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The perception of 3-dimensional affine structure
from minimal apparent motion sequences
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The research described in the present article was designed to identify the minimal conditions
for the visual perception of 3-dimensional structure from motion by comparing the theoretical
limitations of ideal observers with the perceptual performance of actual human subjects on a
variety of psychophysical tasks. The research began with a mathematical analysis, which showed
that 2-frame apparent motion sequences are theoretically sufficient to distinguish between rigid
and nonrigid motion and to identify structural properties of an object that remain invariant un
der affine transformations, but that 3 or more distinct frames are theoretically necessary to ade
quately specify properties of euclidean structure such as the relative 3-dimensional lengths or
angles between nonparallel line segments. A series of four experiments was then performed to
verify the psychological validity of this analysis. The results demonstrated that the determina
tion of structure from motion in actual human observers may be restricted to the use of first order
temporal relations, which are available within 2-frame apparent motion sequences. That is to
say, the accuracy of observers' judgments did not improve in any of these experiments as the
number of distinct frames in an apparent motion sequence was increased from 2 to 8, and perfor
mance on tasks involving affine structure was of an order of magnitude greater than performance
on similar tasks involving euclidean structure.

When a visible object moves relative to an observer (or
vice versa), there are continuous deformations of optical
stimulation that can often provide perceptually salient in
formation about an object's 3-dimensional structure. This
can be demonstrated most clearly with displays that con
tain no other sources of static pictorial information. Sup
pose, for example, that an observer views a video display
of an unbounded configuration of randomly positioned
dots or lines. If such a configuration is presented at a sta
tionary orientation, observers inevitably report that the
display appears as a 2-dimensional pattern of random
noise. If the same configuration begins to rotate in depth,
however, its 3-dimensional structure becomes immedi
ately apparent-even to naive observers (e.g., see Wal
lach & O'Connell, 1953).
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During the past decade, numerous attempts have been
made to explain this phenomenon, by developing formal
models of how an object's structure can be computation
ally determined from its pattern of projected motion.
Although there is considerable variation in the specific
details of these models, several generic characteristics are
shared by many of them. Most analyses assume, for ex
ample, that the observed object is composed of identifi
able discrete points, and that its motion is constrained to
rigid rotations in depth. They also share a common goal
of computing the 3-dimensional distance between each
pair of points, solely on the basis of the measured posi
tions of those points within a sequence of 2-dimensional
orthographic projections. Almost all of these analyses
have been focused on the theoretical limitations of an
"ideal observer," who can identify the corresponding
points in successive views, and who can measure the
projected position of each point and perform necessary
mathematical operations with perfect accuracy. Within
this context, it can be proven mathematically that three
distinct views of four noncoplanar points are both neces
sary and sufficient for the obtaining of a unique interpre
tation of an object's 3-dimensional structure (see Bennett,
Hoffman, Nicola, & Prakash, 1989; Huang & Lee, 1989;
Ullman, 1979, 1983).

It is tempting to conclude from these mathematical anal
yses that the perception of structure from motion should
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Figure 1. Any rotation of an object in 3-dimensional space can
be decomposed into two components: a rotation about an axis in
the picture plane, followed by a rotation about the line of sight.

where xr, y;, and z: are its instantaneous position coor
dinates, Q; is its radial distance from the axis of rotation,
k; is its vertical distance from the origin, q,; is its initial
phase when t = 0, and p is the period of rotation. If we

rigid body motion where () "* 0, but it can always be re
stored by rotating 02 in the picture plane about the ori
gin Po, effectively transforming the overall pattern of mo
tion back to the special case where () = O. (A specific
algorithm for computing the required amount of rotation
solely on the basis of image data is provided in the ap
pendix.) Although it is mathematically possible to con
struct nonrigid configurations that will project to a pat
tern of parallel trajectories following image rotation, the
probability of ever encountering such a configuration in
natural vision is negligible. Thus, since the probability
of false targets is vanishingly small, the decomposition
of2-frame sequences can provide a reliable test to deter
mine whether an object is undergoing rigid motion (see
also the related analyses of Bennettet al., 1989; and Koen
derink & van Doom, in press).

Let us now consider how the pattern of projected mo
tion can be used to determine an object's 3-dimensional
structure. For the purposes of this analysis we shall as
sume that two views of an object occur close together in
time, so that each element's displacement provides a
reasonable approximation of its instantaneous velocity;
and that one of the views has been rotated appropriately
(as described above), so that all of the projected element
trajectories are parallel to one another. If we align the
x-axis in the same orientation as these transformed ele
ment trajectories, then our problem will be reduced to
analyzing the special case of rotation in depth about the
y-axis (see Braunstein & Todd, 1990). Within this con
text, the instantaneous position of any point (i) at each
moment in time (t) can be defined by the following set
of parametric equations:

(1)

(2)

(3)

xi = Q; sin(21l't/p+q,;)

yt = k;

z; = Q; cos(21l't/p+q,;)

o

be theoretically impossible for displays that depict fewer
than four points or fewer than three views. Such a con
clusion would be highly misleading, however. It is im
portant to keep in mind that these theoretical limitations
of ideal observers are specifically concerned with com
puting the metric distance between each pair of points in
3-dimensional space. It does not follow that other, more
abstract properties of object structure cannot be optically
specified with smaller amounts of information. Indeed,
there is a growing amount of psychophysicalevidence that
2-frame apparent motion sequences of objects rotating un
der orthographic projection provide sufficient informa
tion for observers to obtain compelling kinetic depth ef
fects, and to accurately discriminate between different
3-dimensional structures (e.g., see Braunstein, Hoffman,
Shapiro, Andersen, & Bennett, 1987; Todd, Akerstrom,
Reichel, & Hayes, 1988).

In light of these observations, it is useful to reexamine
the computational analysis of structure from motion in an
effort to obtain a more detailed understanding of what
types of tasks are theoretically possible from 2-frame ap
parent motion sequences. Let us begin by adopting a mov
ing Cartesian coordinate system (x,y,z), where the ori
gin is attached to some visible point Po, the z-axis (i.e.,
the line of sight) is defined by a line connecting Po to the
point of observation, and the xy plane (i.e., the picture
plane) is perpendicular to the z-axis, In order to remain
consistent with previous analyses, we shall assume that
an ideal observer is able to measure the position of each
point within an object's orthographic projection in the pic
ture plane. That is to say, we assume that the x- and y
coordinates of each point are given at each moment in
time, but that their z-coordinates are unknown. The
problem is to determine which aspects of an object's 3
dimensional structure, if any, can be reliably computed
from these measures within a 2-frame apparent motion
sequence.

When defined relative to some visible feature point Po,
any rigid displacement of an object can be decomposed
into two independent components: a rotation f about an
axis in the picture plane through Po, followed by a rota
tion () about the line of sight (see Figure 1). As was first
noted by Ullman (1977, 1983), this particular method of
decomposition is especially useful for the computational
analysis of structure from motion, because it is possible
to isolate the effects of each component within the over
all pattern of optical flow.

Consider, for example, the instantaneousconfigurations
0 1 and 02 of a moving set of points at two different mo
ments in time, and their orthographic projections 0\ and
02. Let us assume initially that () = 0 (i.e., the configu
rations are related by a pure rotation about an axis in the
picture plane). In that special case, the image trajectories
between each pair of corresponding points in 0\ and 02
will all be parallel to one another in a direction that is
perpendicular to the axis of rotation (see Figure 2). This
parallelism will be destroyed in the more general case of
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differentiate Equation I with respect to time and substi
tute Equation 3, the following relation is obtained:

Zi = (dxi/dt)(p/27r) (4)
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Figure 2. Two patterns of projected trajectories relativeto a fixed
feature point Po for a random configuration of elements rotating
rigidly in 3-dirnensionalspace. Each connected pair of open and filled
circles represents a single element at different moments in time. The
upper pattern of trajectories with varying orientations is typical of
an object rotating about an axis that is slanted with respect to the
image plane. The lower pattern of parallel trajectories was obtained
by rotating the filled circles in the upper pattern about Po. Barring
the occurrence of improbable coincidences, the creation of parallel
trajectories through image rotation can only be achieved in natural
vision if tbe depicted configuration in 3-dimensional space is under
going rigid motion-see Ullman, 1977.

This relation demonstrates that the instantaneous depth
of any point relative to the rotation axis is optically speci
fied by its transformed velocity in the image plane times
a constant, whose value is determined by the period of
rotation. Because this constant term is not specified in
stantaneously, Equation 4 cannot provide a unique in
terpretation of an object's metric structure. This is con
sistent with previous findings of Bennett et al. (1989) and
Huang and Lee (1989), who have demonstrated indepen
dently that a 2-frame apparent motion sequence under or
thographic projection will always be compatible with an
infinitely large, one-parameter family of rigid interpre
tations.'

This does not suggest, however, that a 2-frame appar
ent motion sequence is necessarily inadequate for mak
ing accurate judgments about an object's 3-dimensional
structure. To better understand why this is so, it is useful
to consider how the family of rigid interpretations com
patible with Equation 4 are related to one another. It is
important to note in particular that varying the parameter
p for a given pattern of optical motion is mathematically
equivalent to subjecting the depicted object to an affine
"stretching" transformation along the z-axis (cf. Koen
derink & van Doorn, in press). It follows, therefore, that
any structural property of an object that remains invari
ant under affine transformations can be optically speci
fied from 2-frame apparent motion sequences if the
depicted displacements are sufficiently small to approxi
mate a first-order temporal derivative. This is a surpris
ingly broad set of properties. On the basis of Equation 4,
it is possible to determine the metric length ratio between
any pair of parallel line segments; to perform various
nominal categorizations, such as distinguishing between
planar and nonplanar configurations; and to accurately de
tect structural differences between any pair of objects that
cannot be made congruent by an affine stretching trans
formation in depth (cf. Ullman, 1983).

We shall refer to these properties hereafter as affine
structure, but it is important not to be misled by this
nomenclature. The inherent ambiguity of 2-frame appar
ent motion sequences is restricted to affine stretching
transformations along the z-axis, which does not encom
pass the entire class of possible affine transformations.
Thus, two objects that are affine equivalent in the more
general sense could still be discriminated from 2-frame
apparent motion sequences if they are related by a stretch
ing transformation in any direction that is not parallel to
the z-axis.

The theoretical analysis of affine structure from mo
tion has important methodological implications. In previ
ous investigations of the kinetic depth effect, several basic
tasks have typically been employed. These include judg-
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ments of rigidity or coherence (e.g., Braunstein, 1962;
Dosher, Landy, & Sperling, 1989; Green, 1961; Peter
sik, 1979, 1980; Todd et al., 1988), discriminations of
rigid from nonrigid motion (e.g., Braunstein, Hoffman,
& Pollick, 1990; Cutting, 1987; Doner, Lappin, & Per
fetto, 1984; Lappin, Doner, & Kottas, 1980; Petersik,
1987; Todd, 1982), judgments of ordinal depth relations
(e.g., Hildreth, Grzywacz, Adelson, & Inada, 1990;
Reichel & Todd, 1990), and the discrimination or iden
tification of complex 3-dimensional forms (e.g., Braun
stein, et al., 1987; Dosher, Landy, & Sperling, 1990;
Sperling, Landy, Dosher, & Perkins, 1989)-all of which
can be performed accurately by ideal observers on the ba
sis of an analysis of affine structure from 2-frame appar
ent motion sequences. Other investigators have employed
tasks involving psychometric ratings of surface depth,
slant, or curvature (e.g., Braunstein & Andersen, 1984;
Loomis & Eby, 1988, 1989; Todd, 1984, 1985), for
which an affine analysis can produce reasonably accurate
performance based on the overall range of transformed
velocities in each display. Indeed, it would appear from
this brief survey that none of these existing tasks requires
a complete analysis of euclidean metric structure such as
the one proposed by Ullman (1979), and that most if not
all of the existing psychophysical data can be adequately
explained using a more abstract analysis of affine
structure.

In order to provide a clear empirical demonstration that
human observers are capable of perceiving euclidean
structure from motion, it would be necessary to design
an appropriate psychophysical task for which an analysis
of affine structure would be inherently inadequate. It is
especially useful to note in this regard that an affine anal
ysis of structure from motion can reveal certain metric
properties of an object but not others. That is to say, it
is capable of determining the metric length ratio between
any pair of parallel line segments, but it is incapable of
determining the relative lengths (or angles) between line
segments oriented in different directions. With respect to
the specific analysis presented above, this limitation arises
from the unknown parameter p in Equation 4. By assign
ing an arbitrary nonzero value to p, it would be possible
to obtain a perfectly accurate ratiometric scale of the rela
tive distancesbetween each point in depth, but there would
be no way to relate this scale to measures of distance in
the xy plane (i.e., the resulting distance measure would
be anisotropic). Are human observers capable of detect
ing these euclidean properties of structure from motion?
The present series of experiments began with an effort
to address this question.

GENERAL METHOD

Apparatus
Experiments 1 and 3 were run on a Masscomp 5600 computer

with a Lex-90 graphics system. The stimuli were presented within
a 33 x 26-cm rectangular region of the display screen with a spa
tial resolution of 1,280 x 1,024 pixels. The displays were observed
through a monocular viewing hood at a distance of 76 em, such

that each pixel spanned a visual angle of approximately 1.2'. All
responseswere recorded by pressing keys on the computer keyboard.

Experiments 2 and 4 were run on an Iris 3130 graphics worksta
tion. The stimuli were presented within a 34 x 26-cm rectangular
region of the display screen with a spatial resolution of 1,024 x
768 pixels. A chinrest was used to maintain a constant viewing dis
tance of 86 em, such that each pixel spanned a visual angle of ap
proximately 1.3'. All responses were recorded by pressing buttons
on a handheld mouse.

Stimuli
The stimuli were designed to simulate random configurations of

dots or lines rotating in depth under orthographic projection. Each
display was composed of a sequence of discrete images that cycled
back and forth in rapid succession in order to create the visual im
pression of motion. On the basis of the earlier findings of Todd
et al. (1988), preliminary experiments were performed to deter
mine the optimal timing parameters for each possible sequence
length. Observers in these experiments compared the relative
salience of perceived structure from motion for similar displays with
different stimulus onset asynchronies (SOA), which could be varied
in increments of Y60 sec as constrained by the 60-Hz raster refresh
rate. For sequence lengths of2, 3, 4, 6, and 8 distinct frames, the
optimal SOAs were 200, 150, 117, 100, and 83 rnsec, respectively.
These values were employed in all subsequent experiments, with
an interstimulus interval (lSI) of 0 msec.

In a further attempt to optimize the displays, the patterns of
projected motion were constrained so that the average displacement
of each feature point would fall within a range between 3 and 10
pixels, and that each individual displacement would fall within a
range between 1 and 12 pixels (cf. Braunstein et al., 1987). Due
to the limited spatiotemporal resolution of raster displays, the
projected displacement of an unconstrained feature point will be
rounded to zero during certain phases of its rotary motion in depth.
If this is allowed to occur for 2-frame apparent motion sequences,
the depicted element will be perceived as stationary, and its rela
tion to other moving elements will appear nonrigid. Similarly, we
have also observed that when projected displacements become too
large, the perception of rotation in depth is diminished, and the
depicted pattern of motion can appear as a 2-dimensional nonrigid
deformation within the picture plane (see Todd et al., 1988). By
avoiding these extreme cases in our experimental displays, we hoped
to ensure that the relevant information for perceiving structure from
motion would remain well within the range of human sensitivity
in all conditions.

EXPERIMENT 1

Experiment 1 was designed for the purpose of inves
tigating the ability of human observers to determine the
relative 3-dimensional lengths of moving line segments
oriented in different directions.

Method
Each stimulus display depicted two solid line segments connected

at the origin, which rotated in depth about a vertical axis. One of
these line segments pointed upward relative to the horizontal,
whereas the other pointed downward. The observer's task on each
trial was to indicate which line segment (upward or downward) ap
peared longer in 3-dimensional space. The displays were gener
ated with computer simulation such that the relative 3-dimensional
length ratio (longer/shorter) could have two possible values of 1.1
or 1.3.

In order to investigate the effects of stimulus complexity, two
different types of structural configuration were employed: 3-point
displays, in which the two solid line segments were presented in
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Number of Frames

in the accuracy of their judgments. No feedback regarding their
performance was provided until all eight sessions were completed.

Figure 4. The percentage of correct length discrimination judg
ments for 5 observers as a function of the number frames in an ap
parent motion sequence for the two possible 3-dimensional length
ratios employed in Experiment 1. The 3-point and 23-point condi
tions are represented by rdled and open circles, respectively.
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Results and Discussion
The combined results of all 5 observers are presented

in Figure 4. As is evident from the figure, the 3-dimen
sional length ratio of the simulated line segments had a
significanteffect on the observers' performance [F(1,4) =
34.2, p < .01], accounting for over 87% of the treat
ment sum of squares. Observers were 62.3% accurate
when the length ratio was 1. I, and 79. I % accurate when
the length ratio was 1.3. The structural complexity of the
depicted objects and the number of frames in the appar
ent motion sequences had no significant effects on the ob
servers' judgments. There were also no significant inter
actions, and no improvements with practice over the eight
experimental sessions.

It is clear from these data that observers' perceptions
of euclidean structure from motion do not have a high
degree of accuracy. Because of the various constraints on
our stimulus generation procedure, the largest 3-dimen
sionallength ratio (longer/shorter) we were able to gener
ate was 1.3. This would be considered a relatively large
difference in most natural contexts-that is, it is analo
gous to judging whether a 5-ft.-tall jockey appears big
ger than a 6.5-ft.-tall professional basketball player-yet
observers' judgments in this condition were incorrect on
over 20% of the trials. Indeed, if the shorter line segment
of each pair is adopted as a standard, then the estimated
Weber fraction for this task is 0.25, which is an order
of magnitude larger than those obtained for many other
types of sensory discrimination (e.g., see Teghtsoonian,
1971).

From a theoretical point of view, the most surprising
aspect of these results is that performance does not im
prove as the number of distinct frames in an apparent mo
tion sequence increases from 2 to 8. Our results are similar

isolation; and 23-point displays, in which they were accompanied
by a connected sequence of five dotted lines, each containing four
equally spaced dots (see Figure 3).

We also manipulated the length of the apparent motion sequences
from a set of possible sequence lengths of2, 3,4,6, or 8 distinct
frames, with a 30 rotary displacement of the depicted object at each
frame transition. Each sequence was presented in continuous os
cillation until an appropriate response was recorded.

The displays were generated at random on each trial, subject to
the following constraints: the initial projected lengths of the two
solid line segments varied between 100 and 400 pixels, with a 2
dimensional projected length ratio (longer/shorter) between 1.01
and 1.40. From the initial frame of an apparent motion sequence
until it reversed direction, the line segment with the longer projected
length became progressively longer and slower at each frame tran
sition, with an average displacement between 3 and 6 pixels. Simi
larly, the line segment with the shorter projected length became
progressively shorter and faster, with an average projected displace
ment between7 and 10pixels. The displays were further constrained
so that on half of the trials of each condition the longer segment
in 3-dimensional space would projectively correspond to the shorter
(and faster) segment within the 2-dimensional plane of the display
screen. The latter constraint was maintained, moreover, on every
frame of the apparent motion sequence. As a consequence of this
control, the observers' performance would be no greater than chance
if their responses were based solely on the relative projected length
of the segments or on their relative projected velocity.

Figure 3 shows a possible 2-frame apparent motion sequence of
a 23-point display. In generating this sequence, the simulated line
segments in 3-dimensional space had a relative length ratio of 1.3,
and were specifically oriented so that the longer segment in 3
dimensional space would be projectively shorter within the picture
plane. If this were an actual experimental display, the 2 distinct
frames would be presented sequentially over time. In order to ob
tain a general sense of the overall appearance of structure from mo
tion, a phenomenally similar effect can be obtained by fusing the
two patterns stereoscopically.

Using all possible combinations of these different manipulations,
the resulting experimentaldesign had 20 distinct conditions (2 length
differences x 2 levels of structural complexity x 5 sequence
lengths). One of the authors (J.T.) and 4 naive observers evaluated
the displays over eight experimental sessions. Altogether, each con
dition was presented 48 times to each observer.

At the beginning of the first experimental session, the observers
were given 20 trials of practice to familiarize themselves with the
task. All of the observers reported that the vast majority of dis
plays appeared quite clearly as a configuration ofline segments rotat
ing rigidly in 3-dimensional space. They all complained, however,
that the task was quite difficult, and that they had little confidence

Figure 3. A 2-frame sequence of images from the 23-point condi
tion of Experiment 1. The two solid line segments have a relative
3-dimensionallength ratio of 1.3, and are specifically oriented so
that the longer segment in 3-dimensional space has the shorter
projected image within the picture plane. The 3-dimensional struc
ture of the depicted configuration can be observed by fusing the two
images stereoscopically.
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in this regard to those reported previously by Braunstein
et al. (1987; Braunstein et al., 1990), but they contrast
sharply with a recent series of experiments by Hildreth
et al. (1990), in which the number offrames in an appar
ent motion sequence had a significant influence on judg
ments of3-dimensional structure. We believe that this dis
crepancy is probably due to a fundamental difference in
the method of stimulus presentation. In the displays em
ployed by Hildreth et al. (1990), each apparent motion
sequence was terminated after a single cycle, so that all
variations in the number of distinct frames were con
founded by variations in total stimulus duration. For the
displays employed in the present experiment and by
Braunsteinet al. (1987; Braunsteinet al., 1990), in con
trast, each sequence was presented in continuous
oscillation-first in one direction, then in reverse-until
an appropriate response was recorded. Thus, the observers
in these experiments could sample the available informa
tion for as long as was necessary in order to arrive at a
maximally accurate judgment. Within this context of un
limited viewing time, the available evidence shows that
increasing the number of distinct frames ofan apparent
motion sequence beyond two has little or no effect on ob
servers' perceptions of structure from motion.

It is important to keep in mind that existing algorithms
for computing euclidean structure from motion require
a minimum of three distinct views in order to obtain a
unique interpretation of an object's 3-dimensional form
(see Bennett et al., 1989; Huang & Lee, 1989; Ullman,
1979, 1983). Although some algorithms may make an ini
tial estimate of an object's structure from the first 2 frames
of an apparent motion sequence (e.g., Grzywacz & Hil
dreth, 1987; Ullman, 1984), they are designed specifi
cally to refine these estimates with greater and greater pre
cision as each new frame is presented. Since all of the
information used by actual human observers seems to be
available within 2-frame apparent motion sequences, it
is reasonable to conclude that these existing algorithms
may have little in common with the basic processes of
human perception.

Let us now consider these results from the perspective
of an affine analysis. On the basis of Equation 4, the 3
dimensional length L3 of a rigidly moving line segment
with one fixed endpoint can be determined by:

L~ = M + (D2/e)2, (5)

where L2 is its projected length in the picture plane, D2
is the projected displacement of its moving endpoint, and
e is the rotary displacement of the segment in 3
dimensional space, which is unknown. Note that the rela
tive contributions ofL2and D2 in this equation are scaled
by the unknown parameter 1/e. If 1/e is assumed to be
very small, then the line segment's extension in depth will
tend to be underestimated, and its perceived 3-dimensional
length will be primarily determined by L2. If 1/e is as
sumed to be very large, on the other hand, then the line
segment's extension in depth will tend to be overestimated,
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Figure S. The expected performance of an ideal observer based
on Equation 5 for both possible length ratios of Experiment lover
a wide range of assumed values for the unknown scaling constant
liE. The solid and dashed lines represent length ratios of 1.3 and
1.1, respectively.

and its perceived 3-dimensionallength will be primarily
determined by D2.

Figure 5 shows the expected performance of an ideal
observer as a function of the assumed value of 1/e for the
entire set of stimulus displays employed in the present ex
periment. The predicted levels of accuracy based on Equa
tion 5 are plotted separately for both possible length ra
tios, with a range of values for the unknown scaling
constant that spans the continuum between complete reli
ance on L2and complete reliance on D2 in the determina
tion of relative 3-dimensionallength. Note in the figure
that there is no one value of 1/e that can account for the
actual data presented in Figure 4. Suppose, however, that
the assumed value of the scaling constant was selected
at random on each trial. The expected levels of accuracy
for this strategy can be estimated by computing the area
under each curve and dividing by the sampling range of
1/e. On the basis of this calculation, the predicted accuracy
would be 60% for displays with a length ratio of 1.1 and
82% for displays with a length ratio of 1.3-both of which
are in close correspondence with the observers' judg
ments. It would appear to be the case, therefore, that an
analysis of affine structure from motion can account for
all of the major results of this experiment, including the
specific levels of accuracy, and that the absence of any
significant improvements in performance as the number
of frames in an apparent motion sequence is increased be
yond 2.

In an effort to explore the overall generality of these
results, we have also examined a number of variations
on the same basic experimental paradigm. For example,
one such variation is to add a component of curl to the
overall pattern of image motion, to test the hypothesis that
performance might be impaired when the individual im
age velocities must be appropriately transformed before
they can be used for an analysis of affine structure.
Another is to embed the moving line segments within a
planar grid of dots (see Figure 6), to test a hypothesis of



Figure 6. A 2-frame sequence of images used to study the per
ception of relative 3-dimensionallength in dift'erent directions along
a planar surface. The results obtained using this type of display are
identical to those reported for Experiment 1 of the present series.

Lappin (1990) that observers may be more attuned to met
ric distances along smooth surfaces than they are to dis
tances in empty euclidean space. None of these manipu
lations seem to have any significant effect on performance,
however. That is to say, we have always obtained the same
basic pattern of results as is shown in Figure 4, regard
less of the specific type of rigid transformation by which
the line segments are displaced in 3-dimensional space
or the specific type of structural configuration in which
they are embedded. 2

One other surprising aspect of these results that deserves
to be highlighted concerns the possible effects of "flat
ness cues" (e.g., the absence of any changes in accom
modation). From previous research on static form per
ception, it would be reasonable to expect that the presence
of salient flatness cues should significantly reduce an ob
ject's perceived extension in depth. With respect to the
present experiment, we would expect in that case that the
observers' relative length judgments would be primarily
determined by L2, and that the line segment with the longer
projected length would therefore appear to be 3-dimen
sionally longer as well on a majority of the trials. The
data, however, do not support this hypothesis. Out of
4,800 possible responses in the present experiment, the
observers selected the projectively longer line segment
on only 45% of the trials. 3 This finding indicates that their
errors were biased toward seeing more depth than was
appropriate for the actual geometry of the displays.
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presented in continuous oscillation until an appropriate response
was recorded.

The displays were generated at random on each trial subject to
the following constraints: The 3-dimensional lengths of the mov
ing line segments varied between 225 and 375 pixels. For each pos
sible 3-dimensional angle of the two solid line segments, the cor
responding 2-dimensional angle in the picture plane was allowed
to vary between 30° and 80° on half the trials, and between 100°
and 150° on the remaining half. (The latter constraint was main
tained on every frame of an apparent motion sequence.) Thus, as
a consequence of this control, the observers' performance would
have been no greater thanchance if their responses were based solely
on the 2-dimensional projected angle between the moving line
segments.

Including all possible combinations of these different manipula
tions, the resulting experimental design had six distinct conditions
(2 levels of difficulty x 3 sequence lengths). The 2 authors and
3 naive observers evaluated the displays over four experimental ses
sions. Altogether, each condition was presented 80 times to each
observer.

At the beginning of the first experimental session, the observers
were given 20 trials of practice to familiarize themselves with the
task. As in the previous experiment, all of the observers agreed
that the vast majority of the depicted configurations appeared quite
clearly to be rotating rigidly in 3-dimensional space. No feedback
regarding their performance was provided until all four sessions
had been completed.

Results and Discussion
The combined results for all 5 observers are shown in

Figure 7. An analysis of variance for these data revealed
a significant difference between the two levels of difficulty
[F(l,4) = 44.55, p < .01] and a significant effect of se
quence length [F(2,8) = 29.75, p < .01]. It is impor
tant to point out, however, that although the latter effect
was statistically reliable, it had a negligible influence on
the overall accuracy of the observers' judgments. Indeed,
the level of performance improved by only 5 % as the
number of frames in the apparent motion sequences was
increased from 2 to 8.

Number of Frames

Figure 7. The percentage of correct anglediscrimination judgments
for 5 observers as a function of the number of frames in an appar
ent motion sequence for the two possible dift'erence conditions em
ployed in Experiment 2.
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EXPERIMENT 2

Experiment 2 was designed to provide converging evi
dence for the preceding conclusions, using an angle dis
crimination task.

Method
Each stimulus display depicted two connected solid line segments

and four dotted line segments, which rotated in depth about an axis
that was slanted 30° with respect to the picture plane. The observer's
task on each trial was to indicate whether the 3-dimensional angle
between the two solid line segments was larger or smaller than 90°.
Two levels of difficulty were employed on alternating blocks of
trials: a 45 ° difference condition, in which the two possible angles
were 67.5° and 112.5°; and a 30° difference condition, in which
the two possible angles were 75 c and 105° .

The patterns of apparent motion had three possible sequence
lengths of2, 4, or 8 distinct frames, with a 3° rotary displacement
of the depicted object at each frame transition. Each sequence was

2 4 6 8
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Although the observers' accuracy on this task was far
above chance, their overall level of performance was sur
prisingly poor, considering the large differences between
the angles they were asked to discriminate. On the basis
of an interpolation of the data, the 75 % difference
threshold for discriminating the depicted angles was 36 0

•

If the smaller of the two angles in each block of trials is
adopted as a standard, then the estimated Weber fraction
for this task is 0.5. Like the Weber fraction for judgments
of 3-dimensional length in Experiment I, this value is
many times larger than those obtained for other types of
sensory discrimination.

Another important aspect of these results that confirms
the findings of Experiment I is that there were negligi
ble improvements in performance as the number of frames
in the apparent motion sequences was increased from 2
to 8. It should again be noted that existing algorithms for
computing euclidean structure from motion require a mini
mum of 3 distinct frames in order to be effective. If all
of the perceptually useful information for observers' judg
ments is available within 2-frame apparent motion se
quences, as suggested by our results, it is reasonable to
conclude that these existing algorithms may have little
relevance to the processes of human perception.

One plausible interpretation for all of the data reported
thus far is that observers' perceptions of kinetic depth dis
plays are based primarily on an analysis of affine struc
ture. Because this type of analysis is designed to be used
with 2-frame apparent motion sequences, there would be
no reason to expect that performance must necessarily im
prove as the number of distinct frames in a sequence is
increased beyond 2. Moreover, because an affine anal
ysis is inherently inadequate for the tasks employed in Ex
periments I and 2, it would be reasonable to expect that
observers' performance on these tasks should be relatively
inaccurate. As we pointed out in the introduction, how
ever, there are other possible tasks, such as the detection
of rigidity or planarity, for which an affine analysis of
structure from motion is better suited. If our hypothesis
is correct, then these tasks should be significantly easier
than those involving euclidean metric structure. The re
maining two experiments of the present series were
designed to test this prediction.

EXPERIMENT 3

Experiment 3 was designed for the purpose of inves
tigating the ability of human observers to discriminate pla
nar and nonplanar configurations of moving line segments.

Method
Each stimulus depicted two configurations of three connected line

segments-c-one in the upper half of the display screen and one in
the lower half-rotating in depth about a vertical axis. Each chain
of three segments formed two planar facets, whose relative orien
tation could be systematically manipulated. For one of the config
urations in each display, these facets were coplanar. For the other
they were not. The observers' task on each trial was to indicate
which configuration (upper or lower) was coplanar. The difficulty

Figure 8. A 2-frame sequence of images from the displays em
ployed in Experiment 3. Each connected sequence of three solid line
segments defines two planar facets in 3-dimensional space. As can
be observed by fusing the images stereoscopically, the two facets
in the lower configuration are separated by an angle of 4 0

, whereas
those in the upper configuration are coplanar.

of this discrimination was varied across trials by selecting the an
gie between the nonplanar facets from possible values of 2 0 or 4 0

(see Figure 8).
The patterns of apparent motion had three possible sequence

lengths of2, 4, or 8 distinct frames, with a 3 0 rotary displacement
of the depicted object at each frame transition. Each sequence was
presented in continuous oscillation until an appropriate response
was recorded.

The displays were generated at random on each trial such that
the 2-dimensional projected length of each line segment was allowed
to vary between 100 and 300 pixels, and the 2-dimensional projected
angle between each connected pair of line segments was allowed
to vary between 30 0 and 150 0

•

Including all possible combinatio~""-these different manipula
tions, the resulting expe iental desi~d'had six distinct conditions
(2 levels of difficulty > ,sequence lengths). One of the authors
(J.T.) and 3 naive observers evaluated the displays over three ex
perimental sessions. Altogether, each condition was presented 75
times to each observer. At the beginning of the first experimental
session, the observers were given 20 trials of practice to familiar
ize themselves with the task. No feedback regarding their perfor
mance was provided until all three sessions were completed.

Results and Discussion
The combined results for all 4 observers are shown in

Figure 9. An analysis of variance for these data revealed
a significant difference between the two levels of difficulty
[F(I,3) = 78.05, p < .01] and a significant effect of se
quence length [F(2,6) = 14.08, P < .01]. Although the
latter effect is statistically reliable, it should also be pointed
out that it is based on an improvement of only 9% as the
number of frames in the apparent motion sequences was
increased from 2 to 8.

The main thing to note in evaluating these data is the
striking contrast with the results obtained in Experiment 2.
The 75% threshold for detecting deviations from planar
ity in the present experiment was 2.6 0

, whereas the 75%
threshold for the angle discrimination task employed in
Experiment 2 was 36 0

• Although these tasks may appear
at first blush to be superficially similar, they differ by
more than an order of magnitude when compared with
respect to their perceptual difficulty.

One possible explanation to account for this difference
is that the perceptual analysis of structure from motion
by actual human observers is restricted to the use of first
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Number of Frames

EXPERIMENT 4

Figure 9. The percentage of correct planarity discriminations for
four observers as a function of the number frames in an apparent
motion sequence for the two possible levelsof angular deviation em
ployed in Experiment 3.

Experiment 4 was designed to measure the ability of
human observers to discriminate rigid from nonrigid con
figurations within apparent motion sequences of variable
length.
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a nonrigid change in length. To manipulate the difficulty of this
discrimination, we varied the percentage length change at each frame
transition across trials from possible values of I %, 2 %, 3%, or 4 %.

The patterns of apparent motion had three possible sequence
lengths of2, 4, or 8 distinct frames, with a 3° rotary displacement
of the depicted object at each frame transition. Each sequence was
presented in continuous oscillation until an appropriate response
was recorded.

The displays were generated at random on each trial, subject to
the following constraints: The 2-dimensional projected lengths of
the different line segments were allowed to vary between 100 and
300 pixels. The two solid line segments were always connected at
the origin, and the angle formed by their 2-dimensional projections
in the picture plane was restricted to a range between 30° and 150°.

Using all possible combinations of these different manipulations,
the resulting experimental design had 12 distinct conditions (4 levels
of difficulty x 3 sequence lengths). The 2 authors and 2 naive ob
servers evaluated the displays over eight experimental sessions. Al
together, each condition was presented 100 times to each observer.
At the beginning of the first experimental session, the observers
were given 20 trials of practice to familiarize themselves with the
task. No feedback regarding their performance was provided until
all eight sessions had been completed.

Results and Discussion
The combined results for all 4 observers are shown in

Figure 10. An analysis of variance for these data revealed
that there was a significant difference between the four
levels of difficulty [F(l,3) = 299.41, p < .001], but that
there were no significant effects of sequence length and
no significant interactions.

In evaluating the observers' performance on this task,
it is useful to contrast the results with those obtained in
Experiment 1. Note that, in Figure 4, the difference
threshold for detecting the longer of two moving line seg
ments in Experiment I was 25%, which is an order of
magnitude larger than the 2% threshold obtained in Ex
periment 4 for detecting length changes of a single line
segment over time. Although these tasks appear superfi
cially similar, they are fundamentally different when con
sidered from the perspective of a computational analysis.
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order temporal relations that are available within 2-frame
apparent motion sequences. It is important to recognize
that the detection of planarity is theoretically possible
within this constraint. Any set of moving points with
parallel image trajectories (see the Appendix) must be
coplanar if there exists a set of constant coefficients a,
b, C, and d, such that for any point i:

where Xi and Yi are its instantaneous position coordinates
within the image plane, and Vi is its transformed projected
velocity. For the angle discrimination task employed in
Experiment 2, in contrast, it would be necessary to per
form an analysis of euclidean structure from motion re
quiring a minimum of 3 distinct frames (i.e., it would be
necessary to detect second-order relations over multiple
time intervals). Thus, the large differences in performance
on these tasks, and the absence of any substantive im
provements in performance with increasing sequence
length, provides strong converging evidence that ob
servers' perceptions of kinetic depth displays may be
primarily based on an analysis of affine structure.

Method
Each stimulus display depicted two solid line segments-one red

and one green-and four white dotted line segments, which rotated
in depth about an axis that was slanted 30° with respect to the pic
ture plane. One of the solid line segments maintained a constant
3-dimensionallength throughout the rotation sequence, whereas the
length of the other was increased or decreased by a constant per
centage at each frame transition. The observers' task on each trial
was to indicate which line segment (red or green) was undergoing

2 4 6 8
Number of Frames

Figure 10. The percentage of correct rigidity discriminations for
four observers as a function of the number of frames in an appar
ent motion sequence for the four possible levels of nonrigid length
change employed in Experiment 4.
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To accurately compare the lengths of two moving line seg
ments, it would be necessary to perform an analysis of
euclidean structure from motion, using a minimum of 3
distinct frames. However, to detect a nonrigid length
change of a single line segment within an otherwise rigid
configuration, it would only be necessary to perform an
analysis of affine structure with as few as 2 distinct
frames. The dramatic difference in performance on these
tasks provides strong evidence that the processes of hu
man perception may be limited to the analysis of affine
structure (cf. Todd & Reichel, 1989).

It is important to keep in mind when considering these
results that the length of a nonrigid line segment was in
creased or decreased by a constant percentage at each
frame transition, so that the total amount of length change
varied systematically with the number of frames in an ap
parent motion sequence (e.g., if the frame-to-frame length
change was 3%, the total change for an 8-frame sequence
would be 23%). We had originally expected that the ac
curacy of the observers' judgments would be primarily
determined by the total length change in each display, but
this is not what occurred. Although performance was in
fluenced by the amount of length change per frame tran
sition, the total change over an entire sequence had no
detectable effect. It is especially interesting in this regard
that a similar result has been obtained independently by
Braunstein et al. (1990), using a very different paradigm
to measure observers' sensitivity to nonrigid deforma
tions. Taken together, these findings suggest that ob
servers' perceptions of rigidity are determined solely from
first-order relations between adjacent frames of an appar
ent motion sequence.

GENERAL DISCUSSION

Since the pioneering analysis of Ullman (1979), it has
been generally accepted among perceptual psychologists
that there are strict theoretical limits on the amount of in
formation required to determine an object's structure from
motion, including a minimum of three distinct views in
all conditions that do not impose additional restrictions
on the possible variations of an object's structure or its
specific pattern of motion (e.g., see Hoffman & Flinch
baugh, 1982). During the past several years, however,
there has been a growing amount of psychophysical evi
dence that these theoretical limits may have little relevance
to the perceptual performance of actual human observers.
Of particular importance in this regard are the recent find
ings of Braunstein et al. (1987; Braunstein et al., 1990)
and Todd et al. (1988) that 2-frame apparent motion se
quences under orthographic projection provide sufficient
information for observers to obtain compelling kinetic
depth effects and to accurately discriminate between
different 3-dimensional structures (see also the earlier
findings of Lappin et al., 1980, and Doner et al., 1984,
for 2-frame sequences under polar projection).

The research described in the present article was
designed for the purpose of investigating this phenome
non from a variety of perspectives. We began by present
ing a mathematical analysis, extending the work of Ullman
(1977, 1983), in which we attempted to delineate which
specific tasks are theoretically possible from 2-frame ap
parent motion sequences and which ones are not. We then
described a series of experiments designed to verify the
psychological validity of this analysis by measuring how
the length of an apparent motion sequence influences the
accuracy of observers' judgments for a variety of differ
ent psychophysical tasks.

There are several noteworthy aspects of these experi
ments that are important to highlight. Each task involved
a simple discrimination of some basic constituent of 3
dimensional form, such as the length of a line, the angle
between two lines, or the angle between two planes. The
stimulus displays were carefully controlled, moreover, so
that above chance performance could not be achieved
based on simple judgments of 2-dimensional optical
properties such as projected length, projected angle, or
projected velocity. Within these constraints, we attempted
to optimize all other parameters in an effort to produce
the best possible kinetic depth effects in each condition:
We restricted the range of projected displacements to con
form to the limits of human motion sensitivity; we op
timized the timing parameters for each sequence length;
and we presented these sequences in continuous oscilla
tion so that observers could sample the available infor
mation for as long as was necessary to arrive at a max
imally accurate judgment.

The results of these experiments provide compelling
evidence that existing analyses of euclidean structure from
motion may have little relevance to the processes of hu
man perception. It is important to keep in mind that all
such analyses require a minimum of three distinct views
of an arbitrary moving object in order for a unique in
terpretation of its 3-dimensional form to be obtained, but
that the information used by actual observers in the present
experiments was readily available within 2-frame appar
ent motion sequences. That is to say, there were no ap
preciable improvements in performance on any of the four
tasks as the number of frames in the apparent motion se
quences was increased from 2 to 8.

One possible explanation for this theoretically surpris
ing result is that human observers have poor sensitivity
to the higher order spatiotemporal relations that are of
fundamental importance to an analysis ofeuclidean struc
ture from motion. Previous research has demonstrated,
for example, that observers generally perform poorly on
tasks such as the detection of scalar acceleration in which
the relative displacements of a moving point must be com
pared over multiple time intervals (e.g., see Gottsdanker,
1952, 1955; Gottsdanker, Frick, & Lockard, 1961; Todd,
1981). On the basis of this evidence, it would appear to
be the case that the human visual system is ill equipped



to perform higher order temporal derivatives, and that any
analysis of structure from motion must therefore be re
stricted to the use of first-order temporal relations (i.e.,
those that are available within 2-frame apparent motion
sequences) .

Another source of converging evidence to support this
hypothesis is provided by a comparison of the observers'
performance on the four different experimental tasks. In
our mathematical analysis of2-frame apparent motion se
quences, we demonstrated that first-order temporal rela
tions are theoretically sufficient to determine properties
of affine structure, such as rigidity or planarity, but that
they are inherently inadequate for determining properties
of euclidean structure, such as isotropic lengths or an
gles. The psychological validity of this theoretical distinc
tion was clearly confirmed, moreover, in that the ob
servers' performance on tasks involving affine structure
was of an order of magnitude greater than their perfor
mance on similar tasks involving euclidean structure.

One important limitation of this analysis that needs to
be highlighted is that in natural vision a pattern of parallel
trajectories can only beobtained from image rotation when
viewing distance is sufficiently large to approximate an
orthographic projection. Although most previous inves
tigations of the visual perception of structure from mo
tion have involved displays that satisfy this condition, it
is also possible to obtain compelling kinetic depth effects
when displays are generated with large amounts of polar
perspective (e.g., see Doner et al., 1984; Lappin et al.,
1980; Lappin & Fuqua, 1983). It is especially interest
ing in this regard that a recent analysis by Longuet-Higgins
(1981) has shown that 2-frame apparent motion sequences
under polar projection provide sufficient information for
observers to obtain a unique interpretation of an object's
euclidean metric structure. Thus, it is quite possible that
the performance limitations observed in the present ex
periments for parallel projections may not generalize to
moving objects viewed at close range.

It is important to keep in mind, however, that it is also
theoretically possible to determine an object's euclidean
metric structure under parallel projection if the apparent
motion sequence contains 3 or more frames, but that hu
man observers are apparently incapable of making use of
this information. Indeed, there is a growing amount of
evidence to suggest that this is not an isolated phenome
non. An analogous insensitivity to euclidean metric struc
ture has previously been demonstrated in the recognition
of line drawings (Biederman, 1987) and in the visual per
ception of smoothly curved surfaces from shading or tex
ture (Todd & Reichel, 1989). When considered as a
whole, these fmdings provide strong evidence that the ge
ometry of perceived 3-dimensional form may be much
more abstract than is generally taken for granted.
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APPENDIX

If Pi,I is rotated about the origin by an angle -0, the value of
m, will be transformed to

(A2)

(AI)

(A3)

Xi,O-Xi, 1

Yi,O-Yi, I

Yi,O-Yi,1 COSO-Xi,l sinO
mi =

Xi,O-Xi,1 COSO+Yi,1 sinO

Let us now consider the projected trajectories of a pair of
points (i = 0,1), and the specific value of 0 needed to make
them parallel to one another. This will occur when

YO,O-YO,I coSO-XO,1 sinO

XO,O-XO,I coSO+YO,1 sinO

YI,O-YI,1 COSO-Xl,l sinO

XI,O-XI,1 COSO+Yl,1 sinO

The following analysis is adapted from Ullman (1977). It is
assumed that an arbitrary configuration of points is rotating
rigidly in 3-dimensional space, and that the instantaneous posi
tion of each point is defined with respect to a moving Cartesian
coordinate system (x,Y,z), where the origin is attached to some
arbitrary feature point Po, the z-axis is defined by a line con
necting Po with the point of observation, and the xy plane is
perpendicular to the z-axis. Within this coordinate system, any
rigid displacement of an object can bedecomposed into two in
dependent components: a rotation f about an axis in the picture
plane through Po, followed by a rotation 0 about the z-axis,

Let Pi,i = (Xi,j, Yi,j, Zi,i) be the instantaneous position of a
point i at time i, and let P!.i = (Xi,i, Yi,i) be its orthographic
projection in the xy plane. Ifwe measure the position of a given
point i at two different moments in time (j = 0,1), the slope
mi of its projected trajectory is given by

With appropriate rearrangements and substitutions this can be
reduced to a quadratic in sinO:

°= (a2 + b2
) sin20 + (2ac) sinO + (c-b2

) , (A4)

where

a = Xo,O Xl,l - XO,I Xl,O + Yo,O Yl,l - YO,I Yl,O, (A5)

b = Xo,O Yl,l + XO,I Yl,O - Yo,O Xl,l - YO,I Xl,O, (A6)

c = Yo,O Xl,O + YO,I Xl,l - Xo,O Yl,O - XO,1 Yl,l. (A7)

Barring the occurrence of degenerate cases (see Ullman, 1977),
Equation A4 will have two possible solutions, only one of which
will be consistent with the solutions obtained for other point
pairs. If there are no common solutions among all possible point
pairs, then the observed pattern of motion must necessarily be
nonrigid.
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NOTES

1. Longuet-Higgins (1981) has demonstrated, however, that a unique
interpretation of an object's 3-dimensional structure can be obtained from
2-frame apparent motion sequences under polar projection.

2. This excludes, of course, the degenerate case of rotation about the
line of sight where f = O.

3. This effect was obtained for 4 out of the 5 individual observers.
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