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Right-lever presses by hooded rats in three groups produced reinforcers at variable-intervals
that differed over five conditions. The groups differed by virtue of the constant rates of reinforcers
obtained by left-lever responding-high, medium, or low. The function relating right-response
rates to right-reinforcer rates was adequately described by the hyperbola proposed by Herrnstein.
According to Herrnstein's interpretation, the rate-of-change parameter (R o) for the hyperbola
represents the rate of reinforcers obtained from sources other than right-lever reinforcers. Esti
mates of R o did not bear a direct relation to the rate of reinforcers obtained on the left, contrary
to what was expected according to Herrnstein's interpretation. There were many instances in
which Ro estimates were smaller than the rate ofleft-lever reinforcers actually obtained. Such
instances could not be accounted for by Herrnstein's hyperbola unless the undermatching and
bias that were found for the choice between right and left reinforcers were taken into account.
We concluded that Herrnstein's proposal that response rate can be predicted in terms of the choice
between reinforcers arranged by the experimenter and reinforcers obtained from extraneous
sources remains tenable if undermatching and bias are taken into account.

defined operant response, B, and some other behavior,
Bs, is given by

where R is the rate of reinforcers obtained by operant
responses and Ro is the rate of extraneous reinforcers
produced by other behavior.

Herrnstein (1970, 1974) assumed that when Band Bo
are measured in the same units (e.g., responses per
minute, or units of time) , the sum (B+ Bo) necessarily ex
hausts all possible behavior in a situation. In particular,
if the time in which B and Bo can occur is held constant,
such as the duration of an experimental session, the sum
(B+Bo) must also remain constant. A constant k can there
fore be substituted for the sum (B+Bo) in Equation 1. The
constant k represents total behavior and is measured in
the same units as B (Herrnstein, 1979). Rearrangement
of the resulting modification to Equation 1 gives a new
equation (called "Herrnstein's equation"):

A dominant theme in contemporary research on oper
ant behavior is that response strength depends on the con
text for reinforcement. In Herrnstein's (1970, 1974) in
fluential formulation, the reinforcement context for any
given behavior is specified by the outcomes of potential
choices available to the individual. Herrnstein suggested
that in any situation in which the relation between an oper
ant response and its reinforcing consequences is being
studied, there always exists some other behavior that is
maintained by reinforcers extraneous to the experimen
tally defmed source of reinforcers. In other words, the
individual always has a choice between engaging in oper
ant behavior defined by the experimental procedure versus
engaging in some other behavior, whatever that may be.

According to Herrnstein (1970), choice between two
alternatives is predicted by the "matching law" (de Vil
Hers, 1977; Herrnstein, 1961; Nevin, 1984): response
proportions match reinforcer proportions. Following the
matching law, the choice between a single experimenter-

B/(B+Bo) = R/(R+Ro) ,

B = k . R/(R+Ro) .

(1)

(2)
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Equation 2 predicts absolute response rate, B, in terms
of reinforcers earned by B relative to reinforcers obtained
from all possible sources (the reinforcement context). In
terms of Herrnstein's theoretical analysis, k represents to-
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tal behavior that occurs in a given period of time. If there
is no reinforcement for "other" behavior, B = k. That
is, k also gives a measure of the maximum possible rate
at which B could occur. The constant R; is measured in
the same units as R (e.g., reinforcers per hour). Equa
tion 2 defines a rectangular hyperbola with an asymptote
at B = k and with a rate of increase in B with increasing
R given by Ro. Changes in reinforcer parameters, such
as reinforcer magnitude or quality, should affect Ro but
not k, whereas changes in response parameters, such as
topography or response force, should affect k but not Ro
(Herrnstein, 1974).

De Villiers and Herrnstein (1976) reviewed a large
number of studies in which the strength of a single
response varied with relative reinforcer frequency. As a
general rule, fits of Equation 2 to the data from these
studies were satisfactory. Satisfactory fits of an equation
to data do not, however, provide an unequivocal test of
the equation. Stronger tests come from studies in which
response or reinforcer parameters are varied in such a way
as to test predictions about their effects on the values of
the constants k and Ro . For example, Bradshaw, Szabadi,
and Ruddle (1983) varied response force for a series of
variable-interval (VI) reinforcement schedules and found
lower values of k for greater force requirements while
R; was unaffected, consistent with Herrnstein's (1974)
interpretation of Equation 2. Similarly, McSweeney
(1978) reported lower values ofk for treadle pressing than
for keypecking with no change in the estimate for Ro.

When reinforcer parameters are varied, R; should be
affected, but k should not. Bradshaw, Szabadi, and Bevan
(1978) reinforced rats' leverpress responses with sucrose
according to several VI schedules in different conditions.
As in other studies, response rate increased hyperboli
cally with reinforcement rate according to Equation 2.
Values of Ro were lower for a strong sucrose concentra
tion than for a weaker sucrose concentration, as expected
from Hermstein's interpretation of R«. In other studies,
Bradshaw, Szabadi, Ruddle, and Pears (1983) and Snyder
man (1983) reported lower values of Ro for higher levels
of food deprivation in rats, again consistent with Equa
tion 2. More recently, McDowell and Wood (1984) varied
the magnitude of reinforcers earned by humans. Response
functions were adequately fitted by Equation 2, but our
reanalysis indicated that Ro varied independently of rein
forcer magnitude. Values of k tended to vary directly with
reinforcer magnitude, although they should have remained
constant.

Perhaps the strongest test of Herrnstein's equation
would be to vary directly the rate of extraneous reinforce
ment, Ro. Unfortunately, such an experiment is impossi
ble because Ro is a theoretical quantity that is unobserv
able. An approximation to such a test, however, would
involve providing a reinforcement source additional to
whatever extraneous reinforcement was already available.
Although variation in such factors as deprivation level or
reinforcer magnitude can only allow inferences about the
resulting levels of extraneous reinforcement, the explicit

CONTEXT FOR REINFORCEMENT 399

programming of reinforcement additional to extraneous
reinforcement allows the minimum levels of Ro to be
specified.

In the present experiment, the absolute rate of rats'
responses on the right lever of a two-lever chamber was
recorded under several conditions in which the VI rein
forcement schedule was varied. An additional source of
reinforcement was programmed in each session, namely
reinforcers for responses on the left lever. Reinforcers
for left- and right-lever responding were arranged accord
ing to concurrent VI VI schedules. Right-lever response
rates, BR, could therefore be predicted by reinforcers on
the right, RR, reinforcers on the left, RL, and reinforcers
for other behavior, R~, according to Equation 3:

BR = k . RR/(RR + RL + R~). (3)

The sum (RL+R~) in Equation 3 is equal to Ro in Equa
tion 2. Fits of Equation 2 to data for right-lever respond
ing yield estimates of k and Ro. According to Herrnstein's
(1974) interpretation of Ro , we expected that the values
of Ro required to fit the data adequately should be at least
as large as the rate of reinforcers obtained by left-lever
responses, RL.

For each of three groups of hooded rats in the present
experiment, the value of RL was held constant, but at
different levels for the different groups. In Group RL =68,
reinforcers were obtained by left responses at an average
rate of 68/h. In the RL=26 and RL=9 groups, left rein
forcers were obtained at rates averaging 26/h and 9/h,
respectively. Thus there were groups in which reinforcers
were arranged for' 'other" behavior at high, medium, and
low rates. According to Herrnstein's (1974) interpreta
tion of Ro , the values for R; found by fitting Equation 2
to the data should be high, medium, and low, respectively,
for the groups with high, medium, and low rates of RL.
Furthermore, the values of R; estimated from the fitted
functions should be at least as large as the values of RL

obtained.
By varying RL over different levels for the three groups,

we hoped to discover whether the fitted parameter values
corresponded to the minimal levels of extraneous rein
forcers actually obtained.

METHOD

Subjects
The subjects were 24 female hooded rats maintained at 80% ±5%

of their free-feeding weights. The rats were about 4 months old
at the beginning of the experiment. Water was always available in
the living cages, and supplementary feeding ensured maintenance
of the prescribed body weights.

Apparatus
Twelve identical experimental chambers, 30x25 x28 cm high,

contained two response levers. The levers were mounted in one
wall 10 cm from the grid floor and 8 cm on either side of center.
A red lamp located above each lever was illuminated throughout
the expenrnental sessions. Feedback was provided by each
response's producing a .05-sec offset of the lamp above the as
socrated lever. Each lever could be operated by a force of .1 N.
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A central dipper cup at floor level could deliver .01 CC of sweetened
condensed milk diluted with an equal quantity of water. White noise
presented through a speaker in each chamber at about 80 dB SPL
served to mask extraneous sounds. Experimental events in each
chamber were controlled and recorded by microcomputer control
systems supplied by Micro Interfaces Ltd.

Procedure
Throughout the experiment, each daily session lasted for 30 min.

Individual rats always worked in the same chamber and 4 rats from
each group of 8 worked in four chambers at the same time. The
first 22 sessions were devoted to preliminary training. In Sessions
1 and 2, there were 60 presentations of condensed milk at 30-sec
intervals, independently of responding, in order to establish drink
ing following each dipper operation. Over Sessions 3 to 12, right
lever presses were established in an automaintenance procedure or
by reinforcing successive approximations to right-lever respond
ing. In Sessions 13-18, right responses were reinforced at inter
vals that increased from 10 to 40 sec over sessions (VI 10 sec,
VI 20 sec, VI 40 sec). In Sessions 19-22, responses on both left
and right levers were reinforced according to the concurrent VI VI
schedule described below. For Rats Rl to R8, the schedule was
Cone VI 40 VI 40; for Rats R9 to R16, it was Cone VI 120 VI 120;
and for Rats R17 to R24 it was Cone VI 300 VI 300.

In Sessions 23-83, responses on left and right levers were rein
forced according to nonindependent concurrent VI VI schedules ar
ranged following the method of Stubbs and Pliskoff (1969). With
their method, the timing of the VI schedule on one side stops when
a reinforcer is set up on the other side. Timing of both schedules
continues only when the reinforcer set up by one has been obtained.
This method ensures that the relative frequencies of obtained rein
forcers correspond to the relative frequencies of programmed rein
forcers. The VI schedules comprised 12 different intervals gener
ated by a constant-probability progression (Fleshier & Hoffman,
1962). The procedure included a I-sec changeover delay accord
ing to which a reinforcer could not be delivered for a response that
occurred within 1 sec of the first response made on a lever since
changing over from the other lever.

For each rat, left and right responses were reinforced according
to concurrent VI VI schedules in five conditions, which differed
in terms of the VI schedule in effect for right-lever responses. The
values of the right schedules were VI 40 sec, VI 80 sec, VI 120 sec,
VI 160 sec, and VI 300 sec. For each group, the left schedule was
held constant across all five right-schedule conditions, These were
VI 40 sec for Rats RI-R8 (Group RL=68), VI 120 sec for Rats
R9-R16 (Group RL=26), and VI 300 sec for Rats RI7-R24 (Group
RL =9). Each condition was conducted for 12 sessions. The orders
in which the conditions were conducted for each group were chosen
so that right VI schedules alternated between high and low values,
beginning with a nondifferential reinforcement condition (i.e.,
RR= RL). In order of conduct, the right VI schedule values were
40,300,80, 160, 120, for Rats RI-R8, 120,40,300,80, 160 for
Rats R9-RI6, and 300, 80, 160, 120,40 for Rats RI7-R24.

RESULTS

Response and reinforcer frequencies summed over the
last five sessions per condition for individual rats were
converted to rates (responses per minute and reinforcers
per hour) by dividing frequencies by total session dura
tion. Mean rates of responding on the right, averaged over
individuals within each group, are shown in Figure 1 as
a function of mean reinforcers per hour obtained by right
responses. The group designations (RL=68, RL=26,
RL=9) refer to mean reinforcers per hour obtained by left
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Figure 1. Rates of response on the right lever (responses per

minute) as a function of reinforcers per hour on the right, aver
aged over individual rats in groups in whichobtained left reinforcers
averaged 68, 26, or 9 per hour. Estimates of k and Ro parameters
for hyperbolas (smooth curves) best fitting mean response rates are
given, along with the variance accounted for by the best-fitting hyper
bolas (VAC) and the mean squared error (mse).

responses and averaged over individualswithin each group
(also see Table 1). Analysis of variance confirmed that
mean rates of right responses increased systematically with
increasing rate of reinforcers for right responses [F(4,84)
= 74.4, P < .001] and overall response rates differed
between the three groups [F(2,21) = 5.8,p < .01]. There
was a significant interaction between groups and rein
forcement condition [F(8,84) = 4.9, P < .001], suggest
ing that the groups differed in the extent to which right
response rates increased with increasing rates of rein
forcers for right responses.

The curies shown in Figure 1 are rectangular hyper
bolas fitted to the data (BR) using a nonlinear least squares
method (Wetherington & Lucas, 1980; also see Cliffe,
1983). The functions are described by Equation 2. Values
of the parameters k and Ro for the best fitting functions
are given in Figure 1. Wilkinson's fitting procedure
(McDowell, 1981) gave very similar parameter estimates.
Also shown are estimates of variance in the data accounted
for by the predictions (VAC) and the mean squared error
(mse), both of which indicate that the fits of Equation 2
to the data were satisfactory.

Differences between the values of k and Ro for hyper
bolas best fitting the group mean rates in Figure 1 were
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Figure 2. Responses per minute on the right lever as a function
of reinforcers per hour obtained on the right by individual rats in
groups in which obtained left reinforcers averaged 68, 26, or 9 per
hour. Estimates of k and R; for best-fitting rectangular hyperbolas
are shown.

(U = 21, P > .05). The result that R; values differed
over groups is consistent with the significant interaction
between group and reinforcement rate in the analysis of
variance on right-response rates.

To summarize the results in Figures 1 and 2, the three
groups differed in terms of the parameters for Herrnstein's
equation, with the group in which RL was highest having
smaller values of both Ro and k than did the group in which
RL was lowest.

Did the values of Ro estimated by fitting Equation 2 to
right-response rates exceed the values of RL actually ob
tained by left responses? Table 1 gives the comparison
between obtained RL values and the estimate ofR; for in
dividuals in each group. For each rat in the RL=68 group,
estimated Ro was smaller than obtained RL (sign test,
p < .01). For each rat except R12 in the RL = 26 group,
estimated R; was smaller than obtained RL (sign test,
p < .05). But for each rat in the RL=9 group, Ro was
greater than RL (p < .01). Only for the RL=9 group,
therefore, was R; greater than RL, although the estimate
of Ro is meant to include reinforcers from all sources other
than RR (i.e., R; = RL + R~).

Table 1
Mean Reinforcers per Hour Obtained by Left Responses (Rv

and Estimates of Ro in Reinforcers per Hour for Each Rat

RL=68 RL=26 RL=9
Subject RL Ro Subject RL Ro Subject RL Ro

Rl 71.4 22.1 R9 25.4 3.9 R17 8.2 34.4
R2 76.6 22.2 RIO 28.7 7.8 R18 10.4 30.6
R3 60.8 53.0 Rll 27.3 16.0 R19 7.9 34.9
R4 61.0 23.6 R12 23.4 73.5 R20 10.6 25.8
R5 72.7 39.3 R13 27.0 19.0 R21 9.6 59.6
R6 69.0 12.7 R14 27.0 13.9 R22 8.9 30.3
R7 74.2 11.6 R15 28.1 16.5 R23 9.3 22.6
R8 59.4 19.4 R16 23.8 22.7 R24 9.8 36.5

Undermatching of Response Ratios
Herrnstein 's (1970) argument is premised on the as

sumption that response proportions directly match rein
forcer proportions as described in Equation 1. Equation 1
can be expressed in ratios rather than proportions. For
the choice between left and right responses in the present
experiment, the matching law predicts that:

BRIBL = RRIRL.

The extant evidence suggests, however, that response ra
tios "undermatch" reinforcer ratios according to the fol
lowing power function (Baum, 1974; Wearden, 1983;
Wearden & Burgess, 1982):

BRIBL = C(RRIRL)°. (4)

In Equation 4, the exponent a describes the sensitivity of
response ratios to changes in reinforcer ratios, and c is
a constant or inherent bias toward left or right responses.
Herrnstein's (1970) "matching law" is a special case of
Equation 4 in that when a = 1 and c = 1, Equation 4
is equivalent to Equation 1. Undermatching occurs when
sensitivity (a) is less than 1.0. The logarithmic transfor-
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consistent with the data for individual subjects. Figure 2
shows rates of right responses as a function of rates of
obtained reinforcers on the right for individual rats in the
three groups. Rectangular hyperbolas were fitted to re
sponse rates for individual rats using the nonlinear least
squares method described by Wetherington and Lucas
(1980). The means and medians of the k and R; parameters
for individual functions (Figure 2) were close to the k and
Ro values for hyperbolas fitted to the group mean data
(Figure 1). According to a Kruskal-Wallis nonparamet
ric analysis of variance, the mean values of k differed over
the three groups (H = 7.22, P < .05) and the mean
values for Ro (Table 1) also differed (H = 6.98,
p < .05). R« values for the RL=68 group were overall
smaller than those for the RL=9 group (Mann-Whitney
U = 15, P < .05), but there was considerable overlap
for the Ro values for the RL=68 and RL=26 groups

::~~:=
w~~~m N~~~m N~~~m
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Table 2
Parameter Estimates for Sensitivity (a) and Bias (log c) and
Standard Errors of the Estimate (se) for Fits of Equation 3

to Log Response Ratios for Each Rat

+1-0

/
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0/ 0 log c = 0
"" se = ·04

o
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greatest sensitivity (a = .59) was for the group in which
reinforcer rates for left responses were high (RL = 68),
and sensitivity was least (a = .39) for the group where
RL was low (RL = 9). Inherent bias, measured by the in
tercepts of the straight lines (log c), was also affected by
the rate of reinforcers obtained by left responses. Smaller
values of RL across the three groups resulted in overall
stronger bias toward responding on the right.

In conclusion, there was clear evidence for underrnatch
ing in the relation between response and reinforcer ra
tios, and the extent of both undermatching and bias were
affected by the rate of reinforcers obtained by left
responses .

-10 L..-_--'-_---'__...L-_--'

+10
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o ~0-OaO=_39
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DISCUSSION
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Figure 3. Logarithms (base 10) of ratios of right-to-Ieft responses
as a function of logarithms (base 10) of ratios of right-to-Ieft rein
forcers for the R L=68, RL=26, and R L=9 groups. The large cross
is the origin for each function. Values for the slope (a), intercept
(log c), and the standard error of the estimate (se) for the best-fitting
straight lines are shown•

The response-reinforcer relations in the present experi
ment were adequately described by the hyperbolic func-

Subject a log c se
Rl .58 -.03 .04
R2 .69 -.01 .08
R3 .57 .05 .01
R4 .57 -.02 .08
R5 .55 -.03 .06
R6 .64 -.08 .06
R7 .48 -.01 .07
R8 .61 .17 .06
R9 .37 .25 .09
RIO .33 .02 .02
RIl .59 .08 .07
R12 .55 .05 .05
R13 .52 .11 .02
R14 .35 .27 .08
R15 .48 .17 .06
R16 .76 -.15 .03
R17 .48 .15 .05
R18 .38 .12 .07
RI9 .47 .12 .03
R20 .41 .15 .07
R21 .50 .05 .10
R22 .40 .13 .09
R23 .14 .26 .03
R24 .48 .10 .10

mation of Equation 4 is a straight line with a slope of a
and intercept log c.

To determine whether undermatching occurred in the
present data, logarithms (base 10) or ratios of right-to
left response rates were expressed as a function of
logarithms (base 10) of ratios of right-to-left reinforcer
rates. Straight lines were fitted to the log ratios by the
method of least squares. Table 2 gives the values of a,
log c, and the standard error of the estimate (se) for the
straight lines best fitting the log ratios for each rat. In all
cases, the fits were excellent, as indicated by the small
standard errors of the estimate. Therefore the data were
fitted by Equation 4 very well. For the RL=68, RL=26,
and RL=9 groups, respectively, the mean values of a were
.59, .49, and .41 and the mean values of log c were 0,
.10, and .14. Kruskal-Wallis nonparametric analyses of
variance indicated that the mean parameter estimates
differed across the three groups for both a (H = 9.22,
p < .05) and log c (H = 7.25, p < .05).

The results of linear regression analyses for individual
subjects were consistent with similar analyses conducted
for response and reinforcer rates averaged over individuals
in each group. Log responses and reinforcer ratios for
the groups are shown in Figure 3.

It may be noted that the data points in Figure 3 are dis
placed to the left and right of the origin for the RL= 68
and RL=9 groups, respectively, because the denomina
tor of the reinforcer ratios was always high (68) or low
(9). The values of a and log c for straight lines fitted to
the log response ratios in Figure 3 were very close to the
mean a and log c values obtained from individual regres
sion analyses. In all cases, there was undermatching. The

Group



tion proposed by Herrnstein (1970). In this respect, the
data are consistent with those of many previous studies
in which Herrnstein's equation provides a very good ac
count of changes in absolute response rates as a function
of reinforcer rates arranged by single VI schedules (Brad
shaw, Ruddle, & Szabadi, 1981; de Villiers & Herrnstein,
1976) or by concurrent schedules (McSweeney, Melville,
& Whipple, 1983). The present data raise two problems
for Hermstein's (1970, 1974) interpretation of the R;
parameter, however. First, estimates of R« for the three
groups did not vary directly with the rate of additional
reinforcers obtained by left responses (Rd. Second, for
two of the groups, Ro estimates were smaller than the RL
rates actually obtained, whereas R; estimates should have
been greater because RL is included in Ro• These problems
can be resolved, however, if the undermatching and bias
that were found in the present data are taken into account
in revising Hermstein's equation.

In previous studies with single VI schedules, Ro esti
mates for different levels of sucrose concentration (Brad
shaw et al., 1978) and food deprivation (Bradshaw et al.,
1983; Snyderman, 1983) concur with Herrnstein's in
terpretation in that smaller values of Ro are expected when
programmed reinforcer value is high. Although such a
conclusion has face validity, it is circumstantial because
it requires the size of R; to be inferred from the values
of programmed reinforcers. The conclusion is based on
the implicit and probably wrong assumption that the total
rate of reinforcers obtained from all sources is constant-it
is feasible for obtained rates of programmed and extra
neous reinforcers to be both high or both low. To test the
assumption that R; represents the rate of reinforcers ob
tained from extraneous sources, R; must be manipulated
in some measurable way.

Because it is impossible to measure R; directly, the
strategy of the present study was to add different levels
of known reinforcers to extraneous reinforcers. That is,
reinforcers other than those for right-lever responding in
cluded left reinforcers and extraneous reinforcers. The
result did not agree with Hermstein's (1970, 1974) in
terpretation of Ro : estimated values of Ro for Equation 2
were higher in the group in which added RL was low than
in the groups in which added RL was high. It should be
noted that the logic of this strategy for testing Hermstein's
equation relied on R~ (where Ro = RL +R~) remaining
constant across the three groups. It is conceivable that R~
changed over the three groups, in which case the direc
tion of the difference between Ro estimates for the differ
ent groups does not provide a strong test of Hermstein's
equation.

Nevertheless, the magnitudeof Ro estimates should have
been at least as great as RL values. For two of the three
groups this was not the case. When RL was subtracted
from the Ro estimate to yield R~, the many instances of
negative values of R~ clearly contradict Hermstein's
(1970, 1974) formulation. In a recent review of the ap
plicability of Hermstein's equation to concurrent sched
ules, McSweeney et al. (1983) noted a similar problem
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of negative values of Ro from their reanalyses of previ
ous data. Formal problems for Herrnstein's formulation
are created by negative values of Ro :

If the absolute value of a negative R., is greater than the value
of R, + R" then Herrnstein's equation predicts negative
response rates. If R, + R, is slightly larger than the abso
lute value of a negative R." then response rates willbe close
to infinity and will decrease as R, + R, increases. These
predictions do not seem reasonable (McSweeney et al.,
1983, p. 287).

Bradshaw (1977) has also reported a problem in the
quantitative values for Ro • Bradshaw compared the
response rates of rats under a range of VI schedules with
a single lever with response rates under a (different) range
of VI schedules, with responses on a second lever rein
forced at a constant rate. Consistent with Hermstein's in
terpretation of Equation 2, estimates of Ro were higher
when the second lever was present. However, values for
Ro with the second lever should have equaled the sum of
obtained second-lever reinforcer rates and the estimate
of Ro without the second lever, whereas they were con
siderably higher.

The problem of Ro values being wrongly estimated may
be resolved by considering undermatching and bias. Ra
tios of response rates undermatched ratios of reinforcer
rates, whereas Hermstein's equation is based on the as
sumption that response ratios match reinforcer ratios.
Herrnstein 's equation can be rewritten to take into account
deviations from matching. That is, the essence of the for
mulation remains unaltered and the main premise is that
choice between alternatives is described by Equation 4,
the "generalized matching law." Equation 5 gives a
"generalized" version of Hermstein's equation as applied
to the present procedure (cf. Davison & Hunter, 1976;
Wearden, 1981):

BR = kR'R./(RR+bRt+R~). (5)

In Equation 5, the reinforcer rates are raised to the
power a, describing the sensitivity of the choice between
BR and BL in Equation 4 to the ratio of RR and RL. The
constant, b, is the inverse of the bias term (c) in Equa
tion 4. The rate of reinforcers from extraneous sources
is given by~. Wearden (1981) hasargued that small devi
ations from matching should make little difference to the
extent that estimates of k and Ro are wrongly estimated.
Yet large deviations, as found in the present data
(Figure 3) may be influential. [Parenthetically, although
it is plausible that more extensive training (Todorov,
Castro, Hanna, de Sa, & Barreto, 1983) or a longer
changeover delay may have resulted in less undermatch
ing in the present data, there remain many conditions un
der which undermatching occurs (Taylor & Davison,
1983) and hence would provide a problem for Equa
tion 2.] We fitted Equation 5 to the group-mean response
rates to take into account the undermatching and bias
found for the functions relating left-to-right response ra
tios to reinforcer ratios (Figure 3). For the RL=68,
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RL=26, and RL=9 groups, respectively, estimates of the
term (bRt+R~) were 17, 8, and 87. Subtracting values
for bRt from the latter estimates gave R~ = 5, 14.2, and
85.3 for the three groups. We conclude, therefore, that
obtained rates of other reinforcers, R~, were different in
the three groups, with highest rates of R~ in the group
with the lowest rates of added left-lever lever reinforcers
(RL=9) and lowest R~ rates in the RL=68 group.

We also fitted Equation 5 to the data for individual sub
jects, using estimates of a and b from the regression anal
yses on log ratios (Table 2). For each subject except R9,
estimates of R~ were positive, thus confirming the utility
of Equation 5, whereas fits of Equation 2 yielded many
negative values of Ro . It should be noted, however, that
we found the procedure for fitting Equation 5 to the in
dividual data unsatisfactory. The problem was that when
reinforcer rates were raised to the power a, the range of
x values for the purpose of the fitting procedure was seri
ously attenuated, and consequently the fits may be un
reliable, even if they did make sense. Further study of
the generalized version of Herrnstein's equation given by
Equation 5 will require manipulation of reinforcement
rates over a much wider range than in the present study.

In Equation 3, R~ was assumed to remain constant over
the three groups, but the present analysis shows that this
assumption was probably wrong. Furthermore, taking un
dermatching and bias into account in Equation 5 yielded
estimates of R~ that were positive, were in a plausible
range (cf. McSweeney et al., 1983), and were systemat
ically related to the obtained RL values. That is, the R~

values estimated by taking undermatching and bias into
account were consistent with Herrnstein's interpretation.
We therefore conclude that Herrnstein's (1970) fundamen
tal notion, that response rates on single VI schedules can
be predicted in terms of the choice between VI reinforcers
and reinforcers obtained from extraneous sources, remains
tenable. But the specific predictions about the effects of
the reinforcement context are likely to be inaccurate un
less we take into account the undermatching and bias that
typically occur in the matching relation between response
and reinforcer ratios.
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