
tween pairs of N points selected for experimentation
(i,; =I, 2, •.• ,N). Two different methods of multi
dimensional mapping have been described, one by
Torgerson (1952, 1958) and the other by Shepard
(1962a, b), revised by Kruskal (1964a, b). All through
the experiments, the same procedure was employed
to scale Oi;, and Torgerson's procedure was used
to construct the multidimensional maps.

Multidimensional mapping of visual space
with real and simulated stars 1

TAROWINDOW
KEIO UNIVERSITY, TOKYO, JAPAN

In each of five experiments Ss made direct assessments of
interpoint distances within a stimulus configuration. A multi
dimensional scaling method was applied to make explicit
the form of the subjective configuration. The stimulus con
figurations consisted of small light points arranged in a
two- or three-dimensional array in a dark room, and of real
stars in the sky. All the data were adequately accounted for
by a configuration constructed in Euclidean space of the
appropriate dimensionality. That was true even in the situa-
tion where alley experiments with the same Ss gave the METHOD
result that is usually regarded as evidence for a hyperbolic Experiments, StimUli, and Subjects
binocular space. The Euclidean interpretation entails a more Table 1 lists the five experiments (1 to 5) and gives
complicated form of correspondence between physical and basic information about them. All but Experiment 4
visual spaces than the hyperbolic interpretation. were conducted with sets of tiny red light points in

Stars in the night sky are perceived as being tm- a completely dark room (1.7 m x 3.5 m, and 3.3 m
bedded in a hemisphere. This fact seems to suggest high). Each light point was about 1.5 mm in diameter
an interesting psychological problem about our spatial and all were matched in brightness. A brightness
responses to configurations of small light points in level was chosen that did not give rise to a halo around
the dark. What geometry is most adequate to describe it. In Experiment 4 a set of stars was used. Experi-
visual space and what is the shape of the night sky in ment 4 was carried out at Oiso Beach which has a
perception? The present article summarizes some of the long coastline and is fairly free from stray light from
results that have been obtained in a series of studies by cities. A session in Experiment 4 was limited to 50
the author and his collaborators in which the method min to keep the shift of the configuration within a tol-
of multidimensional mapping has been used to construct erable range. Four sessions were needed to complete
maps of perceived configurations of real stars as well this experiment. The S himself was always counted
as of simulated stars in a dark room. The first step as an element of the configuration. Hence, for example,
of the method is to obtain quantitative values d;; the configuration of stimuli in Experiment 4 consisted
representing perceived interpoint distances 0;; be- of 11 selected stars and the S. Except in Experiment 5,

Table 1. Brief Description of Experiments

Experiment Stimuli
Year Description Number: !i. Repetition of §.S Condition

Experimenter (Dimen sion) judgments: 1!. of head

1 Light points
1963 randomly 18 4 TI, £1,

Miyauchi arranged (3) TK, KM. free

2 Light points
1965 randomly 16 4 £1, TK

Miyauchi arranged (3) YN, HM. free

3 Light points on
1962 a sphe-re of 17 4 TI, EI,

Matsushima r' = 0.04 (3) TK. free

4 Stars of about
1962 the same light- 12 2 TI, TK.

Matsushima ness (3) free

5
1963 Light po ints in 15 4 TI, EI, TK,

Ni shikawa the eye level (2) KM, YN,YI. fixed

• The angle of convergence in terms of radian.
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and from Eq. (5),

where xij(k) means oij expressed in terms of the
unit of the kth row of X:

(7)

(5)

(4)

ek ek
xij(k) =oijek =bijei ei = xij(iJ et

Since 0ik equals 0kt» Ctk will be given as follows,

Co = ek = bid ek = xkik)
ik ei bik ei xikf iJ!

where xki(k) denotes the ith element in the kth row,
and xikfj)denotes the kth element in the ith row of X.
The transformation (4) will be possible in as many
ways as N, the number of rows of X. Taking the average

Taking arbitrarily the kth row of X as a reference,
let us consider the transformation

Xij = ~ 't xij(k) = xij(iJ

(Cij =1)

Judgments and Scaling of Interpoint Distances
Two points were selected from the configuration of

N points as a temporary standard: a point i as an
origin and a point a as a definition of the untt, Another
point j was selected from the remaining points. Let
us denote the perceived interpoint distances between
the three points by bio ' b[a» and b ij' These are
latent in the sense that they are not directly observ
able to anybody but the perceiver. The task of the S
was to assign a number xij. a in accordance with the
apparent ratio between b ij and bia

light points or stars were widely scattered in the
visual field, subtending 180 deg in the horizontal
direction and 90 deg in the vertical direction. The S
was allowed to move his head and eyes freely to fixate
a point indicated by the experimenter, E. In Experi
ment 5 all the light points were at eye level and within
the range that could be observed with the head fixed.
Except under Method 2 in Experiment 2, all the light
points were kept on (Method 1). In Experiment 4 the
stars selected as stimuli were of the same apparent
brightness and size and, in addition, each was easily
identified and distinguished from other stars in its
vicinity.

(1)
where iF is the average of ei, i =I, 2, ..• , N. Then

(8)

thus

1 1
ei =n ~ -r-

u Uia

and xij(iJ. i, j = I, 2, .•. ,N are arranged in the form
of a matrix X. By definition, Xi(iJ =O. The suffix in
the parentheses is to indicate the unit ei in terms of
which b is externalized as x, As shown in Table I,
except for Experiment 4, n was always 4, and in each
row i , four units were used: a relatively large 0, two
medium o's, and a relatively small 0 among 0i/(i, / =
I, 2, .•. , N). Hence, ei is different from row to row.

Then with a new pair of points as the temporary
standard, the same type of judgments were continued.
Thus for the various pairs of points, judgments were
given with n different units, As stated above under
Method I, the configuration of all the points was al-,
ways visible and three of the points were selected
for a judgment of apparent-distance ratio. In Experi
ment 2, however, another method of stimuluspresenta
tion (Method 2) was tried. Only the three points to
be judged were presented at one time, and the remain
ing points were turned off. Judgments were made as
in Method 1.

Let us denote by xij(iJ the average

(9)

and all the interpoint distances are now expressed
in terms of a single common untt iF. OWing to random
errors, Xi/ will be somewhat different from Xii, and
the mean of the two is defined as the scaled value of
ij and will be denoted by di(

dij =-t(Xij + Xfi)

The matrix consisting of dij will be called the distance
matrix .Q and this is the basic datum to which the
method of multidimensional mapping is to be applied.
In the present series of experiments, the distance
matrix J9 and also the multidimensional map were
obtained for each S. The multidimensional maps thus
individually obtained have been averaged at the final
stage of analysis. No averaging procedure over individ
uals was involved in the process of analysis.

The same kind of scaling procedure was applied to
quantify color differences with fair success (Indow &

Uchizono, 1960; lndow & Kanazawa, 1960). Interpoint
distances in perception seem to be more palpable and
easier to grasp .then perceptual differences among
colors varying in more than two attributes. It is a
matter of assumption whether the S can assign numbers
in the manner presupposed in Eq. (1). If the S can do
so, then d, as defined in Eq, (9), is a manifest vari
able proportional to the latent variable O. However,
we do not have at this stage any direct method for
checking the assumption in a conclusive way. A kind

(3)

(2)

46 Perception & Psychophysics, 1968, Vol. 3 (lR),



....
'.

between the manifest variable x and the latent variable
o is in fact

(10)

Fig, 1, A test of consistency in judgments of apparent distances,

I( consistent, iii should be equal to iii within the limits of random
error. Plots A, B, and C show examples of the closest, medium,
and poorest coincidences between Xii and 1i among the 24 cases.
Of the two numerical values in each example. the upper represents
the value of M/R and the lower the value of RMS/V2R. Both mea
sures are explained in the section: Goodness of fit of Euclidean

model.

of consistency in judgments is tested by plotting xj i
against xij- If the judgments are consistent, points
should lie along the identity line passing through the
origin with the slope of unity. Three examples are
shown in Fig. 1: A, B, and C are examples for the
closest coincidence, the medium degree of coincidence,
and the poorest coincidence between -Xii and X'ji among
the 24 cases. It is to be noted that the consistency
test does not necessarily help to validate the assump
tion under discussion. Suppose that t;p.e hybrid relation

(12)(
0" )xij-a=f -.!!-

010'

then it is not possible in general to reduce the average
over Ct, XiK;), to the form equivalent toEq. (3). In
stead, xij(;) will be a function of oij and Q'ia' as
follows:

Xii(;) = g(oij, on, ois' ••• ) (13)

We can process these values in the same way as
stated above to obtain X. Then in that case, there will
be no reason in theory to expect Xii to be equal to
X'ji. We do not have, however, an objective measure
to decide whether the scatter in Fig. 1 is to be ascribed
to random errors or to the non-linearity as supposed
in Eq. (12).

This is equivalent to Eq, (3) and we obtain in the end
a variable Xii that is proportional not to 0ii but to
f( OijJ. and the consistency test will be powerless to
reveal the bias, Since f( 0 it! = f( OJ t), the relation
Xii =Xji holds in this case too. Suppose, however,
that the S assigns a number not to the ratio between
oii and 0 i 0' but to a function of it:

Xii(i) =f(oii> (; ~ f(~i() = f (oii> e'; (11)

where ! is a function of 0.. Then the average over 0'

is given by

Multidimensional Mapping
Once the distance matrix tb consisting of d's is

given, it is possible to define a configuration of points
whose interpoint distances reasonably approximate d's
given as the data. Ordinarily the configuration is Con
ceived in a Euclidean space of the smallest number
of dimensions. Let us denote the number of dimensions
by m and the length of a straight line connecting a
pair of points i and .j of the configuration by A.ij. If
the mapping is successful, ~'s are very close to or
very closely related to d's. As stated before, we have
two different ways to construct the configuration of
points. One type of method, developed by Shepard and
Kruskal, is a computer program by which a configura
tion will be obtained whose interpoint distance ~

is a monotonic function of d but not necessarily iden
tical with d. The other method, Torgerson's, will
give us a configuration in which ~ is equal to d
provided that errors are disregarded. Sometimes
both methods give essentially the same result (Indow,
1963). Throughout the present series of experiments,
the method of Torgerson has been used for the fol
lowing reason. If, as in Experiments 3 and 4, the ex
pected configuration lies in a sphere, the method of
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Shepard and Kruskal will not be appropriate. Because
of the flexibility of the relation between .c:. and d,
instead of the three-dimensional configuration, a con
figuration developed into a plane will be obtained.
Evidently this is not a faithful representation of the
perceived configuration.

The logic of Torgerson's multidimensional mapping
is described in the referenced papers. The scalar
product, matrix D, has been obtained from ~. An
element bi; of this matrix is a scalar product of two
vectors extending from the centroid of configuration
to point t and t- SUffice it to say, then, that the dimen
sionality m Is determined by the number of eigen
values of D that are significantly larger than zero,
and coordinates of the configuration are obtainable
from the corresponding eigenvectors. Eigenvalues were
always obtained by the power method, one by one in
the order of their magnitudes with the aid of a com
puter (Table 2)• Insofar as the configuration is of
a property to be embedded in real Euclidean space,
all the eigenvalues should be in theory either positive
or zero. A negative eigenvalue appeared once and an
asterisk represents cases in which the iterative pro
cedure did not converge. The former may be due to
random errors in the data, and the latter suggests
that the eigenvalues to follow were almost the same in
magnitude. An abrupt decrease in the magnitude of
the eigenValues, or abnormality of the kinds stated
above, always occurred at the stage where the number

of eigenvalues extracted exceeded the dimensions of the
stimulus configuration. Hence, the dimensionality of the
space for the multidimensional map m was defined to
be the same as that of the space for the configuration
of the stimuli. The eigenvectors corresponding to the
respective eigenvalues enable us to construct and plot
the configuration of points in perception, because a
component ai s of a vector j represents a coordinate
of a point i along one of the orthogonal axes s, i =

1, 2, ..• , N, s =1, 2, ..• , m, The configuration thus
obtained will be called the multidimensional map of
the stimulus configuration. Then, for each pair of
points, interpoint distances of four different kinds must
be distinguished:

Ii: a perceived distance in the visual space,
a latent variable.

d : a quantitative representation of s , a mani
fest variable.

.c:. : a distance in the multidimensional map in
Euclidean space.

D : a distance in the stimulus configuration in
the physical space.

Though confusing, it is necessary to bear in mind
the distinctions among the four distances.

RESUL TS
Goodness of Fit of Euclidean Model

Insofar as the stimulus configurations used in Ex
periments 1, 2, 3, and 5 are concerned, the physical

Table 2. Summary of Results: Detennination of Dimension and Test of Goodness of Fit of Euclidean Model

Experiment Ss Eigenvalues m xii: Xii dii: !iii

Al A2 A3 A4 AS adapted MIR RMSIy2R MIR RMSIR

Experiment 1 TI 695 283 159 -l,8 3 .000 .042 -.016 .054
EI 693 280 167 3 .000 .031 -.011 .030
TK 670 262 161 69 3 ~002 .039 -.003 .043
KM 554 175 153 36 3 .012 .041 .012 .037

Experiment 2
Method 1 EI 412 139 128 3 .000 .037 -.001 .036

TK 390 107 91 3 .013 .044 -.003 .059
YN 414 152 116 26 17 3 -.007 .052 -.007 .049
HM 322 111 98 19 11 3 .011 .047 -.002 .045

Method 2 EI 286 118 99 21 17 3 .005 .065 .011 .064
TK 299 103 91 27 20 3 .005 .048 .027 .059
YN 252 118 100 28 23 3 .007 .071 .012 .066
HM 321 97 92 29 18 3 .007 .045 .010 .053

Experiment 3 TI 11.6 3.1 1.6 3 -.004 .037 -.023 .046
EI 7.6 3.0 1.7 3 -.011 .030 -.042 .042

TK 9.3 3.0 1.5 3 .000 .035 -.013 .039

Experiment 4 TI 5.9 2.2 1·8 3 .000 .036 -.019 .038
TK 8.3 2.5 1.3 3 .000 .054 -.040 .076

Experiment 5 TI 215 48 2 .003 .046 -.001 .038
EI 195 47 2 .004 .028 -.008 .027
TK 597 260 2 .004 .034 .001 .032
KM 641 313 2 .014 .043 -.007 .033
YN 566 246 2 .007 .049 .000 .023
YI 169 36 2 .000 .036 .009 .056

Mean .043 .045
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Inter-point distances in the multidimensional map !).ij

Fig. 2. A test of the goodness of fit of the Euclidean model. If
the data are accounted for by the model, d should be equal to /'1
within the limits of random error..Plots A, B, and C show examples
of the relatively close, medium, and poor coincidences between
d and /'1. Plot D presents the only case where a slighUy curvi
linear trend was observed.. Of the two numerical values in each
example, the upper represents the value of M!R and the lower the
the value of RMS!R. Both measures are explained in the text.

thing called for is a careful evaluation of the fit of
the model to the data. The fit can be examined in
the follOWingway.

Once a multidimensional map is given, the values
of !)., the interpoint distances of the configuration be
come available, and we can plot !). against scaled
interpoint distances d, t.e., the basic data of multi
dimensional mapping. Four examples are shown in
Fig. 2. Except for one of the 23 cases, the points
always scattered along the identity line passingthrough
the origin with unit slope. In Fig. 2, A, B, and C are
examples of the cases with relatively sIDAlI, medium.
and relatively large deviations from the identity line,
and D gives the single case where a kind of curvi
linear trend was apparent. As simple and convenient
measures for direction and degree of discrepancies,
the mean and root-mean-square (M and RMS) of
(dij-!).if were used. Though two variables, d and !).,
have been given in terms of the same unit for each
of the Sa, the unit has been arbitrarily defined from
one S to another. Hence, M and RMS were divided by
R, the range of!)., in each case, the values of these
measures, M/R and RMS/R, are given in the last
two columns of Table 2 and also in Fig. 2. For the
sake of comparison, the inconsistencies in the process
of scaling as shown by examples in Fig. 1 (XJi - xij)
were treated in exactly the same way. Here the average
of two ranges, for X'ji and for xii' was used as R.
As defined in Eq. (9), d is the average of two x's and

hence RMS/R was divided by J2in order to make it
comparable with RMS/R for 'd - !).). The values of
M/R and RMS/J2R are also given in Table 2 and
Fig. 1. On the average, RMS/j2R for x is .043
whereas RMS/R for d is .045. In other words, the
discrepancy between d and e, was found to be of the
same order of magnitude as the instability inherent
in the process of obtaining d itself. However, there
is a very systematic trend, though slight, about the
direction of discrepancy.

As shown by the sign of M/R, d,is apt to be a little
too small compared to !).. Evidently this tendency can
not be ascribed to the possibility that !). is defined
in a space of smaller dimensionality than it should
be. If the number of dimensions of the space in which
!). is considered is increased, the value of !). either
increases or remains the same, but itneverdecreases.
Recently, Hyman and Well (1967) pointed out that if
6, distance in perception, is determined in terms of
the city-block model, points corresponding to 6 's
along the built-in dimensions tend to lie mostly below
the identity line in the plotting under discussion. It is
doubtful, however, whether there exists a set of salient
built-in coordinates, streets and avenues, in the per
ceptual space. Whatever the reason, the trend may be
regarded as a symptom of a possible deviation of the
visual space from the Euclidean model, and the single
exceptional case, D in Fig. 2, may be an extreme case
in which the non-Euclidean character of the visual space
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space, the space for D. can safely be regarded as
Euclidean in nature. On the other hand, the mathe
matical nature of the visual space in perception, the
space for 6, is a question remaining unsettled. There
is evidence, theoretical as well as empirical, in favor
of the view that the visual space is hyperbolic (Luneburg,
1947; Hardy et al, 1953; Indow et al, 1962a, b, 1963;
and others). The multidimensional map under dis
cussion, however, has always been constructed within
the framework of Euclidean geometry-.Hence, the first
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has revealed itself most clearly. The possibility that
the visual space is non-Euclidean will be discussed
later. Meanwhile, it seems apparent that the multi
dimensional map constructed in the Euclidean space
is a fairly good representation of the given data d.

Comparison of two configurations
The next step is to compare directly two configura

tions, the stimulus configuration and the multi
dimensional map. They are convertible to each other
because both are assumed to be Euclidean and of the
same dimensionality. The unit of ~ was adjusted and
the multidimensional map was superimposed upon the
stimulus configuration in a way that produced the
best possible agreement between two sets of interpoint
distances, ~ and D. as a whole. The adjustment of the
unit and the superposition could have been done in an
analytical way (Indow & Kanazawa, 1960), but, for the
sake of simplicity, the procedure was carried out by
eye in most cases. As regards the stimulus con
figuration of Experiment 4, it is meaningless to define
the configuration in terms of the astronomical posi
tions of the stars. Each star was therefore defined
as lying at the appropriate azimuth and elevation, in
a hemisphere with a constant radius from the S. The
multidimensional map of the stars was superimposed
upon the stimulus configuration thus defined.

Multidimensional mapping was made with each S in
each experiment, but the individual maps will be pre
sented elsewhere. In the follOWing, the point represent
ing the S is denoted as Point 1. In superimposing the
multidimensional map upon the stimulus configuration,
care was taken to make Point 1 coincide with the
physical position of the S. Since Experiments 1 and

Fig. 3. Average results of the
4 §.s in Experiment 2. The aver
age multidimensional map (ar
rowheads) is SuPerimposed upon
the stimulus configuration (cir
cles). The results of Method 1
are given by single lines and
Method 2 by double lines. All
the stimulus points are in the
field of vision in Method 1.
whereas only the three light
points to be judged are visible
at one time in Method 2.

2 are essentially the same in structure, only the result
of Experiment 2 is given in Fig. 3. As stated before,
two different procedures of presenting stimuli were
used in Experiment 2. The result by Method 1 (the
regular procedure) in which all the stimulus points
were in view, is given by arrowheads On single lines,
and the result by Method 2, in which only three points
were presented at a time, is given by arrowheads
on double lines, both extending from circles representing
stimuli. In each case, the result is the average of
four individual multidimensional maps. There is a
slight systematic difference between the results by
the two methods, which will be discussed later. By and
large, the two configurations show almost the same
type of deviation from the stimulus configuration.

As another example, Fig. 4 shows the average of
three individual multidimensional maps for Experi
ment 3 in which the stimuli were simulated stars
in the experimental room.

The schematic representation of the sky in percep
tion, which has been defined according to the average
of two individual multidimensional maps of real stars
in the night sky (Experiment 4), is shown schematically
by the dotted curves in Fig. 5 where the continuous
curve represents a hemisphere of a constant radius.
As to the distortion of the perceived relative to the
physical configuration, the four sets of results from
Experiments 1 to 4 show common features that are
most easUy seen in Fig. 5. Distance along the y-axis
(the right and left direction of the median plane) and
also distance along the a-axis (the upward vertical
direction) appear relatively long in relation to distance
along the x-axis (the frontal direction of the median
plane). The result in Experiment 2 suggests that the
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perceived form of a hemispherical stimulus configura
tion would deviate more from a hemisphere in the
direction indicated in Fig. 5 when scaled by Method 2
than when scaled by Method 1.

The stimulus configuration of Experiment 5 lay in
the plane of eye level and also in the region in which
the experiments on parallel and distant alleys had
been done by the author and his collaborators (Indow,
Inoue, 81 Matsushima, 1962a, b, 1963). Four out of the
six Sa in Experiment 5 had also participated in the
alley expertments, and the distant alley curves always
appeared to lie outside the parallel alley curves, which
is usually regarded as a symptom of the non-Euclidean
character of visual space. The average of six individ
ual multidimensional maps obtained in Experiment 5
Is shown in Fig. 6. As stated in Table 1. the observa
tion of points was made with the head fixed, as in the
alley experiments. It would not be necessary. of
course, for the multidimensional map (arrowheads)
to agree in shape with the stimulus configurations
(circles). The point to be noted is that we were able
to obtain a Euclidean map that describes the data well
in the paradigm for the non-Euclidean interpretation
of the binocular visual space. As shown in Table 2,
the agreement between d and .0. is especially good in
this experiment.

DISCUSSION
Within the precision discussed above (Fig. 2 and

Table 2), the scaled interpoint distance d can be
reproduced by the interpoint distance of the multi
dimensional map .0.. If the discrepancy between d
and .0. can be regarded as pure error, we may accept

1~

01020 40 00 lK) 1000m

Fig..4. The Average results of the 3 §.S in ElQIeriment 3 (simu
lated stars in a dam room). The average multidiJ!leluiional map
(arrowheads) is superimposed uPon the stimulus coofil\uration
(circles).
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Fig. 5. Schematic representation of the perceived sky (dotted
curves) obtaioed from the average of two individual multidimension
al maps (ElQIeriment 4). Solid curves represent a spherical surface.

either of two possiblities. If d is really proportional
to the perceived interpoint distance O. as derived
from the assumption stated in Eq. (I), then visual
space can be regarded as Euclidean. with the same
dimensionality as that of stimulus space. That con
clusion does not imply that the perceived configuration
of light points has to be stricUy congruent with the
physical configuration of stimuli. Each can have its
own shape even if both are Euclidean in spaces of
the same dimensionality. In that case, how the multi
dimensional map differs in shape from the stimulus
configuration simply depends upon the mappingfunction
operating between the two spaces under the given
condition. The other possiblity is as follows. Assume
that the visual space is non-Euclidean in nature and
the relationship between [) and.o. is to be given by
(, = g(.o.). Then the relation between d and [) is also
distorted in such a way that d =IIg(.o.)J =A. where.l!
is a functional relation between the latent variable
[) and its quantitative representation d as is written
in Eq, (11). In other words, g. the manifestation of
the non-Euclidean character of the visual space, has
always been just cancelled by I. the distortion in quan
tification of the basic data, to bring about the super
ficial coincidence between .0. and d. Though logically
possible, this interpretation seems to be veryimplaus
ible.

To accept the first interpretation does notnecessarily
mean to exclude completely the possibility of the visual
space being non-Euclidean. The possibility would still
remain that the procedure of the present experiments
is not powerful and sensitive enough to make explicit
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what task was given to the S. For example, in both
models, position of a perceived point with regard to
the horizontal and median planes of the visual space
is always directly given in terms of the angle of
elevation and the polar latitude of the stimulus point
in the physical space. When we assume a simple and
rigid correspondence of this kind, a set of empirical
facts would inevitably lead to the hyperbolic inter
pretation of the binocular visual space. In Experiments 1
to 4, the S was allowed to move his head and eyes during
observation in whatever way he liked. Hence, the con
dition of these experiments was not directly comparable
to that of the Luneburg and Blank models.

In this context, the result of Experiment 5 is most
interesting, because the condition was the same, except
for the task given to the S, as that of the alley experi
ments in the Luneburg and Blank models. In all the
cases, the binocular visual space was found to be
describable in terms of Euclidean geometry. Under
the Euclidean interpretation, however, we would have
to assume the correspondence between the two spaces,
physical and visual, to be more complicated in form
as indicated by arrows in Figs. 3, 4, and 6, and by
the dashed lines in Fig. 5. The correspondence cannot
be given in the form of an equation and may not even
be rigid from one situation to another (Indow, 1967).

We are now ready to discuss the deformation of the
configuration when it is imaged from the physical space
into the binocular visual space. The deformation is
a manifestation of the complex correspondence between
the two spaces if we assume the binocular visual space
to be Euclidean. In this respect, Experiment 4 is
particularly interesting, because the configuration of
stars in the night sky is dealt with therein. An anal
ogous configuration of light points in a dark room was
used in Experiment 3. Both experiments gave essen
tially the same result. As shown in Figs. 4 and 5,
stimuli randomly arranged on a sphere do not give
rise to points appearing on a sphere in the visual
space. Points on the y-axis tend to appear farther
away than points on the x-axts, The same is true with
points on the zenith (the a-axis), It is generally be
lieved that the sky appears somewhat flat, with the
horizon appearing farther away than the zenith (e.g.,
Kaufman & Rock, 1962). If we assume the stars to
be coplanar with the perceived sky, the shape of the
reconstructed sky is contradictory to what is expected
from this widely accepted observation.

Two comments are in order in this context. One is
concerned with the experimental condition. In both
experiments, there was nothing but empty space be
tween the S and stars or light points. According to
the apparent-distance hypothesis on the moon illusion
proposed by Rock and Kaufman (1962), the major factor
in the moon illusion is the presence of terrain, which
creates the sense of greater distance in the horizon.
In experiments in a planetarium and in a dark field
with no visible terrain, they showed that there was no
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Fig. 6. Average results or the 6 ~s in Experiment 4. The average
multidimensional map (arrowheads) is superimposed upon the
stimulus configuration (circles).

and visible, as a non-linearity between ~ and d. the
deviation of visual space from the Euclidean form.
What has been discovered in this series of experiments
simply indicates that the binocular visual space is
describable in terms of Euclidean geometry with the
above-stated accuracy. Even if the binocular visual
space is non-Euclidean, the departure must be of such
an order that it is completely absorbed in the scatter
from the identity line as is shown in Fig. 2.

Luneburg (1947, 1948, 1950) and Blank (1953, 1957,
1958a, b) presented theoretical models in which bin
ocular visual space was assumed to be hyperbolic.
As to the correspondence between the physical space
and the visual space, both authors assumed a relatively
simple. form that would remain invariant no matter
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substantial illusion. The situation in Experiments 3 and
4 is analogous to that in the experiments of Rock and
Kaufman. In fact, there is reason to believe that the
shape of the sky obtained in Experiment 4 was not
an artifact of the process of multidimensional mapping.
During observation at the seashore, the Ss in Experi
ment 4 had the impression that the sky was extending
most in the direction of left and right (the y-axis),
next most toward the zenith, and least toward the
horizon. The same impression was more marked with
the light-point conftguration in Experiment 3 where the
Sa felt as if surrounded by an invisible curved wall
in the dark, and the distance to the wall was felt short
est in the direction of the x-axts. The wall had nothing
to do with the presence of the physical wall of the
room. Whatever the reason for these impressions,
they are reflected in the shape of the reconstructed
configurations.

The second comment is concerned with the location
of stars with respect to the sky in perception. The
Ss in Experiment 4 reported the impression that the
stars tended to recede into the sky farther and farther
when they were fixated. It is doubtful, therefore, that
perceived stars are really coplanar with the sky in
perception.' If not, the obtained configuration of stars
is not a faithful representation of what the night sky
looks like.
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Note
1. The author wishes to express his warmest gratitude to his
collaborators who conducted the experiments and discussed the
subject matter with the author. Thanks are also due to the staff
member and students in the Psychological Laboratory in Keio
University who participated in the experiments. Detailed reports
on Experiments I to IV are being published by Matsushima and
Noguchi (1967).
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