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Abstract This article compares the use of single- and
multiple-item pools with respect to test security against item
sharing among some examinees in computerized testing. A
simulation study was conducted to make a comparison
among different pool designs using the item selection meth-
od of maximum item information with the Sympson–Hetter
exposure control and content balance. The results from the
simulation study indicate that two-pool designs have a better
degree of resistance to item sharing than do the single-pool
design in terms of measurement precision in ability estima-
tion. This article further characterizes the conditions under
which employing a multiple-pool design is better than using
a single, whole pool in terms of minimizing the number of
compromised items encountered by examinees under a ran-
domized item selection method. Although no current com-
puterized testing program endorses the randomized item
selection method, the results derived in this study can shed
some light on item pool designs regarding test security for
all item selection algorithms, especially those that try to
equalize or balance item exposure rates by employing a
randomized item selection method locally, such as the a-
stratified-with-b-blocking method.

Keywords Computerized testing . Adaptive testing . Item
response theory . Statistics

Computer-based testing (CBT), including computerized adap-
tive testing (CAT) and computer-delivered nonadaptive test-
ing, makes it possible for an educational or psychological test
to be administered to small groups of examinees at frequent
time intervals, which is referred to as continuous testing. A
continuous test is preferred by examinees because of the
flexibility it provides in scheduling to take the test.
However, continuous testing results in constant item exposure
that increases the risk of test item sharing; examinees who
took tests earlier may share information with those who will
take tests later. The rapid growth of Internet applications all
over the world has made such item-sharing activities easier. In
one scenario, some test takers organize a special interest group
and share test item information with each other through the
Internet. Such a group of examinees is called an examinee
collaboration network (ECN; Luecht, 1998). The tactic of
memorizing and sharing test item information will inflate test
scores for some examinees, and consequently will hurt the
reliability and validity of the test (Davey & Nering, 2002;
Guo, Tay, & Drasgow, 2009; Yi, Zhang, & Chang, 2008). The
damage of such cheating could be so severe that a testing
company might have to suspend its continuous-testing
program (Honan, 1995; Steinberg, 2002; Wheeler, 2002).
Without effective measures, such cheating activities could
significantly undermine the credibility of any continuous-
delivery test. Hence, test security becomes one of the major
unsolved issues for continuous-delivery tests, especially for
CAT tests that are used in making high-stakes decisions.

With continuously or close to continuously administered
testing, a very large item pool is needed to maintain test
security, by making sure that examinees who take the test
later do not have an advantage over those tested earlier. In
practice, the available items for a test are always limited. To
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minimize the impact of possible item sharing, item exposure
rates should be controlled. The exposure rate of an item is
defined as the proportion of examinees who are adminis-
tered the item among all of the examinees taking the test in a
specified time period. Given a set of items, an item exposure
control mechanism is considered to be a major component
in maintaining the security of a continuously delivered test,
especially a CAT (see Mills & Steffen, 2000; Stocking,
1994; Stocking & Lewis, 1995, 1998; Sympson & Hetter,
1985; Way, 1998). A quantity related to the item exposure
rate is the test overlap rate, which is defined as the average
of the percentage of items shared by a pair of examinees
across all such pairs (Chen, Ankenmann, & Spray, 2003;
Way, 1998). Test overlap rates have been generalized to deal
with the problem of large-scale item sharing (Chang& Zhang,
2002, 2003). For a fixed item selection algorithm, some other
mechanism besides item exposure control must be employed
in order to attain even better levels of test security.

Using multiple item pools is regarded as a viable strategy
for enhancing test security for CBT/CAT (Ariel, Veldkamp, &
van der Linden, 2004; Davey & Nering, 2002; Mills &
Steffen, 2000). Suppose that several item pools can be formed
from a given set of items. By periodically rotating item pools
in and out of use, a multiple-pool approach can in theory
maintain a high degree of test security for high-stakes CBT.
However, it is unclear whether the use of multiple item pools
really helps test security. Note that multiple pools are the
subpools of the single (whole) pool. If an examinee who
memorizes item information from one subpool is instead
administered items from another subpool, the impact of col-
lusion should be dramatically reduced. On the other hand, if
the examinee is administered items from a subpool he/she has
partially memorized, the percentage of compromised items
that the examinee runs into should be much higher than would
be the case using the single pool, because using multiple item
pools reduces the size of each individual pool. Obviously, a
fair comparison about test security between the single-pool
approach and the multiple-pool approach is needed.

Different item selection methods have different degrees
of resistance to test security breaches. For any specific item
selection method, such as the weighted deviation method
(Stocking & Swanson, 1993; Swanson & Stocking, 1993),
the a-stratified method (Chang & Ying, 1999; Yi & Chang,
2003), and constrained CAT with shadow tests (van der
Linden, 2000), a comparison of test security between the
single-pool approach and the multiple-pool approach can be
conducted by a simulation study. Below, we discuss a sim-
ulation study using a popular CAT item selection method,
the maximum item information method (Lord, 1980) with
the Sympson–Hetter item exposure control (Hetter &
Sympson, 1997; Sympson & Hetter, 1985), to find out
whether a two-pool design outperforms a single-pool design
in terms of test security. The results from the simulation

study indicated that all two-pool designs considered in the
study had a better degree of resistance to item sharing than did
the single-pool design in terms of both measurement precision
in ability estimation and the number of compromised items
encountered by examinees. It is possible that the results may
be sensitive to the item selection method being used. Thus, a
theoretical investigation is needed. Usually, the probabilistic
scheme of an operational item selection algorithm is very
complicated. It is extremely hard, if not impossible, to analyt-
ically compare the use of multiple pools with a single pool in
terms of test security against item sharing when an operational
item selection algorithm is used. In this article, we theoreti-
cally compare the single- and multiple-pool designs with
respect to test security using a randomization item selection
method and characterize the conditions under which employ-
ing multiple pools is better than using a single, whole pool in
terms of minimizing the number of compromised items
encountered by an examinee. A mathematical reason for using
a randomized item selection method is that probability theory
can easily be applied so that theoretical results and formulae
can be obtained. Although no current CAT program endorses
the randomized item selection method, the results derived in
this study can shed some light on item pool designs regarding
test security for all item selection algorithms, especially those
that try to equalize or balance item exposure rates by
employing a randomized item selection method locally, such
as the a-stratified-with-b-blocking method (Chang, Qian, &
Ying, 2001) and the match-ability-with-difficulty method
(Hulin, Drasgow, & Parsons, 1983). These results also provide
guidelines to practitioners in item pool designs.

Theoretical framework

Single- and multiple-pool designs

Suppose there is a set of N items for a continuously delivered
test (e.g., a CAT). A single-pool design uses all of the items as
a single pool, while a multiple-pool design constructs J item
pools (more precisely, subpools) with Nj items in pool j
(1 ≤ j ≤ J and J ≥ 2) and rotates the pools in and out of
use. Here we presume that these items can form J item
pools, each of which satisfies all of the constraints (e.g.,
content balance) that are required by the test; otherwise,
a comparison between the two designs is out of the
question. In a multiple-pool design, an item that appears
in more than one pool is called a common item; other-
wise, it is a unique item. Denote mjk as the number of
common items between pool j and pool k for 1 ≤ j < k ≤
J. When J 0 2, m12 0 N1 + N2 – N. When m12 0 0, the
two pools are mutually exclusive.

Let Qj be the relative frequency of usage of pool j. Note
that (Qj, j 0 1, . . . , J) is the probability distribution of the
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random variable for the selected pool being administered to
an examinee when J pools are used. Typically, each pool
will be used for the same amount of time, or for the same
total number of examinees, in the case of multiple pools. In
this scenario, a randomly selected examinee should have the
same chance of being administered any one of the pools;
that is, Q1 0 · · · 0 QJ 0 1/J.

Compromised items in an item pool

In this article, an item is called a compromised item to an
examinee if he or she has some preknowledge about this item.
For example, if an item has been discussed or posted on aWeb
site, then it is a compromised item to the group of examinees
who have visited that Web site. After an item pool has been
used for a certain time period or after some number of exam-
inees have taken the test, some items might be compromised
by an ECN. Clearly, the number of compromised items,
though unknown, is directly related to or determined by the

number of professional test takers or the number of active
members of an ECN. Let n(t) be the number of compromised
items at time t (i.e., after t examinees have taken the test or
after the item pool has been used for a period of time t) in the
case in which a single pool is used. Let nj(t) be the number of
compromised items in pool j at time t in the case in which
multiple pools are employed. Then, r(t) 0 n(t)/N is the pro-
portion of compromised items in the single pool at time t, and
rj(t) 0 nj(t)/Nj is the proportion of compromised items in pool j
for j 0 1, . . . , J. Note that the number of compromised items in
an item pool increases as the time of use of the pool passes. Let
pjk(t) be the proportion of compromised items among the
common items between pools j and k. Then, mjkpjk(t) is the
number of compromised common items between pools j and
k. In a two-pool design, for example, m12p12(t) is the number
of compromised common items between the two pools, and
the total number of compromised items is n1(t) + n2(t) –
m12p12(t).

Let

XiðtÞ ¼ 1; if the ith item that is administered to an examinee is compromised item;
0; otherwise

�

Xi(t) is a random variable. Its randomness comes from the
uncertainty about compromised items in a pool or pools and
the item selection method used in the test.

P
L
i ¼ 1XiðtÞ is the

number of compromised items administered to an examinee
at time t, where L is the test length.

Let PJ (i | t) be the probability mass function of Xi(t) in a
J-pool design:

P1 ijtð Þ ¼ Prob XiðtÞ ¼ 1jsingle� pool design½ �;

and

PJ ijtð Þ ¼ Prob XiðtÞ ¼ 1jJ � pool design½ � for J > 1:

PJ (i | t) is the probability that the ith item that an examinee
gets is a compromised item in a J-pool design. If P1(i | t) >
PJ (i | t) for J > 1, then the multiple-pool approach is better
than the single-pool approach at time t, while the
single-pool approach outperforms the multiple-pool ap-
proach when P1(i | t) < PJ(i | t). The summationPL

i ¼ 1
PJ ijtð Þ ¼ EJ

PL
i ¼ 1 XiðtÞ

h i
is the expected number of

compromised items administered to an examinee at time t in a
J-pool design. Although its value is typically unknown,
this expected number can be used as a theoretical cri-
terion for judging test security with different designs:
the smaller the number, the better. The notation used in
this article is summarized in Appendix A for the read-
er’s convenience.

Simulation study

A simulation study was conducted to compare multiple-pool
designs with a single-pool design in CAT. The item selection
method considered in this article is the maximum item
information method (Lord, 1980) with the Sympson–
Hetter exposure control (Hetter & Sympson, 1997;
Sympson & Hetter, 1985) and content balance. The maxi-
mum item exposure rate was set at 0.2.

A set of 720 items from a real, large-scale achievement
test was used to form a single pool, denoted as S720, in this
study. These items were calibrated using three-parameter
logistic models. There are three content areas in the test,
and the percentages of items in the three content areas are
40%, 30%, and 30%, respectively. These 720 items were
also used to construct three different two-pool designs: (1) a
no-overlap two-pool design in which each subpool
contained 360 items, (2) a two-pool design with 60 common
items between the two subpools, (i.e., each subpool contain-
ing 390 items, with 330 unique and 60 common items), and
(3) a two-pool design with 120 common items between the
two subpools (i.e., each subpool containing 420 items, with
300 unique and 120 common items). Those two-pool
designs are denoted as T360, T390, and T420, respectively.
Each subpool pair was constructed using the matched ran-
dom subset method (Gulliksen 1950) so that the paired
subpools within a two-pool design were content-balanced;
roughly 40% of the items were from the first content area,
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30% from the second content area, and 30% from the third
content area. The paired subpools within a two-pool design
are also similar in their distributions of item characteristics,
such as item difficulty level. Table 1 contains descriptive
information about the item parameters for the item pools in
the four designs considered in this simulation study.
Figure 1 displays the test characteristic curves (TCCs) of
the paired subpools for the three two-pool designs. As is
shown in Fig. 1, the two TCCs of the paired subpools in
each of the two-pool designs are very close to each other.

The test length in this simulation study was 40 items. A
content control procedure based on a modified multinomial
model (Yi & Chang, 2003) was implemented such that each
simulated test consisted of about 40% of the items from
Content Area 1 and 30% of the items from each of the other
two content areas.

In a simulation study, one may manipulate both the
increment of the probability of answering a compromised
item correctly and the number of compromised items (which
is directly related to the number of professional test takers or
the number of active members of an ECN). Both factors
have virtually equivalent measurement consequences, and
the same degree of severity can be achieved if one factor is
fixed and the other increases. Thus, one may control just one

factor while keeping the other fixed. Recall that the purpose
of our simulation study was to compare different item pool
designs. This comparison is fair as long as the probability of
correct responses to compromised items is set to be equal
across both designs. Therefore, we simply set this probabil-
ity to 1 in our simulation. It is clear that if there are no
compromised items, the single-pool design will produce
more accurate measurement results than will the multiple-
pool design for all reasonable item selection algorithms,
because the former has more items to select from than the
latter. If the degree of item leakage is light, the same con-
clusion can be expected. We seek to examine whether or not
the conclusion also holds when item pools are heavily
compromised.

There were two different scenarios involving item pools
in our study: either without or with compromised items. The
former case was used as a reference in this simulation study.
In the latter scenario, the probability of an item becoming
compromised was proportional to the corresponding item
exposure rate obtained in the former scenario: the higher the
item exposure rate, the greater the probability. In this simu-
lation study, an unequal-probability-without-replacement
sampling method (see Hartley & Rao, 1962) was adopted
to select the compromised items. Sampling with unequal

Table 1 Descriptive statistics
for item parameters of item pools
under different item pool designs

Pools N Parameter Mean SD Minimum Maximum

Single 720 a 1.070 0.361 0.193 2.685

b 0.066 1.089 −4.999 2.475

c 0.182 0.082 0.032 0.500

Two

A1 360 a 1.076 0.372 0.271 2.685

b 0.065 1.159 −4.999 2.475

c 0.186 0.079 0.035 0.500

B1 360 a 1.064 0.349 0.193 2.557

b 0.066 1.016 −2.904 2.089

c 0.179 0.085 0.032 0.500

Two

A2 390 a 1.081 0.375 0.271 2.685

b 0.058 1.147 −4.999 2.475

c 0.185 0.080 0.035 0.500

B2 390 a 1.072 0.354 0.193 2.557

b 0.057 1.046 −3.427 2.444

c 0.177 0.084 0.032 0.500

Two

A3 420 a 1.086 0.378 0.271 2.685

b 0.049 1.133 −4.999 2.475

c 0.183 0.079 0.035 0.500

B3 420 a 1.077 0.358 0.193 2.557

b 0.051 1.043 −3.427 2.444

c 0.177 0.084 0.032 0.500
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probabilities and without replacement means to draw n (e.g.,
150) out of N (e.g., 720) items in such a way that the
probability for item i to be selected is proportional to its
“size” ri (i.e., item exposure rate). In a two-pool design, a

common item compromised in one subpool is also regarded
as compromised in the other subpool but is counted as only
one compromised item. As was discussed in the Theoretical
Framework section, the number of compromised items in a
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pool increases with the number of times the pool is used.
In order to make the contrast evident, we simulated a
snapshot in which there were 150 compromised items.
Two examples of such a situation are the cases in which
10 professional test takers each memorize 15 items or
30 active members of an ECN each post 5 items. A set
of 150 compromised items was stochastically obtained
for each of the four pool designs separately. Because
item exposure rates are not the same in CAT with
different designs, the compromised items in one design
may be different from those in another design.

The number of examinees is 10,000 for each of the
designs. Thus, in a two-pool design, 5,000 examinees use
one pool, and the other 5,000 examinees use the other pool.
The true abilities of the examinees were generated from a
standard normal distribution. The expected a posteriori
method with the standard normal distribution determined a
priori was initially used to obtain a provisional estimate of
an examinee’s ability until at least five items had been
administered and both correct and incorrect responses
appeared. Afterward, the maximum likelihood estimation
method was used to estimate ability. Note that a compro-
mised item would affect the provisional ability estimate of
an examinee, and thus change the subsequent item selection.
Ten replications were performed for each of the combina-
tions considered in the simulation, which is equivalent to
having a total of 100,000 simulated examinees in the study.

The effectiveness of using a multiple-pool versus a single-
pool design is evaluated in terms of test security control and
measurement precision. The indices used to measure test
security are the observed item exposure rate and the average
number of compromised items that examinees encounter (for
the second scenario only). The correlation between the esti-
mated and true abilities, the overall bias, and the root-mean
squared error (RMSE) of ability estimates are the indices for
evaluating measurement precision. The bias and RMSE of
ability estimates are calculated as follows:

Bias ¼ 1

K

XK
k ¼ 1

bθk � θk
� �

and

RMSE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

K

XK
k ¼ 1

bθk � θk
� �2

vuut ;

where K is the total number of examinees (K 0 10,000 in this

simulation), θk is the true ability of the kth examinee, and bθk is
its estimate.

The numbers (and percentages) of items in different
ranges of exposure rates across all four designs in the two
scenarios are displayed in Table 2. The third column (r 0
0.0) of Table 2 shows the number of items that were never
used. Nearly 50% of the items in the single-pool design and
about 12%–22% of the items in the two-pool designs were
not administered to any examinees. The single-pool design
is worse than the two-pool designs with respect to item
usage. It is well known that the smaller a pool is, the better
the item usage will be for the item selection algorithm using
maximum item information. Although the maximum item
exposure rate was set at 0.2, the observed item exposure
rates of some items could exceed the prespecified maximum
level, due to the probabilistic nature of the Sympson–Hetter
exposure control procedure. The last column of Table 2
shows the numbers (and percentages) of items with expo-
sure rates exceeding the prespecified maximum level. The
percentage is approximately doubled in the two-pool
designs as compared to that in the single-pool design. In
this respect, the single-pool design outperforms the two-
pool designs. The patterns of the distributions of item expo-
sure rates are quite similar to each other between the two
scenarios, with or without compromised items, within any
pool design. This means that the presence of compromised
items did not noticeably change the distribution of the item
exposure rates.

Table 3 presents the overall measurement precision in
terms of bias, RMSE, and the correlation between the esti-
mated and true abilities under different item pool designs. In
addition, the last column of Table 3 shows the average
number of compromised items an examinee encounters
when there are 150 compromised items in a design. As

Table 2 Numbers (and percen-
tages) of items in different
ranges of exposure rates (r)
across item pool designs in the
two scenarios

*Scenarios: 1, without
compromised items; 2, with
150 compromised items

Scenario Pool r 0 0.0 0.0 < r ≤ 0.1 0.1 < r ≤ 0.2 r > 0.2

1* S720 341 (47.4%) 189 (26.3%) 124 (17.2%) 66 (9.2%)

T360 103 (14.3%) 220 (30.6%) 248 (34.4%) 149 (20.7%)

T390 128 (17.8%) 237 (32.9%) 229 (31.8%) 126 (17.5%)

T420 157 (21.8%) 243 (33.8%) 175 (24.3%) 145 (20.1%)

2* S720 354 (49.2%) 171 (23.8%) 123 (17.1%) 72 (10.0%)

T360 85 (11.8%) 246 (34.2%) 242 (33.6%) 147 (20.4%)

T390 116 (16.1%) 243 (33.8%) 231 (32.1%) 130 (18.1%)

T420 131 (18.2%) 265 (36.8%) 196 (27.2%) 128 (17.8%)
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expected, when there are no compromised items, designs
with large item pools yield relatively small RMSEs and
large correlations between estimated and true abilities.
However, the improvement is not remarkable in the cases
considered here. The largest relative improvement is less
than 15% from T360 to S720.

When there are 150 compromised items out of a total of
720, the bias and RMSE increase drastically. For instance, the
bias is 1.010 for S720, increased from the amount of −0.001
when there are no compromised items. The results demon-
strate that the damage of item sharing can be very severe.
However, a CAT test with two small pools has relatively
strong immunity (or resistance) to test security breaches, in
the sense that the increments of bias and RMSE are rela-
tively small. For instance, the increments of bias and RMSE
due to the presence of compromised items for T360 are
about half of those for S720. Among two-pool designs,
when there are 150 compromised items, T360 works better
than T390 and T420, with less bias, RMSE, and average
number of compromised items administered to examinees,
and with a larger correlation between estimated and true
abilities (see the data in Table 3). This may be caused by the
following two factors. First, there are no common items in
T360, while there are 60 and 120 common items in T390
and T420, respectively. Generally speaking, common items
have relatively higher exposure rates than do unique items.
Thus, they have a higher probability of becoming compro-
mised. In general, a compromised common item has a
larger impact on the number of compromised items admin-
istered to examinees than does a compromised unique item.
Second, more items are never administered in T390 and
T420 than in T360 (see the r 0 0.0 column in Table 2). In
summary, two-pool designs perform better than the single-
pool design, whereas among two-pool designs, T360 out-
performs T390 and T420.

Analytically comparing single-pool and multiple-pool
designs

There has been little discussion of the theoretical difference
between single-pool and multiple-pool designs regarding
test security. This is mostly due to the fact that the conse-
quence of a pool design on test security is strongly related to
the CAT operational item selection algorithm, which typi-
cally has a very complex probabilistic scheme. There is no
analytical result available regarding the difference between
single- and multiple-pool designs. The problem is that such
analytical results or formulae are very difficult, if not im-
possible, to derive. In this section, we derive some formulae
for the comparison of single- and multiple-pool designs
under a randomized item selection method, which guaran-
tees that probability theory can readily be applied. The
mathematical derivations may advance our knowledge
about how to extend theoretical work in probability theory
to applied fields. As was pointed out by Wainer (2000), a
randomized item selection method equalizes item exposure
rates, and hence yields the best test security as compared to
all other item selection methods. It is of interest to learn the
degrees of resistance the two designs have toward security
breaches under the selection method with the best test
security.

Result 1 Single-pool design versus two-pool design

1. The probability that the ith item an examinee gets is
a compromised item is simply the proportion of
compromised items in the single-pool design,
whereas in a two-pool design, it is a linear combi-
nation of the percentages of the compromised items
in the two pools; that is,

P1 ijtð Þ ¼ rðtÞ and P2 ijtð Þ ¼ r1ðtÞQ1 þ r2ðtÞQ2:

Thus, X1(t), . . . , XL(t) have the same Bernoulli
distribution when one or two item pools are used.
The expected number of compromised items en-
countered by an examinee at time t is

XL
i ¼ 1

PJ ijtð Þ ¼ LPJ 1jtð Þ for J ¼ 1; 2:

2. When the two item pools have no common items
and have the same usage (i.e., Q1 0 Q2 0 1/2), then

P1 ijtð Þ � P2 ijtð Þ ¼ N1 � N2

2N2
r1ðtÞ � rðtÞð Þ: ð1Þ

Thus, P1(i | t) > P2(i | t) if and only if [r1(t) – r(t)]
(N1 – N2) > 0; that is, the two-pool approach is
better than the single-pool approach at time t if,
and only if, the proportion of compromised items

Table 3 Overall measurement precision and average numbers of com-
promised items examinees encountered (m) under different item pool
designs in two scenarios

Scenario Pool Bias RMSE ρ
θ̂θ m

1* S720 −0.001 0.201 .981 NA

T360 −0.001 0.236 .974 NA

T390 −0.001 0.231 .975 NA

T420 −0.002 0.224 .976 NA

2* S720 1.010 1.226 .788 16.6

T360 0.552 0.694 .913 12.1

T390 0.653 0.804 .891 13.1

T420 0.774 0.943 .862 14.6

* Scenarios: 1, without compromised items; 2, with 150 compromised
items
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in the larger subpool is greater than the overall
proportion of compromised items at time t. When
the sizes of two subpools are the same (i.e., N1 0

N2), P2(i | t) ≡ P1(i | t) for any t; that is, the two
approaches are the same with respect to the
expected number of compromised items adminis-
tered to a randomly selected examinee.

3. When the two pools have m12 common items and
have the same usage, then

P2 ijtð Þ ¼ 1

2
r1ðtÞ þ r2ðtÞð Þ

¼ 1

2

n1ðtÞ
N1

þ nðtÞ � n1ðtÞ þ m12 p12ðtÞ
N2

� �
;

ð2Þ
where p12(t) is the percentage of compromised items
among the common items. Furthermore, if the two
pools have the same number of items (i.e., N1 0 N2),
then

P2 ijtð Þ ¼ nþ m12 p12ðtÞ
N þ m12

;

and

P1 ijtð Þ � P2 ijtð Þ ¼ m12

N þ m12
rðtÞ � p12ðtÞð Þ:

Thus,

P2 ijtð Þ > P1 ijtð Þ if p12ðtÞ > rðtÞ;
P2 ijtð Þ ¼ P1 ijtð Þ if p12ðtÞ ¼ rðtÞ;
and

P2 ijtð Þ < P1 ijtð Þ if p12ðtÞ < rðtÞ:

That is, the two-pool approach is better than the
single-pool approach at time t if, and only if, the
proportion of compromised common items is less than
the overall proportion of compromised items at time t.1

The results above can be generalized to a general
multiple-pool design. Below, we only consider special
multiple-pool cases in which there is no item that appears
in more than two pools, for mathematical simplicity. This
constraint is satisfied automatically for any two-pool design.
Let mjk be the number of common items of pool j and pool k

for 1 ≤ j < k ≤ J. Under the constraint,
PJ � 1

j ¼ 1

PJ
k ¼ j þ 1 mjk

is the total number of common items in a J-pool design.
Then, mjkpjk(t) is the number of compromised common

items of pools j and k, and
PJ � 1

j ¼ 1

PJ
k ¼ j þ 1 mjkpjkðtÞ is

the total number of compromised common items between
any two item pools. Denote

p� tð Þ ¼
X J�1

j¼1

XJ

k¼jþ1
mjkpjk tð Þ=

XJ�1

j¼1

XJ

k¼jþ1
mjk

as the overall proportion of compromised common items at
time t.

Result 2 Single-pool design versus multiple-pool design

1. Let

PJ ijtð Þ ¼
XJ
j ¼ 1

rjðtÞQj: ð3Þ

If an examinee has the same chance of being adminis-
tered each of the pools in the case ofmultiple-pools, then

PJ ijtð Þ ¼
XJ
j ¼ 1

rjðtÞ=J : ð4Þ

The expected number of compromised items encoun-
tered by an examinee at time t is

XL
i ¼ 1

PJ ijtð Þ ¼ LPJ 1jtð Þ: ð5Þ

2. Suppose that the sizes of pools are the same in the case
of multiple pools and that an examinee has the same
chance of being administered each of the pools. Then

Pj ijtð Þ ¼ nðtÞ þP
J�1
j ¼ 1

P
J
k ¼ jþ1mjkpjkðtÞ

N þP
J�1
j ¼ 1

P
J
k ¼ jþ1mjk

; ð6Þ

and

P1 ijtð Þ � PJ ijtð Þ ¼ 1

N þP
J�1
j ¼ 1

P
J
k ¼ jþ1mjk

�
XJ�1

j ¼ 1

XJ
k ¼ jþ1

mjk rðtÞ � pjkðtÞ
� 	

:

ð7Þ
Thus, P1(i | t) > PJ (i | t) if, and only if, r (t) > p*(t).

That is, the multiple-pool approach is better than the
single-pool approach at time t if, and only if, the
overall proportion of compromised common items is
less than the overall proportion of compromised items
at time t. If multiple pools are mutually exclusive, then
for any t, PJ(i | t) ≡ P1(i | t).

The proofs of these results are presented in Appendix B.
In reality, the sizes of a set of multiple pools are likely to

be close to each other. Thus, (N1 – N2)/(2N) should be very
small. According to Eq. 1, P2(i) ≈ P1(i) if the two pools are
mutually exclusive. In general, if multiple pools have the
same size and are mutually exclusive, and if each examinee

1 This would only occur if the common items were used less frequently
than the others, which is unlikely.
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has the same chance of being administered each of the
multiple pools, then the multiple-pool approach has the
same probability that a compromised item will be given to
an examinee as the single-pool approach.

When there are common items, the overall proportion of
compromised common items is the key quantity in determin-
ing whether employing multiple pools is better than using a
single pool. If all items are new at the beginning, the common
items may get much higher exposure than unique items that
belong to one pool only. Consequently, the overall proportion
of compromised common items is expected to be larger than
the overall proportion of compromised items. According to
the above results, it is worse, in terms of test security, to use
multiple pools than to use a single pool in this case. Therefore,
it is of no benefit with respect to test security to use multiple
pools under a randomized item selection method.

Discussion

In this article, a simulation study was carried out to com-
pare multiple-pool designs to a single-pool design using
the item selection method of maximum item information
with the Sympson–Hetter exposure control. The results
indicated that two-pool designs outperform the single-
pool design with respect to the degree of resistance to item
sharing, under the condition that the single pool can be
split into two subpools, each of which satisfies the item
pool requirements (e.g., content balance) of a test. This
study also analytically compared the use of multiple pools
to the use of a single pool with respect to test security
against item sharing under a randomized item selection
method. The theoretical results show that, in general, sim-
ply using multiple pools instead of a single pool actually
does not improve test security. The conclusion obtained
from the simulation study employing a maximum item
information selection method is quite different from what
has been derived theoretically under randomized item se-
lection. That is, different conclusions have been reached
under different item selection methods. In a sense, the
randomized item selection method and the maximum in-
formation method can be regarded as two approaches that
are located at opposite ends of a continuum of possible
item selection methods. The former has no adaptive feature
at all, whereas the latter is completely adaptive. Any other
CAT item selection method is located somewhere along
that continuum. One can surmise that the benefit of
employing a multiple-pool design may diminish as an item
selection algorithm deviates from adaptability after trying
to equalize item exposure rates. The results obtained in this
study can shed some light on these operational CAT item
selection methods and provide guidelines to practitioners
in item pool designs if test security is of concern.

Appendix A: Notation

J The number of item pools in a multiple-pool design
L The test length
M The number of new items
mjk The number of common items of pool j and pool

k for 1 ≤ j < k ≤ J
N The total number of items
Nj The number of items in item pool j for j 0 1, . . . , J
n(t) The total number of compromised items at time t

or after t examinees have taken the test
nj(t) The number of compromised items in pool j at

time t for j 0 1, . . . , J
PJ (i | t) The probability that the ith item of an examinee is

a compromised item at time t if J item pools are
used (1 ≤ i ≤ L and J ≥ 1)

pjk (t) The proportion of compromised items among
common items of pools j and k for 1 ≤ j < k ≤ J
at time t

p*(t) The overall proportion of compromised

common items at time p�ðtÞ ¼ PJ � 1
j ¼ 1PJ

k ¼ j þ 1 mjkpjkðtÞ=
PJ � 1

j ¼ 1

PJ
k ¼ jþ1 mjk

Qj The rate of usage of pool j in the case of multiple
pools for j 0 1, . . . , J and Q1 + · · · + QJ 0 1

r(t) The overall proportion of compromised items at
time t, r (t) 0 n(t)/N

rj(t) The proportion of compromised items in pool j at
time t, rj(t) 0 nj(t)/Nj for j 0 1, . . . , J

t The number of examinees who have taken the test
or the time period for which an item pool or
multiple item pools have been used

Xi(t) The indicator random variable if the ith item of an
examinee is a compromised item at time t or after t
examinees have taken the test (1 ≤ i ≤ L)

S720 A single-pool design with 720 items
T360 A no-overlap two-pool design in which each

subpool contains 360 items
T390 A two-pool design with 330 unique and 60

common items
T420 A two-pool design with 300 unique and 120

common items

Appendix B

Proof of Result 1

1. By the multiplication principle (see Hogg & Tanis, 1997),

P1 ijtð Þ ¼ nðtÞ � N � 1ð Þ!
N !

¼ nðtÞ
N

¼ rðtÞ;

and the conditional probability that the ith item adminis-
tered to an examinee is a compromised item given pool j
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is rj(t) 0 nj(t)/Nj for j 0 1, 2. According to the total
probability formula (see Bickel & Doksum, 1977, p.
440), we obtain P2(i | t) 0 r1(t)Q1 + r2(t)Q2 for any fixed i.

2. In this case, N 0 N1 + N2. From the first part of Result 1,

P1 ijtð Þ � P2 ijtð Þ ¼ nðtÞ
N1 þ N2

� n1ðtÞ
2N1

� nðtÞ � n1ðtÞ
2N2

¼ N1 � N2ð Þ n1ðtÞN � nðtÞN1ð Þ
2NN1N2

¼ N1 � N2

2N2
r1ðtÞ � rðtÞð Þ:

3. The number of compromised common items is
m12 p12(t). Thus, n2(t) 0 n(t) – n1(t) + m12 p12(t). By
the first part of Result 1, Eq. 2 is obtained. Furthermore,
if N1 0 N2, then 2N1 0 N + m12. By Eq. 2,

P2 ijtð Þ ¼ nðtÞm12 p12ðtÞ
2N1

¼ nðtÞ þ m12 p12ðtÞ
N þ m12

;

and

P1 ijtð Þ � P2 ijtð Þ ¼ rðtÞ � nðtÞ þ m12 p12ðtÞ
N þ m12

¼ m12

N þ m12
rðtÞ � p12ðtÞð Þ:

Proof of Result 2

The proof for the multiple item pools is similar to the
proof of Result 1. According to the total probability formu-
la, Eqs. 3 and 4 can be obtained. When the sizes of item

pools are the same, JN1 ¼ N þPJ � 1
j ¼ 1

PJ
k ¼ j þ 1 mjk. SincePJ

j ¼ 1 njðtÞ ¼ nðtÞ þPJ � 1
j ¼ 1

PJ
k ¼ j þ 1 mjkpjkðtÞ, by Eq. 4,

PJ ijtð Þ ¼
P

J
j¼ 1njðtÞ
JN1

¼ nðtÞ þP
J � 1
j ¼ 1

P
J
k ¼ jþ 1mjkpjkðtÞ

N þP
J � 1
j ¼ 1

P
J
k ¼ j þ 1mjk

;

and it is not difficult to verify Eq. 7.
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