
A small error in lhurstone's length-difficulty 
function 

It is shown that Thurstone's well known square-root func­
tion relating length of a paired-associate list with trials to 
criterion was the result of a minor oversight. Length-difficulty 
relationships actually implied by Thurstone's learning theory 
are derived and discussed. 

Thurstone's (1930) derivation of "the learning func­
tion" is perhaps of importance today only as one of 
the earliest mathematical theories of learning. Never­
theleBB, one reBult which purports to have been deduced 
from this theory has achieved wide currency in the 
verb~ learning literature (e.g., McGeoch & Irion,1960; 
Deese, 1967), namely, the proposition that the number 
of repetitions of a paired-asBociate liBt necessary to 
reach a learning criterion iB proportional, approxi­
mately, to the Bquare root of the list length. It will be 
shown here that this reBult does not, in fact, follow 
from ThurBtone'B theory, but was incorrectly derived 
and uncritically accepted, insofar as its derivation 
is concerned. That the error remained unchallenged 
for so long may serve as an object lesson for psychol­
ogists who give repeated citation to conclusions in the 
literature without careful evaluation of their foundations. 

The theory, in brief, is aB follows. In any learning 
Situation, there are, at a given time, a set of B suc­
cessful acts and another of e erroneous acts, whose 
respective probabilitieB, p and q, are just the propor­
tions of the total number of acts which are in each set 
at that time. The essential assumption is that the 
rates of change of s and e with respect to time (t) 
are proportional to their probabilities, with the con­
stants of proportionality equal and opposite in Bign. 
The development proceedB as follows: 

(1) p=s/(s+e) 
(2) q = e/(B +e) 
(3) ps+pe=s 
(4) de/dt=-kq 
(5) de/dt=-ke/(s+e) 
(6) ds/dt= kp 

(7) ds/dt=ks/(s+e) 
(8) ds/de=-B/e 
(9) jds/s+ jde/e=O 

Integrating, 
(10) log B+log e=log m 
(11) se = m (a conBtant) 

After expresBing everything in terms of p and inte­
grating, Thurstone finally obtains 

2 -1/2 -1/2 2 -1/2 
(12) (2p -1)(p - P ) = ktm + (2PO -1)(2PO - PO) 

where Po is the value of pat t=O. This is the learning 
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function, in impliCit form. It is curious that apparently 
no one haB ever bothered to solve it explicitly for p. 
With no further apology, the solution iB: 

2 -1/2 
(13) p=I/2+x (4x +16) 

where x=ktm-1/2+(2Po -1)(pO _p~)-1/2. 

In applying the foregoing to paired-aBsociate learn­
ing, Thurstone makes, subBtantially, the following 
assumptions (the introduction of an "attention span" 
conBtant will be omitted aB an irrelevant complication) • 
Since there are n2 possible pairB which can be formed 
from a set of n Btimuli and n responBeB, and n of these 
are correct in a paired-aBsociate taBk, leaving n(n -1) 
incorrect pairs, then at the beginning of the task, 
s=n, e=n(n-l), and m=n2(n-l). 

Equation (12) may be written 
-1/2 

(14) Z =ktm + ZO' BO that 
1/2 -1 

(15) t=m k (Z-ZO). 

If learning always proceedB to the Bame fixed value 
of p (probability criterion), then Z, being a function 
of p only, iB also conBtant when the criterion value 
of p has been reached. Substituting the value of m ob­
tained above, and alBO taking Zo as conBtant, we have 

-1 1/2 
(16) t=ck n(n-l) . 

Since a repetition of the entire list takes n time 
unitB, the number of repetitions (R) to a probability 
criterion is 

-1 1/2 
(17) R=ck (n-l) 

Some of the difficulties with Thurstone's analysis of 
this problem are strictly matters of aBBumption and, aB 
such, cannot be gainsaid, but shouid be understood. 
Among theBe are the aBsumed constancy of the rate 
parameter, k, for different liBt lengthB, and the choice 
of a probability criterion for comparing them. The 
variable p, under ThurBtone'B interpretation, refers 
to probability of a Bingle correct reBponse, not that 
of a perfect run through the entire list. Since the latter 
would be a function of n, the analysis iB not applicable 
to trials to criterion in the usual type of paired­
associate learning experiment. 

These are not the mOBt telling points, however. Even 
if the model iB correctly applied in a way consistent 
with ThurBtone's analysiB, there is an error in hiB 
derivation of the length-difficulty function. Because 
the quantity,Zo=(2Po-l)(Po-p~)-1/2, arose as a con­
stant of integration, it was natural to take it aB conBtant 
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in analyzing the paired-associate task. As long as one 
is dealing with a eingle learning function, this is cor­
rect. In the context of variable list length, however, it 
is entirely Inappropriate, and leads to a function of 
appreciably different character from the one which 
should have been obtained. 

The point is that the assumptions about initial values 
of s and e which generated the value of m used in the 
derivation also specify, by definition, the value of PO' 
and therefore Z00 That is, 

(18) Po = sO/(SO + eO) = n/n2 = l/n, whence, 
-1/2 

(19) Zo = -(n - 2)(n -1) 

Substituting this value Into Equation (12), we have, for 
the correct length-difficulty function, 

(20) t=nk-1 [c(n_1)1/2 +n-2], or 

(21) R=k-1 [c(n_1)1/2 +n-2J. 

Actually, Thurstone was aware of the dependence of 
Zo on n. in principle. but regarded the function obtained 
by his method as an approximation. That this is not so 
will be clear from comparison of the first derivatives 
of Thurstone's function and the corrected version. The 
slope of the former is proportional to (n _1)-1/2. which 
approaches zero with increasing n. This means that 
the curve comes closer and closer to a horizontal 
line. or that increasing length has in the limit no fur­
ther effect upon the number of repetitions to a prob­
ability criterion. In contrast. the corrected function 
(21) has a first derivative proportional to(c/2)(n-1)-1/2 
+1. That is to say. although this function, like Thur­
stone's. is negatively accelerated. it is asymptotically 
directly proportional to n. In the limit. increasing length 
uniformly increases the number of repetitions to cri­
terion. It is easy to see that the two functions are quite 
different in their theoretical implications. 

It is also interesting to consider the length-difficulty 
function which arises if we require that learning pro­
ceed to a constant expected number of errors, rather 
than a constant probability, this being acloserapproxi­
mation to the usual type of verbal learning criterion 
(cf., Bogartz & Headrick, 1965). That is, suppose that 
the process terminates, for a given list length, n, when 
n(l-p)=c, or p=(n-c)/n. Substituting this value in 
Equation (12), we obtain 

-1 1/2 2 -1/2 (22) R=k (n-2c)(n-1) (cn-c) +n-2]. 
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This function quickly approaches a straight line as n 
increases. For either a probability criterion or an 
error criterion, therefore, the theory predicts an 
asymptotically linear relationship between length of 
list and the number of repetitions. 

Continuing in the spirit of Thurstone's analysis, and 
recognizing that in the case of a probab1l1ty criterion 
for paired associate learning n entered into the length­
difficulty function only through its determination of PO, 
while with an error criterion, n appeared also in the 
terminal value of p, we may derive expressions for 
each of these cases for a task of length n, but with r 
different response alternatives for every stimulus. This 
would include verbal discrimination tasks, for example. 
To acoomplish this, assume that initially. po=l/r, 
So = n, and that the final value ofp is either c (oonstant), 
for the probability criterion (Equation 23), or (n-c)/n, 
as in the derivation of (22), for the error criterion 
(Equation 24). Substituting these values in Equation (12), 
we have 

-1 1/2 (23) R=k c(r-1) +r-2 
-1 1/2 2 -1/2 

(24) R=k (n-2c)(r-1) (cn-c) +r-2. 
Note that Equation (23) implies that for an n item, 

r alternative discrimination task, the number of repe­
titions to a probab1l1ty criterion,i.e., until a given mean 
proportion of correct responses is to be expected, is 
independent of length. Furthermore, for fixed n and 
variable r, both types of criterion produce the same 
form of function. 

In conclusion, quite aside from the merits of Thur­
stone's learning theory as such, it is clear that all 
applications of his original length-difficulty function 
to experiments in the verbal learning literature have 
been quite unfounded, as far as that theory is concerned. 
These remarks were meant to elucidate the length­
diff1culty relationships actually implied by Thurstone's 
theory, and to correct any misconceptions of it which 
still remain. 
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