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Abstract Landy and Goldstone (2007a, 2010) demonstrated
that an explicit rule, operator precedence for simple arithmetic
expressions, is enforced in part by perceptual processes like
unit formation and attention. When perceptual grouping com-
petes with operator precedence, errors increase. We replicated
this result (Exp. 1) and investigated whether perceptual group-
ing effects persist when the visual stimulus is presented briefly
and thenmasked (Exp. 2) and when verbal recoding is encour-
aged through vocal expression (Exp. 3). We found that
perceptual-grouping effects persisted in the masking condi-
tion, suggesting that the mental representations of arithmetic
expressions retain visuospatial characteristics. Similarly, ver-
balization of the expressions did not eliminate perceptual-
grouping effects, suggesting that participants were not verbal-
ly recoding. In sum, the persistent effects of unit formation
and spatial attention emphasize the importance of perceptual
processing in the development of human expertise in this
domain.

Keywords Mental arithmetic . Visual representations

Mental arithmetic involving small numbers and few opera-
tions is used in everyday tasks. Quickly and efficiently evalu-
ating simple arithmetic sums and products is also critical for
solving more complex problems. Consequently, understand-
ing the mental representations and cognitive operations under-
lying the evaluation of simple arithmetic expressions is impor-
tant both in elementary education and for understanding the

mental processing involved in more advanced mathematics,
like algebra. There is evidence that the evaluation of simple
sums and products (e.g., 2 + 3 or 4 × 5) involves recall medi-
ated by abstract representations of Barithmetic facts^ stored in
long-term memory (McCloskey, Harley, & Sokol, 1991).
However, the evaluation of expressions involving larger num-
bers or compound expressions involving more than one oper-
ation likely relies on working memory representations (Hitch,
1980) that may be visuospatial, verbal, or both (see, e.g.,
Baddeley, 1986).

Arithmetic expressions can be encoded as mental represen-
tations and solved in this form. Much research suggests that
this Bmental arithmetic^ is supported primarily by verbal
working memory. Logie, Gilhooly, and Wynn (1994) found
that mental addition involving a series of two-digit numbers,
presented through earphones, was impaired by articulatory
suppression. They concluded that subvocalization was
employed in storing intermediate solutions, presumably in a
verbal format. Similar results were obtained with serial, visual
presentation. It appears that the phonological loop was in-
volved in accurate calculation, regardless of the modality
through which the expression was presented. For three-digit
additions presented visually, Fürst and Hitch (2000) found that
articulatory suppression impaired performance, provided that
presentation was brief (4 s). Consistent with these results,
Noël, Désert, Aubrun, and Seron (2001) found that phonolog-
ical similarity, but not visual similarity, impaired performance
in a mental addition task involving three-digit numbers.

Lemaire, Abdi, and Fayol (1996) suggested that arithmetic
may come to be supported by the phonological loop because
these expressions are trained through oral repetition in ele-
mentary education. In their experiments, they showed that
for adults verifying simple equations (e.g., 8 + 4 = 10; True?
False?), overloading the phonological loop impaired perfor-
mance. Similarly, Ashcraft, Donley, Halas, and Vakali (1992)
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found that verbal memory load (applied through letter repeti-
tion, alphabetization, and word generation) was associated
with longer problem-solving latencies even for the verification
of simple, visually presented, single-digit additions. Noël,
Désert, Aubrun, and Seron (2001) provided converging evi-
dence of the importance of verbal representations for the
mental addition of three-digit numbers presented in a visual
sequence. Rather than using a concurrent task, in their study,
the phonological and visual similarity of the numbers being
added was varied. Consistent with the use of a verbal
representation, phonological, but not visual, similarity led to
confusions.

Interestingly, however, although mental arithmetic appears
to involve verbal representations, the evaluation of arithmetic
expressions actively available for visual inspection appears to
be guided at least in part by visual perception. Landy and
Goldstone (2007a, 2010) developed a novel method for prob-
ing the nature of the cognitive processing of arithmetic expres-
sions. In their experiments, Gestalt grouping cues (often spac-
ing) were either consistent with the rules of operator prece-
dence or inconsistent with the rules of operator precedence.
Operator precedence, or the Border of operations,^ is a set of
rules that dictate the order in which different operations in
written arithmetic expressions involving multiple operators
of different types are solved. For instance, the expression 2
× 5 + 3 involves both a multiplication and an addition. By
convention, the multiplication is done first.

Consider compound expressions involving one single-digit
addition and one single-digit multiplication (e.g., 3 + 4 × 5).
Expressions with spacing consistent with the rules of operator
precedence would have multiplications spaced closer than ad-
ditions, whereas expressions with spacing inconsistent with
the rules of operator precedence would have additions spaced
closer than multiplications. Landy and Goldstone found that
errors, especially errors in enforcing the rules of operator pre-
cedence (operator precedence errors) and errors of symbol
identity, were more common when the symbol spacing was
inconsistent, for example, 4+3 × 2, than when the symbol
spacing was consistent, for example, 4 + 3×2, with the rules
of operator precedence. For expressions like the ones shown
above, an operator precedence error would occur if the addi-
tion of 4 and 3 were carried out before the multiplication by 2.
Symbol identity errors, on the other hand, occur when an
expression is evaluated with the correct operands but at least
one incorrect operator—for instance, solving 4 + 3 × 2 as if it
were actually 4 + 3 + 2. Landy and Goldstone asserted that the
rules of operator precedence are enforced, in part, through
low-level visual–perceptual/attentional factors. Similarly,
in addition to the shapes of the symbols themselves, the spac-
ing between the symbols influences symbol identification.
These spacing effects persist even outside the domain of ar-
ithmetic computation: Search response times are faster for
multiplication signs than for addition signs (both signs

presented in valid expressions), and participants fixate multi-
plications earlier than additions (Landy, Jones, & Goldstone
2008).

Symbol spacing, in this case, corresponds to Bproximity^
in standard Gestalt theory (e.g., Wertheimer, 1923), or a bias
to group stimuli that are close to one another. Proximity ap-
pears to naturally follow from the contiguous sets of parts that
comprise many objects in the world (for a discussion of the
ecological validity of proximity as a perceptual grouping cue,
see Brunswik & Kamiya, 1953). Applying proximity to typed
symbols may also be quite natural to many readers, given that
adjacent letters in words written in, for example, the modern
English alphabet are typically more closely spaced than adja-
cent letters in different words. Although we used proximity
exclusively in the experiments presented below, other princi-
ples of perceptual organization can also be applied (although
perhaps less naturally) to the grouping of symbols in arithmet-
ic expressions (Landy, Allen, & Zednik, 2014). Though the
Gestalt principles are traditionally considered in the context of
organization of visual or auditory scenes, even early Gestalt
theorists saw the same principles as widely applicable to gen-
eral problem solving (see, e.g., Ohlsson, 1984). The idea here
is somewhat different from Gestalt problem solving, in that
traditional perceptual grouping might not reveal a solution,
but it could bias the perceiver either toward or away from
formal established rules for solving the problem.

Taken together, the results presented above make an inter-
esting prediction. Landy and Goldstone (2007a, 2010) provid-
ed evidence that fundamentally visual–perceptual processes
help guide the evaluation of visible compound expressions.
That is, the pattern of errors they observed was consistent with
the idea that the rules of operator precedence are, at least in
part, enforced through attentional biases acting on visual rep-
resentations. Error analysis also suggests that these same
biases influence symbol identification. Arithmetic computa-
tion on nonvisible expressions—that is, mental arithmetic—
however, appears to involve primarily verbal representations.
Since the physical spacing of symbols is not explicitly con-
served in verbal codes, we expect that the symbol-spacing
effects observed by Landy and Goldstone would disappear if
the observer could not view the expression throughout its
evaluation, but instead had to refer to the mental representa-
tion of the expression.

Here we tested whether the effect of symbol spacing (in-
consistent or consistent with the rules of operator precedence)
persists when arithmetic expressions are solved using mental
arithmetic. As we discussed above, there is substantial evi-
dence that mental arithmetic involving visually presented
numbers relies on a verbal code. Consequently, one might
expect that mentally evaluating an arithmetic expression
would not rely on the same visual–perceptual/attentional fac-
tors that evaluating a currently visible expressions does.
Alternatively, if symbol-spacing effects were observed in
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mental arithmetic, this would imply an interesting interplay
between visual and verbal representations in the mental eval-
uation of arithmetic expressions. Below we replicated the
symbol-spacing effect (Exp. 1) and investigated whether
symbol-spacing effects persist when the same expressions
are mentally evaluated (Exp. 2). Finally, we looked for evi-
dence of symbol-spacing effects when participants were ex-
plicitly required to verbalize the expressions (Exp. 3).

Experiment 1

Method

Participants A total of 21 undergraduate college students
participated in exchange for course credit. For Experiments
1–3, participants were only included in the analysis if they
responded with the correct answer on at least 75% of all trials.
One participant was excluded from the analysis of Experiment
1 for low performance.

Stimuli The stimuli were arithmetic expressions composed of
two operators and three operands. The selection of expres-
sions closely followed Landy and Goldstone (2010),
Experiment 2. The operators were two additions, two multi-
plications, an addition followed by a multiplication, or a mul-
tiplication followed by an addition (++, ××, +×, or ×+). The
operands were selected from 2, 3, and 4, with replacement,
with the exception of triplets that included only one operand
(i.e., 2, 2, 2; 3, 3, 3; and 4, 4, 4). For mixed-operator expres-
sions (+× and ×+), the spacing of the operands was either
consistent (closer spacing between operands being multiplied)
or inconsistent (closer spacing between operands being added).
Here Bconsistent^ and Binconsistent^ refer to how perceptual
grouping by spacing related to the rules of operator precedence.
For expressions with the same operator (++ and ××), proper
implementation of the rules of operator precedence could not
be assessed, but the same variation in spacing was used. In
sum, all possible combinations (4 operand pairs × 24 operator
choices × 2 spacings) were each presented on exactly one trial.
Trial order was randomized across participants.

Expressions were presented on an iMac computer with a
24-in. display set at 1,920 × 1,200 pixels resolution.
Participants were seated approximately 122 cm from the
screen. At this viewing distance, the expressions, presented
centered on the screen, subtended approximately 2.7 ×
0.4 deg of visual angle. The operand–operator spacing was
measured from the center of the addition or multiplication sign
to the center of the nearest number. The wide spacing (consis-
tent for additions, inconsistent for multiplications in mixed-
operator expressions) was approximately 0.78 deg, and the
narrow spacing (inconsistent for additions, consistent for mul-
tiplications inmixed-operator expressions) was approximately

0.45 deg. For example, in the following expression B4 + 3×2^,
as printed here with consistent spacing, the spacing around the
addition sign is wide and the spacing around themultiplication
sign is narrow.

Design and procedure For Experiment 1, we employed a
within-subjects design in which arithmetic evaluation perfor-
mance was compared for expressions with consistent and in-
consistent spacing. All participants evaluated equal numbers
of both types of expressions. The dependent measures includ-
ed median response times, overall error rates, operator prece-
dence error rates, and symbol identity error rates.

A diagram of the procedure for Experiment 1 is shown in
Fig. 1. Participants completed 192 trials, each of which was
initiated by a press of the space bar. After the space bar was
pressed, a message appeared on the screen indicating the trial
number (e.g., BTrial 2 of 192^). After 1.5 s, that message was
replaced with one of the arithmetic expressions described
above. Participants were to correctly evaluate the expressions
as they were presented. They were instructed to compute a
correct numeric response and to enter the corresponding digit
or digits using the number keys (0–9) on a standard computer
keyboard. Upon the first buttonpress participants made to en-
ter their responses, the expression would disappear, and par-
ticipants could view their response as they completed it.
Participants were able to correct mistakes, and once they were
satisfied with their response, a press of the space bar would
submit it.

Measures For each participant, response times and error rates
were measured. The response time for each trial was defined
as the elapsed time between the presentation of the expression
and the participant’s next buttonpress. That is, the response
time for each trial corresponded to the time during which the
expression (third panel in the sequence shown in Fig. 1) was
visible.

Operator precedence and symbol identity error rates were
measured separately. Operator precedence errors could only
occur on trials when amixed-operator (onemultiplication, one
addition) expression was presented. These errors occurred
when a participant evaluated an expression as if the rules of
operator precedence for multiplication and addition were re-
versed (in our mixed-operator expressions, adding beforemul-
tiplying). Symbol identity errors could occur on any trial.
These errors occurred when a participant evaluated an expres-
sion as if one or both of the operators were the other type (e.g.,
adding two numbers that should be multiplied).

Results

Response time and error rate analysis AWilcoxon signed-
rank test indicated that errors were more frequent for expres-
sions with inconsistent spacing than for expressions with
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consistent spacing (z = −2.48, p = .013, effect size r = .55).
Median response times were also longer for expressions with
inconsistent spacing than for expressions with consistent spac-
ing (Mcon = 2.57 s, SD = 0.64 s;Mincon = 2.82 s, SD = 0.74 s),
t(19) = 3.51, p = .002, d = 0.78.

More relevant to the present study, however, is that opera-
tor precedence error rates were higher for expressions present-
ed with inconsistent spacing than for expressions presented
with consistent spacing (z = −2.87, p = .004, r = .64). We
did not, however, find a reliable difference in symbol identity
error rates between expressions presented with inconsistent
spacing and expressions presented with consistent spacing (z
= −0.36, p = .717, r = .08). Figure 2, left panel, shows the
mean (across participants) proportions of errors of each type,
relative to the total numbers of errors made by each partici-
pant, for expressions with consistent and inconsistent spacing.
Figure 2, right panel, shows the mean (across participants)
operator precedence and symbol identity error rate differences
between expressions with inconsistent and consistent spacing.

Since Fig. 2, left panel, shows errors by type and condition,
each as a proportion of the total error responses for expres-
sions with consistent and inconsistent spacing, it is clear that
some errors could not be classified as either operator prece-
dence errors or errors of symbol identity. The participants in
Experiment 1 had a mean unclassified error rate of 2.20 errors
(SD = 2.95): 50 % of these errors appeared to be buttonpress
errors, in which a single digit, B1,^ was pressed; 23 % of these
errors involved a response in which one of the entered digits
was adjacent on the keyboard to the correct key, or was off by
one (e.g., entering B12^ instead of B13^). These could be
either buttonpress or counting errors. The remaining, unclas-
sified errors fit no obvious pattern.

Discussion

Landy and Goldstone (2010) suggested that the influence of
Gestalt grouping effects on the implementation of the rules of
operator precedence reflects a deep connection between per-
ception and the learned rules of operator precedence in arith-
metic operations. In compound expressions involving both
multiplication and addition, like the ones used here,

multiplications draw attention and form better perceptual
groups. Although deliberate application of learned procedures
is clearly important (even for expressions presented with in-
consistent spacing, errors were relatively rare), the rules of
operator precedence do appear to be enforced, in part, through
a fundamentally perceptual mechanism. When one considers
that inexperienced participants benefit from physical spacing
of symbols that is consistent with the rules of operator prece-
dence (Kirshner, 1989), and that both handwritten expressions
and typeset algebraic notations employ consistent spacing
(Landy & Goldstone, 2007b), it makes sense that experienced
participants might have learned to implicitly utilize this cue
for deciding which part of a compound expression should be
evaluated first.

Our results are in general agreement with those reported in
Experiment 2 of Landy and Goldstone (2010). Operator pre-
cedence error rates were higher when spacing was inconsis-
tent. We did not, however, find that symbol identity error rates
were reliably different across the inconsistent and consistent
expression types.We suspect that the use of spacing as a cue to
symbol identity would be more apparent when the processing
of other visual cues (e.g., the shapes of the symbols) is com-
promised (see Exp. 2).

Our results are consistent with studies showing that percep-
tual grouping and attention, in addition to the deliberate appli-
cation of learned procedures, guide the evaluation of simple
arithmetic expressions. These results, however, are for visible
expressions that are continually available for inspection
throughout the evaluation procedure. As we discussed above,
for mental arithmetic, the literature suggests that verbal, not
visual, representations are predominant. Although it is not
surprising that the same information might be encoded in dif-
ferent formats depending on task demands (see, e.g., Tversky,

Press space to 
begin next trial

Trial 2 of 192

4 + 3   x   2
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.....displayed for 1.5 sec

.....displayed until space bar is pressed

.....displayed until number key (0-9) is pressed

.....displayed until response is entered
and space bar is pressed

Fig. 1 Diagram of the procedure for a sample trial of Experiment 1
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Fig. 2 Experiment 1, error rate analysis. On the left, mean proportions of
total errors are shown by error type (symbol identity, operator
precedence) and expression spacing (consistent, inconsistent). On the
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(inconsistent minus consistent) are shown by error type (symbol
identity, operator precedence). Error bars are ±1 standard error of the
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1969), the use of an exclusively verbal representation would
be generally inconsistent with the pattern of errors observed in
Experiment 1. For arithmetic expressions, a purely verbal rep-
resentation would not traditionally preserve information about
operator–operand spacing (see the General Discussion,
below).

To test this idea, in Experiment 2 we modified the task used
in Experiment 1 to require mental arithmetic and to discourage
the use of a visual representation.We again compared operator
precedence and symbol identity error rates across expression
spacing types (consistent vs. inconsistent) to see whether ev-
idence of a visual–perceptual strategy for the evaluation of
arithmetic expressions would persist.

Experiment 2

Method

Participants A total of 54 undergraduate college students
participated in exchange for course credit. Fourteen of these
participants were excluded from the analysis for low
performance.

Stimuli The same arithmetic expressions presented to partic-
ipants in Experiment 1 were presented in Experiment 2. In
Experiment 2, however, the expressions were visible on the
screen for only 500 ms, before they were replaced with a
visual mask. Two different visual masks were used. Of the
40 participants included in the analysis, 20 viewed expres-
sions that were masked with white noise (centered on the
screen and subtending approximately 6.3 × 2.4 deg of visual
angle), and 20 viewed expressions that were masked with a
string of ten digits (randomly selected on each trial, centered
on the screen, and subtending approximately 3.9 × 0.4 deg of
visual angle). Both masks covered the part of the screen on
which the arithmetic expressions were presented.

Design and procedure The design of Experiment 2 was sim-
ilar to that of Experiment 1. As in Experiment 1, we employed
a within-subjects design in which arithmetic evaluation per-
formance was compared for expressions with consistent and
inconsistent spacing. All participants evaluated equal numbers
of both types of expressions. The dependent measures includ-
ed median response times, overall error rates, operator prece-
dence error rates, and symbol identity error rates.

Participants completed 192 trials. Each trial was initiated
by the participant, as in Experiment 1. Again, participants
were prompted with the trial number and then, 1.5 s after the
participant had initiated the trial, a randomly selected arith-
metic expression appeared on the screen for 500 ms before
being replaced by a visual mask (see Fig. 3). This presentation
time was chosen in part because it was long enough so that

encoding the expressions appeared, from inspection, to be
sufficiently easy, but also short enough so that evaluation of
the expressions would involve reference to a mental represen-
tation. At any time after the mask was presented, participants
could begin to input their responses.

Measures The response time for each trial was defined as the
elapsed time between the presentation of the expression and
the participant’s next buttonpress. That is, the response time
for each trial corresponded to the time during which the ex-
pression and mask (first and second screens in the sequences
shown in Fig. 3) were visible.

Results

Validation of presentation time Performance evaluating con-
sistent expressions in both the white noise and numbers mask
conditions of Experiment 2 (93 % correct, 93 % correct) was
similar to performance evaluating the consistent expressions
in Experiment 1 (97 % correct). Also, more than 99 % of the
response times recorded in Experiment 1 were longer than 1 s,
so it appears that a presentation time of 500 ms was sufficient-
ly short that most trials involved reference to a mental repre-
sentation of the visually presented expression.

Response time and error rate analysis As in Experiment 1,
the error rates were higher for expressions with inconsistent
spacing than for expressions with consistent spacing. This was
true for both the white noise mask condition (z = −2.15, p =
.031, r = .48) and the numbers mask condition (z = −3.28, p =
.001, r = .73). Median response times were also longer for
expressions with inconsistent spacing than for expressions
with consistent spacing for both the white noise mask condi-
tion (white noise mask: Mcon = 2.48 s, SD = 0.69 s; Mincon =
2.74 s, SD = 0.53 s), t(19) = 4.15, p = .001, d = 0.93, and the
numbers mask condition (numbers mask:Mcon = 2.64 s, SD =
0.53 s,; Mincon = 3.00 s, SD = 0.62 s), t(19) = 6.60, p < .001,
d = 1.48.

As in Experiment 1, we again found that operator prece-
dence error rates were higher for expressions presented with
inconsistent spacing than for expressions presented with con-
sistent spacing, for both the white noise mask condition (z =
−2.24, p = .025, r = .50) and the numbers mask condition (z =
−2.84, p = .004, r = .64). However, unlike in Experiment 1, in
Experiment 2 we also found that symbol identity error rates
were higher for expressions presented with inconsistent spac-
ing than for expressions presented with consistent spacing.
This difference was reliable for both the white noise mask
condition (z = −2.55, p = .011, r = .57) and the numbers mask
condition (z = −2.42, p = .015, r = .54). Figure 4, left panel,
shows the mean (across participants) proportions of errors of
each type, relative to the total number of errors made by each
participant (within each experiment), for expressions with
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consistent and inconsistent spacing and the noise and numbers
masks separately. Figure 4, right panel, shows the mean
(across participants) operator precedence and symbol identity
error rate differences between expressions with inconsistent
and consistent spacing, also separated by mask type.

As in Experiment 1, it is apparent that some errors could
not be classified as either operator precedence errors or errors
of symbol identity. Participants in the white noise mask con-
dition of Experiment 2 had a mean unclassified error rate of
3.60 errors (SD = 3.15). Participants in the numbers mask
condition of Experiment 2 had a mean unclassified error rate
of 4.95 errors (SD = 2.31). Errors in which a single digit, B1,^
was pressed accounted for 18 % of unclassified errors in the
white noise mask condition, and 19% of unclassified errors in
the numbers mask condition. Errors in which one of the digits
was entered as the digit on a key adjacent to the correct digit or
off by one (e.g., entering B12^ instead of B13^) accounted for
24 % of unclassified errors in the white noise mask condition,
and 29 % of unclassified errors in the numbers mask condi-
tion. The remaining unclassified errors fit no obvious pattern,
but the larger proportion of these errors, relative to Experiment

1, may have been due to increased encoding errors as a result
of the visual masking.

Discussion

Experiment 2 was designed to require participants to evaluate
visually presented arithmetic expressions using a mental rep-
resentation. Visual masking (white noise, numbers) was
employed to further challenge the use of a stored visual rep-
resentation. Awhite noise mask carries no semantic informa-
tion and, by definition, has equal power in all spatial frequen-
cies. The numbers mask was also used, to test whether or not a
masking stimulus composed of readable symbols and a more
closely matched power spectrum would be more effective in
disrupting visual processing. We expected that operator pre-
cedence errors would occur independent of operator–operand
spacing if a mental representation were used, because earlier
studies had indicated that mental arithmetic operates on verbal
representations in which symbol spacing information is lost.
Furthermore, we expected that forming a verbal representation
would be a natural strategy if visual masking were used to
compromise the formation of a visual representation (see,
e.g., Breitmeyer & Öğmen, 2006).

The median response times for evaluating the expressions
(as estimated by the time between presentation of the expres-
sion and the first keypress for inputting the numeric response,
averaged across participants) were similar in Experiment 1 (M
= 2.96 s, SD = 0.77 s) and Experiment 2 (M = 2.88 s, SD =
0.63 s). Since the presentation time (prior to masking) was
restricted to 500 ms, it is reasonable to assume that partici-
pants relied on a mental representation of the expression once
it was no longer visible.

We used two different types of mask: white noise and ran-
dom numbers. In both cases, we found a reliable difference in
operator precedence error rates between the consistent and
inconsistent spacing conditions. This result indicates that
these expressions were evaluated using a representation that
retained visuospatial information; that is, verbal recoding did
not occur. This was surprising, given the earlier studies,
reviewed above, showing that mental arithmetic is mediated
by verbal representations. It is important to note, however, that
our results do not exclude the possibility of any role for a
verbal code. Instead, they show that the representation that

4 + 3   x   2 .....displayed for 500 msec

.....displayed until number key (0-9) is pressed
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4 + 3   x   2
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5689425627

White Noise Mask Numbers Mask

.....displayed until response is entered
and space bar is pressed

Fig. 3 Expression presentation
and masking with a white noise
mask (left) and a numbers mask
(right) for a sample trial of
Experiment 2
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supports the mental evaluation of simple arithmetic expres-
sions maintains visuospatial characteristics—that is, a repre-
sentation that is at least in some sense visual and nonverbal. In
the General Discussion, we consider how a hybrid represen-
tation of this sort might be used.

Besides these earlier results, though, we had other reasons
to expect to find verbal recoding of the arithmetic expressions
presented in Experiment 2. Verbal recoding is a well-
established strategy for maintaining information in working
memory. Even 2-year-old children are capable of boosting
memory performance through strategic verbal recoding
(Kibbe & Feigenson, 2014). Human memory has been shown
to flexibly adapt the format in which information is stored in
response to task demands (e.g., Tversky, 1969). By changing
the task demands so that visual processing was curtailed, we
expected that the expressions would be recoded in a verbal
format in which symbol spacing information would be lost.
This was not the case.

One alternative explanation for our results is that, perhaps
some participants evaluated the expressions very quickly,
using the visually available information. If this occurred, we
would expect participants who made operator precedence er-
rors when evaluating expressions with inconsistent spacing to
also have faster response times. We investigated this alterna-
tive hypothesis, by comparing the response times for partici-
pants in Experiment 2 who exhibited more operator prece-
dence errors for expressions with inconsistent spacing to those
for all other participants. This alternative hypothesis—that
excess operator precedence errors for expressions with incon-
sistent spacing should be associated with faster response
times—was not supported. The median response times for
participants in Experiment 2 who exhibited more operator
precedence errors for expressions with inconsistent spacing
(M = 2.86 s, SD = 0.64 s) were very similar to the median
response times for all other participants (2.89 s, SD = 0.64 s).

One could still be concerned that the visual encoding and
evaluation of expressions using a visual representation might
always happen very quickly, with response times being dom-
inated by other processes like response initiation. If this were
the case, longer response times would not be associated with
increased error rates. More generally, perhaps the masking did
not sufficiently disrupt visual processing of the stimulus to the
extent that a verbal recoding strategy was warranted. We sus-
pect that this was not the case. Visual masking appeared to
make the evaluation of expressions considerably more chal-
lenging, as was indicated by the differential participant exclu-
sion rates in Experiments 1 and 2. In Experiment 2, five (white
noise condition) and nine (numbers mask condition) partici-
pants were excluded from the analysis due to failure to cor-
rectly evaluate 75 % of the expressions. In Experiment 1, the
same performance threshold only resulted in the exclusion of
one participant. If the encoding and evaluation of expressions
occurred rapidly while the expressions were still visible, we

would expect the masking to have little impact on task
difficulty.

Unlike in Experiment 1, in Experiment 2, we also found a
reliable difference in symbol identity error rates between the
consistent and inconsistent spacing conditions. Recall that
symbol identity errors are errors in which an operator in an
expression (e.g., a B+^) is inappropriately processed as a dif-
ferent operator (e.g., a B×^), so that, for example, the expres-
sion B4 + 3 × 2^ would be erroneously evaluated as B4 × 3 ×
2^. The fact that symbol identity errors were more common in
the evaluation of expressions presented with inconsistent
spacing suggests that the spacing between symbols in an ex-
pression is used as a cue to symbol identity, at least under
conditions in which the identification of symbols is
challenging.

Increased symbol identity errors under conditions of com-
promised visual encodingmay be related to “cue recruitment,”
in which an uninformative visual cue (e.g., presentation posi-
tion on a computer screen) can be trained in order to disam-
biguate a bistable figure (e.g., a Necker cube; Qi, Saunders,
Stone, & Backus, 2006). In our case, spacing, a formally un-
informative cue to symbol identity, was being used as if it
were predictive. For this learning to occur, observers must
have been exposed to scenarios in which relatively narrow
spacing was associated with multiplication and relatively
wide spacing was associated with addition. As Landy and
Goldstone (2010) discussed, this relationship does appear in
some natural contexts.

In Experiment 2, we created conditions under which par-
ticipants needed to use mental arithmetic to evaluate simple
arithmetic expressions. We also used visual masking to impair
the formation of a visual representation of the expressions.
Still, we found no evidence of verbal recoding. In
Experiment 3, we again looked for evidence of verbal
recoding. Here, however, instead of inhibiting formation of a
visual representation, we promoted the formation of a verbal
representation.

Experiment 3

Method

Participants A total of 21 undergraduate college students
participated in exchange for course credit. One participant
was excluded from the analysis for low performance.

Stimuli The same arithmetic expressions presented to the
participants in Experiments 1 and 2 were presented in
Experiment 3.

Design and procedure The design of Experiment 3 was sim-
ilar to the designs of Experiments 1 and 2. Again, we
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employed a within-subjects design in which arithmetic evalu-
ation performance was compared for expressions with consis-
tent and inconsistent spacing. All participants evaluated equal
numbers of both types of expressions, and the dependent mea-
sures included overall error rates, operator precedence error
rates, and symbol identity error rates.

Participants completed 192 trials. Each trial was initiated
by the participant, as in Experiments 1 and 2.

Participants were instructed that, upon presentation of the
expression, they should immediately verbalize the expression,
out loud, and press the space bar as soon as they had complet-
ed their verbalization. The expression disappeared when the
space bar was pressed, at which point participants would com-
plete the trial by entering their response in the same manner as
in Experiments 1 and 2 (see Fig. 5). The verbalization of
expressions was intended to promote the formation of a verbal
representation of each expression.

Results

Error rate analysis As in Experiments 1 and 2, error rates
were higher for expressions with inconsistent spacing than for
expressions with consistent spacing (z = −2.31, p = .021, r =
.52). The primary results of interest in Experiment 3 closely
matched those found in Experiment 1. Operator precedence
error rates were higher for expressions presented with incon-
sistent spacing than for expressions presented with consistent
spacing (z = −2.55, p = .011, r = .57). As in Experiment 1, we
did not find a reliable difference in symbol identity error rates
between the expressions presented with inconsistent and con-
sistent spacing (z = −1.66, p = .096, r = .37). Figure 6, left
panel, shows the mean (across participants) proportions of
errors of each type, relative to the total number of errors made
by each participant, for expressions with consistent and incon-
sistent spacing. Figure 6, right panel, shows the mean (across
participants) operator precedence and symbol identity error
rate differences between expressions with inconsistent and
consistent spacing.

As in Experiments 1 and 2, it is apparent that some
errors in Experiment 3 could not be classified as either
operator precedence errors or errors of symbol identity.
The participants in Experiment 3 had a mean unclassi-
fied error rate of 1.80 errors (SD = 1.36). Errors in
which a single digit, B1,^ was pressed accounted for

22 % of the unclassified errors. Errors in which one
of the digits was entered as the digit on a key adjacent
to the correct digit or off by one (e.g., entering B12^ instead of
B13^) accounted for 28 % of the unclassified errors. The re-
maining unclassified errors fit no obvious pattern.

Discussion

In Experiment 2, we hypothesized that evaluating arithmetic
expressions using a visual representation would be less advan-
tageous when the presentation time was restricted and
masking was used to disrupt visual processing. Still we found
no evidence of verbal recoding in Experiment 2. In
Experiment 3, we took a different tack.

Here, we attempted to encourage participants to
recode the visually presented expressions in a verbal
format. The method was adapted from Experiment 2
of Brandimonte, Hitch, and Bishop (1992), in which
the authors showed that the presentation of verbal labels
near images led to verbal recoding. In our Experiment
3, participants were required to articulate the expression,
after which the expression disappeared and they could
enter their response. In this way, verbal recoding might
be quite natural, perhaps automatic, or at least was more
apparent as a strategy.

Articulating the expression would also, presumably, pres-
ent the stimulus in a format more closely matched to the for-
mat of verbal working memory, and so the processing costs of
recoding the expression would, to some extent, be mitigated.
Finally, forming a verbal code presumably requires the time
necessary to articulate it. Since verbalizing the expression was
required in Experiment 3, any temporal costs would also be
mitigated.

4 + 3   x   2

..... “four plus three times two”
displayed until verbalization is complete
and space bar is pressed

.....displayed until response is entered
and space bar is pressed

10

Fig. 5 Expression presentation and articulation procedure for a sample
trial of Experiment 3
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We still, however, found evidence of the use of a visual
representation: Operator precedence errors were reliably more
frequent in the inconsistent spacing condition. Symbol identi-
ty errors, on the other hand, were not reliably more frequent in
the inconsistent than in the consistent spacing condition. This
fits with the results and interpretation of Experiments 1 and 2.
When visual processing was not interrupted by masking (Exp.
1), the identifying visual information of the symbols them-
selves dominates the less reliable identifying information of
the spacing between the symbols. When masking was
employed (Exp. 2), symbol spacing played a greater role in
symbol identification, leading to more symbol identity errors
in the evaluation of expressions with inconsistent spacing. In
Experiment 3, expressions were again presented for an ex-
tended period of time and without masking. Just as in
Experiment 1, the visual information of the symbols them-
selves dominated the information of the spacing between the
symbols, and again we found no reliable evidence that symbol
identity error rates depended on whether or not the spacing
was consistent with the rules of operator precedence.

General discussion

Some people report strong visual associations to simple com-
putations, and even to individual numbers (Seron, Pesenti,
Noël, Deloche, & Cornet, 1992). Neurophysiological data tell
a similar story for arithmetic. In college students, arithmetic
computation involves brain regions associated with mental
imagery and visual working memory (Zago et al., 2001).
Brain imaging of a mental calculation Bprodigy^ yielded sim-
ilar results (Pesenti et al., 2001).

On the other hand, considerable behavioral research,
reviewed above, supports the view that simple arithmetic is
mediated, perhaps primarily, by verbal representations. Other
studies have suggested a more nuanced perspective. For ex-
ample, the roles of verbal and visual representations may be
related to the mathematical operation performed (Imbo,
Vandierendonck, & Vergauwe, 2007; Lee & Kang, 2002),
dependent on an individual’s problem-solving skills
(Rasmussen & Bisanz, 2005), and even affected by whether
the expression is presented in horizontal or vertical format
(Trbovich & LeFevre 2003). A study of Chinese undergradu-
ates (Xinlin & Qi, 2003) showed that the time to solve one-
digit additions depended on whether Arabic or Chinese num-
bers (large visual difference, no auditory difference) were
used. No effect was found for one-digit multiplications, how-
ever. The researchers concluded that the students had used a
visual representation for additions but an auditory representa-
tion for multiplications (Xinlin & Qi, 2003). Besides indicat-
ing that the verbal or visuospatial dichotomy may be overly
simplistic, these results also cast doubt on the idea of a single,
amodal representation for arithmetic expressions.

Perhaps visual representations are more important in arith-
metic than some of the verbal-recoding evidence suggests.
Using an entirely different approach, the methodology
adopted here, Landy and Goldstone (2007a, 2010) showed
that formally irrelevant visuospatial characteristics of visually
presented arithmetic expressions can affect performance. But
do these perceptual-grouping effects persist in the domain of
mental arithmetic? This is the question we addressed here.

If mental arithmetic operated on exclusively verbal repre-
sentations, then spacing effects should disappear when arith-
metic expressions are mentally evaluated.We found, however,
that operand–operator spacing influences arithmetic expres-
sion evaluation even when evaluation of the expression hap-
pens at least partly after the visually presented stimulus is no
longer available for inspection. In sum, our results suggest that
recoding of the visual stimulus into either a purely verbal or an
abstract, amodal format does not occur, even when visual
masking might discourage the use of a visual representation,
or when explicit verbalization of the expression is required. It
appears that the use of a visual representation is a persistent
feature of the evaluation of visually presented arithmetic
expressions.

This result lends support to the idea that formal rules, like
operator precedence, are realized in part through perceptual
grouping and attentional strategies. Besides the evidence that
mental arithmetic involves verbal representations, verbaliza-
tion is also a common strategy used by participants in memory
experiments. This is why investigations of visual working
memory often employ articulatory suppression to ensure that
participants are not recoding a visual stimulus as a verbal
description. We expected, therefore, that perceptual grouping
effects would disappear in Experiments 2 and 3. Our finding
that perceptual strategies are employed in mental arithmetic
supports the idea that the offloading of cognitive rules onto
perceptual mechanisms is, in fact, quite fundamental.

Finding no evidence of verbal recoding was also surprising
because these stimuli were, in many ways, ideal for verbal
recoding. There were relatively few symbols and operators,
all with predefined, easy-to-articulate names. Verbal
overshadowing (Carmichael, Hogan, & Walter, 1932;
Schooler & Engstler-Schooler, 1990) was not a concern.
Verbal recoding seemed a natural strategy in Experiment 2,
and might perhaps be unavoidable in Experiment 3.

These expectations also fit with research on dual-code rep-
resentations of objects. Johnson, Paivio, and Clark (1989)
suggested that representations initiated in one modality can
activate verbal representations if the object is identified as
familiar. Representations of unfamiliar objects may also be
subject to verbal recoding if a verbal description can be gen-
erated (Lacey & Campbell, 2006). Furthermore, verbal
recoding appears to disrupt the formation of mental images
that support spatial reasoning (Brandimonte, Hitch, & Bishop,
1992). In our case, we expected that verbal recoding of
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familiar symbols (numbers, operators) would disrupt the for-
mation of mental images that might preserve veridical spacing
among the symbols. Our results, however, suggest otherwise.

It is possible, of course, that a verbal code could preserve
spacing information, perhaps as pauses in subvocalizations.
This does, however, blur the behavioral distinction between
verbal and visual encoding in the present context. It also re-
quires a relatively sophisticated mapping from the visual stim-
ulus to the verbal code, since perceptual-grouping effects like
those reported here can be induced with grouping cues not
typically found in written or typeset arithmetic expressions
(Landy & Goldstone, 2007a). On the other hand, there is ev-
idence that, in some cases, a great deal of spatial information is
preserved well in representations derived from language
(Zwaan & Radvansky, 1998), so even if a verbal code were
to replace a visuospatial code, it could still give rise to a rep-
resentation that retained spacing information. For example,
Avraamides, Klatzky, Loomis, and Golledge (2004) had par-
ticipants form mental images from verbal descriptions of
scenes, and found that representation of the spacing among
objects in verbally relayed mental images was functionally
equivalent to similar representations being generated from ac-
tual viewing.

How can we reconcile the present results with the studies
reviewed above that suggest that mental arithmetic operates
on verbal representations? The answer may be that mental
evaluation of arithmetic expressions involves a complicated
interplay among information encoded in a variety of formats:
verbal, visual, and amodal. For example, planning a procedure
for evaluating an expression may involve a visual representa-
tion in which simple features like symbol shapes, element
spacing, and parentheses guide attention and form perceptual
groups. Subparts of the expression are then sequentially read
and encoded as a verbal representation. Generating solutions
to subparts, like simple products and sums, may involve the
recall of arithmetic facts that are neither verbal nor visual.

Understanding how information encoded in different for-
mats is integrated in a single process remains a significant
challenge. However, there may be good reasons to believe that
this added complexity is justified by the benefits of utilizing
both visual and verbal working memory at once. Whereas we
have evidence that verbal and visual working memory share
resources (e.g., Mate, Allen, & Baqués, 2012; Salmela,
Moisala, & Alho, 2014), information that could be stored in
either a visual or a verbal format might be more efficiently
stored in one or the other. Perhaps for the expressions used, the
advantages of processing a pictorial, rather than a verbal, rep-
resentation justify maintaining a visual format even under the
less-than-ideal conditions of Experiments 2 and 3. One might
also imagine that the evaluation of arithmetic expressions tax-
es verbal working memory, so that visual working memory is
required to maintain adequate performance. Sorting these is-
sues out presents an interesting avenue for future research.

Symbol identity errors

Participants use the relative spacing around operators as a cue
to operator identity (Landy&Goldstone, 2010). The results of
our Experiment 2 are consistent with this interpretation. We
did not, however, find that symbol identity errors were more
common when spacing was inconsistent with the rules of op-
erator precedence in Experiments 1 and 3. The critical differ-
ence between Experiment 2 (both masking conditions) and
Experiments 1 and 3 appears to be that the visual encoding
of expressions was substantially more challenging in
Experiment 2.

We cannot, of course, draw conclusions from null results,
but the pattern across experiments suggests implicit integra-
tion of spacing information as a cue to symbol identity. In
Experiment 2, short presentation times and masking impaired
visual encoding, so that the reliability of the typically domi-
nant visual cues (symbol shapes) was lower. Under these con-
ditions, an optimal cue combination strategy might begin to
use other sources of information, like spacing, to inform sym-
bol identity. Cue combination rules of this sort have been
widely observed in perceptual phenomena (see, e.g., Young,
Landy, & Maloney, 1993).

Why does spacing convey information?

In many computer programming languages, Bwhitespace^ is
ignored by the compiler. Still, programmers use whitespace to
make their code easier to read and understand. Besides mak-
ing code appear less cluttered, whitespace can also impart a
perceptual organization that makes logical groupings more
apparent.

With similar logic, Landy, Allen, and Zednik (2014) argued
that symbol systems that use perceptual attributes to convey
information are efficient. Dropping the multiplication sign in
algebraic notation (e.g., 3y + 4) implies that multiplication
precedes addition. Shared biases, such as that Bcloser
together^ implies Bconsider together,^ make some designs
more intuitive than others. This idea is central to the principle
of pictorial realism (Roscoe, 1968), which posits that a well-
designed display’s physical characteristics (e.g., the upward
motion of a dial) should be compatible with the user’s mental
representation of the value the display is intended to convey
(e.g., an increasing quantity).

Arithmetic, perceptual learning, and instruction

Traditional education often emphasizes the learning of facts
and beliefs that can be readily put into words (Bereiter &
Scardamalia, 1996). Experts, however, often have access to
important relations they cannot articulate. This is partly how a
novice chess player who can state all the rules of chess differs
from an expert who might be unable to verbalize the strategies
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she employs. This learning of relations is one form of
Bperceptual learning^ (Kellman & Garrigan, 2009).

Perceptual learning refers to experience-induced changes
in the way that information is extracted from the environment
(Gibson, 1969). Much perceptual-learning research has fo-
cused on simple judgments or discriminations, like determin-
ing whether two line segments are collinear (Wertheimer,
1975). However, perceptual learning also influences
complicated and novel problem solving. Knoblich, Ohlsson,
Haider, and Rhenius (1999) showed that puzzle-solving per-
formance was impaired when the solution involved Bchunk
decomposition^ (Knoblich, Ohlsson, & Raney, 2001) of a
stronger, rather than a weaker, perceptual grouping. For even
more complicated problems, like geometric proofs, consider-
ing alternative representations of a problem (i.e., different per-
ceptual organizations of the same geometric diagram) may be
critical for discovery of the solution (Ohlsson, 1990).

From the results presented here, one might conclude that
using perceptual grouping to guide operator precedence or
inform symbol identification should be avoided. After all,
the three experiments presented here demonstrated the use of
perceptual strategies through their association with increased
error rates. However, the use of perceptual strategies in cases
in which they may, superficially at least, seem inappropriate
may reflect a more general principle in the development of
human expertise. Evaluating arithmetic expressions may ini-
tially involve learning explicit rules for manipulating symbols,
but experience allows for some of these rules to be offloaded
onto low-level perceptual mechanisms, like visual attention.
The ability to use basic neural machinery in novel ways may
be of critical importance. As Goldstone, Landy, and Son
(2010) discussed, evolutionarily speaking, we have only re-
cently begun evaluating arithmetic expressions. Our ability to
coopt perceptual machinery that has served humanity well for
millennia demonstrates the remarkably efficient adaptability
of the human brain.

More practically, it is important for instructors to take into
account the implications of the fact that, like it or not, learners
employ perceptual strategies. Perceptual learning is usually
not the focus of formal instruction, but it may be necessary
for achieving high levels of performance across many do-
mains. Perceptual learning allows experts to free up cognitive
resources so that more complex, higher-order relations can be
considered. But perceptual learning not only distinguishes
novices from experts, it also distinguishes the novice from
the slightly more experienced. Two children might both be
able to recall and explain the order of operations equally well.
However, a child who can evaluate arithmetic expressions
without explicitly recalling the order of operations may have
cognitive resources available for deeper learning.

Author note The authors express thanks to David Landy and Robert
Goldstone for helpful suggestions on this work.
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