computing the Bayes factor, the Bayesian
approach allows to directly compute point estimates and
posterior credibility intervals for the cumulative den-
sity functions of the latent RT distributions sketched
in Fig. 5b. To illustrate the substantive meaning of large
Bayes factors in favor of stochastic dominance, Fig. 10
shows the mean of the estimated cumulative densities for
Participant 3 including 80 % credibility intervals. To facil-
itate the comparison, the cumulative densities are shown
separately for old and new responses (rows) and for the four
experimental conditions (columns). Note that the latency
estimates are based on the full model ‘CI loss’ and are
therefore not constrained to fulfill stochastic dominance
necessarily. However, across all experimental conditions,
the cumulative densities of RTs due to detection (dark gray
area) are clearly above the cumulative densities of RTs due
to guessing (light gray). Moreover, stochastic dominance
is more pronounced for target detection and guessing old
(first row) than for lure detection and guessing new (second
row). Note that this larger discrepancy for target detec-
tion contributes to the larger Bayes factors BLdo compared
to BLdn.
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Conclusion

In sum, the empirical example showed (1) how to test
hypotheses about the relative speed of cognitive processes
using two RT bins and standard MPT software and (2) how
to test stronger hypotheses about the ordering of latent pro-
cesses in a Bayesian framework using more than two RT
bins. With respect to the 2HTM, we found support for the
hypothesis that RTs of correct responses emerge as two-
component mixtures of underlying detection and guessing
processes. Moreover, both modeling approaches supported
the hypothesis of slow guesses that occur strictly after
unsuccessful detection attempts (Erdfelder et al., 2011).
However, the latent RT distributions of detecting targets and
lures differed across base-rate conditions for two partici-
pants, whereas those of the other two participants were not
affected by this manipulation. Hence, further studies are
necessary to assess the effects of base-rate manipulations
on the speed of detecting targets and lures in recognition
memory.

Discussion

We proposed a new method to measure the relative speed of
cognitive processes by including information about RTs into
MPT models. Basically, the original response categories
are split into more fine-grained subcategories from fast to
slow. To obtain inter-individually comparable categories,
the individual RT boundaries for the categorization into
bins are based on a log-normal approximation of the dis-
tribution of RTs across all response categories. Using these
more informative frequencies that capture both response-
type and response-speed information, an RT-extended MPT
model accounts for the latent RT distributions of the under-
lying processes using the latency parameters Ljb defined
as the probability that a response from the j -th pro-
cessing path falls into the b-th RT bin. Importantly, this
approach does not pose any a-priori restrictions on the
unknown shape of the latent RT distributions. Our approach
allows for testing whether two or more of the latent RT
distributions are identical and whether some latent pro-
cesses are faster than others. Such hypotheses concerning
the ordering of latent processes can be tested by simple
order constraints of the form Li < Lj in the standard
maximum-likelihood MPT framework when using two RT
bins and within a Bayesian framework when using more
RT bins.

Substantively, our empirical example supported the
hypothesis of complete-information loss, that is, responses
due to guessing are similarly fast for targets and lures.

Moreover, we found strong evidence that responses due to
target detection are faster than those due to guessing old, but
weaker evidence that the same relation holds for the speed of
lure detection and guessing new. Moreover, RTs due to tar-
get detection were less affected by base rates than those due
to lure detection. Both of these results indicate an important
distinction. Whereas target detection seems to occur rela-
tively fast and largely independent of response bias, lure
detection seems to be a slower and response-bias dependent
process.

Advantages of RT-extended MPT models

The proposed framework provides simple and robust meth-
ods to gain new insights. It allows for estimating and
comparing the relative speed of cognitive processes based
only on the core assumption of MPT models, that is, a
finite number of latent processes can account for observed
responses. Most importantly, we showed that using discrete
RT bins preserves important information in the data that can
be used to test substantive hypotheses. Both the power sim-
ulation and the empirical example showed that the approach
is sufficiently sensitive to detect differences in latent RT
distributions. Importantly, this indicates that categoriz-
ing RTs into bins does preserve structural information in
the data.

The proposed approach also has several practical ben-
efits. Its application is straightforward and based on a
principled strategy to categorize RTs, in which the number
of RT bins can be adjusted to account for different sam-
ple sizes. In practice, the choice of the number of RT bins
will typically depend on the substantive question. If the
interest is only in a coarse measure of the relative speed
of cognitive processes, two RT bins might suffice. How-
ever, if sufficient sample sizes are available, using more
than two RT bins might be beneficial to obtain more pow-
erful tests that are more sensitive to violations of stochastic
dominance.

An additional advantage of the proposed distribution-free
framework is that modeling histograms of RTs reduces the
sensitivity of the method towards outliers. Moreover, RT-
extended MPT models can be fitted using existing software
such as multiTree (Moshagen, 2010) or MPTinR (Singmann
& Kellen, 2013). Alternatively, inter-individual differ-
ences can directly be modeled by adopting one of the
Bayesian hierarchal extensions for MPT models proposed
in recent years (Klauer, 2010; Matzke, Dolan, Batchelder, &
Wagenmakers, 2015; Smith & Batchelder, 2010). Especially
in cases with only a small to medium number of responses
per participant, these methods are preferable to fitting the
model to individual data separately. Last but not least, MPT
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models can easily be reparameterized to test order con-
straints (Klauer et al., 2015; Knapp & Batchelder, 2004),
thereby facilitating tests of stochastic dominance.

Parametric modeling of latent RT distributions

Our approach aims at providing a general method to include
RTs in any kind of MPT model in a distribution-free man-
ner. However, for some substantive questions, more specific
models that predict exact parametric shapes for RTs might
be preferable. For instance, Donkin, Nosofsky, Gold, and
Shiffrin (2013) extended the discrete-slots model for visual
working memory, which closely resembles the 2HTM of
recognition memory, to RTs by assuming a mixture of two
evidence-accumulation processes. The discrete-slots model
assumes that in each trial of a change-detection task, a probe
either occupies one of the discrete memory slots or it does
not. Depending on this true, latent state, RTs either emerge
from a memory-based evidence-accumulation process or
from a guessing-based accumulation process. Specifically,
the time course of both accumulation processes is modeled
by separate linear ballistic accumulators, which assume a
race between two independent linear processes reaching a
boundary (see Brown & Heathcote, 2008 for details).8 Note
that the resulting predicted RT distributions resemble spe-
cific instantiations of the latent RT distributions sketched in
Fig. 2.

The model by Donkin et al. (2013) makes precise predic-
tions how RT distributions change across different experi-
mental conditions. For instance, the model predicts that the
RT distribution of false alarms (i.e., change-responses in
no-change trials) is invariant with respect to set-size manip-
ulations, that is, how many stimuli are presented. Moreover,
the model establishes a functional relationship between the
guessing parameter g and the corresponding RT distribution
for guessing responses. Given that the response threshold
for change-guessing is much lower than that for no-change-
guessing, the linear ballistic accumulator predicts both more
and faster change-responses. Similarly, the model con-
straints the structure of RTs across different levels of set size
and base rates. Donkin et al. (2013) showed that the rele-
vant patterns in the data followed these predictions of the
discrete-slots model. Moreover, the model performed bet-
ter than competitor models assuming continuous memory
strength.

Overall, this example illustrates the advantages of pro-
cess models that directly transfer psychological theory
into precise predictions for responses and RTs. Given

8Note that this model allows for incorrect responses in the detection
state (Donkin et al., 2013, p. 895) and thus differs from the model
shown in Fig. 2. However, the corresponding predicted probability of
incorrect responses in the detection state appeared to be very small due
to a large drift rate towards the correct response.

such hypotheses about the mechanisms how RTs emerge
from the underlying processes, these hypotheses should
of course be included in the corresponding statistical
model in the form of exact parametric constraints as in
Donkin et al. (2013). If the data are in line with such
a precise model for a broad range of context conditions,
this provides strong support for the theory and clearly
more evidence than fitting a less precise, distribution-free
model. Compared to such computational models, our focus
on measurement models is more general and useful for
other types of applications. For instance, if the substantive
questions concern only the relative speed or the order-
ing of latent processes irrespective of the precise nature
of the underlying processes, the proposed distribution-
free approach allows inclusion of RTs in any MPT
model without the necessity to make auxiliary parametric
assumptions.

In sum, this shows that both approaches — paramet-
ric computational models and measurement models such
as RT-extended MPT models — have their advantages and
disadvantages, many of which are typical for parametric
and nonparametric models in general. Most importantly, the
substantive conclusions concerning the underlying cogni-
tive processes should eventually converge irrespective of the
approach used.

RT extensions of more complex MPT models

The 2HTM used as an example in the present paper is one
of the most simple MPT models. Of course, more com-
plex MPTmodels might directly benefit from including RTs
as well. For instance, in the field of judgment and deci-
sion making, the inclusion of RTs in MPT models might
be useful in testing between different theoretical accounts.
For instance, Hilbig et al. (2010) proposed and validated
the r-model, which disentangles use of the recognition
heuristic from decisions based on integration of further
knowledge. According to the heuristic account, a recog-
nized option is chosen in a noncompensatory manner, that
is, further information does not influence the decision at all
(Goldstein & Gigerenzer, 1999). As a consequence, deci-
sions based on such a process should be faster compared
to responses based on integration of further knowledge.
In contrast, global information-integration models assume
that a single, underlying process integrates all of the avail-
able information in order to make a decision (Glöckner &
Betsch, 2008). If further congruent knowledge is used in
addition to the actual recognition cue, decisions are pre-
dicted to be faster compared to decisions solely based
on the recognition cue (Glöckner & Bröder, 2011). This
prediction directly contradicts the hypothesis that choice
of the recognized option is always faster than informa-
tion integration. Obviously, an RT-extension of the r-model
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could help in discriminating between these two theoretical
accounts.

Social psychology is another field in which MPT mod-
els are often used, for instance, to measure implicit atti-
tudes (e.g., Conrey et al., 2005; Nadarevic & Erdfelder,
2011) or effects of processing fluency (e.g., Fazio et al.,
2015; Unkelbach & Stahl, 2009). Concerning measures of
implicit attitudes, several authors proposed to rely on MPT
models to analyze response frequencies instead of analyz-
ing mean RTs in the implicit association test (IAT) and
the go/no-go association task (e.g., Conrey et al., 2005;
Meissner & Rothermund, 2013; Nadarevic & Erdfelder,
2011). These MPT models disentangle cognitive processes
such as activation of associations and stimulus discrimi-
nation (Conrey et al., 2005) or recoding of response cat-
egories (Meissner & Rothermund, 2013). However, to do
so, these models sacrifice information about the speed of
processes and only rely on response frequencies. Obvi-
ously, the inclusion of RTs would allow for assessing
the selective speed of and testing the temporal order of
the hypothesized processes. For instance, one could test
whether responses due to implicit associations are actually
faster than those due to stimulus discrimination as is often
assumed.

Conclusion

We proposed a novel and general method to estimate latent
RT distribution of the hypothesized processes in MPT
models in a distribution-free way. The approach enables
researchers to directly test hypotheses about the relative
speed of these processes. Thereby, it is possible to better
understand the nature of the cognitive processes accounted
for by MPT models. In sum, the proposed method fol-
lows the spirit of MPT modeling in general (Batchelder &
Riefer, 1999): It provides a simple way for psychologists
to test substantive hypotheses about the relative speed of
cognitive processes without the need to rely on many auxil-
iary assumptions.
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Appendix A: Identifiability of latent RT
distributions

In the following, we assume that an MPT model is given
with T trees, Kt categories in tree t , and Itk branches that
lead to a category Ctk . The model is parameterized by the

core parameter vector θ ∈ (0, 1)S to model the expected
branch probabilities ptki(θ) and the resulting category prob-
abilities ptk(θ) = ∑Itk

i=1 ptki(θ). For an exact definition of
the branch probabilities and other details of the MPT model
class, see Hu and Batchelder (1994).

To model latent RT distributions, each branch is further
split into B bins with branch probabilities qtkib(θ , L) =
ptki(θ)Ltkib, where Ltkib ∈ (0, 1) are the latency param-
eters of interest (collected in the vector L). Note that for
each branch one of these latency parameters is fixed since∑B

b=1 Ltkib = 1. For notational convenience, we will use
the abbreviation LtkiB = 1 − ∑B−1

b=1 Ltkib and thus list
B latency parameters for each branch, even though only
B − 1 of these are actually defined as free parameters.
The expected category probabilities of the extended MPT
model are then given by summing across the original Itk

branches of category Ctk separately for each RT bin, i.e.,
qtkb(θ , L) = ∑Itk

i=1 qtkib(θ , L).
Moreover, it is assumed that some of the latent RT dis-

tributions are restricted to be equal based on theoretical
arguments. In Observations 3 and 4, we therefore refer to
subsets of J RT distributions to facilitate notation. The j -
th of these RT distribution is then modeled by the vector of
latency parameters Lj = (Lj1, . . . , LjB)′, which replaces
the corresponding latency parameters (Ltki1, . . . , LtkiB)′ in
the appropriate branches.

Observations 1 to 4 assume that the basic MPT model is
globally identifiable and that the core parameters are in the
interior of the parameter space, θ ∈ (0, 1)S .

Observation 1 (Core Parameters) If all of the original
branches and categories of the basic identifiable MPT
model are split into B bins to model RT distributions,
the core parameters θ of this extended MPT model are
also globally identifiable. This holds independently of
the number or exact parameterization of the latent RT
distributions.

Proof We have to show that qtkb(θ , L) = qtkb(θ
′, L′) for

all t, k, and b implies θ = θ ′. From the definition of
qtkb(θ , L), it follows that

Itk∑

i=1

ptki(θ)Ltkib =
Itk∑

i=1

ptki(θ
′)L′

tkib. (8)

Summarizing across all RT bins from b = 1, . . . , B within
each category Ctk yields

Itk∑

i=1

(
ptki(θ)

B∑

b=1

Ltkib

)
=

Itk∑

i=1

(
ptki(θ

′)
B∑

b=1

L′
tkib

)
. (9)
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Since
∑B

b=1 Ltkib = 1 and ptk(θ) = ∑Itk

i=1 ptki(θ), it
follows that ptk(θ) = ptk(θ

′). The identifiability of the
original model directly implies θ = θ ′.

Observation 2 (Single-Branch Identifiability) If a category
Csm is only reached by a single branch in a globally identi-
fiable MPT model (i.e., Ism = 1), the corresponding latency
parameters Lsm1 = (Lsm11, . . . , Lsm1B)′ of this branch in
the RT-extended MPT model are globally identifiable.

Proof We have to show that qtkb(θ , L) = qtkb(θ
′, L′) for

all t, k, and b implies Lsm1 = L′
sm1. Because only one

branch leads to category Csm, the expected probability of
the b-th RT bin of this category is simply qsmb(θ , L) =
psm(θ)Lsm1b. Hence, one obtains

psm(θ)Lsm1 = psm(θ ′)L′
sm1. (10)

From Observation 1 and θ ∈ (0, 1)S , it follows that
psm(θ) = psm(θ ′) �= 0 and hence Lsm1 = L′

sm1.

Observation 3 (Recursive Identifiability) Assume that the
RT bins of category Csm with Ism > 1 branches are mod-
eled by J ≤ Ism latent RT distributions. If J − 1 of these
J latent RT distributions are identifiable from other parts
of the extended MPT Model (i.e., from Observation 2 and
repeated application of Observation 3), the latency param-
eters LsmJ = (LsmJ1, . . . , LsmJB)′ of the remaining J -th
RT distribution are globally identifiable.

Proof We have to show that qtkb(θ , L) = qtkb(θ
′, L′) for

all t, k, and b implies LsmJ = L′
smJ . The category prob-

abilities for the RT bins of category Csm can be split into
two parts, the one containing the first J − 1 identifiable RT
distributions and the remaining one using only the J -th RT
distribution:

qsmb(θ , L) =
∑

i∈A

psmi(θ)Lsmib +
∑

i∈B

psmi(θ)Lsmib, (11)

with the disjunct indexing sets

A := {i : Ltki = Ltkj for anyj = 1, . . . , J − 1} (12)

B := {i : Ltki = LtkJ }. (13)

Hence, since θ = θ ′ from Observation 1 and Lsmi =
L′

smi∀i ∈ A, the equation qsmb(θ , L) = qsmb(θ
′, L′) can be

written as
∑
i∈A

psmi(θ)Lsmib + ∑
i∈B

psmi(θ)Lsmib

= ∑
i∈A

psmi(θ)Lsmib + ∑
i∈B

psmi(θ)L′
smib. (14)

Since Lsmi = LsmJ for all i ∈ B, one obtains

LsmJb

∑

i∈B

psmi(θ) = L′
smJb

∑

i∈B

psmi(θ). (15)

Because of θ ∈ (0, 1)S , it follows that psmi(θ) �= 0 for all i
and hence that LsmJ = L′

smJ .

Assume that the recursive application of Observa-
tions 2 and 3 did not ensure the identifiability of at
least one of the hypothesized latent RT distributions. In
such a case, the identifiability of the extended MPT
model can be shown as follows. Note that this is the
most general observation and that it implies Observations
2 and 3.

Observation 4 (General Identifiability) The extendedMPT
model is globally identifiable if and only if the rank of the
following (

∑T
t=1 Kt) × J matrix exceeds J , the total num-

ber of hypothesized latent RT distributions parameterized
by L1b, . . . , LJb:

P(θ) = [ptkj (θ)]tk=11,...,1K1,21,...,T KT

j=1,...,J
. (16)

The rows of this matrix contain all observable categories
across all trees. The entries of P(θ) are defined as the
branch probabilities of the original MPT model if a cate-
gory Ctk includes a branch associated with the latent RT
distribution j and are zero otherwise,

ptkj (θ) =
{

ptki(θ), if Ltkib = Ljb for all b = 1, . . . , B
0, otherwise.

(17)

Proof First, we have to show that qtkb(θ , L) = qtkb(θ
′, L′)

for all t, k, and b implies L = L′. Using the definition of
the matrix P(θ) and qtkb(θ , L) = ∑Itk

i=1 ptki(θ)Ltkib, the
system of equations qtkb(θ , L) = qtkb(θ

′, L′) ∀t, k, b can
be written in matrix notation as

P(θ)Lb = P(θ ′)L′
b ∀b = 1, . . . , B, (18)

where Lb = (L1b, . . . , LJb)
′ (note that this is a vector for

the b-th bin across all distributions in contrast to the pre-
vious notation). Observation 1 implies θ = θ ′ and hence
P(θ) = P(θ ′). If the rank of P(θ) is equal or larger than J ,
the null space of P(θ) is trivial (i.e., only contains the null
vector 0). Hence,

P(θ)(Lb − L′
b) = 0 ∀b = 1, . . . , B (19)

implies Lb − L′
b = 0, or equivalently Lb = L′

b for all bins
b = 1, . . . , B.

Second, we have to show that the models’ identifia-
bility implies that P(θ) has full rank. We proof this by
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contradiction and assume that P(θ) does not have full rank.
As before, the definition of P(θ) and the identifiability of θ

implies

P(θ)(Lb − L′
b) = 0 ∀b = 1, . . . , B. (20)

However, because the rank of P(θ) is smaller than the
dimensionality of the vector L, its null space is not trivial.
Hence, a solution a �= 0 ∈ R

J exists with Lb − L′
b =

a. This implies Lb �= L′
b and contradicts the models’

identifiability.

Note that computing the rank of the matrix P(θ) in
Observation 4 is less complex than examining the rank
of the whole system of model equations of the extended
MPT model. Moreover, computer algebra software is avail-
able facilitating the search for a set of restrictions on
the latent RT distributions that ensures identifiability (cf.
Schmittmann et al., 2010).

As an example for the application of Observation 4, the
2HTM with the assumption of conditional independence of
latent RTs for guessing results in the matrix

which has full rank if do, dn, g ∈ (0, 1) and thus ensures the
identifiability of the model (given that the core parameters
do, dn, and g are identified). In contrast, the following (non-
theoretical) assignment of four latent RT distributions is not
identifiable if do = dn and g = .5, because the first and last
row are then linearly dependent,

Appendix B: Testing stochastic dominance
of latent RT distributions

In the following, we illustrate why stochastic dominance
cannot be tested directly by linear inequality constraints
in a binary MPT representation if more than two RT bins
are used. Consider the binary reparameterization for four

0.
0

0.
5

1.
0

1.
5

2.
0

f1 f2 f3 f4

L'3 1-L'3

L'2

L'1

1-L'2

1-L'1

Binary MPT Using 4 RT Bins

Fig. 11 A possible reparameterization of an RT-extended MPT model
with 4 RT bins into a binary MPT model

RT bins in Fig. 11. In this model, the new parameters L′
ib

of the binary MPT represent the conditional probabilities
that a response from process i falls into one of the bins
{1, . . . , b}, given that it is not in a bin {b+2, . . . , B}. Using
this reparameterization, the L′

jb are mapped to the original
parameters Lib by

b∑

k=1

Ljk =
B−1∏

k=b

L′
ik (21)

Hence, testing stochastic dominance (Eq. 4) is equivalent to
testing

B−1∏

k=b

L′
jk ≤

B−1∏

k=b

L′
ik ∀b = 1, . . . , B − 1 (22)

in the binary MPT model. Note that this is a set of non-
linear order constraints, which cannot directly implemented
with the standard MPT methods for linear order constraints
(Klauer et al., 2015; Knapp & Batchelder, 2004). Impor-
tantly, testing the order of the binary latency parameters
directly (i.e., testing L′

jb ≤ L′
ib for all b) will result in an

overly conservative test. More precisely, it tests only a suf-
ficient but not a necessary condition for Eq. 22. In other
words, the property of stochastic dominance in Eq. 22 can
perfectly hold, whereas the order restrictions on the individ-
ual binary parameters are violated. For instance, with three
RT bins, if L′

j2 = .2 ≤ L′
i2 = .8 (Eq. 22 for b = 2),

stochastic dominance still holds if .2L′
j1 ≤ .8L′

i1 (Eq. 22
for b = 1), for example, for L′

j1 = .8 > L′
i1 = .4.

The binary model in Fig. 11 can be reparameterized into
statistically equivalent binary MPT models that differ in the
definition of the L′ parameters. However, it can be expected
that the set of nonlinear order restrictions in Eq. 22 will also
constrain the parameters of the new binary MPT model in a
nonlinear way.
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