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Abstract I describe a technique for comparing two simple
accounts of a distribution of response times: A mixture model
and a generalized-shift model. In the mixture model, a target
distribution is assumed to be a mixture of response times from
two other (reference) distributions. In the generalized-shift
model, the target distribution is assumed to be a quantile
average of the reference distributions. In order to distinguish
these two possibilities, quantiles for the target distribution are
estimated from the quantiles of the reference distributions
assuming either a shift or a mixture, and the predicted quan-
tiles are used to calculate the multinomial likelihood of the
obtained data. Monte Carlo simulations reported here demon-
strate that the index is relatively unbiased, is effective with
moderate sample sizes and modest spreads between the refer-
ence distributions, is relatively unaffected by changes in the
number of bins or by data trimming, can be used with data
aggregated across subjects, and is relatively insensitive to a
range of subject variations in distribution shape and inmixture
or shift proportion. As an illustration, the index is applied to
the interpretation of three effects from distinct paradigms:
residual switch costs in the task-switching paradigm, the
psychological refractory period effect, and sequential effects
in the Simon task. I conclude that the multinomial likelihood
index provides a useful and easily applied tool for the inter-
pretation of effects on response time distributions.
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Distribution shape

It is uncontroversial that distributions of response times are
mixtures. For example, across trials, subjects may have differ-
ent response criteria, different strategies, different levels of
motivation, and varying attentional states (e.g., Ollman,
1966). Similarly, performance varies as a function not only of
the stimulus on the current trial, but also of the stimulus and
response on the previous trial (e.g., Gratton, Coles, &Donchin,
1992) and of whether the previous response was correct or
incorrect (e.g., Rabbitt, 1966). Usually, a description of the
distribution of response times ignores many of these variations
and simply pools all of the trials from these different possible
states and strategies. However, it is easy to think of situations in
which experimental manipulations could affect the nature of
these mixtures. Temporal variables such as response–stimulus
interval and stimulus onset asynchrony could easily affect the
level of preparation; each type of stimulus could be processed
in a distinct manner; the context of stimuli could lead subjects
to use different strategies; and so on. Thus, under many cir-
cumstances, it is plausible to suppose that experimental manip-
ulations have their effect on mean response time by affecting
the nature of the response time mixture.

In contrast, most commonly used statistical techniques
are designed to identify the mean of a distribution, on the
basis of the assumption that the manipulations of interest
shift the distribution from one location to another. For
example, the general linear model as it is commonly devel-
oped assumes that the observations from different condi-
tions all have a normal distribution with a common standard
deviation, and thus differ only in their means (e.g., Winer,
Brown, & Michels, 1991). Such statistical models have a
straightforward interpretation in the theoretical analysis of
response times: Manipulations that increase the mean re-
sponse time do so because they increase the duration of one
or more component mental processes. However, manipula-
tions that affect distribution mixtures may also affect mean
response time, and such an effect has a qualitatively
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different theoretical interpretation. For example, it is com-
monly found that in simple reaction tasks, increasing the
interval between a warning signal and the imperative stim-
ulus decreases the mean response time (e.g., Klemmer,
1957). One might interpret this effect in terms of the dura-
tion of mental processing. In particular, it is plausible to
suppose that increasing the warning foreperiod increases the
level of preparation or arousal, and that this altered state
leads to faster processing of the stimulus. Alternatively, one
could interpret this effect in terms of a distribution mixture:
Increasing the foreperiod increases the likelihood that sub-
jects will respond with an anticipation or “fast guess” (Oll-
man & Billington, 1972). Thus, it can be theoretically
critical to distinguish effects on location (i.e., a distribution
shift) from effects on distribution mixture.

While distribution mixtures sometimes produce an obvious
bimodality in the response time distribution, in many cases
they do not. In particular, if the variability of the response time
data is large relative to the magnitude of the experimental
effects, it may be difficult to distinguish effects on shift from
those on mixture simply from a casual inspection. Moreover,
in many cases in which such a distinction is of crucial impor-
tance, there may be only modest amounts of data. Conse-
quently, a tool for distinguishing these two possibilities that
does not require large data sets could be of some value. The
present article describes such a tool.

The plan of the article is as follows. First, I introduce
some vocabulary and notation that can be used to describe
mixture distributions. This vocabulary is used to introduce a
class of experimental designs that can be used to identify
possible mixtures. Second, I discuss a number of previous
techniques for identifying mixtures. Mixture distributions
have a number of interesting mathematical properties that
make them particularly tractable, and these properties have
been used with some frequency in a variety of contexts. The
present technique builds on several of these. Third, I de-
scribe the technique itself, which I refer to as a “multinomial
likelihood index.” The approach gains a great deal of power
by comparing an effect on distribution mixture to a plausible
alternative.

Terminology

A mixture distribution can be characterized as the probabi-
listic combination of two or more random variables. Here, I
introduce some terminology for describing the simplest
possible case of a distribution mixture in a response time
experiment. In particular, I assume that one is interested in
whether a given target condition can be described as a
mixture of two other distributions. I refer to the potential
sources of the mixture distribution as the “slow reference
distribution” and the “fast reference distribution.” If the

target distribution is a mixture, the density function for the
target distribution can be written as

f ðtÞ ¼ krf ðtÞ þ 1� kð ÞrsðtÞ;
where rf (t) is the density for the fast reference distribution,
rs(t) is the density for the slow reference distribution, and k
is the mixture probability. This characterization has a simple
process interpretation: Assume that a subject has two ways
to do a task, a fast process and a slow process. The target
distribution, f(t), results if the subject uses the fast process
with probability k and the slow process with probability 1 – k.
The same simple relation also holds for the cumulative prob-
ability distributions:

FðtÞ ¼ kRf ðtÞ þ 1� kð ÞRsðtÞ:
I will assume in this development that these three distri-

butions are ordered—in other words,

Rf ðtÞ < FðtÞ < RsðtÞ:
This is not a difficult condition to achieve because one

would normally be interested in considering a mixture dis-
tribution as a description of the target response times when
the mean response time is intermediate between those for
the reference conditions. The ordering relation would hold
in such cases as long as the variances are not dramatically
different. Moreover, when the fast and slow reference dis-
tributions are ordered, any mixture of the two will be in
between. However, as discussed below, this is often not
helpful in identifying mixtures, since simple changes in
location can also produce that same ordering relation.

In applying this analysis, it is not necessary to assume
that the reference distributions are themselves pure. Indeed,
the same logic applies if the reference distributions differ
only in the relative proportions of other processes. For
example, suppose that a given task can be performed with
either a fast process or a slow process and that the distribu-
tions of response times in these two cases are rf(t) and rs(t).
Even if pure forms of these two distributions are unavail-
able, one may be able to identify a condition that is primar-
ily made up of fast responses, yielding a mixture distribution
such as

f1ðtÞ ¼ k1rf ðtÞ þ 1� k1ð ÞrsðtÞ;
and a condition that is primarily made up of slow responses,
yielding a mixture distribution such as

f2ðtÞ ¼ k2rf ðtÞ þ 1� k2ð ÞrsðtÞ;
with k1 > k2. In that case, an intermediate mixture of those
two reference distributions would yield

f3ðtÞ ¼ k3rf ðtÞ þ 1� k3ð ÞrsðtÞ
¼ k f1ðtÞ þ 1� kð Þ f2ðtÞ;
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where k 0 (k3 – k2) / (k1 – k2). In other words, the interme-
diate mixture can be expressed as a mixture of two other
mixtures, as long as the same reference distributions are
involved for all three conditions (cf. Thomas, 1969). The
net result is that in order to seek evidence for mixtures,
one need not have conditions that embody pure process-
es; instead, one simply needs to be able to find con-
ditions in which the relative proportions of the mixture
components vary.

Previous work on mixtures

A variety of important properties of mixture distributions
have been known for some time, and these properties have
been exploited to identify mixture distributions. Clearly, if
the reference distributions have comparable variances and
are sufficiently different in the means, a mixture of the two
distributions will be bimodal, and tests of bimodality can be
used to identify possible mixtures (e.g., Silverman, 1981).
More generally, the variance of a mixture will be larger than
the weighted average of the reference distributions (e.g.,
Falmagne, Cohen, & Dwivedi, 1975):

σt
2 ¼ kσf

2 þ 1� kð Þσs
2 þ k 1� kð Þ μf � μs

� �2
;

where μt, σt
2, μf, σf

2, μs, and σs
2 are the means and variances

of the target, fast reference, and slow reference distributions,
respectively. In other words, the variance of a mixture is a
weighted average of the variances of the reference distribu-
tions plus an increment that depends on the difference in
means of the reference distributions. If the reference distri-
butions have similar variances and differ in location by a fair
amount, this implies that the variance of a mixture will be
substantially larger. Thus, a large variance is a qualitative
indicator of a possible mixture. This result was used by
Eriksen and Eriksen (1972) in a study of visual masking.
More precisely, a mixture distribution will contain some
observations from both the fast and slow reference distribu-
tions. Consequently, the minimum of a mixture will be
similar to the minimum of the fast reference distribution, and
the maximum will be similar to that of the slow reference
distribution (Sternberg, 1973).

Luce (1986) provided a proof that the raw moments of a
mixture distribution are a weighted average of the moments
of the reference distributions, with the same weighting fac-
tor for all moments (see also Everitt & Hand, 1981). That is,Z

t nf ðtÞ dt ¼ k

Z
t nrf ðtÞ dt þ 1� kð Þ

Z
t nrsðtÞ dt: ð1Þ

Olds, Cowan, and Jolicœur (2000) used this property to
assess the evidence for mixture distributions in the context
of a visual search task with advance information. On the

basis of their results, they rejected the null hypothesis that
the weighting factor was the same for the first to the fourth
moments, and thus rejected a simple mixture model for their
task.

A visually striking aspect of mixture distributions is the
fixed-point property (Falmagne, 1968): Given two reference
distributions with density functions that overlap and cross at
some point, all mixtures of those reference distributions
must also cross at that point. This observation has a simple
proof. If the reference distributions cross at a point t0, then

rf t0ð Þ ¼ rs t0ð Þ ¼ r0;

so

f t0ð Þ ¼ krf t0ð Þ þ 1� kð Þrs t0ð Þ ¼ kr0 þ 1� kð Þr0 ¼ r0;

which is independent of k. This feature of mixtures has been
used by a number of authors to assess evidence for mixtures.
For example, Lupker and Theios (1975) used the approach
to test the hypothesis that choice response time could be
modeled by a two-state model in which subjects could be
either prepared or unprepared for a particular stimulus. In
their task, subjects made choice responses for either four or
six possible stimuli and varied the probability of one partic-
ular “key” stimulus. Graphs of the observed distribution of
response times for the key stimulus suggested that the fixed-
point property held well for the four-stimulus case, but less
accurately for the six-stimulus case. More recently, Brown,
Lehmann, and Poboka (2006) used the fixed-point property
to assess and reject the failure-to-engage account of residual
switch costs in the task-switching paradigm. (These data and
the Brown et al. conclusions are discussed in more detail
later, in the section on applications.)

Luce (1986) described a more general property of mix-
tures that can be derived by eliminating the parameter k
from equations based on Eq. 1:

FðtÞ ¼ aðtÞμþ bðtÞ;
where

aðtÞ ¼ RsðtÞ � Rf ðtÞ
μs � μf

and

bðtÞ ¼ Rf ðtÞ � aðtÞμf :

In other words, for any point t in the distributions, one can use
the reference distributions to derive a linear relation that must
hold for any possible mixture. Luce illustrated this relation
with data collected by Falmagne (1965) and Lupker and
Theios (1977). Thomas (1969) derived a nonparametric signif-
icance test of the null hypothesis that a distribution is a mixture,
based on the distribution of possible orderings of triplets of
observations from the reference and target distributions.
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(This technique appears not to have been applied to psycho-
logical data.)

A test that is closely related to the present approach was
proposed by Yantis, Meyer, and Smith (1991). In their
technique, data from the reference and target distributions
are partitioned into a set of data bins, and the numbers of
observations from each condition that fall into these bins are
calculated. These frequencies form a multinomial distribu-
tion. Moreover, if the target distribution is a mixture of the
reference distributions, the predicted bin probabilities are
related just as they are for densities. That is, for each bin i,

pi ¼ kpf i þ 1� kð Þpsi;

where pi is the multinomial probability for the bin in the
target condition and pfi and psi are the multinomial proba-
bilities for the bin in the fast and slow reference conditions,
respectively. Given these relationships, it is possible to
estimate the values of k and the pis by maximizing the
likelihood of the observed data. The maximum likelihood
corresponding to these estimates can be used to calculate the
goodness-of-fit statistic G2. Because G2 has an asymptotic
chi-square distribution, one can perform a significance test
of the null hypothesis that the target distribution is a mix-
ture. The hypothesis would be rejected if the statistic is
larger than the usual significance testing criterion. (The
Yantis et al. formulation is actually more general than de-
scribed here and can be applied to situations in which there
are several possible mixtures of any number of reference
conditions.) As an illustration of the technique, Yantis et al.
applied the approach to the priming data of Meyer, Yantis,
Osman, and Smith (1985, Exp. 1). In that task, a word or
nonword was presented as a prime for a left or right arrow
stimulus. Yantis et al. tested the hypothesis that response
times from trials with an intermediate prime–target stimulus
onset asynchrony (SOA) were a mixture of a prepared
state (represented by a long-SOA condition) and an un-
prepared state (represented by an unprimed condition). They
failed to reject the null hypothesis of a mixture and conclud-
ed that the mixture account provided a viable interpretation
of the task.

From my perspective, the previous approaches have a
number of shortcomings. First, many of them require pow-
erful experiments so that the form of the distribution can be
estimated accurately. This is unfortunate because mixture
distributions might provide a theoretically interesting inter-
pretation of data from many studies with only moderate-
sized designs. Second, many of the approaches reviewed
here rely on a significance test, with a mixture distribution
being the null hypothesis. By itself, failing to reject the null
hypothesis, without further information about the circum-
stances of the test and the alternatives, provides only weak
evidence in favor of that hypothesis (e.g., Cohen, 1990;

Sedlmeier & Gigerenzer, 1989). This suggests that a signif-
icance test may not be the best approach to describing the
evidence that the target distribution is a mixture.

Moreover, in many situations the null hypothesis can
be assumed to be incorrect in principle, at least in detail
(e.g., Berkson, 1938; Cohen, 1990). This is likely to be the
case in the application to mixture distributions, since it
seems inevitable that the target distribution would deviate
at least to some extent from a mixture of the reference
distributions. Thus, the question addressed in a significance
test is not whether the null hypothesis is false, but rather
whether the experimental design is sufficiently powerful
to detect the deviation. It would be more fruitful to ask,
rather, whether it provides a better account than some well-
specified alternative. That is the approach taken in the present
developments.

Comparing mixtures and shifts

The best approach to assessing how useful a mixture model
might be is to compare it to a competing alternative descrip-
tion of the distribution. Here, I describe a comparison tech-
nique, the multinomial likelihood index, to discriminate a
mixture from what I term a “generalized shift.” I use the
term “index” here to highlight the fact that the technique
provides a measure of the evidence with respect to the two
models and does not provide a test to reject a null hypoth-
esis. In what follows, I first describe what I mean by a
generalized-shift model and argue that this provides a
compelling alternative to a mixture model. Then, I illus-
trate how both the mixture model and the generalized-shift
model have a simple interpretation in terms of the cumu-
lative distributions for the target and reference conditions.
Finally, I discuss the mechanics of calculating the multinomial
likelihood index.

Commonly, theoretical interpretations of response times
presume that experimental factors affect the locations of
response time distributions. In other words, factors are as-
sumed to produce a distribution shift. Furthermore, most
analyses of response time data make use of the general
linear model (e.g., analysis of variance or multiple regres-
sion), and in using such techniques, one implicitly assumes
that the effect of a manipulation is simply to shift the
distribution of response times, without affecting its shape.
These considerations suggest that the most obvious alterna-
tive to a mixture model is to assume that the target distribu-
tion is shifted some portion of the distance between the fast
and slow reference distributions. This would seem to be the
default assumption that is adopted when features of the
distribution are not considered in any detail. However, it is
well known that under many circumstances, experimental
conditions that produce longer response times also produce
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more variable response times (e.g., Green & Luce, 1971).
Thus, a more accurate interpretation of the default as-
sumption concerning effects on response time is that fac-
tors may affect both the location and scale of response
times in a commensurate manner. The net result is that the
target distribution should be somewhere in-between the
fast and slow reference distributions in terms of both
location and scale. I refer to this assumption as a “gener-
alized-shift model.”

The competing predictions of a mixture model and a
generalized-shift model are illustrated in Fig. 1. As stated
before, a cumulative distribution function for a mixture can
be described as a combination of the cumulative distribution
functions for a fast and a slow reference distribution:

FðpÞ ¼ kRf ð pÞ þ 1� kð ÞRsð pÞ: ð2Þ
As can be seen in Fig. 1, this can be regarded as a vertical
weighted average of the two reference distributions. In
contrast, the generalized-shift model assumes that the target
distribution is somewhere between the fast and slow refer-
ence distributions in both location and shape. This is readily
captured by describing the target distribution as a quantile
average of the fast and slow reference distributions:

F�1ð pÞ ¼ kRf
�1ðpÞ þ 1� kð ÞRs

�1ð pÞ; ð3Þ
where F –1 and R –1 are quantile functions—that is, the inverse
cumulative distribution functions that map cumulative proba-
bility to response time. It is easy to show that in this formu-
lation, the mean of the target distribution is the weighted
mean of the reference distributions. Jiang, Rouder, and
Speckman (2004) demonstrated that when the reference dis-
tributions are part of the same location–scale families, the
same is true of the variance. More generally, any property of

the target distribution that can be expressed in terms of quan-
tiles (such as the interquartile range) will be a weighted
average of the corresponding properties of the reference dis-
tributions. The quantile average is thus a generalization of the
idea that the target is a shift between two distributions that
differ in location, and I will refer to the quantile average in this
context as a (generalized) shift to highlight its connection to
the default assumption about the effects of an experimental
factor. A quantile average can be thought of as a horizontal
average of the distribution functions, as is shown in Fig. 1.

The multinomial likelihood index describes the evidence
for a mixture relative to a (generalized) shift. It does so by
using the quantiles of the reference distributions to estimate
quantiles of the target distribution under the assumption that
the target is either a mixture or a shift. Similar to the logic of
Yantis et al. (1991), the estimated target quantiles determine
a set of interquantile bins, and the probability of an obser-
vation falling into one of these bins follows a multinomial
distribution. When the quantiles are equally spaced, the
multinomial bins are equally likely with probability 1/b,
where b is the number of bins. In particular, for a set of
bin counts ni, N 0 ∑ ni, the likelihood is:

Pr n1; n2; :::; nb; p1; p2; :::; pbð Þ ¼ N
n1n2:::nb

� �
p1n1p2n2 :::pbnb

¼ N
n1n2:::nb

� �
1
b

� �N
:

For computational convenience, I use the log likelihood, and
because estimates of ni are generally fractional, the gamma
function is used instead of a factorial. The log likelihood is
thus:

ln Pr n1; n2; :::; nb; bð Þ ¼ lnΓ N þ 1ð Þ �
X

lnΓ ni þ 1ð Þ � N ln b:

ð4Þ
In order to quantify the evidence for a mixture relative to

a shift, one calculates the (multinomial) likelihood of the
data assuming a mixture and compares it to the likelihood of
the data assuming a shift. For both the mixture model and
the shift model, the value of k that maximizes the (log)
likelihood is estimated. A much higher maximum likelihood
for a mixture would provide strong evidence that the mix-
ture assumption provides a better description of the data.

Two technical details need to be addressed in implement-
ing this idea. First, quantiles for the target distribution need
to be estimated given a particular value of k. For the shift
model, estimating target quantiles is simple: Each target
quantile is a weighted average of the quantiles for the
reference distributions, and these can be estimated from
Eq. 3 for any value of k. Thus, for a given set of quantile
probabilities, one can find the corresponding quantiles in the
reference distribution and estimate those quantiles for the
target distribution. That is, if Rf

(i) and Rs
(i) are the quantiles

Response Time (s)

ShiftMixture

C
um

ul
at

iv
e 

P
ro

ba
bi

lit
y

0

0.2

0.4

0.6

0.8

1.0

0.5 1.0 1.5 2.0 0.5 1.0 1.5 2.0

Fig. 1 Depiction of the predictions of the mixture and shift models of
the target distribution function. On the left, the distribution of the target
is an average of the distributions of the fast and slow reference con-
ditions; that is, each point on the dashed line is a vertical average of the
two solid lines. On the right, the distribution of the target is a quantile
average of the reference distributions; that is, each point on the dashed
line is a horizontal average of the distribution functions
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for the fast and slow reference conditions corresponding
to probability pi, then the quantile estimates for the shift
model are:

F̂ðiÞ
shift ¼ kR

ðiÞ
f þ 1� kð ÞRðiÞ

s :

However, to estimate target quantiles for the mixture model,
one needs the entire distribution function predicted by the
model for a particular value of k. Consequently, I used the
following procedure. First, approximations of the distribution
functions for the reference conditions were estimated from the
quantiles by linear interpolation. These estimated distribution

functions, R̂f ðtÞ and R̂sðtÞ, are piecewise linear with inflection
points at the reference distribution quantiles, Rf

(i) and Rs
(i),

respectively. Then for a given value of k, the mixture model
provides an estimate of the distribution function for the target
based on Eq. 2:

F̂mixtureðtÞ ¼ kR̂f ðtÞ þ 1� kð ÞR̂sðtÞ:

This predicted function is piecewise linear with inflection
points at {Rf

(i), Rs
(i)}, the union of the inflection points for

the estimated reference distributions. Because it is piecewise
linear, it can easily be inverted to produce an estimate of the
inverse distribution function for the target. In turn, this can be
used to identify the target quantiles at the points pi:

F̂
ðiÞ
mixture ¼ F̂�1

mixture pið Þ:

Critically, the quantiles are estimated for the same set of
probabilities in both the mixture and the shift models, and,
for both models, there is only a single free parameter, k.

The second technical issue concerns how bins are estimated
for the ends of the distributions. Estimates of the 0 and 1
quantiles in a sample of data consist of the smallest and largest
observations, respectively, but these do not provide particularly
stable estimates of the population values. Moreover, one could
plausibly assume that the distributions are theoretically un-
bounded at the upper end and bounded at the lower end only
by zero. For these reasons, the predicted bins for the target data
were assumed to be unbounded at the upper and lower ends,
and extreme data were included in those bins. This is tanta-
mount to defining the upper and lower bins as “in this bin or
higher” and “in this bin or lower,” respectively. However, the
estimated quantiles for the mixture model do depend to some
extent on quantile estimates for 0 and 1, because these deter-
mine the slopes of the bottom and top piecewise linear approx-
imations to the distribution function.

Bin counts for the observed data were estimated from the
target data quantiles rather than the actual observations. As
will be discussed below, this makes it easy to apply the
present technique to data aggregated across subjects. In
order to estimate bin counts for the set of bins predicted

by either the mixture or the shift model, I assumed that the
data were evenly distributed across the observed target
interquantile bins. This is tantamount to assuming that the
piecewise linear approximation to the distribution function

for the target condition, F̂ , is accurate. The total number of
observations in those bins was then apportioned to the bins
predicted by the shift or mixture models on the basis of the
overlap of the predicted and the observed bins. Thus, in
effect, the calculated likelihood provided an index of how
well the observed matched the predicted quantiles. This can
be written as

n̂i ¼ N F̂ F̂ iþ1ð Þ
� �

� F̂ F̂
ðiÞ� �� 	

;

where F̂ is the approximation of the target distribution func-

tion derived from the target quantiles, F̂ðiÞ is the ith quantile
estimated using either the target or the shift model (i.e., the
lower boundary of the predicted ith bin), and N is the total
number of observations. Using these values of ni in Eq. 4
yields the log likelihood of the data for a given value of k for
the mixture or the shift model. Because all of the estimates
involve only linear interpolation based on the quantile esti-
mates in each condition, calculation of the log likelihoods is
computationally simple, and it is easy to search for a value of k
that maximizes the likelihoods for both models.

This algorithm for calculating the maximum log likeli-
hood under the two models was implemented in R (R
Development Core Team, 2011). Quantiles were estimated
using the R function “quantile” and the “Type 8” procedure
(which produces approximately median-unbiased estimates;
Hyndman & Fan, 1996). Linear interpolation and inversion
of the linear functions were accomplished using the function
“approx.” Estimates of k were found using the R search
function “optimize,” which uses a combination of golden
section search and successive parabolic interpolation (based
on the function “localmin” in Brent, 1973). The R functions
for calculating the multinomial likelihood index are avail-
able as supplementary materials.

In order to compare the mixture and generalized-shift
models, I calculated the difference in the log likelihoods.
Because both models have only one free parameter (k) and
because the predictions in both cases are derived using
similar calculations from the same set of reference distribu-
tion quantiles, it is plausible to suppose that the two models
have similar complexity and flexibility in matching data.
Assuming that this is true, the difference in log likelihoods
provides a measure of the relative quality of the two models
that is largely independent of any particular theoretical
approach to model selection. For example, this statistic is
the same as half the difference in Akaike information crite-
rion values for the two models, an approach that might be
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used from an information-theoretic perspective (e.g., Burnham
& Anderson, 2010). The difference in log likelihoods is sim-
ilarly half the difference in Bayesian information criterion
values, and, from a Bayesian perspective, could be used to
calculate an estimate of the posterior odds of the two models
(e.g., Wagenmakers, 2007). As a rough guide, differences in
the log likelihood of less than 2 would provide a minimum of
evidence for one model over the other; values greater
than 2 would constitute progressively stronger evidence for
one model or the other.

The multinomial likelihood index is based on several
assumptions that constrain its theoretical interpretation.
First, given either the mixture or the shift model, the quan-
tiles of the target distribution are derived from the empiri-
cally observed reference distributions under the assumption
that these distributions are fixed and given. Thus, the value
of the index should be understood as the likelihood of the
target data being a (mixture or shift) combination of those
empirical distributions (rather than the population distribu-
tion from which the reference data are sampled). Second, as
described above, the calculation of the target quantiles uses
linear interpolation to provide ad hoc approximations of the
distributions. This approach introduces additional noise into
those quantile estimates. Thus, although the multinomial
likelihood index can be regarded as an estimate of the
likelihood given either a mixture or a shift model, the
distribution of the index and its relationship to the theoret-
ical likelihood of the data are unknown. However, this is a
general feature of likelihood procedures that involve the
estimation of parameters. My solution to this issue in the
present context is to use Monte Carlo simulations to exam-
ine empirically the performance of the index under a range
of circumstances that may be typical of response time
experiments. If the index allows one to discriminate the
two models in a reliable and unbiased fashion, it would be
useful despite these approximations.

Effectiveness of the multinomial index

In this section, I describe a variety of Monte Carlo simulations
designed to assess how well the multinomial likelihood index
technique discriminates mixture and shift distributions under a
range of conditions. The base configuration consists of two
reference distributions selected to be not unlike those in a
response time studies with modest power. The ex-Gaussian
distribution was used as the base form, with parameters μ 0

0.80 s, σ 0 0.12 s, and τ 0 0.30 s; the standard deviation for

this distribution is
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ t2

p
0 0.32 s. When not otherwise

specified, the simulations consisted of 500 observations in the
reference and target distributions, and quantiles were estimat-
ed for p 0 0, .1, .2, . . . , 1.0, determining ten bins.

Effect of spread The most potent factor determining the
ability to distinguish a mixture from a shift is the spread
between the reference distributions. When they are close,
the mixture and shift models predict very similar distribu-
tions because both are constrained to lie between the fast
and slow references. When the reference distributions are
sufficiently far apart, the two models are readily distin-
guished by any number of means. For example, the variance
of a mixture will be substantially larger than that of a shift,
and a visual inspection of the target distribution may reveal
an obvious bimodality. In the simulation, I varied the spread
by increasing the mean of the slow reference distribution
from 0.85 to 1.20 s in steps of 0.05 s. The mix/shift param-
eter, k, was fixed at .5, and the mean of the fast reference
distribution was fixed at 0.80 s. There were 500 observa-
tions in each condition, σ 0 0.12 s, and τ 0 0.30 s. The
results are shown in Fig. 2, plotted in terms of d, the ratio of
the spread to the standard deviation. In this figure (and many
of the following ones), the distribution of the difference in
log likelihoods in favor of the shift model across 100 sim-
ulations is shown as a box plot. Box whiskers are used to
indicate the .025 and .975 quantiles. The open box plots
show the results when the simulated data did in fact come
from a mixture, while the shaded box plots show the results
obtained with simulated shift data. A large positive value of
the difference in log likelihoods indicates that the mixture
model provides a better account of the data; a large negative
value indicates that the shift model provides a better ac-
count. Values between –2 and 2 would not be particularly
strong evidence for either model and might be regarded as
ambiguous. This region is shown in gray in the figure. Thus,
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the index would be misleading to the extent that the tail of
the upper box plot extends below this region in the negative
direction or that the tail of the lower plot extends above the
region in the positive direction. The test is effective to the
extent that the open box plot is above this region and the
shaded box plot is below.

As can be seen from the figure, with the moderate sample
sizes used in this simulation, the index is reasonably effec-
tive as long as the separation between the reference distri-
butions is larger than about d 0 0.5. Generally, when the
separation is smaller, the index fails to provide clear evi-
dence in favor of either model. Regardless of the separation,
though, the index suggests an incorrect conclusion only
infrequently. Furthermore, there is relatively little systematic
bias: The index does not strongly favor mixtures over shifts
or vice versa.

Effects of sample size Generally, one may expect that the
power to discriminate the two possible models should in-
crease with sample size. In the present simulations, I ex-
plored the effect of increasing sample size for a situation in
which a minimum of evidence might be expected with a
moderate sample. In particular, the means of the fast and
slow reference distributions were set to 0.8 and 1.0 s, re-
spectively, corresponding to d 0 0.62. The sample size
started at 500 and was increased by 0.15 log units at each
step. The results are shown in Fig. 3. Although increasing
sample size does improve the effectiveness of the index,
substantial improvement is only found with an increase to
2,000 or more.

Effects of mixing/shift proportion In the previous simula-
tions, I assumed that the mixing or shift proportion, k, was

.5—that is, that the target distribution was halfway be-
tween the fast and slow reference distributions. This is
clearly the ideal situation for distinguishing the two mod-
els. Intuitively, for example, if the value of k was near 0
or 1, the target distribution should be close to the fast or
slow reference distribution, regardless of whether it was a
mixture or a shift, and the two models would be difficult
to disentangle. In order to see how the multinomial like-
lihood index fares with different values of k, I set the
mean of the slow reference distribution to 1.1 s (with the
mean of the fast reference distribution set at the default
value of 0.8 s) to produce a relatively effective test with k 0 .5,
and then varied k from .1 to .9 in steps of .1. As before,
N 0 500, σ 0 0.12 s, and τ 0 0.30 s. The results are shown
in Fig. 4.

Somewhat surprisingly, k has little effect on the ability of
the index to identify a mixture distribution, but small or
large values of k tend to produce ambiguous results with
data from the shift model. This asymmetry is due to the
unique property of mixture distributions (described, e.g., by
Sternberg, 1973) that they contain some of the fastest and
slowest observations from the reference distributions.
Thus, for example, if k is .9, the target will contain mostly
observations from the fast reference, but there will be at
least a few from the slow reference, and these will pro-
duce a distinctive long tail that a shift model would not
predict. On the other hand, if the target is a small shift
from the fast reference to the slow reference, this can be
mimicked without too much difficulty by a mixture model
with an even smaller value of k that would minimize the
likelihood of having any observations from the slow reference
distributions.
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Fig. 3 Effect of sample size. Each box plot depicts the median and
interquartile range; whiskers indicate the .025 and .975 quantiles.
Increasingly positive results indicate increasingly strong evidence for
a mixture, and the gray region between –2 and 2 indicates results that
might be ambiguous. The open boxes depict results with simulated
mixtures, and the gray boxes depict results with simulated shifts. The
boxes for simulated shifts are plotted slightly to the right for clarity
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Selecting the number of bins The number of bins used to
calculate the multinomial likelihoods represents a trade-off
between estimating the likelihood of an observation
falling into each bin and identifying the distinctive shapes of
shift and mixture distributions. This critical information
concerning the distribution shape is often found in the tails.
Decreasing the number of bins increases the number of obser-
vations in each bin, and thus improves the estimate of bin
probability. However, increasing the number of bins makes it
easier to identify distinctive characteristics of the target distri-
bution shape. (Note that this trade-off is a general property of
binning the data and also applies, e.g., to the procedure of
Yantis et al., 1991.) In principle, the optimal number of bins
could vary with the spread of the reference distributions, with
mixing/shift proportions, and with the distribution shape.
Here, I touch on only one feature of the data, sample size. I
performed one series of simulations with a sample size of 500
and another with a sample size of 2,000, spanning what one
might think of as the range of small to moderately large
studies. In both cases, the mean of the fast reference was set
to 0.8 s, and the mean of the slow reference distribution was
set to 1.0 s, for a relatively small spread.

The results for the small sample (Fig. 5) suggest that at
least eight bins are needed to be effective, and that there is
little improvement in the effectiveness of the index with
more than 12 bins. With a larger sample (Fig. 6), the index
is reasonably effective with 12 bins as well, although some
improvement is found with as many as 16 bins. Generally, I
suspect that 10–12 bins is likely to be sufficient to capture
most of the critical information about distribution shape,
given the distribution form assumed here, even with large
samples.

Data trimming In the simulations presented so far, quantiles
were estimated for the entire range of probabilities, from 0
to 1. The 0 quantile is the minimum of the data set, and the 1
quantile is the maximum. Such estimates are unstable, and
one might worry that using such quantiles might adversely
affect the effectiveness of the multinomial index. As an
alternative approach, one may use quantiles in the range
[ε, 1 – ε], where ε is some suitably small value, and then
disregard any data beyond those values. I considered
values of ε that were some proportion, α, of the bin
probability. For example, if α 0 1, this would amount to
trimming one bin from either end of the distribution, and
if α 0 .5, it would amount to trimming half a bin from
either end. If there are b bins, the bin boundaries would
be at quantiles for the probabilities,

a
bþ 2a

;
1þ a
bþ 2a

;
2þ a
bþ 2a

; :::;
bþ a
bþ 2a

:

In order to assess the effect of this form of trimming, I
performed a simulation using a mean of 0.8 s for the fast
reference and 1.0 s for the slow reference distribution, and
trimmed the data at each end of the distribution by various
proportions, α, ranging from 0 to 1. As before, N 0 500, σ 0
0.12 s, and τ 0 0.30 s. The results are shown in Fig. 7. As
can be seen, with these simulated data distributions, trim-
ming the data has relatively little effect up to about .5 of the
bin probability. Trimming more than that causes the results
to be more variable and introduces a bias in favor of the shift
model. This is perhaps surprising, given the variability of
the estimates for the 0 and 1 quantiles. However, critical
information for identifying a mixture distribution is found in
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Fig. 5 Effect of the number of bins, with a sample size of 500. Each
box plot depicts the median and interquartile range; whiskers indicate
the .025 and .975 quantiles. Increasingly positive results indicate
increasingly strong evidence for a mixture, and the gray region
between –2 and 2 indicates results that might be ambiguous. The open
boxes depict results with simulated mixtures, and the gray boxes depict
results with simulated shifts. The boxes for simulated shifts are plotted
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the tails. Indeed, a general property of using the multinomial
distribution to distinguish mixtures and shifts is a trade-off
between the stability of the bin estimates and the model-
specific information in the distribution tails. The result is that,
for moderate amounts of trimming, discarding this informa-
tion has an adverse effect on the index that offsets any increase
in the stability of the quantile estimates. With more extensive
trimming, more of the diagnostic information for mixture
distributions is lost, resulting in a bias toward the shift model.
It is important to note that actual (rather than simulated) data
might have true outliers that do not occur in the present
simulations, and a small amount of trimming might be useful
in such cases. However, the present simulation suggests that
trimming more than half a bin probability on either end might
reduce the effectiveness of the index.

Aggregating over subjects One of the advantages of con-
structing an index purely in terms of quantiles is that there is
a simple approach to aggregating data from multiple subjects.
As suggested by Ratcliff (1979), one may derive an aggregate
description of a distribution shape by averaging the quantiles
calculated separately for each subject. Such a procedure pre-
serves information about distribution shape even when data
from different subjects differ in scale and location. Although
averaging quantiles can distort the pattern of results under
some circumstances (cf. Van Zandt, 2000), it works reason-
ably well under a broad range of subject variation. Here, I
explore the use of quantile-averaged data with the multinomial
likelihood index.

In order to produce a range of different distribution
shapes to simulate randomly selected subjects, I assumed

the same mean value of the distribution parameters as in the
previous simulations, but allowed each subject to have
parameter values that were randomly selected from a uni-
form distribution centered on that mean. In particular, μ was
sampled from the range 0.35 to 1.15 s; σ was sampled from
0.09 to 0.15 s; and τ was sampled from 0.2 to 0.4 s. The
density for a random sample of six subjects generated using
these parameter ranges is shown in Fig. 8. Although these
distributions may not capture the kinds of intersubject var-
iation seen in any particular study, they at least provide a
range of variation across subjects that will allow an initial
assessment of whether such variation matters with the present
technique.

In the first simulation, I examined the effect of number of
subjects. In this case, I assumed that each subject received
50 trials and that the mean of μf across subjects was 0.8 s
and the mean of μs was 1.0 s. Thus, this simulation is a
replication of the simulation of sample size in Fig. 3, except
that the number of (randomly selected) subjects was varied
instead of the size of a single sample. The number of sub-
jects in the smallest simulation was 10, and this was in-
creased by 0.15 log units at each step. The results are shown
in Fig. 9. As can be seen, the results are quite similar to
those obtained with a single homogeneous sample. Thus,
given the range of subject variation considered here, it
would seem that the critical determinant of effectiveness is
the total number of observations, not the number of subjects
or the number of observations per subject.

One unrealistic aspect of the previous simulation is that,
for each subject, the fast and slow reference distributions
were assumed to have the same (randomly selected) shape.
It is quite reasonable to suppose that those two conditions
will vary in other ways than location, even within a subject.
To assess the extent to which such variation affects the
results, I selected the parameters for the fast reference dis-
tribution from the same ranges as I did previously. I then
performed two sets of simulations. In the first, I selected a
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range for the parameters of the slow reference distribution
relative to the corresponding parameters of the fast reference
distribution. This range was as follows: μ was 0.2 s larger
than the faster slow reference, ±0.2 s; σ was varied by
±0.03 s; and τ was varied by ±0.1 s. The slow reference
parameters were sampled from a proportion of those ranges
in different simulations, with the proportion ranging from 0
(implying no difference between the fast and slow reference
parameters) to 1 (the entire range). In the second set of
simulations, I assessed the effect of variations in k by
selecting randomly for each subject. The parameter was
sampled from some proportion of the range 0–1. That pro-
portion ranged from 0 to 1 in different simulations. When
the proportion was 0, the parameter was fixed at .5; when
the proportion was 1, the parameter was sampled from the
full range of 0–1. In both sets of simulations, the number of
subjects was set at 40, so that a reasonably effective com-
parison would be obtained when the variation was 0. The
results are shown in Figs. 10 and 11.

As can be seen, there is little effect of variations in the
parameters. The general conclusion suggested by these sim-
ulations of aggregate data is that as long as the distributions
have the same general form for all subjects, the index can be
applied without concern to an aggregate data set generated
by quantile averaging. In particular, the effectiveness of the
index increases with the number of subjects, just as it does
with total N in the single-sample simulations; variations in
distribution shape across conditions have relatively little
effect; and variations in the shift/mixture proportion across
subjects have little impact. I have operationalized the notion
of “same general form” as having ex-Gaussian distributions
with parameters that produce plausible descriptions of

response time distributions. However, I suspect that the
use of the ex-Gaussian here is not critical and that my
conclusions would hold with other distribution shapes that
might be found with response times, as long as they are
unimodal with modest skew. Of course, with more disparate
distribution shapes across subjects and conditions, it is quite
possible that quantile averaging would not provide a rea-
sonable characterization of the data set as a whole, and the
use of the index on such aggregated data would not be
expected to produce sensible results.
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Fig. 9 Effect of number of subjects, each with 50 observations. Each
box plot depicts the median and interquartile range; whiskers indicate
the .025 and .975 quantiles. Increasingly positive results indicate
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Fig. 10 Effect of variation across conditions, expressed as proportions
of the total range; see the text for the distribution of parameter values.
Each box plot depicts the median and interquartile ranges; whiskers
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Fig. 11 Effect of variation in the mixing/shift parameter k, expressed
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median and interquartile range; whiskers indicate the .025 and .975
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Applications of multinomial likelihood index

In this section, I apply the multinomial index to several
existing data sets to demonstrate its effectiveness with real
data. First, I apply it to data that might reasonably be
expected to conform to a distribution mixture—namely, data
from investigations of residual switch costs in the task-
switching paradigm. Second, I apply the index to a para-
digm for which the common theoretical interpretation is a
shift, the psychological refractory period paradigm. Finally,
I apply the index to a situation in which a theoretical
interpretation in terms of either a shift or a mixture might
be possible, the variation in the Simon effect with trial
sequence. The application of the index in all of these exam-
ples makes the simplifying assumption that there are only
two possible distributions. However, as discussed above, the
reference distributions need not be pure examples of those
distributions, and might be mixtures themselves. Possible
violations of this “two-distribution” assumption are dis-
cussed in the concluding paragraphs.

Residual switch cost In the task-switching paradigm, sub-
jects perform two or more tasks on different trials. The
common finding is a “switch cost”: Response times are
slower if the task performed on the current trial is different
than that performed on the previous trial (e.g., Altmann &
Gray, 2008; Jersild, 1927; Rogers & Monsell, 1995). A
common interpretation of switch costs is that some set of
cognitive operations are needed to prepare for the new task
and that these operations take time. Monsell (2003) and
others refer to these operations as “task reconfiguration.”
(However, for alternative perspectives on switch costs, see,
e.g., Allport, Styles, & Hsieh, 1994; Waszak, Hommel, &
Allport, 2003; and Logan & Bundesen, 2003.) From this
theoretical perspective, one would predict that switch costs
should decrease when the task change is predictable and
subjects have sufficient time to accomplish the reconfigura-
tion operations. Indeed, under many circumstances, switch
costs do decrease with the amount of time that subjects have
to prepare for a task switch (see Rogers & Monsell, 1995).
However, a number of authors have found that switch
costs remain substantial even at relatively long intervals
and even when subjects might be expected to be motivated to
completely prepare on each trial (e.g., Nieuwenhuis &
Monsell, 2002). This effect has been referred to as “residual
switch cost.”

De Jong (2000) proposed a mixture model of residual
switch costs. He argued that when there should be ample
time to prepare for a task switch, subjects “fail to engage”
with the task on some proportion of those trials. According
to this logic, response times on long-delay switch trials
should be a mixture of trials on which subjects are prepared
for the new task and trials on which they are unprepared.

Furthermore, the distribution of prepared trials should re-
semble that for the long-delay repeat trials, while the distri-
bution of unprepared trials should resemble that for short-
delay switch trials (where there is no question that subjects
have insufficient time to prepare for the new task). De Jong
tested the fit of the mixture model using the multinomial
goodness-of-fit test described by Yantis et al. (1991), failed
to reject the null hypothesis, and concluded that the mixture
model provided a good account of residual switch costs.
Others have been less sanguine about this interpretation.
Lien, Ruthruff, Remington, and Johnston (2005) argued that
subjects may have been differentially prepared for different
stimuli rather than being in different preparatory states
across trials. Brown et al. (2006), using a powerful experi-
mental design with nearly 2,000 observations per condition,
rejected the null hypothesis of a mixture distribution using a
version of the fixed-point property.

In order to explore the effectiveness of the multinomial
likelihood index, I applied the technique to some of the
results from Brown et al. (2006). In that study, subjects
performed two trials in a row of a letter task (in which a
stimulus is classified as a vowel or a consonant), followed
by two trials of a digit task (in which a stimulus is classified
as odd or even). Thus, the first trial of each task sequence
was a switch trial, while the second was a repeat trial. I
focus here on the data from the letter task (although the data
from the digit task were similar). The distributions for that
task in the long- and short-delay switch trials and the short-
delay repeat trials were estimated from Brown et al.’s Fig. 3
and are plotted in Fig. 12. The long-delay condition in this
experiment involved a 1.20-s delay between the response on
one trial and the stimulus for the next; the short delay was
0.15 s. Because the Brown et al. figure provides quantiles
from .05 to .95 at .05 intervals, I used these to define the bins,
excluding the top and bottom 5 % of the data. Applying the
index provides a log likelihood of –85.10 for the mixture
model and –132.35 for the shift model, or a difference of
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47.25 in favor of the mixture model. The estimated values of k
were .20 for the mixture model and .37 for the shift model.
Clearly, the data overwhelmingly support the mixture model.
This is apparent in Fig. 12, in which the target (long-delay
switch) condition has a somewhat larger variance and spreads
into the left tail of the fast reference distribution and the right
tail of the slow reference distribution. This pattern is charac-
teristic of a distribution mixture.

The fit of the mixture and shift models to the long-delay
switch condition data is shown in Fig. 13. In this figure, the
data from the target condition are plotted as a histogram,
with the bars corresponding to the equally likely bins used
in the model fits. The gray-shaded area corresponds to the
actual data, and the outlined histogram indicates the fit of
the model, with the mixture model on the left and the shift
on the right. Although the fit of the mixture model deviates
to some extent from the actual data in the tails, it provides a
much closer match than the overall shift model.

The results from the multinomial likelihood index support
the mixture model over the shift model, while Brown et al.
(2006) rejected the mixture model account using the same
data. There are several possible interpretations of the discrep-
ancy between the conclusion suggested by the multinomial
likelihood index and that reached by Brown et al. First, the
present index provides a comparison between two models and
identifies which of the two provides a better account. In
contrast, Brown et al. performed a significance test, with the
mixture model as the null hypothesis. Moreover, because of
the size of the design, the test is likely to have had a great deal
of power. A well-known critique of the hypothesis-testing
framework is that in many contexts, the null hypothesis can
be assumed to be incorrect in detail, and that a sufficiently
powerful test is guaranteed to reject it (e.g., Cohen, 1990).
Thus, one might suspect that the Brown test provides an
example of statistical but not theoretical significance.

A related but perhaps more insightful interpretation is
that although the present index favors the mixture model,

that model does not provide an overwhelmingly precise
match to the results; the index favors the mixture model
only because the shift model is even worse. Thus, one
possible interpretation is that neither model fits well. Indeed,
one could imagine performing a significance test of the null
hypothesis that the target distribution is a (generalized) shift
between the fast and slow reference. Such a test might be
based on whether, for example, the interquartile range in the
target distribution is larger than the average of that in the
reference distributions. It seems possible that such a sig-
nificance test would also reject the null hypothesis. From
this perspective, one might argue that although the target
condition is not precisely a mixture, neither is it a shift.
Brown et al. (2006) provided a discussion of their results
that is generally consistent with this perspective. Rather
than dismissing the mixture model completely, they sug-
gested that the long-delay switch trials may be a more
complex mixture than is predicted by a simple form of the
failure-to-engage account.

Psychological refractory period As a demonstration that the
multinomial likelihood index can provide evidence for a
shift as well as a mixture, I applied it to data from the
psychological refractory period paradigm. In this situation,
subjects are presented with two stimuli separated by a rela-
tively brief SOA and make a response to each in turn. The
overwhelmingly common finding in this paradigm is that
response times to the second stimulus increase as the SOA is
decreased. At short SOAs, the slope of this increase can
approach –1, suggesting that the second response is made a
fixed time after the first stimulus is presented. A popular
interpretation of this pattern of results is a “bottleneck”
model in which some central stage of processing can only
be used in one task at a time (Pashler, 1994). Thus, at short
SOAs, the second task must wait until the first task com-
pletes this central stage before it can be used for the second
task. A variety of findings converge on the conclusion that
the central stage in question involves selection of the re-
sponse (e.g., McCann & Johnston, 1992).

Although the bottleneck model provides a parsimonious
account of a range of results, it is not without its critics. Meyer
and Kieras (1997) proposed an account based on strategic
stopping in the context of their EPIC model of complex task
performance. In this account, the mental processing of both
tasks can, in principle, proceed in parallel. However, subjects
halt processing of the second task at certain points to comply
with the task demand that the response to the first stimulus
must be made prior to the response to the second stimulus.
Tombu and Jolicœur (2003) have also argued that the central
process in the bottleneck model need not be all-or-none, and
that capacity sharing between the two tasks can occur under
some circumstances. From the perspective of the present
demonstration, though, the important generalization of all of

Response Time (s)

Mixture Shift

D
en

si
ty

0.5 1.0 1.5 2.0 0.5 1.0 1.5 2.0

Fig. 13 Predicted and observed interquantile bins for the mixture and
shift models when applied to the letter data from Brown et al. (2006)
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these theoretical accounts is that responses to the second task
are progressively delayed as the SOA is decreased. Thus, the
prediction is that medium SOAs should be a shift between
short-SOA trials (on which there is a large amount of delay)
and long-SOA trials (on which there is relatively little delay).
In particular, none of these accounts would predict a mixture
distribution.

In order to assess this prediction, I used data collected by
Duffels (2010, Exp. 1) in my lab. In the first task, subjects
decided whether a brief sound was a “beep” or a “tap” and
responded with the left index and middle fingers. In the
second task, subjects decided whether two perspective
views of a room depicted the same room or different rooms.
The rooms were square in layout with a single colored wall
and a small ball located in one corner, and they were
depicted from a variety of different orientations. Thus, the
same/different response required subjects to identify wheth-
er the rooms in the two views had the same relationship
between the ball and the colored wall. Responses to the
second task were made with the index and middle fingers
of the right hand. The SOA between the tone and the room
views was 0.1, 0.2, 0.3, 0.5, 0.7, or 1.0 s. However, for the
present application, I only considered second-task response
times from a short-SOA condition (0.1 s), a medium-delay
condition (0.3 s), and a long-delay condition (0.7 s). There
were 20 subjects, each contributing approximately 96 cor-
rect responses to each of the three conditions.

In this application, ten bins were used, and a half-bin
probability of data was trimmed from the upper and lower
tails. The aggregate data are shown in Fig. 14. As can be
seen in this depiction of the data, the medium-SOA condi-
tion shows little sign of including observations from the tails
of the long- and short-SOA conditions. Although the distri-
bution of times in the long-SOA condition has a somewhat
different shape, the principal difference between the distri-
butions for the three conditions seems to be one of location.
Thus, the overall appearance of the data suggests a shift

rather than a mixture. The multinomial likelihood index
confirms this impression. The log likelihood for the shift
model was –37.08, while for the mixture model it was –
192.30. The fit values of k were .39 for the shift model and
.16 for the mixture model. The two fits are shown in Fig. 15.
Clearly, the shift model provides a close approximation of
the obtained data, while the mixture model is inadequate.

Trial sequence interactions with the Simon effect In this
final section, I describe an application of the multinomial
likelihood index to a situation in which both the shift model
and the mixture model are plausible. The Simon effect is a
compatibility effect between the (irrelevant) location of a
stimulus and the side of the response: Responses are faster
when the stimulus is presented on the same side as the
response (Lu & Proctor, 1995; Simon, 1969; Simon &
Rudell, 1967). Interestingly, the Simon effect is often found
to occur with fast responses and not slow responses (e.g.,
Hommel, 1993). Thus, for example, the fast tail of the
response time distribution is faster when the stimulus is
compatible with the response, while slower responses are
relatively unaffected by compatibility. This in itself suggests
a mixture: Perhaps some responses are made quickly on the
basis of stimulus location, leading to a mixture of responses
made with respect to location and generally slower responses
made on the basis of stimulus identify.

The Simon effect, like several other related compatibility
effects, interacts with trial sequence. In particular, the effect
is much less pronounced following an incompatible trial
than following a compatible trial. This pattern of results
was first reported by Gratton et al. (1992) using the flanker
task and has been investigated by Botvinick, Nystrom,
Fissell, Carter, and Cohen (1999) and Verbruggen, Note-
baert, Liefooghe, and Vandierendonck (2006), among
others. Botvinick, Braver, Barch, Carter, and Cohen (2001)
developed a model of cognitive control that explains such
effects in terms of a process of conflict monitoring. This
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sequential dependency has been investigated with the Simon
effect by, for example, Stürmer, Leuthold, Soetens, Schröter,
and Sommer (2002). Hommel, Proctor, and Vu (2004)
argued that the elimination of the Simon effect following an
incompatible trial is due to the integration of the stimulus and
response from successive trials (see also Wendt, Kluwe, &
Peters, 2006).

Data on sequential effects in the Simon task were obtained
in an experiment in my lab. The stimuli were X and O
presented in 40-point Helvetica font. They were presented
either 75 or 300 pixels to the left or the right of fixation; these
correspond to approximately 2.7° or 10.7° of visual angle at a
typical viewing distance of 50 cm. The stimuli remained in
view until subjects made an identification response with either
their left or right index finger. Stimuli were presented on an
iMac monitor, and responses were collected using the iMac
keyboard. Twelve subjects completed nine blocks of 200
trials, divided evenly among the eight possible stimulus posi-
tion combinations; the first block was regarded as practice.
Half of the subjects responded to the Xwith their left hand and
to the O with their right, while the other half had the reverse
stimulus–response mapping. Each trial began 1 s after the
preceding response, with a longer delay between blocks.
Trials were classified as compatible (a left-hand response to
a stimulus appearing to the left of fixation or a right-hand
response to a stimulus appearing to the right of fixation) or as
incompatible. Incorrect responses were discarded. Because
the order of trials in a block was random, each subject per-
formed approximately 400 trials with each combination of
compatible or incompatible current trial and compatible or
incompatible previous trial. Of these four combinations,
responses on compatible following compatible trials were
the fastest, and responses on incompatible following compat-
ible trials were the slowest. For the present application, I
examined, as the target condition, compatible trials following
incompatible trials. These are intermediate between the two
types of trials following compatible trials, and the multinomial
likelihood index was used to assess whether they might be
regarded as a mixture of the faster and slower conditions. The
distributions of response times from this experiment are
shown in Fig. 16. As can be seen, the general pattern is
consistent with a mixture, in that fast responses in the com-
patible preceded by the incompatible condition are as fast as
those in compatible preceded by compatible trials, while slow
responses are as slow as those in incompatible preceded by
compatible trials.

The fits of the mixture and shift models are shown in
Fig. 17. The figure indicates that although the mixture
model does not precisely match the shape of the fast tail of
the distribution, it does much better than the shift model for
the central part of the distribution. The multinomial likeli-
hood index confirms this impression. The log likelihood for
the mixture model was –40.28, as compared to –92.27 for

the shift model, or a difference of 51.99 in favor of the
mixture model. (The estimated values of k were .49 for the
mixture model and .55 for the shift model.)

One possible interpretation of a mixture model in this
context is based on the idea that the location of the stimulus
tends to automatically activate a response on that side (cf.
Hommel, 1993). From this perspective, one might hypoth-
esize that there are two types of responses: facilitated, in
which the automatic activation of the response is consistent
with the correct response and facilitates that response, and
inhibited, in which the automatic activation of a response is
suppressed at some cost to response time. In order to explain
why compatible trials are slower following an incompatible
trial, one could assume that subjects are more cautious
following an incompatible trial (cf. Botvinick et al., 2001).
As a consequence, subjects may inhibit the tendency to
respond on the basis of location on some portion of the
trials, even if the stimulus location is compatible. Thus,
some percentage of the compatible trials following an in-
compatible trial would resemble incompatible trials (which,
by hypothesis, are always inhibited). Although a variety of
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other aspects of the data from this experiment would need to
be considered in order to build a complete account of the
results, the relatively accurate fit of the mixture model to
these data raises some important theoretical questions.

Distributional approaches to assessing evidence
for mixtures

If one is willing to make assumptions concerning the form
of response time distributions, one might pursue a variety of
other approaches to assess the evidence for mixtures. For
example, a common assumption in the modeling of choice
responses is that evidence is gradually accumulated over
time. Models in this general class include Ratcliff’s diffu-
sion model (e.g., Ratcliff, 1988), the leaky-accumulator
model of Usher and McClelland (2001), and the linear
ballistic accumulator model of Brown and Heathcote
(2008). These approaches generally provide a description
of response time distributions that is reasonably accurate in
a range of paradigms. Importantly, the models provide pre-
dictions not only for response times on correct trials, but
also for the probability of an error and for the distribution of
response times on incorrect trials. There are also several ad
hoc, descriptive accounts of response time distributions;
these include the ex-Gaussian distribution (used in the sim-
ulations presented here) and the shifted-Wald distribution.
Both provide reasonably accurate descriptions of the shapes
of response time distributions. Furthermore, a number of
authors have identified the parameters of these distributions
with various mental processes (e.g., Hohle, 1965; Luce,
1986). Any of these approaches could be used to character-
ize the distributions the shapes of the reference distributions
with relatively few parameters. If one proceeded by analogy
to the technique developed here, one would then make
predictions concerning the shape of the target distribution
under the assumptions that the target condition constitutes a
shift or a mixture.

A variety of issues arise in pursuing this method. First,
fitting these models to the data can be complex and may
require large sets of data to provide stable estimates of the
parameters (Wagenmakers, 2009; cf. Dutilh, Vandekerckhove,
Tuerlinckx, & Wagenmakers, 2009). However, recent advan-
ces in fitting methods make this more practical (e.g., Donkin,
Averell, Brown, & Heathcote, 2009; Farrell & Ludwig, 2008).
Second, one would need to decide whether and how to aggre-
gate across subjects. In some previous applications of these
models, models have been fit to individual subjects (e.g.,
Dutilh et al., 2009; Ratcliff, 2006). Needless to say, this
approach requires reasonably large data sets for each subject.
Alternatively, it may be possible to average the quantile esti-
mated for each subject (such as was done here) and then to use
the average quantiles to estimate parameters. Still another

approach is to use hierarchical models with random subject
effects in which one estimates the parameters of the distribu-
tion from which the individual-subject parameters are drawn
(e.g., Vandekerckhove, Tuerlinckx, & Lee, 2011). Third, one
would have to measure the fit of the model to the target
distribution. This could be done with, for example, goodness-
of-fit tests that assess the adequacy of the mixture and shift
models, or a comparison of the fits using a suitable model
comparison index (as was advocated here).

Identifying mixtures using these types of theoretical
approaches may be more sensitive than the nonparametric
approach developed here. However, this additional precision
would be at the cost of making strong assumptions concerning
the processing involved or the forms of the response time
distributions. The extent to which such an approach is robust
with respect to violations of these assumptions would need to
be assessed. More generally, there may be limited value in
making a simple distinction between a description of the data
as a shift or a mixture in the context of strong a priori
assumptions concerning the forms of the distributions. For
example, one might simply construct a full process model of
the target condition using the same concepts used for the
reference distribution and fit that directly. The best fit of such
a parametric model to the target distribution may not be
simply a shift or a mixture. A potentially important distinction
that might be addressed would be whether the target condition
involves a mixture or a shift of the distribution parameters,
rather than the distributions themselves. In the context of such
a detailed theoretical account, the present approach, which
makes a heuristic distinction between two simple models of
the target condition, may not be necessary. Rather, the multi-
nomial likelihood index may be more useful in situations in
which relatively little is known about the mechanisms that
produce response times in the three conditions.

Conclusions

In this article, I have described a technique for assessing the
evidence for a mixture model of a response time distribution
relative to a (generalized) shift model. In order to use the
technique, one needs three experimental conditions: a slow
reference condition, a fast reference condition, and a target
condition in between the two that could be regarded as
either a mixture or a shift. The method is computationally
simple and easy to implement, and it can be successfully
applied to modest-sized data sets. As demonstrated in the
Monte Carlo simulations, the technique is effective at dis-
criminating the two models with even a small degree of
separation between the reference distributions. Moreover,
the technique is nonparametric and robust with respect to
variations in distributions and variations across subjects in
the shapes of the distributions and the magnitudes of the
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effects. This power derives primarily from comparing two
distinct models, rather than performing a significance test or
goodness-of-fit test. When applied to several actual data
sets, the index generated the expected result in two situa-
tions in which theory predicts a mixture and a shift, respec-
tively, and produced a potentially insightful result in a
context in which there was no strong theoretical expectation.

The main limitation of the index is also the feature that
makes it powerful: It provides a comparison between two
simple cases. When the reality is more complex, the index
will not necessarily provide a useful contrast, and in some
cases, the results could be misleading. Nevertheless, it
seems more profitable to theorize about the nature of the
data with information gleaned from the index in hand rather
than to proceed in ignorance. Moreover, inferences about
the means of conditions are quite commonly done without
considering the natures of the distributions at all. On the
basis of the typical assumptions of the general linear model,
it is often implicitly assumed that effects consist of simple
changes in location. Thus, a large majority of research using
response time measurements has assumed one of the simple
cases considered by the present index. Contrasting this
simple case with another simple case will almost always
provide useful information.

More generally, though, one may argue that the target
distribution will virtually never simply be a mixture of or a
shift between the two reference distributions. Even if the
target distribution is a mixture of performance from two
states or strategies, the conditions of the reference distribu-
tions differ to some extent from those of the target, and they
may not precisely represent the states or strategies used in
the target condition. Thus, the distributions for the reference
conditions must be regarded as only approximations of the
distributions that might be mixed in the target condition. For
example, in the failure-to-engage account discussed in con-
nection with the task-switching example, there may be men-
tal processes, such as priming or expectation, that are
specific to the repetition of a task. These might make the
distribution of response times distinct from that observed on
switch trials, even when subjects are entirely prepared for
the switch. Similarly, even when the effect of a manipulation
is primarily to shift the location of a distribution of response
times, details of the condition may change the shape of the
distribution to some extent, and these changes need not be
captured by quantile averaging, as assumed in the multino-
mial likelihood index. For example, short SOAs in the
psychological refractory period paradigm might lead to
response-grouping strategies on a small percentage of trials
(cf. Borger, 1963) that are not reflected in the distributions
of somewhat longer SOAs. Thus, the match to the
generalized-shift model need not be perfect, even when the
theoretical interpretation is largely correct. In general, the
most appropriate interpretation of the results of the index is

to provide a heuristic interpretation of performance in the
target condition that can be used to guide a broader theoretical
account of performance in the task.
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