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The psychometric function relating stimulus intensity to response probability generally presents
itself as a monotonically increasing sigmoid profile. Two summary parameters of the function are par-
ticularly important as measures of perceptual performance: the threshold parameter, which defines
the location of the function over the stimulus axis (abscissa), and the slope parameter, which defines
the (local) rate at which response probability increases with increasing stimulus intensity. In practice,
the psychometric function may be modeled by a variety of mathematical structures, and the resulting
algebraic expression describing the slope parameter may vary considerably between different func-
tions fitted to the same experimental data. This variation often restricts comparisons between studies
that select different functions and compromises the general interpretation of slope values. This article
reviews the general characteristics of psychometric function models, discusses three strategies for
resolving the issue of slope value differences, and presents mathematical expressions for implement-

ing each strategy.

The psychometric function, which describes how the
response of an observer on a psychophysical task depends
on some physical stimulus value, is of fundamental impor-
tance in perception and psychophysics. For example, the
ability of an observer to detect a visual stimulus depends
on the contrast of that stimulus, and this dependence is
described by the psychometric function for contrast de-
tection (see, e.g., Nachmias, 1981). Sensory responses in
such tasks are typically expressed either as probabilities
(hit rate or proportion correct) or in terms of effect size
measures such as d’, defined in signal detection theory as
the standardized difference between the expected intensi-
ties of pure noise and noisy signal distributions (Green
& Swets, 1966; Harvey, 1986). When the response is ex-
pressed as d’, psychometric functions are often described
as power functions (Pelli, 1987), but when it is expressed
as a probability, psychometric functions are necessarily con-
tinuous and monotonically increasing against the stimulus
value according to some sigmoid profile (see Figure 1).

The structure of any psychometric probability func-
tion can be fully described by four operating parameters
(Treutwein, 1995; Treutwein & Strasburger, 1999). One
parameter defines the location of the function on the ab-
scissa, a second defines its local gradient (slope) at some
specific location, and the others define the horizontal as-
ymptotes (see Figure 1).
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An important class of psychometric functions covers
those that describe probabilities of a correct response in
a forced choice task or of the detection of the stimulus in
a yes/no task. The asymptotic parameters then are prob-
abilities determining the limits of sensory performance.
The lower asymptote, which denotes the probability of a
correct guess, will be the false alarm rate when subjects
give yes/no responses, or 1/m for m-alternative forced
choice responses. The upper asymptote marks the limit
of accuracy of the perceptual process and will usually ex-
ceed .95. The shortfall between this probability limit and
certainty (a probability of 1.0) denotes the lapsing rate
of the subject, which is the probability that even a strong
stimulus may be overlooked because of fatigue or lack of
concentration.

The location parameter has the same units as the stim-
ulus; it is generally interpreted as a measure of sensory
threshold, and its reciprocal as a measure of sensitivity.
Subsequently, we will refer to this as the threshold pa-
rameter. The slope parameter, which often represents the
gradient at the threshold location, determines the rate of
change in response probability per unit change in stimu-
lus level. The reciprocal of the slope parameter value is
a measure of the spread of the function on the stimulus
axis. The threshold and slope parameters are of particular
importance in defining the pragmatic stimulus—response
relationship.

When psychometric functions are fit to experimen-
tal data, it is possible to estimate all four parameters
(Treutwein & Strasburger, 1999), but threshold estimation
has generally dominated experimental psychophysics, to
such an extent that other parameters have been either
ignored or assumed to have constant values (Treutwein,
1995). There is, however, a growing awareness that it
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Figure 1. The psychometric function relating response probability to stimulus inten-
sity. Abscissa: stimulus level increasing from left to right on an arbitrary scale, which
may be arithmetic (linear) or logarithmic. Ordinate: response probability. Lower asymp-
tote: probability of correct guess y (false positive response). Upper asymptote: 1—
probability of lapse A (false negative response). Threshold criterion: a specified re-
sponse probability corresponding to a particular threshold stimulus value. Slope of the

function: local gradient of the function at the threshold point. See text for details.

may also be beneficial to estimate asymptotic parameters
(Wichmann & Hill, 2001), and in particular, the impor-
tance of the slope parameter as a measure of perceptual
performance and clinical status is now acknowledged
(Chauhan, Tompkins, LeBlanc, & McCormick, 1993;
Patterson, Foster, & Heron, 1980; Strasburger, 2001b;
Tyler, 1997). Consequently, recently developed adaptive
procedures deliver estimates of both threshold and slope
(Kaernbach, 2001; King-Smith & Rose, 1997; Kontsev-
ich & Tyler, 1999; Snoeren & Puts, 1997).

Estimation of psychometric function parameters is usu-
ally carried out under the assumption of a specific mathe-
matical model of the function. Although all psychometric
probability functions have the same general structure (see
Figure 1), different mathematical models are employed
in practice, and parameter estimates for different func-
tions fitted to the same data will vary depending on the
model adopted. For the two asymptotic parameters and
threshold, this is generally not a significant problem,
since the range of variation in estimated values is likely to
be relatively small, and interpretation of these parameter
values is unambiguous; the asymptotes are response prob-
abilities, and the threshold stimulus value can always be
defined in terms of some associated response probability.
The value of the slope parameter, on the other hand, may
vary considerably when different function models are fit-
ted, and the slope value does not have any fixed frame-
work (units or range of values) for its interpretation. For
example, Figure 2 shows hypothetical psychometric func-
tions for contrast detection fitted using different models,

the gradients of which are matched over the central part
of the curve. For all the models, threshold contrast is 0.04
(log contrast = —1.40). In Figure 2A, plotted on a loga-
rithmic stimulus scale, Models 1 and 2 are matched with
slope parameter values of 3.50 and 11.17, respectively.
In Figure 2B, plotted on an arithmetic stimulus scale, the
same Model 1 with a slope parameter value of 3.50 is now
matched by Model 3 with a value of 121.30.

The occurrence of such marked variation in the value
of the slope parameter, on moving from one psychometric
function model and/or stimulus scale to another, limits re-
searchers’ ability to compare results from different studies
and, therefore, compromises the general interpretation of
slope values. It would be helpful to have general aware-
ness and, perhaps, agreement on strategies for resolving
slope value differences, so that results from experiments
using different functions might be compared without the
need for access to the original data. In a clinical context,
the ability to convert slope values could facilitate achiev-
ing a single measure of psychometric slope by which the
status of patients could be quantified unambiguously.

Strasburger (2001a) has presented expressions for con-
verting slope parameter values between psychometric
functions, using the principle of matching functions at
the point of maximum slope. The present article seeks to
extend the analysis to include aspects that have not been
addressed previously. Although many of these are widely
recognized by those experienced in this field, there ap-
pears to be no literature that presents an overview. We
therefore will begin by elucidating some important gen-
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Figure 2. Slope parameter values in different psychometric function models.

Functions represent modeled responses from a hypothetical contrast detec-
tion experiment with a subject having a median threshold contrast of 0.04.
(A) Stimulus contrast is expressed on a logarithmic (log,,) scale, and Psycho-
metric Function Models 1 and 2 are matched over the central region, with slope
values of 3.50 and 11.17, respectively. (B) Stimulus contrast is expressed on an
arithmetic scale, and Psychometric Function Models 1 and 3 are matched over

the central region, with slope values of 3.50 and 121.30.

eral characteristics of psychometric functions and then
will define the principal psychometric function models,
discuss three strategies for resolving slope parameter dif-
ferences, and present all the mathematical expressions
required to implement these.

General Characteristics of Psychometric
Functions

Some structural characteristics of psychometric func-
tions affect the general approach to analysis. These con-
cern (1) commonly used models of the psychometric
function, (2) forms of the function kernel, (3) logarithmic

transformation of the function, (4) independent effects of
location and slope parameters, and (5) the effects of as-
ymptotic parameters.

Common models. Psychometric functions are gener-
ally modeled using existing statistical (cumulative) dis-
tribution functions. Three forms occur most frequently:
Gaussian, also referred to as Gaussian integral, cumula-
tive Gaussian, or cumulative normal (Blackwell, 1953;
Green & Swets, 1966; Laming, 1986); logistic (Berkson,
1951; Macmillan & Creelman, 1991); and Weibull (Quick,
1974; Watson, 1979; Weibull, 1951). Authors sometimes
attempt theoretical justification for the distribution adopted,
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but often the choice is a matter of convenience, since all
three models adopt structurally similar shapes (Harvey,
1986).

Function kernels. The three most popular psychomet-
ric functions are defined by different mathematical ex-
pressions, but all have similar kernels—the kernel being
that part at the heart of the expression that combines the
stimulus value with the two functional parameters. Two
fundamental kernel forms are apparent, which are based
either on scaled differences of the form

v3(v; —v,) (difference kernel) (1)

or on powered ratios of the form
v,
(Vlj } (ratio kernel), (24)

Va

where v, always represents the slope parameter, v, repre-
sents a variable stimulus value, and v, represents a fixed
threshold parameter, or vice versa, depending on the par-
ticular model in which the kernel appears. The next two
discussion points will explain why both kernel forms are
necessary.

Logarithmic transformation. Sensory stimuli are
sometimes scaled arithmetically and sometimes logarith-
mically, so psychometric functions that can accommodate
both formulations must be available. The following text
will generally refer to these as functions in x and func-
tions in log x, respectively. If the function in x uses the
difference kernel, logarithmic transformation is impos-
sible, because there will always be some range of stimulus
values (x) over which the kernel is less than or equal to
zero. Over such domains, the logarithm function is not
defined. This will occur at threshold (v; = v,) and either
above threshold, if the threshold is represented by v, and
the stimulus value by v,, or below threshold, if the thresh-
old is v, and the stimulus value is v,. The ratio kernel,
however, naturally permits logarithmic transformation,
to give

vy(log v, — log v,) (log-ratio kernel). (2B)

Using the ratio kernel and its logarithmic equivalent en-
ables a psychometric function to be transformed to give
identical response probabilities for a particular stimulus,
be it measured on an arithmetic or a logarithmic scale. The
logarithmic transformation of the ratio kernel is structur-
ally equivalent to the difference kernel, but with both
stimulus and threshold values registered on a logarithmic
scale.

Independence of threshold and slope parameters.
Since the ratio kernel permits logarithmic transformation,
whereas the difference kernel does not, it would seem that
ratio kernel forms of the psychometric function are pref-
erable and that the difference kernel offers no advantage.
However, a practical limitation of functions using a ratio
kernel on arithmetic scales is that the effects of threshold
and slope parameters are not algebraically independent.
That is, changing the threshold parameter value will also
change the steepness of the plotted function at that loca-

tion (Figure 3A). Consequently, functions sharing a com-
mon value of v; but having different threshold values will
not appear parallel when plotted. The difference kernel
and log-ratio kernel, on the other hand, behave as though
location and slope parameters have algebraically indepen-
dent effects (Figure 3B). If this is considered desirable in
practical contexts, it is necessary to use a difference ker-
nel when the stimulus scale is arithmetic and a log-ratio
kernel when it is logarithmic. For example, most paramet-
ric adaptive methods for estimating function thresholds
and slopes require that model functions run parallel for
different values of the threshold parameter (Treutwein,
1995; Watson & Pelli, 1983).

Effects of asymptotic parameters. The analyses to
follow will concentrate principally on strategies for re-
solving differences between slopes of different functions,
with the assumption that the upper (lapsing) and lower
(guessing) asymptotes are fixed theoretically. However,
the asymptotic values affect the analysis by determining
the probability range covered by the function, so they
must be taken into account. Fortunately, their effects may
be considered in terms of a linear transformation of prob-
ability values, with the psychometric function commonly
written (Klein, 2001; Treutwein, 1995) as follows:

Px) =y + (1 —y—2) P), (3A)

where y is the guessing probability (lower asymptote), A
is the lapsing probability (upper asymptote), P(x) is the
psychometric function that goes from probability 0 to
1, and P*(x) is the psychometric function that goes from
probability y to (1 — 4) (see Figure 1).

For the remainder of this article, it will be assumed that
all psychometric functions are defined as P(x) above, so
conversions between functions will always assume prob-
abilities in the range 0 to 1 (i.e., y = A = 0). If parameter
conversion is desired from some originating function to
some target function when y > 0 and/or 4 > 0, Equa-
tion 3B (inverse of 3A) is used at the outset to transform
the originating function from P*(x) to P(x) thus:

_ -y
P(x) =y (3B)
Following this, the slope conversion is applied, and then
Equation 3A is used to transform the target function from
P(x) to P*(x). This approach is mathematically consistent
and simplifies the expressions for slope transformation
that will be introduced later.

Psychometric Function Model Specifications
Gaussian models. The Gaussian (or normal) distribu-
tion function, Glx, takes the form

Foi = ﬁ J exp[—%{a(r - 9)}2}#. 4)

This is in difference kernel form; 6 is the threshold pa-
rameter located at the median of the distribution, and «
is the slope parameter (1/SD). The Gaussian function is
antisymmetric about its median, which is the point of
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Figure 3. Lack of algebraic independence of threshold and slope parameters in
ratio kernel functions on arithmetic stimulus scales. (A) Functions having a constant
slope parameter value but a variable threshold parameter 8 do not appear parallel
when plotted on an arithmetic stimulus scale. (B) The same functions plotted on a
logarithmic stimulus scale appear parallel, demonstrating independence of threshold
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and slope parameters.

maximum slope, and the response probability at this lo-
cation is Pg,,(0) = .5. It is, therefore, convenient to refer
to parameter 6 as the median threshold parameter, mean-
ing that it defines the stimulus value corresponding to the
50% (median) point of the response probability scale.
Function Glx is unsuitable for logarithmic transforma-
tion, as has been discussed previously. A logarithmic ver-
sion of the Gaussian (lognormal), G2x, written in ratio ker-
nel form, is given (Evans, Hastings, & Peacock, 1993) as

B 2
\/_lnb 1o _;{logb[é]} - ®

where b > 1 is the base of the logarithmic transform. The
same function in log—ratio kernel form is G2 log x,

GZlogv \/_11’1 b
Jle [_%{ﬁ(logbt_ log,, 9)}2}“]" (©)

O'—.k

t

O'——.X

The formulations of the Gaussian function in Equations 5
and 6 above are equivalent, and both necessitate logarith-
mic transformation of the stimulus scale. Henceforth, this
function, written in either form above, will be identified
as G2 log x. Each G2 formulation has threshold parameter
0, and its slope parameter £ is equal to 1/SD.

The integral nature of the Gaussian distribution function
introduces mathematical difficulties, so other functions of
similar form are often chosen in preference. One that cor-
responds closely to the Gaussian in shape is the logistic.

Logistic models. A natural two-parameter form of the
logistic for use in psychophysics is L1x,

= [1+exp{d(6 - 0}, ()

where x is stimulus magnitude, 0 is the slope parameter,
and 6 again defines the median threshold, where response
probability is P ;,(0) = .5. As with the Gaussian func-
tion, the logistic is antisymmetric about this point. Since
Equation 7 is of the difference kernel form, its param-
eters A and o provide independent control of threshold and
slope, respectively.

L]x
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Other forms of this logistic function, equivalent to L 1x,
are also available. A common alternative, in which the
parameters do not give independent control of location
and slope, is P(x) = [1 + exp{a — bx}]~!. This can be
obtained from L1x by substituting » = d and a = d6. In
addition, sigmoid profiles based on the hyperbolic tan-
gent function have been widely adopted in vision sci-
ence, at least since Naka and Rushton (1966), in order
to fit physiological response functions of visual system
neurones (Lipetz, 1969). A hyperbolic tangent function
algebraically equivalent to L1x is Py, (x) = .5+ .5
tanh{.50(x — 6)}. Strasburger (2001a) has also presented
a formulation of the psychometric function based on the
hyperbolic tangent.

Since the logistic L1x is of difference kernel form, log-
arithmic transformation is not possible. An alternative in
ratio kernel form, L2x, is

ﬂn={Hﬁif}i )

where slope is given by the parameter €. On a logarithmic
stimulus scale, this gives L2 log x,

PL2logx = I:l + CXp{(])(lOgb 0 - logb x)}:l_l > (9)

where b > 1 is the base of the logarithmic transform,
log,, 6 is the median threshold value on the logarithmic
scale, and ¢ is the corresponding slope value.

‘Weibull models. The two-parameter Weibull function
(Weibull, 1951) has proved extremely useful in visual
psychophysics since its application by Quick (1974) to
a model of contrast detection. The most commonly cited
form (Nachmias, 1981; Watson, 1979) of the Weibull,
W2x, is

Py, =1- eH;ﬂ, (10)

where x is stimulus magnitude, and now parameter 7
represents threshold and w slope. In this expression, the
threshold parameter corresponds to a response probabil-
ity of Py, () = 1 — e~ = .632. Weibull model W2x is
widely used in reliability analysis, where parameter 7 is
often called the characteristic life of the function. In the
present context, therefore, it is convenient to refer to this
as the characteristic threshold parameter, in order to dis-
tinguish it from the median threshold parameter defined
earlier.

Psychometric function W2x is one of a family of func-
tions having the same shape and taking the general form

Px =1 R*kernelj (11)

where the kernel has the ratio form shown in Equation 10.
In all such functions, the response probability at threshold
t is given by P (f) = 1 — R™1; therefore, the value of R
may be chosen to ensure that the threshold location will
correspond to any desired response probability. Thus, if
it is desired to retain the Weibull structure but to relocate
the threshold naturally at a response probability of .50,

corresponding to the thresholds of Gaussian and logistic
functions, equation W2x may be modified to the follow-
ing form (Quick, 1974; Wilson, 1980), henceforth called
the Quick function, Q2x:
il
Fope=1-2 . (12)

In this formulation, 8 corresponds to the median thresh-
old, as defined previously, since Pq,,(0) = 1 — 27! =
.50.

Logarithmic transformation of Weibull and Quick func-
tions, W2 log x and Q2 log x, respectively, gives

Prypigy = 1= el teloemonmll 3
and
Pty = 1207 et g

where b > 1 is the base value for logarithmic transforma-
tion. A notable feature of the Weibull/Quick functions is
that, unlike the Gaussian and logistic functions, the slope
parameter w takes the same value on both arithmetic and
logarithmic scales.

The log Weibull model (W2 log x) is also known as the
Gumbel model (Evans et al., 1993; Treutwein, 1995). This
formulation has the advantage that threshold and slope
parameters act independently, so profiles having the same
slope value but different threshold locations will appear
parallel when plotted on a logarithmic stimulus scale. It
has been widely used in vision science, although a va-
riety of different formulations appear in the literature.
For example, Watson and Pelli (1983) and Harvey (1986)
used Equation 13 with a log,, stimulus scale, whereas
Treutwein (1995) showed the same formulation with a
log, stimulus scale.

Another important feature to be considered is that, un-
like Gaussian and logistic functions, Weibull/Quick func-
tions are not antisymmetric about their median value, so
although the Quick form of the Weibull has its natural
threshold at the .5 probability location, this is not the point
of maximum gradient. In fact, both Weibull and Quick
functions experience maximum gradient at the location
defined by the characteristic threshold parameter # in the
W2x formulation.

Relationship between Weibull and Quick formula-
tions. Note that the same symbol w is used for the slope
parameter of both Weibull (W2x) and Quick (Q2x) func-
tions. The two functions can be matched exactly, with
the same slope w, by a threshold transformation. Setting
Weibull Equation 10 equal to Quick Equation 12, it can
be shown that

6 = n(In 2)Ve, (15)
When the same functions are expressed on a logarithmic
scale (base b > 0), this matching expression becomes

log, 6 = log, N+ log, (In2). (16)

w
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Hence, Weibull and Quick functions on logarithmic scales
are identical but for a location shift along the stimulus axis
from characteristic threshold # to median threshold 6 (see
also Strasburger, 2001a). The exact equivalence of these
two functions with a simple threshold transformation is
extremely important in the analysis to be presented later.
Having specified the most popular psychometric func-
tions whose interrelationships need to be determined, the
discussion can now move to the principles of resolving
differences between slope values. For ease of reference,
Table 1 summarizes the functions introduced above and
the notation to be used in the remainder of the article.

Resolving Slope Differences

We now will consider three strategies for resolving slope
differences between psychometric functions: (1) trans-
form all slope values to obtain a standardized slope mea-
sure that is independent of any function, (2) transform the
slope value from any originating function to any desired
target function, and (3) express the slope value in terms of
the spread of its function on the stimulus axis.

Standardized slope. The strategy of transforming
slope estimates to a common, function-independent mea-
sure has been introduced by Strasburger (2001a), using
the principle of calculating the slope of each function at
its inflection point, which is the location of maximum
slope. The required transformations are obtained by dif-
ferentiating the psychometric function equation and eval-
uating the derivative at the inflection point, which is the
location on the abscissa corresponding to the threshold
parameter value for all except the Quick function. Table 2
lists the functions discussed previously, with expressions
for their derivatives and for evaluation of the derivative
at threshold.

The expressions in the last column of Table 2 deliver the
local gradient of each function at its threshold. Hence, apart
from the Quick function, these expressions may be used to
calculate inflection point gradient 5’. The inflection point
gradient provides a standard, function-independent mea-
sure of psychometric steepness, which may be interpreted
unambiguously as indicating the increase in proportion of
positive responses per log unit increase in stimulus level

(Strasburger, 2001a). This measure, in effect, matches
functions at their inflection points. Strasburger (2001a)
provides expressions, equivalent to those in Table 2 here,
for calculating inflection point gradients of Gaussian, lo-
gistic, and Weibull functions. For the Quick function, in
which the threshold parameter does not define the inflec-
tion point, Strasburger (2001a) also indicates that it may
be rendered equivalent to the Weibull, using the threshold
transformation discussed previously (Equations 15 and
16).

Function-to-function slope transformation. A sec-
ond strategy for resolving slope differences across models
is to transform the slope value from its originating psy-
chometric function into some target function, rather than
into a standardized slope representation. Although this
approach does not bring different functions together with
a common slope value, it does preserve original threshold
values and delivers transformed slope values that may be
interpreted as though estimated directly from data.

Function-to-function transformation adopts the prin-
ciple of matching the local gradients of functions at the
threshold, which generally produces close correspondence
between functions in the central part of the curve extend-
ing above and below threshold. The poorest match be-
tween the functions then naturally occurs toward the tails.
This approach may be described mathematically in terms
of matching Taylor series expansions about the threshold.
When applied to two-parameter models, the method re-
duces to one of matching tangents at the threshold. In this
way, the basic structure of the psychometric function in
the neighborhood of threshold is captured, and the periph-
eral detail is ignored as being of secondary importance.
The calculations for these transformations involve evalu-
ating the derivative of each psychometric function at its
threshold location and are, therefore, essentially the same
as those involved in the maximum slope measure above.
The expressions in the last column of Table 2 provide the
basis for all desired function-to-function transformations.
To match the threshold gradients of two different func-
tions, it is necessary only to set one of these expressions
equal to another, then to rearrange the equation in terms
of the desired parameter. For example, to transform slope

Table 1
Summary of Psychometric Functions, With Notation
for Slope and Threshold Parameters

Function Function Kernel Stimulus Slope Threshold
Designation Type Type Scale Parameter ~ Parameter

Glx Gaussian  difference (1) X a 0

G2 log x Gaussian  log-ratio (2B) log x B log 6

Llx Logistic difference (1) X o 0

L2x Logistic ratio (2A) X 3 0

L2 log x Logistic log-ratio (2B) log x ¢ log 6

Q2x Quick ratio (2A) X 3} 0

Q2 log x Quick log-ratio (2B) log x ) log 6

W2x Weibull ratio (2A) X [0} n

W2 log x Weibull log-ratio (2B) log x ) logn

Note—Each function designation in column 1 reflects function type, kernel type, and

stimulus scale, given in columns 2—4.
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Table 2
Psychometric Function Equations, Derivatives, and Expressions for Slope Parameter Evaluation

Derivative at

Function Response Probability Derivative of Function x = Threshold
T - —{o(x - 0) o
P, (Ba) O exp[—l{a(l‘ — o) }dt O oyp| O o
Glx \™»
: \2m _{c 2 2w 2 V2w

PG2 log x(e’ﬁ)

£,,(6,0) [1+exp{d(6 — x)}]"

B,.(0,¢€)

PL2 log x(e’ ¢)

Py (6,0)

Py g (0:0) 12

By, (1,0)

[,b{w(logb x-logj, 1)} }

PWZ log x(n’w) I-e

2 2
B t1. |-l [r}ﬂ B 1 1 |:xr
_ P lexp| =lliog, | L d —2 Lol —Llog | X
sznboteXp 2| % le Varimp x Pl T2 %o

1 B
V2zinb 6
5PL1x(1_PL1x) g
)
;Psz(l_Psz) TSO
1 ¢
lnb;PLZIOgX(l_PLZIOgX) m%
o[ x m—l( ) In2
(ln2)f(f) 1-P . n .z o
0\6 Q2 2 0
In Zﬂb{w(l"gh’“’l"gbe)} (1—P ) In2 w
X Q2 log x Tg
w-1 1
|l x [0]
w| x 1-P 1o
n(n) (1= Ria) en
@ 7 {o(log, x-log, n |0)
;b{ og, x~log, )}(I_PWZIng) o

parameter « of the Gaussian in x (G1x) to 6 of the logistic
in x (L1x) involves solving the equation

from which we find

4

NGy

This same procedure may be followed for any desired
transformation among the available combinations. Table 3
gives expressions for all slope conversions by application
of this principle.

When using Table 3, select the originating function
(i.e., the function to be converted) from the left-hand
margin and the target function (to convert to) from the
column headers; then read across the row of the originat-
ing function to the column of the target function, to obtain
the required parametric expression for slope conversion.
Table 3 includes slope transformations for the Quick
function, but not for the Weibull. Earlier, it was noted that
Weibull and Quick functions are equivalent when the dif-
ference between thresholds is removed, so conversion of

o=«

the Weibull to other functions may be achieved by first
transforming to a Quick function (# to 6), then using
Table 3 to transform the slope.

Table 3 specifies formulae for theoretical slope conver-
sion from any originating function to any target function
and is internally consistent for transitive multistage slope
conversion. For example, if a logistic model such as L1x
were to be fitted to experimental data and subsequently
to be converted from L1x—G2 log x and, again, from
G2 log x—>Q2x, the result would correspond exactly to
that derived by converting directly from L1x—Q2x. This
transitivity property also holds for conversions involving
the Weibull function, provided the appropriate threshold
transformation is applied.

Slope expressed as stimulus spread. Just as thresh-
old is expressed as a stimulus value corresponding to a
particular response probability, so it is possible to express
slope in terms of the stimulus range covered by some
nonasymptotic portion of the function. This range, which
may be called the spread (Treutwein & Strasburger, 1999)
or support (Garcia-Pérez, 1998, 2001) of the function,
will vary inversely with the value of the slope parameter.
Spread may be determined by choosing two response
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Table 3
Expressions for Conversion of Slope Parameter Values Between Psychometric Function Models
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Note—Select an originating function (to be converted) from the list in column 1 and read across that row for expressions with which to convert to

the target functions denoted in the headings of columns 2-7.

probabilities and using the inverse of the psychometric
function to calculate the stimulus values corresponding
to these probabilities. The response probabilities define
the support interval, and the difference between the cor-
responding stimulus values is the spread of the function.
This approach has two clear advantages over that of using
function parameters: It provides a common metric for ex-
pressing the effect of psychometric function slope that
is mostly independent of the function model, and it ex-
presses the effect of the slope in psychologically mean-
ingful stimulus units.

In practice, any pair of response probabilities within
the nonasymptotic region may be used to define spread
in a standard manner, but two possibilities naturally pre-
dominate. For one, the quartile probabilities, .25 and .75,
are used, so that the spread value defines the interquar-
tile range (Chauhan et al., 1993; Strasburger, 2001a). The
alternative, taking advantage of the fact that most psy-
chometric functions are antisymmetric about the median
threshold, is to define the deviation between threshold
probability and some other level, either above or below
threshold. Perhaps the most intuitive approach here is to
select the range that is consistent with the conventional
definition of spread in the Gaussian function—that is, the
standard deviation. This is the range given by the differ-
ence between the stimulus value at response P = .8413
and that at the median threshold (P = .5000). Table 4 pro-
vides expressions that may be used for the calculation of
spread and deviation.

Note that the spread of a function between any desired
response probabilities may be calculated using Table 4,
column 2, which provides expressions for the inverse of
each psychometric function, with the exception of the
Gaussian, which has no closed-form solution for the

inverse function. However, numerical approximations
exist for the inverse cumulative Gaussian, one of which
(Acklam, 2004; see the Appendix) is simple and accurate
enough for all practical purposes. If measures of deviation
are required, Table 4, column 3, provides general expres-
sions for the deviation between threshold and any desired
suprathreshold probability, and column 4 provides sim-
plified expressions for a Gaussian equivalent deviation
(0Gep)> Which has the obvious advantage with Gaussian
functions that it requires only the reciprocal of the slope to
be calculated. Note that deviation expressions for functions
in x having ratio kernels (namely, L2x and Q2x) include
threshold values, since threshold and slope parameters in
these cases do not exhibit algebraic independence.

Table 4 does not include expressions for Weibull func-
tions W2x and W2 log x, because threshold # is located at
P(n) = .6321, so any measure of deviation from threshold
will not be directly comparable with other functions that
use the median threshold parameter 6. If slope is to be
expressed in terms of a threshold-related deviation, use of
the Quick function in place of the Weibull is advocated.
Nevertheless, some caution is required when Table 4 is
used to fit the Quick model. Due to the asymmetry of the
Quick function, equal probability differences above and
below threshold will give different deviation values. For
this reason, deviation here has been uniquely defined only
in relation to probabilities above threshold, assuming that
this is likely to be the range of interest in practice.

One general limitation of expressing slope in terms of
stimulus spread is that excessively wide support inter-
vals will amplify the effect of the slope parameter, in that
small changes in slope may correspond to relatively large
changes in spread. It is therefore desirable that research-
ers adopt a standard approach and use a support interval
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Table 4
Inverse Functions and Expressions for Deviations

Gaussian Equivalent Deviation
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that is relatively narrow. This is another argument in favor
of expressing spread in terms of a moderately sized, one-
sided deviation criterion such as Gaussian equivalent de-
viation (0ggp).

Figure 4 illustrates relationships between Gaussian
equivalent deviation o and standard deviation o, in
different psychometric functions, using both arithmetic
and logarithmic stimulus scales (see Figures 4A and 4B,
respectively).

Figure 4 is constructed by using Table 3 to match the
slopes of different psychometric functions at their median
threshold 0, then calculating o, for a range of slope val-
ues, using the expressions in Table 4. Gaussian functions
G1x and G2 log x, in which ogpp = 0, provide (dashed)
reference lines in Figures 4A and 4B, respectively. In each
plot, there is close correspondence between oggp, values
of different psychometric functions when o is small (steep
slopes) but poorer correspondence as o increases (shallow
slopes), indicating how the goodness of match between
functions deteriorates as slope decreases.

Figure 4A shows o plots for functions in x matched
at threshold value 6 = 1. Note that the deviation exhibited
by L2x and Q2x will vary with 6, since slope varies with
the value of the threshold parameter 6 in these ratio kernel
functions. The effect of threshold variation on the devia-
tion of these functions will be significant, with both L2x
and Q2x showing their nearest approach to G1x when 0 is
high but diverging markedly from G1x for values of 6 < 1.

by numerical approximation 1

(see Appendix) B

i [ P(x) } 1.668

L 22

¢ L1-Pk) ¢
L)y (=0l = Pw)] 0.977

ohnb In2 olnb

On the other hand, slopes (and deviations) of Gaussian
and logistic functions Glx and L1x are unaffected by
change in the value of the threshold parameter. This dif-
ference in behavior indicates that Glx and L1x are the
preferred psychometric functions for arithmetic stimulus
scales. If the Gaussian itself is to be avoided for mathemati-
cal reasons, logistic L1x remains as the function of choice.

For consistency, Figure 4B shows oqgp, plots for func-
tions in log, x matched at threshold value log, 6 = 0. In
this case, slopes (and hence, deviations) of all functions
are unaffected by changes in threshold value.

Discussion

We have presented mathematical expressions through
which differences in the slopes of psychometric func-
tions may be resolved using three possible strategies.
Attempts to match different psychometric functions in
terms of slope are necessarily approximate, because func-
tions of different mathematical forms have intrinsically
different shapes, and each of the strategies considered
has advantages and limitations. The most generally appli-
cable approach is that of direct function-to-function slope
transformation, which achieves an exact match between
functions at the threshold location, using the natural pa-
rameter values of each function. In addition, consideration
of function-to-function transformations (see Table 3) re-
veals a number of interesting features of the relationships
between psychometric function models.
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Figure 4. Relationship between Gaussian equivalent deviation o, and Gaussian standard de-
viation o for different psychometric function models matched at the median threshold. The Quick
function always exhibits smaller deviation than does the Gaussian function, reflecting the steeper
shape of the Quick/Weibull model in the region just above median threshold. All other functions are
closely matched when o is small (steep slope; see the inset), and closeness of match deteriorates as o

increases. (A) Functions for arithmetic stimulus scales.

Gaussian to logistic. An approach to relating Gauss-
ian and logistic slope values in terms of deviation has
been outlined elsewhere (Green, Richards, & Forrest,
1989). The principle is that, with a Gaussian distribution,
u — o (where u = mean and o = standard deviation)
corresponds to a response probability of .1587 (.5000 —
.3413) and u + o corresponds to a response probability
of .8413 (.5000 + .3413). Green et al. suggested that ob-
taining the same variation from the logistic function re-
quires & = 1.65a. Evaluation of the relevant expressions
in Table 3 permits exact conversions.

For arithmetic scales,

Llx « Glx, 0 = 1.596a (three decimal places),

and for logarithmic scales,

¢ = 1.596p (three decimal

places).

L2 log x < G2 log x,

Thus, there is mathematical consistency in the relation-
ships between Gaussian and logistic functions on both
arithmetic and logarithmic scales, and this relationship
holds for any logarithmic base value.

Arithmetic to logarithmic scales. It has been pointed
out that only ratio kernel forms of the psychometric func-
tion permit logarithmic transformation. Therefore, only
two of our function types may be used for direct conver-
sion between arithmetic and logarithmic scales: the Quick
(Q2) and the logistic (L2). In each case, by using natural
logarithms, identical functions can be obtained on both
arithmetic and logarithmic scales with the same slope
value:

Q2 log x « Q2x, w=w,
and

L2 logx « L2x, ¢ =¢.

Note, however, that although the slope value of the Quick
function remains constant when moving from an arithme-
tic to a logarithmic scale on any base (b > 1), the logistic
slope value remains constant only with natural logarithms;
that is, when b # e, then ¢ # &.

Of course, ratio kernel functions in x do not exhibit al-
gebraic independence of slope and threshold parameters.
Therefore, to provide pairs of functions that are similar
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Figure 4 (Continued). (B) Functions for logarithmic stimulus scales.

in form and that give slope and threshold independence
on both arithmetic and logarithmic scales, the natural
choices are difference kernel and log-ratio kernel forms
of the Gaussian and logistic functions (there is no differ-
ence kernel version of the Quick/Weibull function). Here,
when natural logarithms are used to simplify relation-
ships, it is found that for Gaussian functions,

G2 log x « Glx, B = ab,
and similarly, for logistic functions,

L2 logx < Llx, ¢ = 06,

so the slope on the logarithmic scale is equal to the slope
on the arithmetic (linear) scale multiplied by the thresh-
old value. This simple relationship between linear and
log, slope values has also been noted by Klein (2001).
Logarithmic stimulus scales. Logarithmic scaling of
stimulus values is very popular in experimental and clinical
psychophysics. For example, visual detection studies com-
monly plot functions with log luminance, amplitude, or
contrast on the abscissa, whereas clinical measures of vi-
sual acuity use log minimum angle of resolution (logMAR),
and instruments for visual field assessment use a decibel

(log,,) scale of stimulus intensity. The popularity of loga-
rithmic stimulus scales implies that psychometric functions
fitted in practice will very often be of the log-ratio form.
Thus, it is interesting to examine the relationships between
the slope parameters of models Q2 log x, G2 log x, and
L2 log x. In each case, it is necessary to make a decision
about which base value should be used for logarithmic
transformation of the stimulus. Note that, although Table 3
presents general expressions for logarithms in any base
(b > 1), relationships between functions are simplified if
natural (base ¢) logarithms are used.

Consequently, it is possible to derive the following
simple expressions:

G2 log x < Q2 log x, B = 0.8690,

L2 log x < Q2 log x, ¢ = 1.386w,
and

L2 log x < G2 log x, ¢ = 1.596p.

All the aspects discussed above indicate the advantages
of using natural (base e) logarithms for stimulus scales
(Klein, 2001).
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Weibull and Quick functions. The use, in psycho-
physics, of both Weibull (1 — e~kermel) and Quick (1 —
2 ~kernel) yersions of the same psychometric function
model is unfortunate. As was indicated previously, the
Quick function is the only commonly used model in
which the threshold parameter 6 does not define the point
of inflection. On the other hand, the Weibull is the only
function in which the threshold parameter does not define
the median (50%) probability point. Therefore, all efforts
to resolve slope differences by matching functions, either
at the inflection point or at the median point, are frustrated
by either the Quick or the Weibull function, respectively.

Thus, the expressions derived by Strasburger (2001a)
for converting the slope parameter between Weibull and
Gaussian/logistic functions are different from those pre-
sented above for converting between Quick and Gaussian/
logistic functions because, as was discussed previously, the
Weibull matches at its inflection point (characteristic thresh-
old #), whereas the Quick matches at the median threshold
6. Using the Weibull in place of the Quick function gives

G2 log x < W2 log x, B =0.922w,

and

L2 log x < W2 log x, ¢ =147w.

Note that the conversion factors for the Weibull are simply
1.061 times those for the Quick function. This may be
demonstrated by comparing the slope expressions for the
two functions given in Table 2. For the Weibull function,

G _dP _lo
Weibull — - ’
o €M

where Gyypu denotes the gradient of the Weibull func-
tion at its natural (characteristic) threshold. Similarly, for
the Quick function,

G dP =1n2Q

Quick — .. )
2 deuick 2.0

where now G, denotes the gradient of the Quick
function at its natural (median) threshold. Now, since it
has been acknowledged that the two functions have the
same shape despite the difference between thresholds, the
threshold parameters may be disregarded. This is equiva-
lent to treating the expressions as though each function is
plotted on a stimulus scale normalized to its own thresh-
old value; hence, each threshold takes a value of 1 (Klein,
2001; Strasburger, 2001a). Subsequently, rearranging the
equations above gives

@ = eGyeipun

and

2 .
o= In2 GQuick’

hence,

_ 2
GWeibull - eln?2 GQuick

=1.061G,

Quick (three decimal places).
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Thus, it may be seen that, when Weibull and Quick func-
tions are superimposed, the gradient at # is 1.061 times
greater than the gradient at 6.

In practice, therefore, it is important to be explicit
about whether the Weibull or the Quick formulation is
being used. Indeed, it would make matters easier, when
a function of Weibull shape is required, if researchers
would adopt either the Weibull or the Quick formulation,
but not both. In this case, we advocate using the Quick
formulation, precisely because its threshold lies naturally
at the median point of the probability range, in keeping
with all other forms of the psychometric function under
consideration. This enables slope conversion to be applied
consistently to all psychometric functions without requir-
ing any modification of the threshold parameter.

Summary

1. Psychometric functions, relating response probabil-
ity to stimulus intensity, are most commonly described
using one of three mathematical models: Gaussian, logis-
tic, or Weibull. All three models produce similar sigmoid-
shaped functions that may be specified by two parameters:
one determining (principally) the threshold location on
the stimulus scale and another determining (principally)
the slope of the function at the threshold location.

2. Two kernel forms have been identified, which ap-
pear in popular models of the psychometric function. The
difference kernel is not amenable to logarithmic transfor-
mation and so may be used only on arithmetic stimulus
scales. The ratio kernel may be used on both arithmetic
and logarithmic stimulus scales, as appropriate.

3. For conversion of stimulus values between arith-
metic and logarithmic scales, ratio kernel forms of the
psychometric function have an advantage in that they de-
liver identical response probabilities (however, see Point 4
below).

4. In order to ensure algebraic independence of thresh-
old and slope parameters, (i.e., plotted functions appear
parallel when only the threshold value changes), it is nec-
essary to adopt the difference kernel on arithmetic stimu-
lus scales and the log-ratio kernel on logarithmic scales.

5. Differences between the slope parameters of fitted
functions may be resolved by using Table 2 to calculate
a function-independent standardized value (Strasburger,
2001a). For all except the Quick function, this transfor-
mation will give the maximum slope of the function—that
is, the gradient at the inflection point.

6. Conversion of slope parameters between psychomet-
ric function models, retaining natural slope and threshold
parameter values, may be achieved consistently by match-
ing functions at the median threshold P(6) = .50, using the
formulae in Table 3. In order to accommodate the general
Weibull model using this principle, it is desirable to adopt
the Quick (1 — 2~ kemel) formulation in which threshold is
naturally located at the 50% probability value. Research-
ers who prefer to adopt the Weibull (1 — e—kernel) formula-
tion for function fitting and who wish to compare slopes
with Gaussian or logistic data fits could first convert to
the Quick formulation by transformation from character-
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istic threshold # to median threshold 6; then Table 3 could
be used to convert between slope parameters.

7. Slope conversions between arithmetic and logarith-
mic stimulus scales and between different functions using
logarithmic stimulus scales are simplified if natural (base
e) logarithms are used.

8. Functions having different slopes may also be com-
pared in terms of their spread on the stimulus axis between
any two designated response probabilities. This provides
a function-independent measure that is inversely related
to function slope and is expressed in stimulus units. It
is convenient to choose probabilities that correspond to
the Gaussian standard deviation (o), so that the spread of
any function may be expressed in terms of its Gaussian
equivalent deviation (0 ggp)-

9. Finally, of all the commonly used psychometric
function models, the logistic has a number of distinct ad-
vantages for practical application.

9.1. Logistic functions offer ease of mathematical
analysis and a structure that is antisymmetric about the
median (50%) threshold location.

9.2. Logistic functions for use on arithmetic and loga-
rithmic scales (namely, L1x and L2 log x) exhibit the
same kernel structure, and there is a simple relationship
between their slope parameter values when natural loga-
rithms are used.

9.3. Expressions for calculation of spread or deviation
(ogep) are identical for logistic functions on arithmetic
and logarithmic scales (namely, L1x and L2 log x).

9.4. Gaussian equivalent deviation (0ggp) values for
L1x and L2 log x correspond closely to standard devia-
tions (o) for Glx and G2 log x and are unaffected by
changes in the threshold parameter value.
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APPENDIX
An Algorithm for Computing the Inverse Cumulative Normal Distribution Function (Acklam, 2004)

Define the following constants:

al = —3.969683028665376e+01
a2 = 2.209460984245205e+02
a3 = —2.759285104469687¢+02
a4 = 1.383577518672690e+02
a5 = —3.066479806614716e+01
a6 = 2.506628277459239¢+00

bl = —5.447609879822406e+01
b2 = 1.615858368580409¢+02
b3 = —1.556989798598866¢e+02
b4 = 6.680131188771972e+01
b5 = —1.328068155288572¢+01

Then, for any response probability p between .0275 and .9750, calculate the standard normal deviate z:
g=p—05
r=qXgq
(a1 xr +a2) xr+a3)xr+ad) xr+aS)xr+a6)x q
(((p1x 7+ b2)x 7 +b3) X 1+ b4) xr +b5) xr +1)

Hence, calculate stimulus level x:

z =

z
slope

X =

>

where slope is the psychometric function slope value and 6 is the median threshold.

(Manuscript received April 30, 2004;
revision accepted for publication January 14, 2005.)
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