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Efficient estimation of sensory thresholds

LEWIS O. HARVEY, JR.
University of Colorado, Boulder, Colorado

Laboratory computers permit detection and discrimination thresholds to be measured rapidly,
efficiently, and accurately. In this paper, the general natures of psychometric functions and of
thresholds are reviewed, and various methods for estimating sensory thresholds are summarized.
The most efficient method, in principle, using maximum-likelihood threshold estimations, is ex
amined in detail. Four techniques are discussed that minimize the reported problems found with
the maximum-likelihood method. A package of FORTRAN subroutines, ML-TEST, which imple
ments the maximum-likelihood method, is described. These subroutines are available on request
from the author.

With a laboratory computer, it is now easy to measure
detection and discrimination thresholds rapidly, effi
ciently, and with a known degree of accuracy. This three
part paper examines such methods. In the first part, the
general natures of psychometric functions and sensory
thresholds are discussed. In the second part, various ap
proaches to the rapid determination of thresholds are ex
amined. In the third part, a specific computer implemen
tation of the maximum-likelihood threshold estimation
method, ML-TEST, is described. These ideas are devel
oped in the context of measuring contrast thresholds for
the visual detection of sine wave gratings. They are,
however, of sufficient generality that they can be applied
to many other situations as well.

forced-choice (2AFC) detection experiment as a function
of log stimulus contrast for three sine wave gratings of
different spatial frequency (2.0, 8.0, and 21.0 cycles per
degree). An important feature of psychometric functions
is seen in Figure 1: In spite of the large differences in
the contrasts required for equal detection performance,
the slopes of the psychometric functions, when stimulus
contrast is expressed in logarithmic units, are about the
same for all three sets of data. We could, therefore,
represent each set with a single S-shaped function that has
been shifted laterally to coincide with the data.

To describe the data in Figure 1, we need an appropri
ate S-shaped function that will predict response probability
for different stimulus levels (SL). Three such functions

Figure 1. Probability of a correct response as a function of log
stimulus contrast in a two-alternative forced-choicedetection experi
ment for three different vertical sine wave gratings: 2.0 (left), 8.0
(center), and 21.0 (right) cycles per degree. Each data point was
determined to a standard error of 0.05, averaging 72 trialsper point.
The solid curves are the best fitting Weibull functions for each set
of data, fit with a maximum-likelihoodcriterion. The horizontal line
represents threshold performance of 0.82; the vertical lines mark
the value of ex for each curve.
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PSYCHOMETRIC FUNCTIONS

A psychometric function relates some physical measure
of stimulus intensity (e.g., exposure duration, luminance,
contrast, or amplitude) to some performance measure of
detection or discrimination, such as hit rate, percent cor
rect, or d' (Torgerson, 1958, p. 145). When performance
is expressed as probability, psychometric functions typi
cally are S-shaped or ogival in form. Figure 1 shows the
probability of a correct response in a two-alternative
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are commonly used for this purpose: the logistic func
tion, theWeibull function, and the Gaussian integral func
tion. The logistic function (Berkson, 1951, 1953) is given
by:

P(X) = -y + [(1.0--y) . 1.01~~-SL

SL = loge[(Xlaf)

= (lOglOX-logloa) . (j . loge10. (1)

The Weibull function (Nachmias, 1981; Quick, 1974;
Weibull, 1951) is given by:

P(X) = -y + [(1.0--y) . (l.O-e-SL
))

SL = (XJa)"

= 10.0[(log,oX-logloa ) . ~l.

The Gaussian integral function is given by:

P(X) = -y + [(1.0--y) . rx
-(j_. e<-SLzl2)dX]

J -CD (2 '11")0.5

SL = loglo[(XJaf)

= (logloX-log1oa) . (j. (3)

The Gaussian integral can be approximated by a poly
nomial function (Abramowitz & Stegun, 1965, p. 932),
whereas the other two integrals have exact analytic forms.
Each of these mathematical representations of the psy
chometric function is completely specified by three
parameters: ex, the stimulus intensity at which the slope
of the function is maximum; (j, the steepness of the func
tion; and -y, the probability of a correct response due to
chance alone.

The choice of which function to use for representing
psychometric data can be made either on theoretical or
on practical grounds. Some models of detection and dis
crimination performance make explicit predictions about
the nature of the psychometric function. Signal detection
theory, for example, predicts that the psychometric func
tion of an ideal observer will be based on the Gaussian
integral (Green & Swets, 1974), whereas models utiliz
ing probability summation among independent detection
mechanisms predict a Weibull function (Green & Luce,
1975; Nachmias, 1981; Quick, 1974). The logistic func
tion is used as a substitute for the Gaussian integral be
cause it is computationally more efficient and has a closed
analytic form (Berkson, 1951).

On the other hand, one can choose the function that pro
vides the best fit to the data, disregarding the theoretical
implications. In 90%of the psychometric data I have col
lected by using n-alternative forced-choice detection
paradigms, the Weibull function gives a better fit than
either the Gaussian or the logistic. Similar findings are
widely reported in the vision literature (e.g., Nachmias,
1981; Watson, 1979).

The concept of threshold has both a theoretical mean
ing and a practical meaning. As a theoretical concept, sen-

sory thresholds are a property of some models of detec
tion and discrimination (Krantz, 1969). The classic
threshold model is the high threshold detection model.
This model assumes a sensory threshold: Stimuli whose
intensity is above this threshold can influence perception;
stimuli below the threshold intensity have no effect. The
threshold is further assumed to fluctuate in time, having
a mean and standard deviation described by a Gaussian
probability distribution. Under the high threshold detec
tion model, psychometric data, after correction for guess
ing, should fit a Gaussian integral function. The stimulus
that evokes a response probability of 0.5 is equal to the
mean threshold value. This threshold stimulus value is
given by the parameter ex.

The high threshold model of detection has been tested
repeatedly and has been rejected repeatedly because some
of the predictions of this model are not supported by ac
tual data (e.g., Egan, 1975; Green & Swets, 1974; Krantz,
1969; Swets, 1986a, 1986b; Swets, Tanner, & Birdsall,
1961). In spite of this rejection, several concepts derived
from the high threshold model (e.g., correction for guess
ing and subliminal stimulation) still are widely used by
psychologists and the general public. Other detection
models either incorporate no sensory threshold at all or
hypothesize multiple weak thresholds (Krantz, 1969), so
there is no compelling reason to choose a specific psy
chometric function in order to compute a threshold from
data.

The practical use of the threshold concept is as a specifi
cation of psychometric performance, For this purpose,
a sensory threshold can be defined as the stimulus level
that results in some specific level of performance (e.g.,
d' of 1.0 or a correct response probability of 0.75). The
parameter ex of the above functions represents this type
of threshold. The three solid curves in Figure 1 are the
best fitting Weibull functions for each set of data, using
a maximum-likelihood fitting criterion. The stimulus con
trast corresponding to the ex of each function is marked
by a vertical line. It should be noted that the Weibull func
tion is asymmetrical and that ex corresponds to a perfor
mance probability that is not halfway between chance (-y)
and 1.0, as is the case for the logistic function and the
Gaussian integral. In a two-alternative forced-ehoice task,
where -y is 0.5, a corresponds to a correct response prob
ability of 0.82 for the Weibull function but to only 0.75
for the logistic function and the Gaussian integral, as
shown in Figure 2. Therefore, one must be careful in
comparing thresholds derived from Weibull functions with
those from logistic or Gaussian integrals. The latter two
always give lower ex values than does the Weibull
function.

SEQUENTIAL EXPERIMENTS

A sequential experiment is one in which the ex
perimenter makes a decision about the experiment after
each trial. Levitt (1971), in reviewing adaptive psycho
physical methods, distinguished two broad classes of se-
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1967; Taylor, Forbes, & Creelman, 1983); and
(3) function-constrained methods, of which those based
on maximum-likelihood parameter estimation are bestde
veloped (Hall, 1968; Pentland, 1980; Watson & Pelli,
1983). Thesemethods depend uponsomeor all of the fol
lowing assumptions: (1) response probability is a mono
tonic function of stimulus level; (2) the responses from
the subject are independent of each other and of the
preceding stimuli (Bernoulli assumption); (3) the psycho
metric function is stationary withtime(thereis nochange
in the shapeof the function and there is no changein the
subject's sensitivity during themeasurements); and(4) the
psychometric function has a specific mathematical form
(e.g., Gaussian integral, logistic, or Weibull). The
methods provide rulesallowing theexperimenter to make
four separate decisions during the course of the experi
ment (Taylor & Creelman, 1967): (1) when during the
experiment to changethe stimulus level; (2) whatstimu
lus level to use when a change is to be made; (3) when
to end the experiment; and (4) how to calculate the
threshold after the experiment has ended.

The properties of these three methods are nicely
reviewed by bothLevitt (1971) andTayloret al. (1983),
and willbe discussed onlybriefly here. Staircase methods
require only Assumptions 1 and 2, but they are ineffi
cient because many stimuli not at the threshold are
presented. Also, there is no clearstatistically determined
basis for stopping or forcalculating a threshold value from
the results of trials (Wetherill, Chen, & Vasudeva, 1966;
Wetherill & Levitt, 1965).

The PESTprocedure introduced an explicit statistical
rule for deciding whento changethe stimulus level: The
level is changed after enough trials have been given to
rejectthehypothesis that thecurrentstimulus givesa per
formance probability equal to the probability evoked by
the threshold stimulus. PESTalsocontains rulesgovern
ing the step size of the stimulus change: The experiment
stops when thestimulus stepfalls below a predefined size.
The current stimulus is then takenas the bestestimate of
threshold. ThePESTmethod requires Assumptions 1and
2, and, weakly, 3; that is, during a runwitha fixed stimu
lus, performance should not change. The originalPEST
(Taylor & Creelman, 1967) andimproved versions (Find
lay, 1978) are moreefficient than is the adaptive method
because they reach the threshold value faster (Pentland,
1980); however, the PESTmethod is still notas efficient
as possible because stimuli that are too high or too low
are presented to the subject for several trials before be
ing rejected (although for a strongdefense of PEST, see
Taylor et al., 1983).

In 1968, Hall introduced the idea that after each trial,
onecouldcompute which of numerous Gaussian integral
functions hadthe maximum likelihood of beingthe func
tion describing the performance up to that point. The 01

valueof the function withthe maximum likelihood of ac
counting for the results obtained thus far is used as the
stimulus on the next trial because it is the best estimate
of the threshold. These ideaswere further developed by
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quential experiments: (1) those in which the number of
trials is determined by the resultsof the preceding trials,
and (2) thosein whichthe choiceof stimulus level is de
termined by the resultsof the preceding trials. An exam
ple of a Class 1 experiment is a 2AFC detection study
witha fixed stimulus contrast. Aftereach trial, the prob
ability of a correctresponse, P(correct), andthe standard
error (SE) of P are computed:

SEp = [p. (1-P)/NJO.5 (4)

whereN is the numberof trialsprior to and including the
current trial (Hays, 1963). If the standard error is less
thana predetermined level, the experiment is terminated.
The probabilities shown in Figure 1 were collected in
Class 1 experiments using a stopping standard error of
0.05 or less.

Ifone's goal is to finda stimulus thatgivesa predeter
minedperformance level, performing a Class 1 sequen
tial experiment is a waste of time. Many trials are run
withstimuli that are eithertoo lowor too high. It is most
efficient to present only the sought-after stimulus. Of
course, if the value of this stimulus were known, one
would not have to do the experiment in the first place.

Thegoalof Class 2 experiments is to change thestimu
lus during the course of the trials to converge on that
stimulus giving the desired performance level. Three
broadmethods exist for achieving thisgoal: (1) theadap
tive staircase (or up-down) method (Campbell, 1963;
Cornsweet, 1962; Dixon & Mood, 1948; Levitt, 1971;
Wetherill, 1963; Zwislocki, Maire, Feldman, & Rubin,
1958); (2) the PEST method (Parameter Estimation by
Sequential Testing) (Findlay, 1978; Taylor& Creelman,

Figure 2. Threedifferent functions representing performance on
a two-alternative forced-£boicedetection task: logistic (left), Gaus
sian integral (middle), and WeibuII (right). (3s for the three func
tions are 4.80,6.62, and 3.50, respectively. For the WeibuII func
tion, IX represents performance of 0.82, but for the other two, IX

represents performance of 0.75. IX is 0.05 log units lower for the
logisticand Gaussian integral functions than for the Weibull func
tion fit to the same set of data.
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Pentland (1980) andthenby Watson and Pelli(1983), who
published a simple BASIC programfor implementing their
procedure (dubbed QUEST). A chi-square criterioncould
also be used in place of the likelihood function for the
purpose of converging on the value of the threshold (Berk
son, 1955),but this approach has notyet beendeveloped.

The following example illustrates the principle of
maximum-likelihood hypothesis testing. Assume thatwith
a certainstimulus contrast, we observe the following series
of correct (C) and incorrect (I) responses on 10 trials of
a two-alternative forced-choice detection experiment:

CCICICCCIC

Assume furtherthatwe haveseveral alternate hypotheses,
each one predicting the probability of making a correct
response. With the assumptions thateachtrial is indepen
dent (Assumption 2) and that performance is stationary
(Assumption 3), we can calculatethe probability (likeli
hood)that eachof the hypotheses generatedthe observed
results. If the probabilityof a correct responsepredicted
by Hypothesis I is P(C)I' and the probability of an in
correct response is P(I)1 = I-P(C)1> the likelihood of
the above sequenceof correct and incorrect trials under
this hypothesis is simply the product of each of the in
dividual probabilities:

L1 = P(C)1 . P(C)1 . P(l)l . P(C)1 . P(l)l .

P(C)l . P(C)1 . P(C)l . P(l)l . P(C)l. (5)

If NC is the number of correct responses and NI is the
number of incorrect responses, then:

It is computationally safer, especially with many obser
vations, to take the natural logarithmof Equation 5 and
compute the log likelihood of the events:

logeLl = logeP(C)l + logeP(C)1 + logeP(l)l +
logeP(C)l + 10geP(l)1 + 10geP(C)1 +
logeP(C)l + logeP(C)l + logeP(l)1 +
logeP(C)l' (7)

Or in more compact form:

logeLl = [NC . logeP(C)l] + [NI . 10geP(l).].(8)

Table 1 presentsthe likelihood and log likelihood of that
sequenceof correct and incorrect responses for each of
nine different hypotheses about the value of P(C). No
ticethatone, marked witha dagger, hasa maximum likeli
hood, and of the hypotheses tested, it is most likely to
be correct.

Equation I, 2, or 3 may be treated as a hypothesis that
accounts for a series of correct and incorrect responses
in a psychophysical experiment. Given values for a, (J,
and -y, the equations predict the probability of a correct
response, P(C) , and the probability of an incorrect
response, P(l) = I-P(C), for anypossible stimulus. The

(9)

ex (3 'Y Log Likelihood

-2.5500 3.5000 0.5000 -548.9255
-2.5000 3.5000 0.5000 -359.5210
-2.4500 3.5000 0.5000 -235.7017
-2.4000 3.5000 0.5000 -136.3806
-2.3500 3.5000 0.5000 -88.8615
-2.3000 3.5000 0.5000 -76.7483*
-2.2500 3.5000 0.5000 -86.6537
-2.2000 3.5000 0.5000 -108.6983
-2.1500 3.5000 0.5000 -135.4853
-2.1000 3.5000 0.5000 -161.9160
-2.0500 3.5000 0.5000 -185.1755
OOסס.2- 3.5000 0.5000 -204.1403

Weibull Function Parameters

Table 2
Log Likelihoods that the Data on the Left Side of Figure 1

Were Generated by One of 12 Different Hypotheses

Table 1
Likelihood and Log Likelihood of the Observed Sequence of

Correct (C) and Incorrect (I) Responses, CCICICCCIC,
for Nine Hypothesized Probabilities P(C)

Hypothesis

P Q Likelihood Log Likelihood

0.1 0.9 7.29 * 10- 8 -16.4342
0.2 0.8 6.55 * 10- 6 -11.9355
0.3 0.7 7.50 * 10- 5 -9.4978
0.4 0.6 3.54 * 10- 4 -7.9465
0.5 0.5 9.77 * 10- 4 -6.9315
0.6 0.4 1.79 * 10- 3 -6.3247
0.7 0.3 2.22 * 10- 3 -6.1086t
0.8 0.2 1.68 * 10- 3 -6.3903
0.9 0.1 4.78 * 10- 4 -7.6453

Table 2 showsthe resultof the application of Equation9
to the 28 data points shown in the left side of Figure 1.
Twelvedifferent Weibull functions, each having a fixed
slope ({J=3.50) and chance level (-y=0.5), but differing
in the thresholdparameter ex, were tested as hypotheses.
Of the ex values tested, the Weibull function with ex of
-2.3 log contrast has the maximum likelihood of being
the correct psychometric function. If we explore differ
ent values of {J as well as of ex, we find that a Weibull

n

logeL = {E [NC1 • logeP(C)a +
i=1

log likelihoodthat specifica, {J, and -y valuesfor one of
these equations describe sets of correct and incorrect
responses obtainedwith different stimulus contrasts can
be calculated by extending Equation 8 to include theprob
abilitiespredicted for several stimuli, not for only one.
For the ith contrast, these functions predict a value of
P(C)I and P(l)h and the predictions from each contrast
are combinedwith the observed number correct and in
correct for that contrast:

Note-Each hypothesis is a Weibull function having the listed values
of ex, (3,and 'Y. *Thisfunctionhas the maximum likelihood(of those
tested) of being the correct hypothesis.

[This hypothesis has the maximum likelihood of being correct.

(6)L1 = P(C)fC . P(I)fI
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Figure 3. Using the ML-TEST procedure, the mean number of
trials required to reach criterion confidence interval as a function
of confidence interval in log contrast units using a two-alternative
forced-choice (2AFC) (upper curve), 3AFC (middle curve), and
4AFC (lower curve) detection paradigm. These data were produced
by a Monte Carlo simulation of an ideal observer whose detection
performance is represented by Weibull functions having {3 of 3.50,
sof 0.01, and 'Y of 0.50, 0.33, and 0.25 for 2AFC, 3AFC, and 4AFC
paradigms, respectively. Each point is based on 100 Monte Carlo
trials. The a priori threshold value was randomly chosen from a
uniform distribution two log contrast units wide, centered on the
true threshold value, and the a priori logIikelibooddistribution was
based on one simulated trial.

drops to )('/2.0 belowthe maximum log likelihood value.
Thesetwo stimulus values define the upperand lowercon
fidence limits of the maximum-likelihood estimate of
threshold a. The 95% confidence interval is derived in
this manner when Xl is set equal to 5.0239.

The confidence interval is usedas the criterionfor stop
ping the experiment. The experimentcontinuesuntil the
confidence interval reaches some predefmedwidth. The
narrowerthecriterion interval, themoretrialsare required
to reach it. Figure 3 showsthe numberof trialsas a func
tion of the criterion confidence interval in log contrast
units for 2AFC, 3AFC, and 4AFC detectionparadigms.
The 3AFC is more efficientthan the 2AFC paradigmbe
causechance performance probability of 0.33 canbe iden
tified with fewer trials than can that of 0.50 (see Equa
tion 4). In the samemanner, the 4AFC paradigmis more
efficientthan the other two becausechanceperformance
of 0.25 is easiest of the three to be identified.

Shelton, Picardi, and Green (1982) comparedthe three
methods in actual psychophysical experiments and
reported that all three gave unbiased estimates of
threshold. They noted that the maximum-likelihood
methoddid not reach its theoretical efficiencyadvantage
over the other two becauseof a tendencyafter a few cor
rect trials (particularly those that are correct by chance
to low stimuli)to jump to the loweststimuluslevelpossi
ble and to remainthere for a numberof subsequent trials.
A similarproblem, butin the opposite direction, wasnoted
by Taylor et al. (1983): After a lapse (when the subject

function witha of -2.295 and {3 of 2.9449 is more likely
to be the correct function, with a log likelihood of
-75.7722. This curve is drawn through the data in
Figure 1.

The principles of maximum-likelihood hypothesis test
ingmaybe usedto control stimulus selection andthreshold
estimation in psychophysical experiments. Beforethe ex
periment starts, theexperimenter chooses oneof the above
equationsto represent the psychometric function under
lying the subject's performance(for visionexperiments,
a Weibull function works well). The values of {3 and 'Y
are fixed ({3 of 3.5 and 'Y of 0.5 are appropriate for 2AFC
paradigms usingWeibullfunctions). A seriesof a values
are selected as possible thresholdvaluesto test duringthe
experiment. Sincethe values of {3 and 'Y are heldconstant,
each a represents a completepsychometric function. In
sinewavegrating detection experiments, onecouldchoose
these as to cover the range of possible contrasts in 0.02
log unit steps from a low of -3.50 log units to 0.0 log
units (contrasts from0.0003 to 1.0), giving 176different
candidates for the threshold value of a. Depending on
computer power available, one could consider a wider
range of candidateas or use a smaller step size, or both.
I have found that on a DEC LSI-11123, about 176candi
datescouldbe handled without a bothersome intertrialde
lay. An LSI-11173 enabledme to use 512differenta can
didates with virtually no intertrial delay.

On eachtrialof theexperiment, a stimulus is presented,
and the subjectmakesa responsethat is either correct or
incorrect. Given the stimulus used on the trial, each of
thecandidate functions, represented by thedifferent values
of a, predict whatthe P(C) or P(I) shouldbe. A separate
log likelihood is maintained for each candidate a, and,
after each trial, the quantity10geP(C) (if the subjectwas
correct) or 10ge[1-P(C)] (if the subject was incorrect)
is added (see Equation 7) to the previous log likelihood
for thatcandidate. Thelog likelihoods of thedifferent can
didateas are thensearchedto find the one with the maxi
mum. This valueof a is an unbiased estimateof the true
value of threshold a (Hays, 1963).

In principle, themaximum-likelihood estimation method
is the most efficientmethodof estimating thresholdsbe
cause the stimulus used on each trial is most likely to be
the threshold stimulus (Pentland, 1980; Taylor et al.,
1983; Watson& Pelli, 1983), andsimulation studiescon
firm this principle (Pentland, 1980). This efficiency is
achievedat the cost of making an additional assumption,
number 4, that the psychometric function describing a
subject's performancehas a specific mathematical form,
a reasonable assumption given the nature of empirical
data.

The log likelihood values may also be used to estimate
the confidence interval within which the true value of
threshold a lies. Using the relationship between x' and
log likelihood ratio (Hays, 1963; Wilks, 1962),

x' = -2.0 * loge likelihood ratio. (10)

One searches to find the first candidate a above and be
lowthe maximum likely value of a whoselog likelihood
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makes an error with a stimulus that should be easily de
tectable), the procedure jumps to a very high stimulus
level and moves down very slowly, particularly if the lapse
occurs early in the trials.

There are four techniques that minimize these problems
and maximize the efficiency of the maximum-likelihood
method. The first is to incorporate the probability of a
lapse into the predicting functions. Letting 0 be the lapse
probability (Watson & Pelli, 1983), constrain the
predicted probabilities used in the log likelihood compu
tations so that the minimum probability possible is 0 and
the maximum is 1-0 (Hall, 1981). This constraint makes
the method less susceptible to lapses (Taylor et al., 1983)
and avoids the problem of computing the logarithm of
zero. I usually set 0 to 0.01.

The second technique is to separate the estimation of
the threshold a from the decision about which stimulus
to present on the next trial. Watson and Pelli (1983)
pointed out that there are really three sets of log likeli
hoods relevant to a psychophysical experiment: (1) the
a priori log likelihood that each candidate a is the
threshold based on previous results, wild guesses, etc.;
(2) the log likelihoods based on the sequence of correct
and incorrect responses during the experimental trials; and
(3) the a posteriori log likelihoods, which combine the
results of the trials with the a priori log likelihoods.

The a posteriori log likelihoods are computed (minus
a constant) by adding the log likelihoods based on the trials
alone to the a priori log likelihoods (see Watson & Pelli,
1983). The log likelihoods are used to estimate the
maximum-likelihood value of a and the confidence in
terval of that estimate; the a posteriori log likelihoods are
used to select the stimulus value to use on the next trial.
During the first five or so trials, the estimated value of
threshold a will fluctuate widely or will drop to very low
values if the subject makes no incorrect responses. The
maximum-likelihood value selected from the a posteriori
log likelihoods, because it is constrained by the a priori
estimate of the threshold, will not fluctuate widely, but
will stay in the neighborhood of the initial estimate of
threshold.

I create the a priori log likelihoods for each of the can
didate a s by simulating a very small number of trials with
a stimulus that is my best guess about the value of
threshold a, using Equation 8. In this case the number
correct, NC, and the number incorrect, NI, will not neces
sarily be integers, as they are with real trials. A Weibull
function with 'Y of 0.5 predicts a response probability of
0.816with a threshold stimulus. For two simulated trials,
this function predicts that there will be 1.632 correct
responses and 0.3680 incorrect responses, and these
values would be used in the evaluation of Equation 8 for
each candidate a. This representation of the a priori log
likelihoods seems to work better than a Gaussian proba
bility distribution, which was suggested by Watson and
Pelli (1983). Simulating trials creates log likelihoods that
are compatible with the likelihoods computed during ac-

tual trials. Those computed from arbitrary unimodal dis
tributions, such as Gaussian distributions, are not.

The third technique for minimizing problems is used
in the case where one or more a values are tied for maxi
mum likelihood. Ties will always occur during the early
trials if the subject is always correct or always incorrect.
When ties occur among the log likelihoods, estimate a
by taking the mean of the highest and lowest of the tied
values. If ties occur among the a posteriori log likeli
hoods, which is not likely because of the a priori log likeli
hood distribution, select the highest tied value to use as
the stimulus on the next trial.

The fourth technique that maximizes efficiency is to not
use the a with the highest a posteriori log likelihood as
the stimulus on the next trial, but one that is slightly
higher. Taylor (1971) formally developed the concept of
efficiency of estimating points on a psychometric func
tion. He defined an inverse measure of efficiency, the
sweat factor, so called because it measures the amount
of work (number of trials) one must do to measure a
threshold. Maximum efficiency of measurement is
reached when a stimulus is used that gives the lowest, or
ideal, sweat factor. Except for Gaussian integrals and
logistic functions with 'Y equal to zero, this ideal stimu
lus is not the value of a, but one offset higher by a small

Table 3

(3 'Y P(C) P(C).

Weibull Function

3.50 0.50 0.0765 0.92 0.816
3.75 0.50 0.0700 0.92 0.816
4.00 0.50 0.0652 0.92 0.816
3.50 0.33 0.0717 0.89 0.755
3.75 0.33 0.0658 0.89 0.755
4.00 0.33 0.0635 0.89 0.755
3.50 0.25 0.0685 0.87 0.724
3.75 0.25 0.0632 0.87 0.724
4.00 0.25 0.0604 0.87 0.724
3.50 0.00 0.0571 0.79 0.632
3.75 0.00 0.0543 0.79 0.632
4.00 0.00 0.0497 0.79 0.632

Logistic Function

4.75 0.50 0.0443 0.81 0.750
5.00 0.50 0.0416 0.81 0.750
4.75 0.33 0.0335 0.73 0.667
5.00 0.33 0.0313 0.73 0.667
4.75 0.25 0.0289 0.68 0.625
5.00 0.25 0.0285 0.68 0.625

Gaussian Integral Function

6.50 0.50 0.0721 0.84 0.750
6.75 0.50 0.0661 0.84 0.750
6.50 0.33 0.0508 0.76 0.667
6.75 0.33 0.0538 0.76 0.667
6.50 0.25 0.0508 0.71 0.625
6.75 0.25 0.0416 0.71 0.625

Note-The stimulus offset value, f, in log contrast units, required to
achieve the ideal sweat factor, the corresponding probability of a cor-
rect response, P(C), and the probability of a correct response at stimu-
lus level ex, P(C). for selected values of {3 and 'Y for the Weibull func-
tion, the logistic function, and the Gaussian integral. f is zero for logistic
and Gaussian integrals with 'Y of zero.
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equalto zero, because the increase in the number of trials
is small relative to the decrease iti a variability.

Subjects in psychophysical experiments do violate both
the assumption of stationarity and of independence
(Shipley, 1961; Taylor et al., 1983) by showing lapses
and sequential dependencies of their responses. With the
maximum-likelihood estimation procedure, theseeffects
can be reduced by intermixing different test conditions
in blocks of 20 or 30 trials. As before, the stopping
criterion is the confidence interval of the estimate of
threshold a, and a newblockof trials for a givencondi
tion is added to the results of the previous blocks until
that criterion is met.

It is problematical to apply these methods to psy
chophysical paradigms that do not control for observer
response bias. When psychometric functions are measured
in experiments in which the subject is asked to report
whether or not the stimulus was seen (or heard), for ex
ample, the dependent variable is the probability of say
ingyes, P(yes), thehit rate. Severalauthors(e.g., Nach
mias, 1981; Watson & Pelli, 1983) have suggested that
these data may be fit with logistic or Weibull functions
setting 'Y equal to the falsealarm rate. The problemwith
this approach is that the false alarm rate is not constant:
there is a different false alarm rate for each pointon the
psychometric function. Observers more or less strive to
maintain an unbiased decision criterionin a detection ex
periment (unless theexperimental conditions are arranged
otherwise) and, thus, tend to maximize the percent cor
rect (Siegert's observer, see Egan, 1975). One conse-

Figure S. Using the ML-TEST procedure, standard deviation of
the estimation of threshold a, as a function of stimulus offset, e,
in log contrast units with a two-alternative forced-choice detection
paradigm. These data were produced by a Monte Carlo simulation
of an ideal observer whose detection performance is represented by
Weibull functions having {:1 of 3.50, /j of 0.01, and 'Yof 0.50. Each
point is based on 200 Monte Carlo trials with a stopping confidence
interval of 0.30 log units. The a priori threshold value was randomly
chosen from a uniform distribution two log contrast units wide, cen
tered on the true threshold value, and the a priori log likelihood
distribution was based on one simulated trial.
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Figure 4. Using the ML-TEST procedure, the mean number of
trials required to reach criterion confidence interval as a function
of stimulus offset, e, in log contrast units with a two-alternative
forced-choice detection paradigm. These data were produced by a
Monte Carlo simulation of an ideal observer whose detection per
formance is represented by Weibull functions having {:1 of 3.50, /j

of 0.01, and 'Y of 0.50. Each point is based on 200 Monte Carlo trials
with a stopping confidence interval of 0.30 log units. The a priori
threshold value was randomly chosen from a uniform distribution
two log contrast units wide, centered on the true threshold value,
and the a priori log likelihood distribution was based on one simu
lated trial.

amount, e. Somevalues of e corresponding to the ideal
sweat factor, as defined by Taylor (1971), for the three
types of psychometric functions are given in Table 3.

That the selection of € affects the numberof trials re
quired to reach stopping criterion with the maximum
likelihood estimation procedure is shown in Figure 4.
Eachdata point is the meanof 200 MonteCarlo simula
tions. There is a minimum at an € of about +0.04, which
is lowerthanthevaluerequired to achieve the idealsweat
factor, 0.0765, shownin Table 3 for a Weibull function
withthe sameparameters. Theuse of the € to achieve the
idealsweatfactor alsoinfluences thevariability of the es
timateof threshold a. The standard deviation of the esti
mated threshold a from the same Monte Carlo simula
tionis shown in Figure 5 as a function of €. In thisfigure,
it is seen that an € of zero gives minimum variability of
the estimate of a. This variability sharplyincreases with
any nonzerovalueof € and is especially highat the ideal
sweat factor value of e (0.07 in this case). The use of €

forces the subject's correct response probability to in
crease (0.92 with a Weibull function of 'Y 0.50), thus
reducing thenumber of errors. Except for the casewhere
'Y equals zero, errors carry more information than cor
rect responses in themaximum-likelihood estimation (see
Watson & Pelli, 1983). Thislossof information produced
by forcing performance to a higher level increases the
variability in estimating threshold a. I recommend, as a
compromise, using a value of € that is one half or less
of the ideal value given in Table 3. In practice, I set €
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quence of maintaining an unbiased decision criterion for
detecting stimuli of different intensities is that the false
alarm rate covaries with the hit rate (Green & Swets,
1974), and the false alarm rate will be higher for weak
stimuli thanfor strong stimuli. Using a psychometric func
tion with "/ fixed at some value is equivalent to assuming
that the subject has a constant false alarm rate for all
stimuli (a Neyman-Pearson observer), and there seems
to be little justification for making this assumption in most
psychophysical experiments.

THE ML-TEST SUBROUTINES

I have implemented the maximum-likelihood method
of estimating thresholds described above in a package of
11 FORTRAN routines designed to run under RT-I l on
PDP-II series machines and under VMS on VAX com
puters. They should be easily adapted to other computers.
The user must choose values for 6, ,,/, 0, E, and X2 and
decide which psychometric function to use: logistic,
Weibull, or Gaussian integral. The user must provide an
array filled with candidate a values in logarithmic form,
an array to hold the a posteriori log likelihoods for each
candidate, and an array to hold the log likelihoods based
on the experimental trials. These routines are:

SUBROUTINE TEST is called at the beginning of the
experiment with the initial estimate of the threshold value,
and it calculates the a priori log likelihoods by simulat
ing a small (user-specified) number of trials. It is also
called after each experimental trial to update both the log
likelihoods and the a posteriori log likelihoods. The rou
tine returns the index of the candidate a with the highest
a posteriori log likelihood of being the threshold stimu
lus. This value, possibly offset by E, can be used as the
stimulus on the next trial.

SUBROUTINE TMAX searches the log likelihood ar
ray and returns the index of the candidate a with the max
imum likelihood of being threshold. It also returns the
upper and lower confidence limits of the estimate.

SUBROUTINE TSRT sorts and prepares the trial-by
trial data (which stimulus is used and the correctness of
the response) for use by subroutine TFIT.

SUBROUTINE TFIT takes the trial-by-trial data (col
lapsed by subroutine TSRT) and calculates the values of
a and fJ of the psychometric function giving the best
maximum-likelihood fit to the data

SUBROUTINE TXLL calculates the log likelihood and
X2

, indicating how well a particular set of a, 6, 'Y, and
ovalues ofa psychometric function describe a set ofpsy
chometric data. It is used by subroutine TFIT.

SUBROUTINE TFLL ftlls an array with candidate a
values, using equal steps on a logarithmic scale. The user
specifies the lowest log a value, the step size, and the
number of values needed.

SUBROUTINE TSCR provides a random order for
testing different conditions. The user defines the number
of conditions, N, and TSCR returns an array with the in
tegers 1 to N in random order.

FUNCTION PFUNI evaluates the logistic function at
stimulus X, given values of a, 6, ,,/, and o.

FUNCTION PFUN2 evaluates the Weibull function at
stimulus X, given values of a, 6, ,,/, and o.

FUNCTION PFUN3 evaluates the Gaussian integral
at stimulus X, given values of a, 6, ,,/, and o.

FUNCTION COMLN evaluates the natural logarithm
of the number of combinations of N things taken R at a
time; it is used by subroutine TXLL.

Two demonstration programs are also included in the
package:

SIMI. This program is similar to one being used to
measure contrast sensitivity functions, except that the
response of the subject is simulated within the program,
not collected from a real observer.

SIM2. This program measures a complete psychometric
function, using a simulated observer. The best fitting
logistic, Weibull, and Gaussian integral functions are
found from the data.

The ML-TEST method represented by these routines
differs in four ways from the QUEST method described
by Watson and Pelli (1983). First, and least important,
the a posteriori log likelihoods are kept separate from the
log likelihoods based on the experimental trials. One need
not subtract the a priori log likelihoods from the
a posteriori log likelihoods every time the estimate of
threshold a and its confidence interval is to be computed.

The second difference is that the subroutine TMAX
returns the maximum-likelihood value of threshold a, not
a plus E. Thus, thresholds measured using different off
set values of E are directly comparable.

The third difference is that the a priori log likelihoods
are estimated using simulated trials rather than a Gaus
sian distribution. This representation of the a priori log
likelihoods seems to allow for faster convergence to the
final value of the estimated threshold a, especially when
the initial estimate is too high, than does the Gaussian dis
tribution.

The fourth and most important difference is that the
number of candidate a s is not constrained by the stimuli
that are actually possible to present to subjects with the
equipment used in the experiment. It is desirable to con
sider a series of candidate a values that are spaced in equal
logarithmic steps because the shape of the function is con
stant with logarithmic stimuli. But equal logarithmic steps
in stimulus intensity may not be possible with the equip
ment that generates the stimuli. The Innesfree image syn
thesizer, for example, controls sine wave grating contrast
with a 12-bit computer word, allowing 4,096 different
contrast values. These contrast values are ordered in equal
arithmetic, not logarithmic, steps. It is not possible to form
a series of stimuli having equal logarithmic steps, and,
therefore, the QUEST procedure (which requires equal
logarithmic steps in order to achieve computational effi
ciency) could not be used with this fine piece of equip
ment. The ML-TEST routines do not require that stimuli
actually presented to the subjects be the same as those in
the array of candidate a. The probabilities predicted by
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Figure 6. Contrast sensitivity, the reciprocal of threshold contrast
cr,as a function ofsine wavegrating spatial frequency in cyclesper
degree of visualangle. These data were collected usingtheML-TFSf
procedure in a two-alternative forced~hoice detection paradigm with
a Weibull function having (3 of 3.50, {, of 0.01, and l' of 0.5. The
95% confidenceinterval used as stopping criterion was0.20 logcon
trast units. Thisconfidence interval isdelimitedby thetwosolidlines.
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tertrial delay was about 3 sec. A faster computer would
reduce session times accordingly.

Using a wider confidence interval as stopping criterion
speeds up the measurements considerably. Figure 7 shows
a second set of contrast sensitivity data measured using
a stopping confidence interval of 0.35 log contrast units.
Each of the 21 data points took an average of 23 trials
and the session lasted 40 min. The average number of
trials in the Monte Carlo simulation under similar condi
tions was 29 (SD= 12.6). Thus, each contrast threshold
required about 2 min to beestimated with a 95% confi
dence interval of 0.35 log units. The rapidity with which
these data were collected does not obscure the characteris
tic irregularity of this subject's contrast sensitivity at 6
cycles per degree.

For measuring detection sensitivity, the superiority of
the forced-ehoice paradigm over the method of adjustment
has been widely recognized since the advent of signal de
tection theory (Egan, 1975; Green & Swets, 1974).
Thresholds measured with the method of adjustment are
influenced both by the subject's sensitivity and by his/her
decision criterion (response bias). Forced-choice
paradigms minimize the influence of response bias on
threshold measurements. Higgins, Jaffe, Coletta, Caruso,
and de Monasterio (1984) have recently demonstrated that
contrast sensitivity functions measured with the method
of adjustment procedure have a standard error about twice
that of contrast sensitivity functions measured in a 2AFC
paradigm. The ML-TEST procedure described above pro
vides a rapid and efficient way in which the 2AFC
paradigm can be used to measure contrast sensitivity. A
further benefit of this method is that the confidence in-

Figure 7. Contrast sensitivity, the reciprocal of threshold contrast
ex, as a function of sine wavegrating spatial frequency in cyclesper
degreeof visualangle. These data were collected using theML-TFSf
procedure in a two-alternative forced~hoice detectionparadigmwith
a Weibull function having (3 of 3.50, {, of 0.01, and l' of 0.5. The
95% confidenceinterval used as stopping criterion was0.35 logcon
trast units. Thisconfidence interval is delimitedby thetwosolidlines.
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each candidate a's psychometric function, given the ac
tual stimulus presented, are computed each time, using
the appropriate subroutine function. This approach re
quires more computation, but the gained flexibility is
worth it. The stimulus value returned by subroutine TEST
from the a posteriori log likelihood array is the recom
mended value (plus any offset) to use on the next trial,
if possible with the equipment being used. One should,
for efficiency to be kept high, use the closest value
possible.

A contrast sensitivity function at 21 spatial frequencies
measured using the ML-TEST routines is presented in
Figure 6. The sinusoidal gratings were generated by an
Innesfree image synthesizer and displayed on a Tek
tronix 608 CRT monitor. The image synthesizer was con
trolled by a Southwest Technical Products S/09
microcomputer having a 6809 microprocessor. A two
alternative forced-choice detection paradigm was used.
Each measurement was stopped when the 95%confidence
interval reached 0.2 log contrast units. This confidence
interval is delimited by the solid lines above and below
the data points. Therefore, we can be 95 % certain that
the true threshold lies between these limits. Each of the
21 data points required an average of 47 trials before
criterion was reached, which compares favorably with the
mean of 64 trials (SD= 17) required in the Monte Carlo
simulation. (The starting stimulus was chosen randomly
in the simulation, whereas in actual measurements the
starting stimulus is based on previous measurements and,
therefore, is closer to the measured threshold.) The en
tire experimental session lasted about 70 min, about
3.3 min per threshold. With the computer used, the in-
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terval of the thresholds is under the control of the ex
perimenter, and each threshold can be obtained with a
known degree of accuracy. Speed of measurement can
be traded off for accuracy of measurement.

The ML-TEST routines have been used extensively for
a variety of psychophysical measurements with both ex
perienced and naive subjects in several laboratories in the
United States and Europe. The source code for the rou
tines and the sample programs are well commented and
should allow a user who is experienced with computer
controlled experiments to implement them with no
difficulty .
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