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Estimating the mean effect size in meta-analysis:
Bias, precision, and mean squared error
of different weighting methods

WIM VAN DEN NOORTGATE and PATRICK ONGHENA
Katholieke Universiteit Leuven, Leuven, Belgium

Although use of the standardized mean difference in meta-analysisis appealing for severalreasons, there
are some drawbacks. In this article, we focus on the following problem: that a precision-weighted mean
of the observed effect sizesresultsin a biased estimate of the mean standardized mean difference. This
bias is due to the fact that the weight given to an observed effect size depends on this observed effect size.
In order to eliminate the bias, Hedges and Olkin (1985) proposed using the mean effect size estimate
to calculate the weights. In the article, we propose a third alternative for calculating the weights: using
empirical Bayes estimates of the effect sizes. In a simulation study, these three approaches are compared.
The mean squared error (MSE) is used as the criterion by which to evaluate the resulting estimates of the
mean effect size. For a meta-analytic dataset with a small number of studies, the MSE is usually small-
est when the ordinary procedure is used, whereas for a moderate or large number of studies, the pro-
cedures yielding the best results are the empirical Bayes procedure and the procedure of Hedges and

Olkin, respectively.

The standardized mean difference was first used by
Cohen (1969) to perform power calculationsfor # tests. Ever
since, this measure of effect size has frequently been used
to summarize the results of group comparison studies. Glass
and his colleagues (Glass, 1976, 1977; Glass, MacGaw, &
Smith, 1981), who were among the first to present a sys-
tematic set of meta-analytic techniques, suggested using
this measure in meta-analysis. The sampling distribution
of the effect size measure and the statistical background
for its use in meta-analysis was provided by Hedges (1981,
1982). Although other measures of effect size have been
advocated in meta-analytic research—for instance, the cor-
relation coefficient (e.g., Hunter, Schmidt, & Jackson, 1982)
or Fisher’s Z (e.g., Rosenthal, 1991)—the standardized
mean difference still plays a prominent role in meta-
analytic research.

In this article, we discuss a problem that shows up when
the overall or mean standardized mean difference is esti-
mated with standard methods. Traditionally, the grand mean
effect is usually estimated by a weighted average of the ob-
served effects. The precision of an observed effect size,
which s the inverse of the sampling variance, is often used
to weight an observed effect size. Owing to the dependence
of the weights and the (observed) standardized mean dif-
ference, the estimate of the mean standardized mean differ-
ence will be biased. As we shall see below, several alter-
native estimation procedures are possible, but from the
literature it is not clear whether there is a uniformly best
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approach or in which situation one or another approach is
to be preferred. One appealing approach has been proposed
by Hedges and Olkin (1985). They proposed making the
weights independent of the observed effect sizes by using
the overall effect size estimate to estimate the weights. Re-
cent developments in meta-analytic literature, however,
suggest that empirical Bayes estimates of the study effect
sizes are optimal estimates of the study effect sizes, reduc-
ing the mean squared error (MSE; Raudenbush & Bryk,
1985). Hence, a plausible alternative approach for esti-
mating the sampling variances of the observed effect sizes
and the corresponding weights, which however has notbeen
proposed before, is to use the empirical Bayes estimates of
the study effect sizes. The purpose of this article is (1) to
explore the extent of the problem of bias, (2) to present the
empirical Bayes approach for estimating the weights, and
(3) to evaluate the mean effect size estimates based on the
ordinary procedure, the empirical Bayes procedure, and
the overall effect size procedure for estimating the weights.
We will start with a short description of the standardized
mean difference and of common meta-analytic techniques.
Next, we will discuss the problem of estimating the grand
mean effect size when standard methods are used and will
present some potential improvements of the estimation
procedure. Three alternatives will be compared, using a
small simulation study. We will finish with some conclu-
sions and recommendations.

The Standardized Mean Difference

The standardized mean difference, 6, is defined as the
difference between two population means divided by the
standard deviation of one of both populationsor by a com-
mon population standard deviation (o). It is often used
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when an experimental populationis compared with a con-
trol population, in order to investigate the effect of a cer-
tain intervention:
s=He~Hc (1)
o
where ug and e the means of the experimental and the
control populations, respectively.

This measure is sometimes called Cohen’s d, butbecause
it is a population parameter, we prefer using the Greek sym-
bol 6. Hedges and Olkin (1985) argued that in experimen-
tal research, it is often sensible to assume a common popu-
lation variance. An unbiased estimate of this variance can
be obtained by pooling the two sample estimates:

2 2
5 (nE —1)sE +(nC —l)sc
Sp = , 2)
N-=-2
where ny is the size of the experimental group, n¢ is the
size of the control group, and N is equal to ng + nc.
An obvious estimate of 8, therefore, is its sample coun-
terpart g:

Xg—Xc
8= 5, 3)

Although the sample mean difference is an unbiased esti-
mator of the population mean difference and the pooled
variance estimate is an unbiased estimate of a common
population variance, g is a biased estimator of 8, espe-
cially for smaller studies (Hedges, 1981). An unbiased es-
timator d can be obtained by multiplying g by a correction
factor. Hedges (1981) found that d is very closely approx-
imated by

d=g-[1-3/(4N -9)|. )

Hedges (1981) showed that if both the experimental and
the control populationdistributions are normal and n; and
nc are moderate to large (at least equal to 10), the sam-
pling distribution of d is approximately normal:

d~N[8,67(d)],

where
N_ &
—_— 5
AN &)

The sampling variance depends on the unknown popu-
lation parameter & but is closely approximated by replac-
ing 6 in Equation 5 by the estimate of d:

d ~N[8,6°(d)),

o%(d)=
nEhe

where 5
62(d)=-"L_+ 4 (6)
ngne 2N

Combining Effect Size Estimates
From Different Studies

In meta-analytic research, it is often assumed that, in
each study, the same effect size 6 is estimated. This & is es-
timated by averaging the observed effect sizes. Because
studies often differ in size and, therefore, the precision of
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the estimates differs, usually a weighted mean of the ob-
served effect sizes is calculated. By using weights equal to
the precision (the inverse of the variance calculated using
Equation 6), the variance of 0 is reduced (e.g., Hedges,
1982):

— (M

where w; = 1/6*(d)) and k = the number of studies.

Often, however, the assumption of homogeneous stud-
ies (i.e., studies in which a common effect size is esti-
mated) is questionable, because studies usually are not
exact replications of each other. Although in this case the
fixed effects procedure presented above is still appropri-
ate if the true effects investigated in the set of studies are
regarded as the effects of interests (Hedges & Vevea,
1998), arandom effects meta-analytic model may be more
appropriate. In a random effects meta-analytic model, the
true effect sizes in a set of studies are viewed as a random
sample out of a population of effect sizes (Rubin, 1981).
Consequently, in this model, there are two sources of vari-
ation of observed effect sizes: variation between true ef-
fect sizes and sampling variation for each study. Because
these two sources are independent,

o*(d;)=c%(8)+0°(d,]5)). ®)

Meta-analytic procedures for random effects models
(REMs) were further developed by Hedges (1983; Hedges
& Olkin, 1985) and DerSimonian and Laird (1986). The
mean true effect size is also estimated using a precision-
weighted average of the observed effect sizes (Equation 7),
but the variance of the observed effect sizes (and there-
fore, the weights) is now calculated on the basis of Equa-
tion 8. Raudenbush and Bryk (1985) showed that a meta-
analysis is a special case of a multilevel analysis and that
estimation procedures for multilevel models (usually
maximum likelihood procedures) can be used to estimate
the unknown parameters of the meta-analytic models. The
different approaches may lead to different between-studies
variance estimates, especially if the number of studies is
small, and hence to slightly different estimates of the mean
effect size and to different estimates of the standard errors
of estimation. Van den Noortgate and Onghena (2003)
showed that the DerSimonian and Laird and the maximum
likelihood estimates are usually very similar and are, in
general, to be preferred over the between-studies variance
estimates proposed by Hedges and Olkin.

In both the fixed effects model (FEM) and the REM,
study characteristics can be included as moderator vari-
ables, but the discussion in this article will be restricted to
models without moderator variables.

The Use of the Standardized Mean Difference
in Meta-Analysis

The use of the standardized mean difference in meta-
analysis is appealing for different reasons, including the
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ease of interpretation: d is equal to the difference between
the means, after correction for different scaling. Indeed, if
in different studies different but linearly equatable scales
are used, dividing by the standard deviation makes the
mean differences directly comparable. Moreover, d is well
known among many researchers, and formulas are widely
available in the meta-analytic literature to convert a large
range of effect size measures, test statistics, or p values to
d. Nevertheless, the standardized mean difference also has
some drawbacks. One of them is its restricted applicabil-
ity: d can be used to compare two groups or to describe the
effect of a dichotomous variable but cannot be used for
continuousindependent variables, in contrast with, for in-
stance, the correlation coefficient.

Another problem, which has often been overlooked by
meta-analysts, is the main focus of this article. The prob-
lem was pointed out by Hedges (1983; Hedges & Olkin,
1985) in cases of homogeneous studies. As was discussed
above, under the assumption of normally distributed pop-
ulations with a common variance, d gives an unbiased es-
timate of 6 for each study. Consequently, the same is true
for the unweighted mean of the observed effect sizes
stemming from a random set of homogeneous studies.
However, the weighted combination of ds can be a biased
estimate of 6. This is the case in the common procedure,
in which the inverses of the sampling variances are used
as weights and the sampling variances are estimated by re-
placing & with d (Equation 6). This procedure implies that
for large positive or negative ds, the estimated sampling
variance will be somewhat larger than that for small ds,
resulting in a smaller weight. This means that, in general,
the estimate of a nonzero 6 based on a set of observed ds
is shrunken toward zero, resulting in a negative bias for
estimating a positive 8 and a positive bias for a negative 8.
Because the weights are less dependent on 6 if the study
sizes are large and because the variation of the observed
effect sizes is smaller for a small true effect size (see Equa-
tion 6), we would expect that the problem is largest for
small studies or studies estimating a large effect. In con-
trast, because the weights do not depend on the number of
studies, we would expect that the bias is independent of
the number of studies. In cases of heterogeneous studies,
we would expect that the bias is even larger, because in
this case the variance of the effect sizes is due not only to
sampling variation, but also to the variance between true
effect sizes. This means that in addition to the bias that is
due to the fact that the sampling variance is not known but
is estimated using the observed effect size, the estimate is
biased because of the true between-studies variance. Fi-
nally, it can be deduced from Equations 7 and 8 that using
an REM, instead of an FEM, can partially compensate for
the bias, especially when the true variance is large: Be-
cause in the random effects procedure, not only the sam-
pling variance, but also the true between-studies variance
is taken into account in calculating the weights, the
weights are less dependent on the sampling variances and
are, thus, more equalized. In the next section, possible so-
lutions for the problem of bias will be discussed.

Improving Mean Delta Estimates

As Hedges (1983) has pointed out, using weights that
are independent of 6 (e.g., nghc/(ng + nc) solves the
problem of the bias in estimating a common 8, but the re-
sulting estimator is less efficient. Another, not frequently
used, alternative is to employ a fixed estimate of o for es-
timating the sampling variance in all studies. This can be
an a priori estimate of § or an estimate resulting from a meta-
analysis. Because the estimates of the sampling variances
are needed for a meta-analysis, Hedges and Olkin (1985)
proposed an iterative meta-analysis. A meta-analysis is
performed with weights estimated using the observed ef-
fect sizes, and the resulting estimate of the mean true effect
size is used to estimate the weights for a second meta-
analysis, and so on. Weights thus are updated in each suc-
cessive meta-analysis. Note that Hunter and Schmidt
(1990) proposed a similar (but noniterative) approach for
combining correlation coefficients: The observed effect
sizes are weighted with their corresponding reliabilities,
which are estimated using the average correlation across
studies.

The iterative procedure outlined by Hedges and Olkin
(1985) may raise problems if the meta-analytic dataset
contains heterogeneous studies, because in this case, the
weighted mean of the effect sizes (d,) gives an estimate
of the mean effect size that may be relatively uninforma-
tive for the true effect sizes of the individual studies. In case
studies that are strongly heterogeneous, estimating the
sampling variance by replacing §; with the estimate of the
mean effect size does notseem to be recommended, whereas
the use of the observed effect sizes may be a better choice.

Empirical Bayes effect size estimates (Rubin, 1981) are
optimally weighted combinations of these two kinds of es-
timates, with weights depending on the sampling varia-
tion (and thus on the study sizes) and on the variance be-
tween study effect sizes:

dgg = Ajd;+(1-4;)d,., ©9)
where

A; =62(5)/[52(5)+62(dj|5j)].

In Equation 9, it can be seen that if the (estimated) true
variance is large, less weight will be given to the estimate
of the overall effect size. Indeed, the more similar the ef-
fect sizes being estimated, the better the estimate of the
mean effect size functions as an estimate of the effect size
in a certain study. Not only the variance between effect
sizes, but also the study sizes are importantin choosing an
estimate of the individual effect sizes: For a large study,
the effect size estimate of that study is relatively reliable,
and there is less reason to lean on the estimates from other
studies. Therefore, in large studies, a relatively large
weight is given to the observed effect size from that study.
Although empirical Bayes estimates are not unbiased, the
MSE is reduced.

Therefore, using the empirical Bayes estimates for es-
timating the sampling variances seems to be an interesting



alternative to using the weighted mean of effect sizes. Be-
cause the empirical Bayes estimates are a result of the
meta-analysis, an iterative procedure can be followed, in
which the sampling variance estimates and the mean ef-
fect size estimate are updated in turn. In cases in which the
(estimated) variance between effect sizes is zero, the em-
pirical Bayes estimates are equal to the mean effect size
estimate, making this procedure equivalentto the iterative
procedure outlined by Hedges and Olkin (1985) for ho-
mogeneous studies. In the other extreme situation, in
cases in which the estimated variance and/or the study
sizes tend to infinity, the empirical Bayes estimates are
equal to the observed effect size estimates, making this
procedure equivalent to the ordinary procedure, replacing
the true effect sizes by the observed ones.

In the following, the results of a small simulation study
will be reported. The first purpose of the study is to ex-
plore further the extent of the problem of estimating the
overall effect size, using the ordinary procedure. Because
the unbiasedness is often of less importance than the
MSE, we will also take the MSE into account. A second
purpose is to compare the ordinary procedure, the iterative
procedure of Hedges and Olkin (1985), and the alterna-
tive procedure in which empirical Bayes estimates are used.

A Simulation Study

Meta-analytic datasets were simulated with the follow-
ing characteristics: group sizes (ng = n- = n) approxi-
mately equal to 10, 25, or 50; number of studies (k) equal
to 5, 10, or 50; (mean) true effect sizes, 6, equal to 0.5, 1,
or 1.5; and finally, variance between effect sizes, 2(5),
equal to 0, 0.1, or 0.2. These values are representative for
results that have often occurred in practice or have been
used in other simulation studies (e.g., Hedges, Cooper, &
Bushman, 1992; Hedges & Vevea, 1998). For each of
these 81 combinations, 5,000 meta-analytic datasets were
simulated using MLwiN (Goldstein et al., 1998). For each
study in each dataset, an effect size & ; was drawn out of a nor-
mal distribution with a mean of 6 and a variance of 62(6).
To define the group sizes in this study, a value was drawn
out of a uniform distribution with bounds of 0.8n and
1.2n, before being rounded. For both groups, this number
of observations was drawn from the control condition
population distribution, N(—6;/2, 1), and from the exper-
imental condition populationdistribution, N(0;/2, 1). The
“observed” effect size for the study was calculated on the
basis of these raw data in the usual way (using Equations
3and 4).

For each dataset, we used an FEM to estimate the mean
of the true effects of the studies included in the dataset, as
well as an REM to estimate the mean of the population of
true effects from which the true effects were sampled. For
both the fixed effects and the random effects procedure,
these parameters were estimated using the RIGLS algo-
rithm implemented in MLwiN, resulting in restricted
maximum likelihood estimates for the unknown parame-
ters. The estimate of 6 was a weighted mean of the ob-
served effect sizes. The weights were estimated in three
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ways: with the observed effect sizes (d ), the weighted av-
erage of the observed effect sizes (d_.), and the empirical
Bayes estimates of the true effect sizes (dgg ). For the ap-
proaches in which the overall effect size estimate or the em-
pirical Bayes estimates were used to estimate the weights,
we used 10 iterations. To evaluate the results, we estimated
the bias of the estimates for each combination, using the
estimates for the 5,000 meta-analytic datasets in this com-
bination. This was done by averaging the estimation er-
rors, which are the differences between the estimates and
the true parameter values. Note that in cases in which an
FEM was used, the parameter that was estimated was the
mean of the true effects of the studies included in the
dataset. In cases in which an REM was used, the estimated
parameter was the mean of the population of true effects.
Moreover, we estimated the variance of the estimation er-
rors and the MSE around the true parameter value. The re-
sults are found in Table 1 (FEM) and Table 2 (REM). To
obtain parsimonious tables, we report only the estimated
bias and the MSE and leave out the results for the inter-
mediate effect size (6 = 1) and the variance [02(6) = 0.1].
Although not reported, the variance estimates can easily
be obtained by subtracting the squared bias estimate from
the estimated MSE, using the following equation:

variance = MSE — (bias)2. (10)

The ordinary procedure. Let us look first at the bias
in estimating the mean & for the FEM if the observed ef-
fect sizes are used to estimate the sampling variances. As
was expected, the bias is smaller for increasing n. More-
over, the bias increases with increasing true variance and
for larger true mean 8. Unexpectedly, the bias seems to
increase slightly for an increasing number of studies. This
can be explained by noting that the larger the number of
studies in a meta-analytic dataset, the more unlikely it is
that, in all the studies, similar effect sizes are reported,
whereas it is especially in cases in which dissimilarresults
are combined that the bias is visible. This is most obvious
in the extreme case in which there is only one study in a
meta- analytic dataset: The effect size estimate of a single
study is unbiased.

For the REM, the bias is smaller than that for the FEM,
as we expected, because taking into account the variation
between true effect sizes equalizes the weights. This is es-
pecially true if this true variance is large. Moreover, k, #,
and 6 seem to have an effect on the bias similar to that for
the FEM. Although the effect of the variance is in the
same direction as thatin the FEM, the effect is strongly re-
duced: As in the FEM, an increased variance means an in-
creased difference in the estimated sampling variances
and, thus, an increase of the bias, but the effect on the
weights is largely compensated for by the equalizing ef-
fect of the true variance on the weights.

As was expected, the variance of the estimation errors
decreases with increasing n and increases slightly with in-
creasing mean & (this is most easily seen in Table 3, although
after some calculation, the values in Table 3 could be de-
duced from Tables 1 and 2). As a result, the MSE is af-
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Table 1
Bias (X10,000) and MSE (X10,000) for the Fixed Effects Model
When the Mean Effect Size Is Estimated, With Weights Based on
the Observed Effect Sizes (d), the Weighted Average
of the Observed Effect Sizes (d ), or the Empirical Bayes Estimates dgg)

Variance 0 Variance 0.2

3 n k d d+ dEB d d+ dEB
Bias

0.5 10 5 —214 —14 —65 —389 —28 =211

10 —222 2 —-33 —379 28 —155

50 —248 -6 —16 —439 -8 —188

25 5 -70 11 —-10 —267 —18 —193

10 -92 -1 —-17 —-279 1 —194

50 -99 -2 -8 —309 —-10 —-217

50 5 —-25 —16 —26 —205 9 —168

10 —30 15 7 —245 11 —203

50 —44 0 —4 —263 -6 —-219

1.5 10 5 —568 47 —111 —1,027 —-15 —498

10 =712 38 —138 —1,133 —14 —474

50 —734 6 —28 —1,222 -9 —463

25 5 —244 -1 —-67 —664 —-12 —445

10 —285 —17 —63 —739 6 —478

50 —295 0 —-19 —810 -2 —527

50 5 —120 1 -31 —545 0 —432

10 —133 2 —-22 —625 6 —496

50 —148 -1 —12 —671 0 —533
MSE

0.5 10 5 402 435 424 407 453 424

10 204 222 218 202 222 206

50 44 42 42 58 46 46

25 5 163 169 167 167 173 167

10 78 81 80 88 88 86

50 17 16 16 25 17 21

50 5 85 86 85 89 89 88

10 42 43 42 49 46 48

50 8 8 8 15 9 13

1.5 10 5 514 555 525 584 568 536

10 295 283 273 365 279 281

50 102 56 54 197 57 75

25 5 208 213 208 259 224 240

10 110 107 105 157 107 128

50 29 21 21 87 22 50

50 5 104 104 104 143 110 133

10 53 53 53 95 54 81

50 12 10 10 57 11 40

fected in a similar way (Tables 1 and 2). If an REM is used,
increasing the true between-studies variance inflates the
variance of the estimates of the overall effect and, conse-
quently, also the MSE (Tables 2 and 3). If an FEM is used,
the variance of the estimation errors is hardly affected
(Table 3). Indeed, when using an FEM, one estimates the
mean of the true effect sizes of the specific studies included
in the dataset, and the deviation of the estimate from this
mean is affected only by the sampling variance within
studies. However, as we saw before, increasing the true
between-studies variance means an increased bias, espe-
cially for alarge 8, resulting in an increased MSE (Table 1).

With increasing k, the MSE is affected more by the de-
crease in the variance than by the increase in bias, result-
ing in a decreasing MSE.

Althoughin general, the bias is smaller if an REM is used,
the variance and the MSE are larger, unless the true between-
studies variance is zero. In the REM, the variation of the
observed effect sizes and of the weighted means around the
true parameter values is indeed affected not only by sam-
pling variation, but also by the variation in true effect sizes.
A reduced MSE cannot, however, be used as an argument
for using an FEM. Rather, the choice of the model must
depend on the research interests. When using an FEM, the
researcher is interested in the mean of the effects investi-
gated in these specific studies; when an REM is used, the
main focus is on the mean effect of the population from
which the studies are regarded as a random sample.

Finally, note that the contribution of the bias to the MSE
is often small. For instance, for the FEM, the biasis —0.0214



ESTIMATING THE MEAN EFFECT SIZE 509

Table 2
Bias (X 10,000) and MSE (X 10,000) for the Random Effects Model
When the Mean Effect Size Is Estimated, With Weights Based
on the Observed Effect Sizes (d ), the Weighted Average
of the Observed Effect Sizes (d ), or the Empirical Bayes Estimates (dgg )

Variance 0 Variance 0.2

S n k d d+ des d d+ des
Bias

0.5 10 5 —165 — 14 —43 —175 14 —-58

10 —190 3 —=27 —208 30 —60

50 —239 -6 —26 —275 -7 —120

25 5 — 49 11 -1 —-129 =51 —95

10 - 176 -1 —-12 -85 7 —49

50 —-93 -2 -9 —119 —-17 —83

50 5 —45 —16 —21 —28 12 —-16

10 -23 15 10 —64 —18 —53

50 —45 0 -3 —60 -9 —49

1.5 10 5 —414 50 —44 —548 10 —-192

10 —619 35 —125 —688 3 —242

50 —=702 7 65 —813 —-13 —324

25 5 —181 -1 —36 —304 —78 —-197

10 —241 —-16 —48 —253 24 —130

50 —276 0 —-22 —-317 —-12 —-199

50 5 —88 2 —15 —84 35 —44

10 —111 2 —14 —140 -1 —100

50 —138 -1 —11 —142 9 —106
MSE

0.5 10 5 410 436 429 787 852 825

10 207 223 219 378 414 398

50 44 42 42 83 85 82

25 5 165 170 168 546 562 553

10 79 81 80 273 283 276

50 17 16 16 57 58 57

50 5 85 86 86 467 475 469

10 42 43 43 228 242 239

50 8 8 8 47 47 47

1.5 10 5 526 557 538 894 940 908

10 291 285 274 492 492 475

50 98 56 54 153 98 103

25 5 209 213 210 604 614 608

10 109 107 106 298 303 299

50 28 21 21 69 62 64

50 5 104 105 104 502 509 504

10 53 53 53 253 255 253

50 12 10 10 52 51 51

if the meta-analytic dataset consists of five studies with
group sizes equal to 10 and true overall effect size equal
to 0.5. This means that from the MSE of 0.0482, only
0.0005 (=—0.02142) is due to bias (Equation 12). The
bias will be relatively large, as compared with the MSE,
only when all three of the following are large: k, the true
variance, and .

Comparing the three approaches. In Tables 1 and 2,
it can be seen that the estimates of the bias for the ap-
proach in which d is used are small and not systematic.
This is true for FEMs as well as for REMs. This corre-
sponds with our expectations that using d, results in an
elimination of the bias. The results of the empirical Bayes
approach are situated in between. Using the empirical

Bayes estimates thus reduces the bias, without, however,
eliminating the bias.

Concerning the variances of the estimates (which are
not reported here), using d_ generally results in a larger
variance of the estimates, as compared with the ordinary
procedure. This seems to be true for all combinations and
for REM as well as for FEMs. The results of the empirical
Bayes procedure are again situated between the two other
procedures. For large k, however, the variances in the es-
timates of the three approaches are comparable. The pos-
itive effect on the variance of the estimates of increasing
k, indeed, is more pronounced in the d procedure and
weakest in the ordinary procedure. The effect of n, the true
variance, and 6 on the variance of the estimates is similar
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Table 3
Variance (X 10,000) of the Estimation Errors for
the Fixed Effects Model (FEM) and the Random Effects Model (REM)
Using the Observed Effect Sizes (d)

Variance 0 Variance 0.1 Variance 0.2 Overall
S FEM REM FEM REM FEM REM FEM REM
0.5 116 117 116 219 122 319 118 219
1 130 132 142 237 162 349 145 237
1.5 159 159 182 269 216 368 186 265
Overall 135 136 147 242 167 344 149 240

in the three approaches. These results can again be explained
by the dependence of the weights and the effect sizes. If
each study’s estimate of d is used to compute the weights,
outlyingpositive or negative observed effects sizes receive
a relatively low weight and, hence, do not have a large in-
fluence on the results. If, on the contrary, the mean effect
size is used to calculate the weights, outlying effect sizes
are weighted as much as moderate effect sizes. Thus, if the
mean effect size is used, the effect of outliers can be con-
siderable, especially if the number of effect sizes is small,
explaining the larger variance in the estimates.

Probably the most importantcriterion in the comparison
is the MSE. Although using d, generally results in smaller
bias and using d in smaller variance of the estimates, the
picture is somewhat more complicated for the MSE. If the
meta-analytic dataset consists of a small number of stud-
ies, the MSE is often smallest if the observed effect sizes
are used to estimate the sampling variances and largest if
the d, is used. We saw that in the ordinary procedure (and
to a smaller degree, in the empirical Bayes procedure), the
bias increases with increasing k. Meanwhile, in the ordi-
nary procedure (and to a smaller degree, in the empirical

Table 4
Mean Square Error (X10,000) for the Fixed Effects Model (FEM) and the
Random Effects Model (REM) When the Mean Effect Size Is Estimated,
With Weights Based on the Observed Effect Sizes (d), the Weighted Average
of the Observed Effect Sizes (d_.), or the Empirical Bayes Estimates (dgg)

FEM REM
k d d+ deB d d+ dep
n=10 5 469 497 470 653 694 674
10 260 249 241 336 349 337
50 95 50 52 93 70 70
n =725 5 195 192 192 380 389 384
10 106 96 99 192 196 193
50 37 19 25 42 39 40
n=>50 5 103 96 100 291 295 292
10 58 49 54 147 149 148
50 21 10 16 30 29 29
5§=0.5 5 217 233 224 411 430 422
10 110 116 112 203 214 209
50 28 23 24 43 43 42
=1 5 249 256 249 434 453 444
10 138 129 129 225 232 226
50 47 26 31 53 46 46
5=1.5 5 302 296 289 479 495 484
10 177 149 152 248 249 243
50 79 29 39 69 49 50
ag26)=0 5 244 258 250 247 259 254
10 128 129 126 127 130 127
50 34 25 25 33 25 25
a2(6) = 0.1 5 252 260 250 444 462 453
10 139 132 129 225 231 226
50 49 26 29 56 48 46
a2(6) = 0.2 5 271 267 263 632 658 644
10 156 133 138 323 332 325
50 70 27 40 76 67 67
Overall 5 256 262 254 441 459 450
10 142 131 131 225 231 226
50 51 26 31 55 46 46
149 140 139 240 246 241




Bayes procedure), the variance decreases more slowly
than in the d, procedure. The result is that whereas for a
small number of studies the MSE is smallest if the ob-
served effect sizes are used, for a large number of studies
the d_ procedure gives the best results. In between, for a
moderate number of studies, one can often profit from the
empirical Bayes procedure. This trend can be seen in
Table 4.

A complicating factor is that the number of studies in
the meta-analytic dataset for which each of the three pro-
cedures performs the best depends on other characteris-
tics of the meta-analytic dataset. In Table 4, it can be seen
that the number of studies for which the empirical Bayes
or the d, approach is better than the ordinary approach is
smaller if n is larger: If, for instance, an FEM is used when
n = 10, the ordinary procedure performs the bestifk = 5,
closely followed by the empirical Bayes approach; for k =
10, the empirical Bayes approach is the best; for k£ = 50,
the d, procedure has become the best procedure. When
n = 50, on the contrary, the d procedure yields the best
results, even for a very small number of studies. The ef-
fect of n is similar for an REM. Similarly, it can be con-
cluded, again for both FEMs and REMs, that the number
of studies for which the empirical Bayes or the d ap-
proach is better than the ordinary approach is smaller if 6
is larger. In addition, we found that the number of studies
for which the empirical Bayes or the d, approach is bet-
ter than the ordinary approach is smaller if the variance is
larger. This, however, seems to be true only for the FEM.
Finally, we conclude that the number of studies for which
the empirical Bayes or the d . approach is better than the
ordinary approach is smaller if an FEM is used.

Conclusions

In the article, we focused on the problem of estimating
the mean effect size. As has been pointed out before (e.g.,
Hedges, 1983), the precision-weighted average of observed
effect sizes resulting from homogeneous studies, with op-
timal weights estimated using the observed effect sizes, gives
a biased estimate of the mean effect. Although we found
that the problem of bias is even larger when the studies are
heterogeneous and that the bias does not disappear with
increasing k, but even increases, the results of our simula-
tion study suggest that the bias is often relatively small,
taking into considerationthe variance of the estimates. Only
when k, the true variance, and & are large is a substantial
part of the MSE due to bias.

In the article, we have proposed an alternative approach:
The overall effect size is still estimated using a precision-
weighted mean of the observed effect sizes, but this time,
empirical Bayes estimates of the true effect sizes are used
to estimate the precision. The approach is compared with
the ordinary approach and with an iterative approach pre-
viously presented by Hedges and Olkin (1985). Although
the bias disappears when the iterative approach proposed
by Hedges and Olkin is used and the variance of the esti-
mates is usually smallest when the ordinary approach is
used, there is no uniformly best approachregarding the MSE.
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An interesting result is that the iterative approach of
Hedges and Olkin (1985), using the overall effect size es-
timate to estimate the weights, may even exacerbate the
problem by increasing the MSE. Still, this procedure often
means an improvement if the number of studies is large.
This is true even when study results are heterogeneous and
the overall effect size estimate, therefore, is only a rough
estimate of the individual effect sizes. In general, if the
meta-analytic dataset consists of a small number of stud-
ies, the ordinary approach usually performs better; for a
moderately sized dataset, the empirical Bayes approach
often yields the bestresults; for a large meta-analytic dataset,
the iterative approach of Hedges and Olkin usually can be
recommended. This is true for both REMs and FEMs.
However, the sizes of the meta-analytic dataset for which
each of the three procedures performs the best depend on
other characteristics of the meta-analytic dataset. The
number of studies for which the empirical Bayes or the d ,
approach is better than the ordinary approach is larger if 6
is small, if 7 is small, and if an REM is used. For the FEM,
this number gets smaller with increasing true variance.
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