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Comparing means from nonnormal distributions:
The bisquare-weighted analysis of variance

REBECCA ANNE REGETH and W. WREN STINE
University ofNew Hampshire, Durham, New Hampshire

A new procedure analogous to the analysis of variance (ANOVA), called the bisquare-weighted
ANOVA (bANOVA), is described. When a traditional ANOVA is calculated, using samples from a distri
bution with heavy tails, the Type I error rates remain in check, but the Type II error rates increase, rel
ative to those across samples from a normal distribution. The bANOVA is robust with respect to devi
ations from a normal distribution, maintaining high power with normal and heavy-tailed distributions
alike. The more popular rank ANOVA (rANOVA) is also described briefly. However, the rANOVA is not
as robust to large deviations from normality as is the bANOVA, and it generates high Type I error rates
when applied to three-way designs.

Often, the analysis ofdata in the behavioral sciences in
volves the calculation ofan analysis ofvariance (ANOVA),
in which it is assumed that the data come from normal
distributions (Kirk, 1995, chap. 3, p. 97). However, nor
mal distributions are rare (Hampel, Ronchetti, Rous
seeuw, & Stahel, 1986, chap. I; Micceri, 1989; Mosteller
& Tukey, 1977, chaps. lC & 10; Rousseeuw & Leroy,
1987, chap. 2; Stigler, 1977; Walberg, Strykowski, Ro
vai, & Hung, 1984), with outliers commonly occurring.
We will describe two techniques for dealing with non
normal sampling distributions when calculating ANOVAs:
the rank ANOVA (rANOVA; Conover & Iman, 1981) and
the bisquare-weighted ANOVA (bANOVA; Regeth &
Stine, 1993, 1996).

The ANOVA procedure is not robust with respect to
deviations from normality (Hampel et aI., 1986, pp. 31
33). Specifically, the result of conducting an ANOVA on
a heavy-tailed distribution (increased incidence of out
liers) is a large drop in power (i.e., a rise in Type II errors;
Regeth & Stine, 1993), relative to other procedures.

The ANOVAis based on minimizing error variance. The
variance is extremely sensitive to outliers, which makes
it a poor choice as a measure of error variability with
outlier-prone, heavy-tailed distributions. Deviations from
normal distributions toward those with heavy tails are not
usually problematic, ifthey are recognized. However, it is
often difficult to recognize that a distribution is nonnor
mal (Hampel et aI., 1986, chap. 1; Regeth & Stine, 1993).

TRADITIONAL METHODS OF DEALING
WITH NONNORMAL DISTRIBUTIONS

If detected, there are a few ways that nonnormal distri
butions can be treated. Data from a nonnormal distribution
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can be transformed to approximate a normal distribution
more closely. However, mathematical transformations,
such as a logarithmic transformation, may lead to: (I) al
tered hypotheses (Tabachnick & Fidell, 1989, p. 83),
(2) the introduction ofoutliers (Tabachnick & Fidell, 1989,
p. 83), (3) obscured interactions (Anderson, 1961; Kirk,
1995, pp. 103-104), and (4) new interactions (Anderson,
1961; Kirk, 1995, pp. 103-104). For more information
on the controversy surrounding the use of transforma
tions, see Games (1983, 1984), Games and Lucas (1966),
and Levine and Dunlap (1982, 1983).

Another option for dealing with nonnormal distribu
tions is to hand-filter outliers. Extreme values may be re
placed with new data (by replicating the study), corrected
(ifpossible), or Winsorized (by replacing the highest and
lowest extreme data points with the next highest or low
est data points; Kirk, 1995, p. 169). There are specific
statistical rules that may help data analysts determine
whether values are extreme (see, e.g., Grubbs, 1969).
However, these techniques work poorly with the sample
sizes one typically has available (Hampel et aI., 1986,
chap. I; Regeth & Stine, 1993).

It is often difficult to determine whether extreme val
ues are the result of a mistake in data computation or col
lection. A gross error can alter the statistical analysis con
siderably (Hampel et aI., 1986, pp. 25-28). There is a
tradeoff between leaving extreme values alone (and let
ting them possibly contaminate the results) and throwing
out or replacing extreme values (that may be legitimate
scores in the population.) The problem is that most heuris
tics regarding the deletion ofoutliers are somewhat arbi
trary, and hand-filtering outliers tends to reduce effi
ciency (Hampel et aI., 1986, p. 70). In fact, researchers tend
to overtrim "outliers" from normal distributions (Ham
pel et aI., 1986, chap. I).

A third approach is to use a nonparametric test (Blair,
1981; Blair & Higgins, 1980; Boneau, 1962). The Mann
Whitney U test or the Kruskal-Wallis one-way test may
be used in lieu ofa t or ANOVA test for one-way designs.

707 Copyright 1998 Psychonomic Society, Inc.



708 REGETH AND STINE

Large Effect Size
CR-4 Design

Figure 1. Results of Monte Carlo Study showing power of
ANOVA and bANOVA. The dark gray, white, and light gray bars
represent power for normal, heavy-tailed, and variance-inflated
distribution, respectively.
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when calculated on heavy-tailed distributions. However,
the bANOVA performs very well on heavy-tailed distri
butions. It retains high power and low Type II error rates.
In addition, the bANOVA performs almost as well as the
ANOVA on data from normal distributions. The remain-

Furthermore, for two-way designs (involving an inter
action), the ANOVA test can be run, using the rank or
derings ofdata points rather than the actual scores (Con
over & Iman, 1981). Data from different groups are
combined and rank ordered, and the ANOVA is then cal
culated on the ranks rather than on the actual scores.

Nonparametric designs, such as the rank ANOVA
(rANOVA), are only slightly less powerful than their
parametric counterparts when the samples are drawn
from a normal distribution (Blair, 1981; Blair & Higgins,
1980; Boneau, 1962; Regeth & Stine, 1993). These tech
niques are also relatively robust when the samples are
chosen from slightly heavy-tailed distributions (e.g., when
the sampling distribution contains a 10% contamination
at scale 10; Regeth & Stine, 1993). However, the rANOVA
procedure's power is reduced relative to the bisquare
weighted ANOVA (bANOVA) when they are calculated
on samples from distributions with moderately heavy tails
(e.g., sampling distributions with 20% contamination at
scale 10; Regeth & Stine, 1993), and the rANOVAis sub
ject to a large number of Type I errors when used with
three-way designs (Sawilowsky, Blair, & Higgins, 1989).

THE BISQUARE-WEIGHTED ANOVA

The bANOVA's(Regeth & Stine, 1993) power for one
way and two-way designs is comparable with that ofnon
parametric and ANOVA tests when samples come from
normal distributions, but it is more robust than both tests
with respect to severe deviations from normality toward
heavy tails.

In our Monte Carlo study (Regeth & Stine, 1993), three
distributions were used to assess the usefulness of the
bANOVA technique: a normal distribution, a distribu
tion that looks normal but with heavy tails (a high inci
dence of outliers), and a distribution with an inflated
variance to match that with heavy tails.

The bANOVA and ANOVA statistical tests were com
puted on 1,000 randomly drawn samples from these dis
tributions. Sample sizes used were 7, 15, or 30 elements
per cell. Effect sizes were also varied, so that there was
either a small (.10), medium (.25), or large (AO)effect size.
In addition, both one-way (CR-4; Kirk, 1995, chap. 5)
and 2 X 2 factorial (CRF-22; Kirk, 1995, chap. 9) designs
were tested.

Figure I shows the power for a medium effect size at
an a-level of .05 for a typical CR-4 design. The first col
umn shows the power for a normal distribution. The sec
ond and third columns show the power for the heavy
tailed and variance-inflated distributions, respectively.
Notice that the ANOVAhas only slightly more power than
the bANOVA when calculated on data from a normal dis
tribution (the dark gray columns) and from a variance
inflated distribution (the light gray column). However,
the bANOVA has greater power when calculated on a
distribution with heavy tails (the white column).

The results of the Monte Carlo study show that the
ANOVA is extremely sensitive to outliers. It loses power
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and

der of this paper will illustrate the calculation of the
bANOYA.

The deviation ofeach score from the median is calculated.
Next, the median absolute deviation (MAD) is calcu

lated:

w~') =)H'UJ'. ::;::::) (4)

or some other statistical package. The last step involves
transforming the F ratio from the weighted ANOYA into
an F ratio for the bANOYA, using the following equation:

Fbw = (0.534 + 0.00 1206djError)F. (6)

The F bw can then be compared to a critical F value
found in most statistics books. The degrees of freedom
from the weighted ANOYA are used to look up the crit
ical F value.

The term bisquare-weighted average comes from the
two squares in Equation 4. As is shown here, scores that
are near the center of the distribution (£i(k) "" 0) are given
weights close to 1.0. Scores that are beyorid approximately
four robust estimates of the standard deviation (£(k) ;:>: r)
are given weights of zero. If a score is given a weight of
zero, it indicates that the score is an outlier. However,
scores that are given weights of zero during the first it
eration may be given nonzero weights in subsequent
iterations.

If sampling from a normal distribution, 99.994% of
the scores will be within four standard deviations of the
mean. Researchers may choose other values for r, depend
ing on the relative consequences of Type I and Type II er
rors for their particular research program.

Example of the bANOVA Using Data
The calculation of a bANOYA will be described. We

will use a one-way ANOYA design with three treatment
groups and five subjects per group (see Table 1).

First, the median is found as a measure of central ten
dency (Equation 1). Deviations of the scores from the
median are calculated. Then the median absolute devia
tion is determined (Equation 2). These deviations are
then scaled, using Equation 3 (see Table 2).

After the scaled deviations are found, weights are cal
culated, using the weighting function in Equation 4. Re-

(3)

MAD j = ~l~~i.~~{Ixij - ~I~~i,~~{X ij} I}· (2)

When the MAD is multiplied by 1.483, it provides a ro
bust estimate of the standard deviation (Hampel et al.,
1986, pp. 105 & 107). Next, the weights

X -bw(k-I){X}
(k) _ IJ i=l.....n, IJ

£. ---------'----
IJ 1.483MAD i

are used to calculate the weighted average for k = I:

Formulas Used in Calculating the bANOVA
The bANOYA is calculated by first finding the

bisquare-weighted average for each cell of the design.
Hampel et al. (1986) present an overview ofthe bisquare
weighted average technique. The calculation is done
through an iterative process. In the first iteration (k = 1),
the initial estimate ofthe bisquare-weighted average is cal
culated, using the median as a measure ofcentral tendency:

bw(O) {Xij} = Median{Xij}' (1)
l=l, ... ,nj l=l, ... ,n j

In the next iteration (k = 2), the bisquare-weighted av
erage from the first iteration is used as the measure of
central tendency rather than the median. New weights
are found, using the same procedure as above. Then a new
bisquare-weighted average is calculated from the new
weights.

When the new bisquare-weighted average is approxi
mately equal to the bisquare-weighted average from the
previous iteration, the procedure is stopped. We use a
difference of 0.00 1 between two successive bisquare
weighted averages as our criterion.

After the bisquare-weighted average and weights are
found for each cell of the design, a weighted ANOYA can
be calculated using SAS and the final weights (Equation 4)

Table 2
Scaled Median Absolute Deviations for Group 1

Table 1
One-Way ANOVA Design with Three Treatment Groups

and Five Subjects per Group

1
2
3
4

lOa
3

22

Group 3

-1.349
-0.674

0000
0.674
1.349

21 1
22 2
23 3
24 4
25 10

23 3
23 4

Group I Group 2

21
22
23
24
25

Median
Mean

(5)

n,

L wijk lXij
bw(k) {X}=-'.-.-i=-'.-.-I__

. IJ n
1=1,....n, j (k)

LWij
i=l
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Table 3
Weights for Group 1 for the First Iteration

Table 4
First Iteration Calculations for Group 2

fore, the procedure will be repeated again, using the
weighted average from the second iteration as a measure
of central tendency.

After the fifth iteration, the difference between the two
subsequent weighted averages was less than 0.001. The
final results for Group 2 are shown in Table 6.

Notice that the weight for the last score (X52 = 10) is
zero. This score was considered an outlier (it was beyond
four robust estimates of the standard deviation). As will
be discussed later, the removal of this score will require
an adjustment to the degrees of freedom.

Group 3 took five iterations before the difference be
tween the two subsequent weighted averages was less
than 0.00 l. Table 7 shows the results for Group 3. The
resulting bANOVA calculated from the weights is shown
in Table 8. In contrast, the ANOVA calculated from the
original scores is shown in Table 9.

As can be seen, the two extreme scores in Groups 2
and 3 had a large impact on the ANOVA. However, these
scores were given weights of zero and, therefore, are not
reflected in the F bw and the bANOVA summary table.

16.506
20.768
23.000
22.656
19.650

102.580

0.786
1.888
3.000
3.776
0.000

9.450

0.786
0.944
1.000
0.944
0.786

4.460

0.786
0.944
1.000
0.944
0.000

3.674

i=l

-1.349
-0.674

0.000
0.674
1.349
5

I=

-1.349
-0.674

0.000
0.674
4.720
5

I=
j=l

21
22
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24
25

1
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4

10

call that this function allows us to give extreme scores
weights of zero, removing them from the sample.

Next, the weighted average is computed (Equation 5).
This average is compared to the median. If the two are
approximately equal (within 0.001), the procedure is
completed for this cell. If not, weights are calculated
again, using the weighted average instead of the median.

For Group 1, the weighted average was 23. The me
dian was also 23, so the iteration is complete for this cell
(see Table 3):

bw(l) {Xii} = 102.559 = 23 = bw(O) {Xii}'
1=1• .. . •5 4.459 1=1•... ,5

The first iteration calculations for Group 2 are pre
sented in Table 4. Notice that the weight for the last score
in the sample is zero. This score was too extreme to keep
(an outlier) and was removed from the sample during this
iteration. However, it may not be zero in subsequent
iterations.

In the next iteration, the weighted average is used as a
measure ofcentral tendency, rather than the median. De
viations of the scores from the weighted average are cal
culated, and new weights are obtained. The second iter
ation for Group 2 is shown in Table 5.

The weighted average from the first iteration was

bw(l) {Xi 2}=2.572.
1=1•...•5

The weighted average from the second iteration was

bw(2) {Xd =2.510.
1=1..... 5

If two weighted averages differ by less than 0.001, there
is no need to continue to iterate. The difference between
these two subsequent weighted averages was 0.062; there-

Description ofthe SAS Code for the bANOVA
The SAS code for calculating a bANOVA is presented

in Regeth and Stine (1996). It is also available for down
loading (http.z/pubpages.unh.edu/r-wws). The routine
has four sections. The first calculates a median and MAD
for each group in the design. As there is little novel in
the first step, it will not be described further. A bisquare
weighted average is calculated for each group during the
second step. The weights from the second step are used
for the bANOVA in the third step. The final step trans
forms the F ratios from the third step and prints the results.

The second step uses a nonlinear regression program
from SAS (the NUN procedure) to calculate a bisquare-

Table 5
Second Iteration Calculations for Group 2

e (2) w(2) w(2)x
i2 n i2 /2

1 -1.060 0.864 0.864
2 -0.386 0.981 1.963
3 0.288 0.990 2.970
4 0.963 0.888 3.550

10 5.009 0.000 0.000
5

I= 3.723 9.340
i==!

Table 6
Final Results for Group 2

X,2 e(5) w(5) w(51X
;2 ;2 i2 i2

I -1.012 0.876 0.876
2 -0.337 0.986 1.972
3 0.337 0.986 2.958
4 1.011 0.876 3.505

10 5.057 0.000 0.000
5

I= 3.724 9.311
i==l



Table 7
Final Calculations for Group 3

Xil
£(5) W(5)

WiilXiJ
iJ iJ

I -1.012 0.876 0.876
2 -0.337 0.986 1.972
3 0.337 0.986 2.958
4 1.011 0.876 3.505

100 65.745 0.000 0.000

5

L= 3.724 9.311
i=l

Table 8
bANOVA

Source SS dJ MS Fbw p<

Between 1,017.59 2 508.80 142.55 .0001
Within 35.69 10 3.57

Total 1,053.28 12

Table 9
ANOVA

Source SS dJ MS F p

Between 1,143.33 2 571.67 0.894 .434
Within 7,670.00 12 639.17

Total 8,813.33 14

weighted average for each group. The program allows
one to fit an arbitrary function (its derivatives with re
spect to each parameter must exist) of several predictor
variables and one criterion variable to an appropriate
data set, using a least-squares criterion. It also allows the
user to weight the contribution of each case in the data
set arbitrarily. To calculate a bisquare-weighted average,
one fits a one-parameter model to each group with the
bisquare weighting function. That is, we fit

Xi) = /3j + tij'

where the contribution ofAij is weighted, using Equation 4.
So, if we define

and then minimize
n,

L c0'
i=1

the resultingestimate of /3;, whichwe will denote /3;, equals
n ,

- 1 "X j = n;LXi)'
i=1

However,by weighting eachXij' using Equation 4, we get

/3j = bw(k) {Xd,
I=l. .... nj

where convergence is achieved in k iterations. Notice
that any nonlinear regression program that minimizes the
sum-of-squared error and in which the user can weight
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the contribution of the different cases could be used as
just described in order to calculate a bisquare-weighted
average.

The weights from the bisquare-weighted averages are
used to calculate a weighted ANOVA. Weuse the general
linear model (GLM) procedure with the weight state
ment for this calculation. An omnibus F ratio produced
by the GLM procedure is then transformed, using Equa
tion 6, and printed with the weights in the final step of
our algorithm. The result ofthe transformation Fb can
be compared with a tabled value with the degre~s offree
dom from the weighted ANOVA.

SUMMARY

The bANOVA is a technique that can be used in place
of the ANOVA with nonnormal distributions. In addi
tion, it has nearly as much power as the ANOVA when
used with normal distributions, making it ideal when
normality cannot be determined.

The bANOVA is calculated iteratively. First, an esti
mate of central tendency is found. For the first iteration,
the median is used, but subsequent iterations are based
on estimates of the bisquare-weighted average. Devia
tions from the scores to the measure of central tendency
are determined, and the median absolute deviation is cal
culated. Scores are then given weights that depend on
how far they are from the median absolute deviation.
Next, a new bisquare-weighted average is calculated by
finding the ratio of the sum of the weights times the
scores, divided by the sum ofthe weights. The next itera
tion is based on the bisquare-weighted average. This pro
cess is continued until the difference between the bisquare
weighted averages from the previous and the current
iterations is less than 0.001. A weighted ANOVAcan then
be calculated from the weights, either by hand or by SAS
(as is shown in Regeth & Stine, 1996).
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