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The metric of visual space

MARK WAGNER
Franklin and Marshall College, Lancaster, Pennsylvania

The geometric properties of visual space in the horizontal plane were measured by four differ
ent procedures. Five observers Were asked to judge distances, angles, and areas defined by pairs
and triplets of stakes, using magnitude estimation, category estimation, mapping, and percep
tual matching. All judgments took place outdoors in a broad, open field under full-cue conditions.
Stimuli oriented in depth were judged to be half as large as the same stimuli oriented in the
frontal plane. Angles facing either directly toward or directly away from the observer were seen
as approximately twice as large as those seen on their sides. Four mathematical models for visual
space are examined. Both the hyperbolic model of Luneburg (1947) and the spherical model of
Reid (1764/1813) fail, each for different reasons. Two other models, however, produce a reason
ably complete description of visual space. In the first model, visual space is an affine-transformed
version of a Euclidean physical space. In the second model, distances are viewed as vectors that
can be broken down into in-depth and frontal components relative to the observer. The in-depth
component of this vector is contracted by a constant amount in visual space.

The geometric structure of visual space has long been
an object of controversy in perceptual psychology. Many
synthetic accounts have been proposed for visual space:
Gibson (1950, 1959) states that visual space is Euclid
ean; Angell (1974), Daniels (1974), and Reid (1764/1813)
suggest it is spherical; Blank (1953, 1959, 1978), Indow
(1967, 1974, 1979), and Luneburg (1947, 1950) propose
it is hyperbolic; Hoffman (1966, 1980) believes it reflects
a Lie algebra group.

This paper presents a systematic investigation of judg
ments of distances, angles, and areas-the metric proper
ties of a space. The examination of several metric proper
ties simultaneously is interesting in itself, since it has
seldom been attempted in the past. More important,
however, since the metric properties of the synthetic ge
ometries may be derived, this analytic approach can pro
vide a direct test fOf-the previous, synthetic work, as
Luneburg (1948) himself suggested. In fact, by knowing
the metric properties and their interrelations, we actually
define the geometry of visual space analytically without
recourse to the general and largely untestable assumptions
that characterize a synthetic geometry.

The empirical basis of this analysis is visual psy
chophysics. Most psychophysical studies rely upon a sin
gle method (Baird, 1970). When only a single method is
applied, it is impossible to know whether the resulting
psychophysical function is due to perception itself or to
response processes inherent in the method. The present
work applies several psychophysical techniques
magnitude estimation, category estimation, perceptual
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matching, and mapping. Commonalities resulting from
these converging measures should reflect fundamental
aspects of visual space that are independent of the methods
employed.

METHOD

Observers
Five observers participated in each of the four experimental

phases. Three of the observers were naive regarding psychophysi
cal scaling techniques; 2 were familiar with their use and interpre
tation (1 observer was the experimenter).

Apparatus and Layout
The primary apparatus consisted of 13 stakes. A whitewashed

board (25.5 em high, 18 cm wide. and 100 Col above the ground)
was attached to the top of each. Each stake was uniquely identified
by a black letter (approximately 23 Col high and 14 Col wide) af
fixed to the center of the board.

The experiment took place outdoors in a large, flat open field.
The grass was uncut but relatively short. providing abundant tex
tural cues to depth without obscuring the stakes set in the field.
Observers. sitting on stools. were allowed to move their heads freely
during the process of judgment. Although they were allowed to move
within I m of their viewing position, none of the observers took
advantage of this opportunity.

Ten stakes were placed randomly in the field, using a uniform
distribution subject to three constraints: (1) All stakes were con
fined to a region in front of the observer 40 m deep and 40 m wide;
(2) from an origin. (0.0). placed at the middle of the near edge of
the stake field. no stakes could deviate by more than 45° either
to the left or the right of straight ahead (Figure 1 displays the region
within which all stakes were placed); and (3) no two stakes could
be closer than 5 m from each other. A different stake randomiza
tion was employed on each day of the experiment.

Judgments were made from three different origins on the field:
The first was coincident with the origin used to define stake loca
tions; the second was 20 m farther from the stakes; and the third
was 20 m farther from the stakes than the second (see Figure I).

Three additional stakes served as a reference standard and were
placed 10 m to the observer's right. The base and height of a trian
gle determined by these three stakes were each 5 m.
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Figure 1. Diagram displaying the pentagonal region in which stakes
were randomly placed and the three origins from which judgments
were made. The three points lying next to each origin represent the
standard for that origin. Numbers in parentheses are the Cartesian
coordinates of various points in meters.

Procedure
The experiment took place on 16 consecutive weekdays and was

divided into four distinct phases involving the four different judg
ment techniques in the following order: magnitude estimation,
category estimation, mapping, and perceptual matching. The sub
jects were asked to judge objective as opposed to projective sizes
(see Baird, 1970, Carlson, 1977, and Leibowitz & Harvey, 1969,
for discussion on the effects of instructions).

During the magnitude estimation phase, judgments were made
for three different metric properties of visual space-distance, an
gie, and area. In the distance estimation phase, the observers were
told to assume that the distance between stakes A and E (see
Figure I) was 100 arbitrary units-physically 5 m long. Numeri
cal estimates ofdistances between a variety of other stake pairs were
made with respect to this reference standard. For example, if the
distance between stakes C and F appeared to be twice as great as
that of the standard, the observer would say' '200," if it was half
as great, the observer would say "50," and so forth. Any number
(including fractiOlis) was legitimate. Similar instructions were given
for angle estimation, in which the reference standard of 100 units
was assigned to the angle AGE, where G was the vertex-physically
53°-and area estimation, in which the reference standard of 100
units was assigned to the triangle with the stakes A, G, and E as
its vertices-physically 25 m'. A total of 90 distance (all possible
pairs repeated twice), 120 angle (all possible angles), and 60 area
judgments were made by each observer from each origin. The stimuli
ranged between 7 and 72 m for distance estimation, 10 and 179 0

for area estimation, and 1 and 365 m' for area estimation.
During the category estimation phase, the observers judged the

same three metric properties of visual space as in magnitude esti
mation. In the distance estimation phase, the observers were asked
to imagine the range from the smallest distance encountered in the
magnitude estimation phase to the largest distance and to divide
this range into seven equal parts, each of which was to be assigned
an integer between I and 7 inclusive. Similar instructions were given
for angle and area estimation. The number of judgments collected
for each was the same as in magnitude estimation.

During the mapping phase, each observer was given a sheet of
paper and a set of pins. On each pin, a letter was attached cor
responding to one of the stakes in the field. The observers were
asked to stick the pins in the paper in order to create a map that
corresponded to their perception of the stake layout. The observers
could orient the paper any way they wished and could adjust the

pins until satisifed that the map represented the stake layout. The
metric properties subsequently could be read off the maps.

During the perceptual matching phase, the observers were given
a set of 19 cards. Angles between 0° and 180° in 10° increments
were drawn on each. The observer's task was to match each angle
formed by the stakes in the field with the angle on the card that
most nearly equaled it. For practical reasons, perceptual matching
could not be applied to either distance or area estimation. Each ob
server made 45 judgments at each origin.

RESULTS

The definition of a metric on a space (such as distance)
involves determining how the metric varies as a function
of the location of points in a coordinate space. Many sorts
of "coordinatizations" are possible outside of the com
mon Cartesian and polar coordinate systems. The present
data are discussed in terms of a slightly different coor
dinate system for which the coordinate dimensions are
easy to interpret and are defined relative to the observer.
For distance estimation, the location of a point is described
by four coordinates: the distance from the observer to the
nearest point (R), the polar angle or the direction the
nearest point lay relative to an arbitrarily defined axis to
the observer's right (8), the orientation of the points with
respect to the observer's frontal plane (cP), and the Eu
clidean distance between the two points (D) (see
Figure 2). For angle estimation, there are six coordinates
that describe an angle: the distance from the observer to
the vertex of the angle (R), the polar angle between the
vertex and an arbitarily defined axis (8), the orientation
of the angle relative to the observer's frontal plane (cP),
where orientation is defined by the vector that bisects the
angle, the length of the two legs of the angle (D1 and D2),
and the size of the angle itself (A) (see Figure 3). The
coordinate system for area estimation is similar.

S. S. Stevens (1975) demonstrated that judgments of
unidimensional stimuli almost universally fit a power func
tion. For distance estimation, Baird (1970) showed that
the power function describes estimates of stimuli in both
the frontal plane and in depth. Thus, if we examine judged
distance as a function ofactual distance for points in a given

Observer~

Figure 2. Coordinate system used to specify stake locations for
distance estimation. The coordinate dimensions displayed are the
radius (R), the polar angle (8), the orientation angle (<1», and the
physical interstake distance (D).
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location and orientation in space, we would expect to ob
tain a power function of the form

J = kDD
,

Figure 3. Coordinate system used to specify stake locations for
angle estimation. The coordinate dimensions displayed are the radius
(R), the polar angle (0), the orientation angle (cP), the lengths of the
two legs of the angle (Dl and D2), and the physical size of the
angle (A).

where R,O, and cP are the coordinates mentioned above.
A similar function may be determined for angle and area
estimation.

Although the idea that k and n might be functions of
stimulus conditions is not new (J. C. Stevens & Hall,
1966; J. C. Stevens & Rubin, 1970; R. Teghtsoonian &
M. Teghtsoonian, 1978), unique features of the current
experimental conditions demand the introduction of
several new analysis techniques. Unlike most psy
chophysical studies, the present study used values for the
independent variables that were determined by the ran
dom selection of the stake locations rather than being ex-

perimentally fixed factors. The primary advantage of ran
domly selecting independent variables (Brunswik, 1944)
is that it avoids the arbitrary selection of special stimulus
conditions in much the same way that the random selec
tion of subjects controls for special subject characteris
tics. Three new analyses are applied to this type of data
in order to determine the values of k and n. The first tech
nique (the global analysis) provides overall estimates of
the parameters for individuals or for all observers com
bined. The other two (the binned regression and the modu
lus analysis) provide estimates of k or n as a function of
a coordinate variable. A more detailed description of the
latter two techniques is given in Appendix A.

Note that the term "modulus" is used to describe k be
cause the most commonly used terms "scaling factor"
and "measure constant" are clearly inappropriate to
describe a potentially nonconstant function. Since k may
be thought of as the number assigned to a "standard"
stimulus of I-unit magnitude, k is thus a modulus for each
viewing condition. For this reason, I will use the term
"modulus" to describe k in this paper.

Global Analyses
Table 1 presents the overall analyses for each method

and each metric property (distance, angle, and area). To
fit the data to a power function, all log stimulus-logjudg
ment pairs for each observer with all origins combined
were regressed. In addition, a composite analysis was per
formed in which all log stimulus-log judgment pairs with
all observers and origins combined were regressed. The
slope of this regression provides an estimate for the overall
value of the exponent. By itself, the overall value of the
modulus is not meaningful. It is not reported in Table 1.

Several features of the results should be noted. First,
the correlation for the regression varies between .65 and
.89. These values, though highly significant when com
pared with chance, are low when compared with those
commonly found in unidimensional distance estimation
(M. Teghtsoonian & R. Teghtsoonian, 1969; R. Teght
soonian & M. Teghtsoonian, 1970, 1978), where corre
lations are commonly close to .98. Why are the correla
tions so low here? If either the modulus or exponent are
functions of coordinate dimensions, then the global anal
ysis attempts to fit a single power function to data better
described by a family of power functions. A single power
function will not account for the data generated under all
conditions, leading to a low correlation.

The exponents obtained are consistent with previous
results. The exponent for distance estimation in magni
tude estimation is typically close to 1.0 (Baird, 1970). The
exponents for area judgments are consistently less than
those produced by distance estimation (Baird & Noma,
1978). Category estimation exponents tend to be less than
magnitude estimation exponents (S. S. Stevens, 1975).
Due to the constraints involved in producing a map (Baird,
Wagner, & Noma, 1982), exponents for distance and an
gle estimation in mapping must be close to 1.0 (Baird,

where k and n are constants for that particular location
and orientation and J and D are judged and actual dis
tances, respectively. S. S. Stevens (1975) argues that all
unidimensional estimates of the magnitude of stimuli are
best fit by a power function irrespective of the judgment
method employed (whether magnitude estimation or
category estimation, etc.). Different methods, however,
will give rise to different power function exponents. Fol
lowing S. S. Stevens's example, I will use the power func
tion to describe the results from all judgment methods.
In this way, cross-method consistency is gained and dis
tortions in judgments due to the response method itself
can be accounted for by alterations in the exponent.

The parameters k and n need not be the same for all
locations and orientations. More specifically, the values
of these parameters may vary as a function of spatial 10
cation such that

Observer~
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Table 1
Overall Exponents (Correlations in Parentheses) for Individual Observers and

Composite for Each Metric Property Judged and Each Judgment Method

Observer

Condition J.B. L.C. N.R. J.C. M.W. Composite

Distances

ME .98(.86) .96(.83) 1.05(.79) .94(.82) 1.00(.78) .99(.77)
CE .99(.89) .72(.80) 1.00(.83) .89(.84) .90(.82) .90(.83)
MA .95(.82) .99(.82) .97(.80) .95(.82) .93(.73) .96(.76)

Angles

ME .74(.83) .81(.79) .85(.82) .79(.86) .82(.82) .81(.82)
CE .48(.83) .50(.76) .50(.79) .45(.81) .44(.78) .47(.78)
MA .95(.81) .85(.79) 1.07(.77) .93(.81) 1.06(.74) .97(.77)
PM .77(.76) .92(.78) .86(.81) .70(.81) .82(.79) .82(.78)

Areas

ME .48(.80) .67(.80) .71(.80) .68(.76) .46(.72) .60(.74)
CE .40(.78) .47(.80) .44(.78) .55(.88) .43(.87) .46(.79)
MA .84(.74) .68(.77) 1.01(.65) .77(.78) .95(.70) .85(.66)

Note-ME = magnitude estimation. CE = category estimation. PM = perceptual matching. MA
= mapping.

Merrill, & Tannenbaum, 1979; Sherman, Croxton, &
Giovanatto, 1979). Past angle estimation studies (Beery,
1968; Fisher, 1969; MacLean & Stacey, 1971; MacRae,
1983; MacRae & Loh, 1981; Wenderoth & Johnson,
1982) have tended to concentrate on angles lying in the
frontal plane and have not applied a power function form
to their data; hence, no comparisons can be made with
the present data.

Detailed Analyses
Analyses were performed for each combination of ob

server, judgment method, metric property, origin, and
analysis technique (well over 400 analyses). Instead of
reporting all of these (most of which produced no consis
tent pattern), I report only those patterns for each metric
property that were consistent across all combinations. In
particular, I report two major results: One pattern is found
in distance judgment; the other arises in angle judgment.
In both cases, the important variable is stimulus orienta
tion (eI»; the radius (R) and polar angle (0) are weak vari
ables that do not influence judgments in any substantial
way.

Distances seen in depth (one stake behind the other) tend
to be perceptually contracted relative to those in the frontal
plane (two stakes side by side). In previous psychophysi
cal work (Baird, 1970), investigators have examined the
effects of stimulus orientation on the exponent; here, the
pattern arises in the modulus rather than the exponent.
The modulus tends to reach a minimum at stake orienta
tions (eI» of 90° (in-depth) and maxima at frontal orienta
tions of 0° and 180°. The modulus increases from this
minimum to either maximum in an approximately linear
fashion as a function of orientation. Figure 4 displays two
examples of the ratio of individual judgments to actual
distances (an estimate of the modulus-see the modulus
analysis in Appendix A) plotted as a function of the orien
tation of the corresponding stimulus. The examples show
results for two observers, each at a single origin. The pat-

tern displayed is typical of the results for other observer,
origin, and judgment method combinations, although the
exact extent to which in-depth orientations are underesti
mated is variable. (Figure 4 shows the extremes of com
pression.) On the average, the same physical distance is
seen as slightly more than twice as large in frontal orien
tations as it is in in-depth orientations for all methods.
The binned regression analysis confirms this pattern. No
consistent pattern exists in the exponent as a function of
orientation. The modulus reaches a minimum at the in
depth orientation of 90° and maxima at frontal orienta
tions of 0° and 180°.

Angle judgments also show one consistent pattern. As
with distance judgments, the pattern arises in the modu
lus as a function of angle orientation (eI». The modulus
tends to reach maxima at orientations of -90° and 90°
(when the angle is facing either directly toward or directly
away from the observer) and minima at -180°,0°, and
180° (when the angle is facing either to the observer's
right or left). Figure 5 presents an example of the modu
lus analysis as a function of angle orientation. The exam
ple shows results for a single observer at a single origin.
The pattern displayed is typical of the findings for other
observer, origin, and judgment method combinations. The
large variability seen in the plots is a consequence of the
fact that angle exponents typically deviate significantly
from 1.0 (see Appendix A). The binned regression anal
ysis confirms this trend. No consistent pattern exists in
the exponent as a function of orientation. The modulus
reaches maxima at -90° and 90° and minima at -180°,
0°, and 180°. There are no exceptions to this trend for
either analysis across all combinations of observer, ori
gin, and judgment method.

Both of these results are consistent with the statement
that visual space is perceptually contracted in the in-depth
dimension relative to the frontal dimension as compared
with physical space. Distance judgments directly reflect
this hypothesis. Similarly, if angles seen facing directly
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Figure 4. Two examples of an estimate of the modulus plotted as a function of stimulus orientation
for distance estimation. Each panel shows the data from one observer, one origin, and one judgment
method (magnitude estimation); they were selected to show the extremes of compression.
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hyperbolic). Four models based upon these geometries
are tested. In the first model, distances in Euclidean phys
ical space are subjected to an affine transformation to
produce a somewhat different Euclidean visual space. The
second model is a refinement of the first. The third and
fourth models test the spherical and hyperbolic geome
tries using formulations proposed by past theorists. In each
case, the model's predictions and the actual responses
given by observers were compared by a SIMPLEX curve
fitting routine. A variety of initial parameter values were
employed to avoid relative minima in the fit. Best-fitting
parameter values and measures of goodness of fit are
reported.

Affine Contraction Model
In the first model, the observer is located at the origin

of a Cartesian coordinate system, where the y-axis cor
responds to the direction straight ahead. According to this
model, the frontal component of physical space (parallel
to the x-axis) is unchanged, but the in-depth component
(parallel to the y-axis) is contracted. This contraction can
be expressed as y' =cy, where y is the physical y
coordinate, y' is the perceived y-coordinate, and c is the
contraction constant. After this affine transformation,
physical distances and angles are systematically distorted
in the resulting visual space. The space is still Euclidean,
although it is distorted relative to physical space.

Since distance after an affine transformation is still
Euclidean, we may express the distance between two
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toward or away from the observer are "squeezed" in the
in-depth dimension, they would perceptually expand in
their size. (Points along the sides of the angle remain the
same distance apart in the frontal dimension, but are
moved closer to the vertex in the in-depth dimension. In
the extreme case in which all in-depth distances approach
zero, all points would be compressed along a single line,
forming a 1800 angle.) Conversely, if angles facing to
the observer's right or left are squeezed in the in-depth
dimension, they would perceptually contract. This com
pression of the in-depth dimension (or expansion in the
frontal dimension) can be seen in the mapping data. In
Figure 6 the actual stake locations are represented by
squares and the diamonds show the locations resulting
from the mapping data. The x- and y-dimensions of the
plots are to the same scale, and the minimum and maxi
mum x-coordinates for all stake layouts serve as the left
and right bounds of the square plot. The minimum and
maximum x-coordinates across all maps serve as the left
and right bounds of the diamond plot. The actual stake.
location and map location plots are superimposed, and the
correspondence between points in the field and on the map
are indicated by arrows to allow for direct comparison.
The amount of compression in this particular case is ex
treme. However, quite noticeable compression in the y
dimension is seen in all of the maps.

Figure 5. An example of an estimate of the modulus plotted as
a function of stimulus orientation for angle estimation. Here 0° in
dicates that the angle is facing toward the observer's right; 180° and
-180°, toward the observer's left; -90°, toward the observer; and
90°, away from the observer. The data are from one observer and
one judgment method (mapping) and are typical of all observers.

MATHEMATICAL MODELS

The preceding data may be used to test the three best
known synthetic geometries (Euclidean, spherical, and

Figure 6. An example of a direct comparison of physical and es
timated stake locations for the mapping data. Squares represent the
physical locations of the stakes. Diamonds represent the judged lo
cation. The arrows display the correspondence between points on
the two maps. The data are from one observer and one origin.
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points PI and P2 in the visual world (J) as

J = .J(xl'-x2')2 + (yl'-y2')2

= .J(xl-x2)2 + (cyl-cy2)2

= .J(xl-x2)2 + c2(yl-y2)2,

where (xl,yl) and (x2,y2) are the physical coordinates
of the points PI and P2 and (xl',yl') and (x2',y2') are
the corresponding visual coordinates .

.For modeling purposes, this statement may be gener
alized to the Minkowski metric:

f
Observer,:,

• • •

where R is the Minkowski parameter. If R=2, the space
is Euclidean.

In addition, the data are fit to a power function. In
general, the psychophysical literature suggests that the
power function accounts for response factors inherent in
the judgment method, which gives rise to different ex
ponents and scaling factors. Thus, the general form of
the affine contraction model is

where k is a scaling parameter and n is the psychophysi
cal exponent. The best-fitting parameter values and the
overall variance accounted for (r2

), where r is the Pear
son product-moment correlation between the model's
predictions and the actual data when fit to the distance
data for all observers and origins combined, are reported
in Table 2.

In general, the fits are quite good. Since only a single
set of parameters are fit to the distance data for all ob
servers and origins, individual differences should produce
considerable error variance. When the best-fitting curves
are derived for each observer and origin separately, the
overall variance accounted for is even higher. Regress
ing the prediction made by the model for each observer
and origin against the actual data' yields an overall r2 of
.869 for magnitude estimation, .862 for category estima
tion, and .929 for mapping.

The Minkowski parameter, R, is very close to 2.0, the
Euclidean value. In fact, eliminating the parameter from
the fit by setting it equal to 2.0 yields virtually no reduc
tion variance accountedJor. The r2 is identical to the one
reported in the table to three decimal places.

Table 2
Best-Fitting Parameter Values and the Overall Variance Accounted
for, r', by the Affine Contraction Model When Fit to Distance

Judgments Employing Magnitude Estimation (ME),
Category Estimation (CE), and Mapping (MA)

Parameter

Method k n R c r'

ME 26.1 .97 2.22 .49 .741
CE 3.32 .91 1.68 .53 .809
MA 5.93 .95 1.65 .38 .793

Figure 7. Diagram displaying two pairs of stakes with different
orientations with respect to the observer but identical orientation
with r~spect t.o the x-~xis. The vectors vI and v2 are the compo
nents mto whIch the dIstance defined by the pair of stakes on the
right are divided in the vector contraction model.

Th~ expo~e~t, n, has a value close to 1.0. The expo
nent IS statistIcally necessary for category estimation
alone. I

The contraction parameter, c, is surprisingly small. That
is, according to the model, in-depth distances are seen
to be about half as large as frontally oriented ones.
Eliminating c by setting it equal to 1.0, the value expected
if depth per~epti~n is perfectly veridical, results in large
decrements m vanance accounted for. Variance accounted
for drops from an average of .8 for the full model to .6
for the restricted model, where c is fixed.

Thus, although visual space may be viewed as essen
tially Euclidean, Gibson (1950, 1959) was incorrect in
assuming that visual space is exactly equivalent to physi
c~l spa~e. Visual space is compressed in the in-depth
dImensIon when compared with physical space (at least
within the range of 5-70 m from the observer).

Vector Contraction Model
The affine contraction model fits the data quite well.

One aspect of the model is unsatisfying, however. It seems
unlikely that human beings actually perceive the world
in terms of a Cartesian coordinate system. A polar coor
dinate model seems more appropriate for human ex
perience. An example should clarify this point (see
Figure 7). Imagine two stake pairs both of which have
the same orientation with respect to the y-axis. One of
the pairs lies directly in front of the observer. The other
lies some distance off to the right. The former stimulus
is truly in-depth. One stake lies behind the other in the
person's visual field. The latter stimulus will be some
what frontally oriented. That is, one stake will not lie
directly behind the other in the person's visual field. Yet,
according to the affine contraction model, both distances
should experience the same contraction and be perceived
as the same length. Since observers were allowed to move
their heads freely in the present experiment, it is unlikely
that judgments should be so influenced by an arbitrarily
defined Cartesian coordinate system.

The second model modifies the affine contraction model
slightly in order to take this problem into account. Im-
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agine a point PI lying somewhere in physical space. The
distance from this point to some other point P2 may be
thought of as a vector originating from Pi. The vector
is broken down into a frontally oriented component, VI,
and an in-depth component, V2, and the lengths of VI
and V2 are related to the orientation angle (cP) of the two
stakes with respect to the observer. In particular,

VI = Dcos(et»

V2 = Dsin(et»,

where D is the Euclidean distance between the two points.
In the vector contraction model, the physical in-depth
component V2 is contracted by a constant amount to yield
the visual in-depth component V2'. The visual frontal
component VI' is unchanged. Perceived distance (1) is
the norm (or length) of this two-component visual vec
tor. This may be written as

J = ..JVT"+ V2/ 2

= ..JVP + (cV2)'

= ..J(Dcoset»' + (cDsinet»'

= D..J(coset»' + (c sinet»'

This equation can be generalized to the form of a power
function

J = k[D..J(coset»' + (c sinet»']D.

.935 for mapping. In view of the usual amount of psy
chophysical variability (Baird, 1970), it is unlikely that
any other simple model would account for more of the
variance!

Spherical Geometry Model
Thomas Reid (l764/l8I3) suggested that the eye itself

is incapable of depth perception. He stated that "visible"
space as such can be represented by a sphere of arbitrary
radius encompassing the space. In other words, visual
space is exactly equivalent to the proximal stimulus at the
retina. This description of visual space is equivalent to
a spherical geometry. An example of a spherical geome
try is the surface of the earth. "Straight" lines are cir
cles on the surface that contain the earth's center as their
own center, such as lines of longitude or the equator. No
parallels exist since all lines meet in two locations. This
violation of Euclid's parallel postulate is the defining fea
ture of a spherical geometry.

Recently, Angell (1974) and Daniels (1974) have rein
troduced Reid's spherical geometry. (More technically,
they have proposed a doubly elliptical geometry.) Dis
tance between two points is the length of arc of a great
circle passing through the two points, and is proportional
to the visual angle between the two points.

A formula for the visual angle in terms of physical
measures is simple to derive but involved (see Appen
dix B). The full spherical model applied to the data is a
power function of the form

where

Table 3
Best-Fitting Parameter Values and the Overall Variance Accounted
for, r 2 , by the Vector Contraction Model When Fit to Distance

Judgments Employing Magnitude Estimation (ME),
Category Estimation (CE), and Mapping (MA)

The best-fitting parameter values and the overall vari
ance accounted for by the full model when fit to the dis
tance data with all observers and origins combined are
reported in Table 3.

For all observers and origins combined, the vector con
traction model accounts for a slightly larger share of the
variance than the affine model but is the same in all other
respects. The exponent n tends to be close to one, while
the contraction parameter c is consistently within the range
.4 to .5, indicating that in-depth distances are approxi
mately half as large as frontal distances. If best-fitting
curves for each observer and origin are regressed against
the data, the overall variance accounted for is .879 for
magnitude estimation, .877 for category estimation, and

Method

ME
CE
MA

k

27.6
.33

6.08

Parameter

"0

.93

.88

.93

c

.46

.49

.40

r2

.754

.834

.802

[
h2+R2+RDsinet> ]

~ = Arccos (I)
v'R,'+h2 ..JR'+D'+h2+2RDsinet> •

where J is the judgment, k is a scaling factor, n is the
exponent, ~ is the visual angle between the two points,
R is the radius to one of the points, D is the physical dis
tance between the two points in Euclidean space, cP is the
orientation angle, and h is the height of the observer above
the plane in which the stakes lie.

The overall variance accounted for and the best-fitting
parameter values of this model when fit to the distance
data with all observers and origins combined are reported
in Table 4. In all cases, the height of the observer is ab
surdly high. Setting the parameter to a reasonable height
of 2.0 m yields a large decrement in variance accounted
for. Because ofthis and the relatively poor fits, the spher
ical model is rejected. J

Hyperbolic Geometry Model
Luneburg (1947, 1950) proposed that visual space is

best described as a hyperbolic geometry. A hyperbolic
geometry can be thought of as the inverse of an elliptical
geometry. Here, an infinite number of parallels can be
drawn to a line through a point not on that line.



J = k{(T)arcsinh[y'[l+K(ql)/4][l+K(q2)/4](l/T)DW, (2)

One of the most recent formulations (Indow, 1974) for
this function for two points, PI and n, is

Table 4
Best-Fitting Parameter Values and the Overall Variance Accounted
for, r 2

, by the Spherical Geometry Model When Fit to Distance
Judgments Employing Magnitude Estimation (ME),

Category Estimation (CE), and Mapping (MA)

Method

ME
CE
MA

k

2203.5
17.4

276.2

Parameter

n

1.0
.91
.92

h

108.5 m
92.5 m
53.0 m

r 2

.603

.711

.659
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limited in scope. Indow, Inoue, and Matsushima (1963)
found that certain predictions of the hyperbolic model
were somewhat "disappointing" when applied to a spa
cious field. (3) Probably the most important difference
between this work and Luneburg's is the conditions un
der which stimuli were observed. The present study took
place under full-cue conditions. That is, the experiment
took place under natural conditions with good lighting and
plenty of textural cues to depth. In contrast, Luneburg's
stimuli were luminous points in the dark, eliminating most
of the major cues to depth. Battro, Netto, and Rozestraten
(1976) have disconfirmed a number of the hyperbolic
model's predictions under full-cue settings. In particular,
the curvature constant (K) varied widely between - 1 and
+1, a result that is inconsistent with the hyperbolic model.

where qi = 2exp[ -aR(i)] and T = 2/FR, where J is
the observer's judgment, k is a scaling parameter, arc
sinh is the inverse hyperbolic sine, q1 and q2 are the visual
radii from the origin to PI and n, respectively, R(i) is
related to the distance from the observer to the points
(more precisely, it is the convergence angle of the two
eyes), D is physical distance between the two points scaled
relative to the qiS, a is a personal constant for each ob
server, and K is the Riemannian curvature of the space.
In this model, curvature is assumed to be constant. In
general, spaces of constant curvature are of three types.
If K > 0, the space is elliptical (as in the spherical ge
ometry model); if K=O, the space is Euclidean; and if
K < 0, the space is hyperbolic. Equation 2 applies only
to the hyperbolic case. If visual space were Euclidean,
the formula would require division by zero. If visual space
were elliptical, the formula would require calculations
with imaginary numbers. Neither situation is desirable
from a curve-fitting standpoint.

Fitting the hyperbolic model to the distance data proved
to be problematic. In spite of repeated attempts with differ
ent starting values for the parameters (to avoid relative
minima problems), a complete run of the curve-fitting rou
tine was seldom possible. The program tended to "crash"
as the parameter estimate for curvature approached zero
or as v[l +K(ql)/4][1 +K(q2)/4] became imaginary. The
few definite solutions that occurred were relative minima
in the curve-fitting procedure that accounted for almost
none of the variance in the data. 4

Hence, the present results are not consistent with work
by Luneburg (1947), Blank (1959, 1978), and Indow
(1974, 1979). Either visual space is not hyperbolic or
Luneburg's mapping functions between visual and phys
ical space are incorrect. There are at least three possible
reasons for this inconsistency: (I) In an attempt to em
ploy ecological viewing conditions, both free head and
free eye movement were allowed in the present study.
Luneburg allowed only free eye movement.
(2) Luneburg's and Blank's theories were based upon
binocular cues to distance. Such cues are limited in
scope-useful only up to 2 m away from the observer
(Baird, 1970). Thus, their hyperbolic models are also

Angle Data
The affine contraction model. The affine contraction

and the vector contraction models may be fit to the angle
data as well as to the distance data. For a Euclidean
geometry,

cos(A') = (v' ·w')/(II v' II II w' II).

For the affine contraction model, the power function
formulation is

A' = k{arccos[(v'·w')/(llv' II Ilw'DW

and

(v"w') = vlwl+c2v2w2

II v' II = vvl'+(CV2)2

II w' II = ,""wl'+(CW2)2,

where k is a scaling factor, n is the exponent, v1 and v2
are the x- and y-comp0nents of the vector v in physical
space, wI and w2 are the x- and y-components of the vec
tor w in physical space, and c is the contraction factor
of the affine contraction model.

Table 5 reports the best-fitting parameter values and
variance accounted for by the model with all observers
and origins combined. The exponent n is much less than
1.0 in all cases. The exponents obtained for each judg
ment method are close to the overall exponents reported
in the results section. The contraction parameter, c, is
much less than the veridical value of 1.0. Eliminating c
by setting it equal to 1.0 results in a decline in variance
accounted for from the average of .72 for the full model
to .62.

The magnitude of the compression is similar to that
found for the affine model when it is applied to the dis
tance data (c ranges between .4 and .6). Replacing the
contraction parameter by the values found in Table 2 for
distance estimation produced little decrement in variance
accounted for. The r2 for category estimation and map-
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Table 5
Best-Fitting Parameter Values and the Overall Variance Accounted

for, r 2
, by the Affine Contraction Model When Fit to Angle

Judgments Employing Magnitude Estimation (ME),
Category Estimation (CE), Mapping (MA),

and Perceptual Matching (PM)

Parameter

Method k n c r2

ME 71.90 .79 .63 .700
CE 3.31 .46 .52 .703
MA 55.30 .86 .39 .725
PM 5.60 .72 .39 .747

ping were identical to the full model's out to three decimal
places. For magnitude estimation, a slight decline in var
iance accounted for from .70 for the full model to .69
is evident. Notice that a fourth judgment method, percep
tual matching, produced a similar parameter value.

Thus, the affine contraction model produces good fits
to the angle data as well as to the distance data. Parameter
values are similar and do not support the usual idea that
visual space directly reflects physical space (c = l.0).

Vector contraction model. The same formula (which
applies to all Riemannian geometries) may be applied to
obtain the judged angle for the vector contraction model.
That is,

A' = k{arccos[(v'·w')fll v'II II w' IIW

and

V' ·w' = [D(v)coscfl)][D(w)coscfl(v))

+ [cD(v)sincfl(v)][cD(w)sincfl(w)]

II v'II = v'[D(v)coscfl(v)]' +[cD(v)sincfl(v)],

II w' II = v'[D(w)coscfl(W)] 2 +[cD(w)sincfl(w)]',

where v' and w' are the two visual vectors correspond
ing to the two sides of the angle, D(v) and D(w) are the
lengths of the two sides in physical space, cf>(v) and cf>(w)
are the orientation angles of the two sides, k is a scaling
factor, n is the exponent, and A' is the judged angle.

The best-fitting parameter estimates, along with their
associated measures of goodness of fit, are presented in
Table 6. The vector contraction model fits the data either
as well as or slightly better than the affine contraction
model. The contraction parameter falls in the same range
found for the distance data. When the contraction param
eter for angle and distance estimation are compared in
the context of the alternative that there is no contraction
in the space (c= 1.0), then any differences between the
parameters produced by the various methods and the type
of object judged (distance or angle) seem small indeed.
Overall, the affine contraction and vector contraction
models are strongly supported by the angle data.

DISCUSSION

The present data indicate that visual space is severely
compressed in the in-depth dimension relative to physi
cal space. This conclusion is consistent across observers,
origins, judgment methods, and analysis (modeling) tech
niques. The mathematical form of this compression ap
pears to be some variant of an affine transformed Euclid
ean space. The extent of the compression is large. The
same physical distance will be seen as approximately twice
as large when viewed in frontal orientations as when
viewed in depth.

One interesting aspect of these orientation effects is that
they are carried by the modulus. Modulus effects are rare
in the psychophysical scaling of large-scale visual space
but do arise periodically in other areas of psychophysical
investigation (Babkoff, 1976; Crawford, McDonald, &
Hilgard, 1979; J. C. Stevens & Marks, 1980; M. Teght
soonian, 1972, 1980). The meanings of modulus and ex
ponent effects are slightly different, as can be seen by ex
amining their role in the power function. Exponents
different from 1.0 indicate perceptual and judgment fac
tors that differentially affect judgments of large and small
stimuli. Modulus changes indicate factors that affect all
judgments proportionally the same for all sizes of stimuli.
Hence a modulus that is smaller than under the standard
condition means that stimuli are in general seen to be
smaller under the new condition than under the standard
condition; that is, the modulus reveals a consistent illu
sion for stimuli of all sizes. Borg and Marks (1983) report
a more detailed analysis of the meaning of modulus
effects.

Modeling visual space as an affine-transformed Euclid
ean space appears to contradict work by such previous
investigators as Gibson, Indow, Luneburg, and Reid. This
contradiction is probably only one of appearance,
however. All of the theories adequately described data
collected under an appropriate set of environmental con
ditions. The conditions examined were different for each
theorist, however. Gibson was concerned with well-lit set
tings in which the observer was allowed full freedom of
motion. The present data were collected under full-cue
conditions with free head movement but limited body

Table 6
Best-Fitting Parameter Values and the Overall Variance Accounted

for, r 2
, by the Vector Contraction Model When Fit to Angle

Judgments Employing Magnitude Estimation (ME),
Category Estimation (CE), Mapping (MA),

_~~~~_a_n_d_Perceptual Matching (PM)
Parameter

Method k n c r2

ME 71.40 .81 .65 .699
CE 3.30 .45 .47 .719
MA 56.00 .85 .38 .727
PM 5.90 .67 .30 .794



movement. Luneburg's data were collected in the dark
using methods of adjustment and no head movement. Reid
based his work on observations made without free eye
movements. In sum, this multiplicity of well-supported
theories indicates that no single geometry can adequately
describe visual space under all conditions. Instead, the
geometry of visual space itself appears to be a function
of stimulus conditions. Other theorists have reached simi
lar conclusions (Dodwell, 1982; Suppes, 1977; Watson,
1978).

In general, the visual world approaches the Euclidean
ideal of veridical perception as the quantity and quality
of perceptual information increases. Thus far, most of the
reported geometries have been Riemannian with constant
curvature. One might speculate that the primary effect of
the environmental setting is to influence the curvature
constant varying from K= I under totally reduced settings
with "projective" estimation instructions to K=O under
information-rich settings with "objective" estimation in
structions.

This speculation is essentially equivalent to the general
finding in the direct estimation and constancy literatures
that judgments of size range between matching the visual
angle of the stimulus under reduced-cue conditions using
projective estimation instructions and matching the phys
ical size of the stimulus under full-cue conditions using
objective estimation instructions (Baird, 1970).

How do the present data fit into the above scheme? One
possibility is that the curvature reflected in the present
data lies beween 0 and I and that frontally oriented dis
tances are seen as longer by virtue of subtending a larger
visual angle than in-depth oriented distances at the same
radial distance from the observer. The second possibility
is that in the absence of known size cues to anchor judg
ments, in-depth and frontal dimensions may be scaled
differently. The former possibility is unlikely. Simulations
demonstrate that the ratio of frontal to in-depth visual an
gles increase dramatically as a function of distance from
the observer (R). No distance effects were discerned in
the present data. Five attempts to model visual space tak
ing projective size into account failed. The second possi
bility is supported by the linear decrease in judged size
as a function of orientation found in the data and by the
good fits obtained by the affine and vector contraction
models.
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APPENDIX B

g2 = R2+D2-2RD cos(90+r/J),

lID (k'Dn')1D

(2A)

(IA)1 = k'Dn',

where k' and n' are constants for each given value for R, e,
and r/J.

Dividing both sides by D yields

We are trying to find the visual angle, t defined by two points
lying on a plane, PI and P2, in terms of the known quantities,
h, the height of the observer, R, the distance to the nearest point,
D, the Euclidean distance between PI and P2, and r/J, the orien
tation angle (see diagram).

By the law of cosines,

This technique will not produce a continuous scale. One ex
ponent and one modulus is calculated for each bin. Of course,
the number of points generated will depend upon the number
of bins used and upon the size of each bin. A tradeoff exists
between fine-grained analysis and stability. Larger bins (a coarser
analysis) will contain more points and yield less variable
parameter estimates.

The second approach (the modulus analysis) plots the ratio
of the judgment to the actual distance as a function of one of
the coordinate dimensions such as R. Mathematically, this ra
tio provides a reasonable estimate for k. For given values of
R, e, and r/J,

If n' is close to 1 (which it tends to be for distance), the ratio
of judgment to distance is approximately equal to k. Any varia
bility that does exist in D(n' - I) will act as variability in the es
timate of k.

This technique has several advantages. First, since every judg
ment can generate a ratio of this sort, a large number of esti
mates for k can be obtained. Second, since this technique does
not require data binning of any sort, a reasonably continuous
scale results.

There are several problems with this technique, however.
First, the basic rationale is to minimize the influence of n' and
D', but it does not eliminate them. Significant variance in n'
departing from 1.0 will introduce our second variable of interest,
n', into the equation. Thus, this method must be used with cau
tion and in conjunction with the binned regression technique,
which can disambiguate whether effects are due to the modulus
or the exponent.

NOTES

I. All statements made in the text about variance accounted for by
a parameter are supported by statistical tests. Statistically significant
reductions in variance accounted for by eliminating a parameter indi
cate that the parameter is statistically "necessary." For the sake of brevity
and clarity, these tests are omitted in the text. The interested reader may
refer to Wagner (1982) for further details,

2. Two other types of depth contraction models failed to describe the
experimental data. These models are described in Wagner (1982).

3. Three other visual angle models are reported in Wagner (1982).
These models also predict that the observer should be too tall.

4. A second hyperbolic model is reported in Wagner (1982). In this
model, physical distances between points are directly substituted into
the hyperbolic equation instead of angular measures. In all cases, cur
vature approached or equaled zero, indicating a Euclidean space.
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APPENDIX A

The binned regression technique attempts to determine how
k and n vary as a function of R, e, and r/J. A coordinate dimen
sion such as R is divided into regions (bins). Every stimulus
pair satisfying the defining feature of a bin (e.g., being between
10 and 15 m away or being between 15 and 20 m away) has
its log distance and log estimate computed. Now, all such pairs
for the bin are regressed simultaneously, yielding a slope and
an 'intercept. The slope represents the exponent for that bin, and
the intercept represents the log modulus.

where g is the distance along the ground from point G (at the
observer's feet) to point P2.

By the Pythagorean formula,

Z22 = g2+h2,

where Z2 is the distance from the observer's eyes (0) to P2.
By the Pythagorean formula,

ZP = R2 +h2
,

where ZI is the distance from the observer's eyes (0) to PI.
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= (R2+h2) + [R2+D2-2RD cos(90+¢)+h2j

- 2,jR2+h2,jg2+h2COS(~).

This may be reexpressed as

2,jR2+h2 ,jg2+h2 cos~ = 2R2+2h2 - 2RD cos(90+¢)

R2+h2 - RD cos(90+¢)
cos~ =

,jR2+h2 ,jR2+D2 - 2RD cos(90+¢)+h2

Since -cos(90+¢) = sin¢, we have

[
R2+h2 + RD sin¢ ]

= Arccos ,
~ ,jR2+h2 ,jR2+D2+h2+2RD sin¢

By the law of cosines

D' = ZP + Z2' - 2Zl Z2 cosW

= (R'+h') + (g'+h') - 2,jR'+h' ,jg'+h2 COs(~)

which was what we set out to prove.
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