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STATEMENT OF PURPOSE

RATIONALE FOR THE INTERMAX
ROTATION METHOD

The purposes of this article are (l) to explain the ra
tionale for a newmethod of hypothesis testing in rotated
dimensional analyses, (2) to explain the computational
methods used in the program, and (3) to illustrate the
method witha smalldataset. (Moredetailed instructions
onhowto usetheprogram areprovided intheuser'sguide
to the INTERMAX program.)

types of dimensional analyses (e.g., nonmetric multi
dimensional scaling of proximities vs. maximum likeli
hood factor analysis). It is difficult to statistically com
pare the results of different typesof analyses of the same
data by different algorithms. For these reasons, it is im
portant to seek a more general solution to the problem
of hypothesis testing in rotated factoranalysis solutions,
or dimensional analyses in general.

(1)INT ::::: SSINT/SSTOT,

Computational Methods
The intermax criterion is the ratio

Theoretical Basis
A long-standing issue in orthogonal factor analysis is

how to objectively arrive at a simple-structure rotation
of the factor structure matrix (Kim & Mueller, 1978;
Thurstone, 1947). Therationale for the intermax method
starts from considering the factor structure matrix as a
two-way factorial analysis of variance. The squared fac
tor loadings are the dependent variable scores observed
in each cell of the design. Different variables constitute
levelsof one independent variable, and thedifferent fac
tors constitute levels of the other independent variable.
The intermax rotation maximizes the relative amount of
squared factor loading variation that is due to the inter
action of factors andvariables (Balloun & Kearns, 1975).
Therationale for theintermax rotation is simpler thanthat
of thevarimax rotation, and it is related bothto otherro
tationmethods and to the analysis of variance (Balloun
& Keams, 1975).

where INT is the criterionto be maximized by the rota
tion, SSINT is the sumof squares interaction for squared
factor loadings, and SSTOT is the sum of squares total
for squared factor loadings.

Balloun andKearns (1975) concluded thatthe intermax
solution wasoftensimilar to the normalized varimax so
lution, and that this similarity tended to increase as the
number of factors increased. This observation led to the
following computational procedure. First the varimax ro-
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A continuing challenge in factor analysis andin related
techniques is the "seemingdifficulty of applying testsof
significance to the results of factor analyses" (Cattell,
1966, p. 332). For example, there is continuing ambiguity
about how to choose the number of factors in explora
tory factor analysis. There are many significance tests
available in factor analysis (e.g., Cattell, 1978; Harman,
1967; Kim & Mueller, 1978). According to Kim and
Mueller (1978), themaximum likelihood tests often yield
too many factors. Researchers oftenchoose the number
of factors on the basis of judgments of substantive im
portance of the factors, optimal simple structure in the
rotated solution, interpretability or invariance, or a com
bination of criteria rather than maximum likelihood or
other significance tests alone (Kim & Mueller, 1978).

Similarly, rules of thumb are often used for the sig
nificance of a rotated factor loading. Different sources
suggest 0.30 to 0.59 as thecutofffor a significant rotated
loading (e.g., Hair, Anderson, Tatham, & Grablowsky,
1979; W. Meredith [personal communication, spring,
1967]; Oumlil, 1983; L. Wolins [personal communica
tion, fall, 1965]).

The available methods are not very general. For ex
ample, themaximum likelihood methods usually arecon
cerned with theunrotated solution froma matrix of Pear
sonian correlations. Multivariate normality is usually
assumed forhypothesis-testing purposes. Different statisti
cal methods are appropriate for the results of different
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In this paper, we describe a FORTRAN IV program,
INTERMAX, thatperforms the intermax rotation of or
thogonal factor structure matrices. Furthermore, thepro
gramenables newstatistical tests for the number of fac
tors, the presence of simple structure, the communality
of a variable, the eigenvalue of a rotated factor, and the
significance of a rotated loading.
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tation is calculated. Then the intermax rotation for each
pair of factors is found by Newton's first-order iteration
method. The solution is repeated for all pairs of factors
and for the entire set of all possible pairs of factors until
the solution converges. (For specific mathematical details,
see Balloun & Kearns, 1975.)

THE STATISTICAL TESTS

Test for the Number of Factors
Determination of the number of factors is the first de

cision made in exploratory factor analysis. The Fortran IV
program described in this paper limits the number of fac
tors extracted to the maxima suggested by Kim and
Mueller (1978, pp. 49-51), depending on the number of
variables in the problem. Due to space restrictions, a
maximum of 30 factors may be extracted. The intermax
rotation method can be augmented to provide a sig
nificance test for the number of factors based on max
imization of simple structure.

Analysis of Variance of
Squared Factor Loadings

The intermax rotation method considers the variables
and the factors as the two independent variables and the
squared factor loadings as the dependent variable. Sup
pose that significance tests could be developed for the anal
ysis of variance effects in the matrix of squared factor
loadings. Then a significant difference among variables
would indicate communality differences in the population.
Significant differences among factors after rotation are
usually not of substantive interest, but they are useful in
describing population differences in rotated factor mag
nitudes. A significant interaction effect would indicate
simple structure in the population. If samples of variables
were randomly chosen from specified populations of vari
ables, then factorial invariance could be tested by the in
teraction effect.

The Significance of Individual Factor Loadings
If the sampling variance of each individual unsquared,

rotated factor loading could be estimated, then it would
also be possible to test the significance of each rotated
loading. The intermax rotation is designed to achieve posi
tive manifold and simple structure. Therefore, the ap
propriate null hypothesis would be for zero or negative
loading.

In summary, the intermax rotation method suggests
novel statistical tests of various hypotheses for the ro
tated solution. These hypothesis tests are useful alterna
tives and are complementary to those presently available
(e.g., the maximum likelihood test for the number of
factors).

Estimation of Parameters and
Sampling Variances

By itself, the intermax rotation method does not yield
estimates of sampling variances. Hypothesis-testing uses

of the intermax rotation method assume that there are
reasonable estimates of the sampling errors of the squared
or original rotated factor loadings.

Two methods for estimating parameters and sampling
variances are used in the program. If raw data are input,
then the jackknife method is used to estimate both
parameters and sampling variances. If a factor loading
matrix or a correlation matrix is input, then a parametric
method is used.

JACKKNIFE PARAMETER AND
SAMPLING VARIANCE ESTIMATES

Lack of convenient estimates of sampling variance is
a common problem in statistical analysis (Tukey, 1980).
Even when variability or significance or confidence in
terval estimates are available, it is often assumed that the
sample data are well conditioned (see Nie, Hull, Jenkins,
Steinbrenner, & Bent, 1975). For example, inferential
tests in factor analysis typically assume that the data con
tain no outliers, are drawn from a single population, are
homoscedastic, and are multivariately normal, and that
the associated correlation matrix is "non-Heywood"
(Harman, 1967). There is often doubt that these assump
tions are sufficiently well met to allow adequate model
ing of the data or statistical inferences by the usual
procedures.

Many variables are far from normally distributed. For
example, response latency, dichotomous variables, error
scores, deviations from a social norm, and accident rates
are usually not normally distributed. Normalizing trans
formations do not remedy all such problems. Correlation
matrices are often not well conditioned. For example,
missing data in survey research often create ill-conditioned
correlation matrices. Variables such as income, amount
of rainfall, the weight of hogs, and response frequency
often exhibit heteroscedasticity when correlated with other
variables.

In cases in which there is no efficient way to calculate
sampling variances or the available methods make implau
sible assumptions, there are general methods for calculat
ing sampling variance, confidence intervals, or sig
nificance levels. The jackknife method is the best such
general method (Tukey, 1980), and it has been previously
applied to estimating sampling errors with rotated factor
loadings (Clarkson, 1979). It removes bias proportional
to the reciprocal of sample size (N), tends to reduce esti
mate bias, provides a means of estimating error variance
and significance or confidence intervals when alternatives
are unavailable or their assumptions are violated. The
method is generally robust, but caution or data transfor
mations may be necessary in special circumstances. (For
further information on the rationale for the jackknife tech
nique, see Balloun & Oumlil, 1986; Bissell, 1977; Clark
son, 1979; Miller, 1974; and Mosteller & Tukey, 1968.)

Jackknife Computational Method
The computational method involves the following steps

(Balloun & Ournlil, 1986; Bissell, 1977; Clarkson, 1979;
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Symbol Meaning

Table 1
Definition of Symbols used in Jackknife Calculations

(6) The variance is calculated from the pseudovalues as
if they were independent observations:

(6)

where () is the sample factor loading.
For purposes of jackknife estimation, the squared fac

tor loadings and the intermax criterion function are trans
formed by the arcsine transformation:

~ = arcsine (v'8 ), (7)

where () is the sample squared factor loading or the inter
max criterion from Equation 1.

The alignment problem. The rotated factors for the
subgroups must somehow be matched (aligned) with ap
propriate factors from the total sample solution (Clark
son, 1979). The total sample rotated solution is taken as
the target matrix. Both the total sample and decremented
subsamplematrices are transformed by the Fisher z' trans
formation. The Euclidian distances are calculated between
each pair of total and subsample factors. Subsample fac
tors are aligned with total sample factors by an assign
ment algorithm (Levin& Kirkpatrick, 1978, pp. 379-386),
so that the distances between the aligned subsample and
total sample factors are minimized. Then the jackknife
calculations to estimate the loadings and their sampling
variances commence.

Jackknife Statistical Tests
The number of factors. The jackknife procedure

results in r (number of subgroups) estimates of INT for
each number offactors. The same subgroups are used no
matter how many factors are considered. Therefore, a
matched sample t test (Kazmier, 1976) can be done to de
termine whether each successive factor added to the ro
tated solution improves INT. The null hypothesis is that
the new factor produces no gain in INT. The user may
specify an alpha value for this test, or by default the pro
gram will assume that alpha is 0.05.

The analysis of variance. The two-way factorial ef
fects are computed, as explained in Winer (1971, pp. 431
442). However, the scores used in the cells of the design
are the arcsine transformations of the square roots of the
squared loadings, and the mean square error variance is
estimated as the average of the within-cellerror variances.
The program assumes that the number of cases per cell
is constant and equal to the total number of subgroups.
The null probability of each effect is printed.

Significance of individual factor loadings. The point
estimates and sampling variances of the individual rotated

range. For example, Clarkson (1979) used no transfor
mations of the factor loadings during the jackknifing
process. He reported that many of the jackknifed factor
loadings fell outside the allowable range, and he discarded
these from subsequent calculations.

In order to prevent such difficulties, the jackknife
statistical tests used with the intermax rotation transform
the unsquared, rotated factor loadings by the Fisher z'
transformation (see Winer, 1971, pp. 397-402):

1+8q, = .5 In -_ ,
1-()

(5)

(3)

(4)
,-1

r

E (()'j - 0.)1
~1 j=!
S, = -----

S'o
SEi = --.

o .J7
(7) Where many parameters are estimated, the procedure
will result in a new data matrix with r rows and k columns,
where r is the number of subgroups and k is the number
of estimated parameters. The mean of these estimates
gives the jackknife parameter estimate, and its variance
yields the sampling variance of the mean.

The standard error of estimate for () is then

Adaptation of the Jackknife to Factor Rotation
Normalizing transformations. Normalizing transfor

mations should be used on 8, 8_)> 8o}> or 8. in appropriate
circumstances. The transformations generally prevent a
parameter estimate from falling outside of the allowable

o A sample estimate of a population parametercalculated from
the total sample.

0_] The sampleestimate when the jth subgroupis omitted and
the estimate is found from the remaining data.

00] A jackknifed "pseudovalue" for each subgroup, computed
as in Equation2.

00 The mean of the 00] values.

N The sample size.

ep The () estimate transformed to reducepossible nonnormality
or to avoid "out of range" estimates. The symbol may ap
pear with various subscripts, as for ().

r Number of subgroups used.

s Size of each subgroup.

k Numberof parameters to be estimated.

Tukey, 1980; symbols are defined in Table 1):
(1) Calculate the parameter estimate, (), based on all sam
ple data. (2) Divide the data into' stochastically equiva
lent subgroups. The' subgroups will be of size s. (3) Each
subgroup is omitted from the data in !Urn. This results
in' partial or decremented estimates, ()-i> each based on
the remaining ,-1 subgroups. (4) From each
decremented estimate, calculate a pseudovalue:

8'j = r8 - (r-l)8_j • (2)

(5) The jackknife estimate is the mean of the pseudo
values:
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(9)

RESULTS

COMPUTATIONAL EXAMPLE

Harman's (1967; pp. 13-14, 137, 161-163,203-204,
229-230, 309-310, 340, 349) analysis example of five
socioeconomic factors was chosen to illustrate the inter
max rotation method and its associated significance tests.

(10)SEB l = 1.4142 SEB •

The Jackknife Estimates
Number offactors. The intermax criterion was calcu

lated for the full sample and for each of the 12 subsam
ples for one to five factors. The paired sample t test (with
alpha of 0.05) was computed as each additional factor was
added to the solution to determine dimensionality. The
t test on the intermax criterion, INT, indicated that the
second factor was the last one which produced a signifi
cant improvement in simple structure. The jackknifed
intermax criterion values, INT, for factors one through
three were respectively 0.00 (by definition), 0.9990, and
0.9869. The t tests were, respectively, 59.15 (p <
.0005), and -1.80 (p > .50) for gains in INT from ad
ding factors two and three. Hence, the two-factor solu
tion was accepted. The principal component, varimax, in
termax, and jackknifed intermax solutions are given in
Table 2, along with the significance of each rotated fac
tor loading in the intermax solutions.

Analysis of variance. The analyses of variance of the
squared factor loadings are given in Table 3. The vari
ables are not significantly different in communalities, and
the rotated factors are not significantly different in mag
nitude. The interaction effect is significant [F = 34.66,
p < .01] and large (jackknifed INT = 0.9990).

The pooled standard errors of the individual rotated and
squared loadings provide the estimate of the mean square
error for the analysis of variance of the rotated factor
matrix.

Significance of factor loadings. Equation 9 gives the
standard error of estimate for each rotated factor load
ing. The one-tailed t test is used to test whether each fac
tor loading is significantly greater than zero.

ments of the rotation matrix. It is likely that the sampling
errors of each factor loading tend to be normally dis
tributed since each rotated factor loading is a weighted
composite of the corresponding unrotated factor loadings.
Equation 9 gives an estimate of the standard error of each
rotated loading, and hence the significance of each load
ing can be found. The one-tailed t test is used, with
degrees of freedom equal to N - M - 1 for each loading,
where M is the number of factors in the solution (Cattell,
1978, pp. 480-481). When the loadings are squared, then
the resultant error distribution for anyone factor loading
will tend to be similar to a chi-square distribution with
one degree of freedom (Myers & Emick, 1970). The stan
dard errors of the individual squared factor loadings are
estimated by:

k

SEi = E SE~. T] ,
j=\

where subscript B refers to the standard error of the ro
tated factor loading and T refers to the appropriate ele-

_ ( 1-()2 )112 ( N )112
SE6* - N-2 N+ I-F' (8)

where all symbols are as defined earlier, except that F
is the order of the unrotated principal component (e.g.,
the first, second, third, and so forth). This formula im
plies that before rotation, the sampling variances of the
loadings on the earlier components will tend to be smaller
than those on later-extracted components.

When the factor loadings are rotated, the standard er
rors of the rotated factor loadings can be estimated since
the new factor loadings are composites of the principal
component loadings for each variable multiplied by
weights given in the transformation matrix (Ghiselli,
1964, pp. 302-303; Harman, 1967, pp. 249-272). Given
the assumption of stochastic independence of the factor
loading estimates, then the error variance of the rotated
loadings can be calculated by the formula for the vari
ance of a composite of uncorrelated components (Ghiselli,
1964, pp. 302-303):

Parametric Estimation Methods
These estimates assume that the data are multivariate

normal and that none of the previously described depar
tures from well-conditioned data are present. Such
parameter estimates have advantages: (1) they tend to be
relatively less cumbersome computationally, and (2) they
may be applied where the raw data are unavailable. As
mentioned earlier, the program uses these methods if the
input data consist of a factor matrix or a correlation
matrix.

The number of factors. The dimensionality is esti
mated as that which maximizes the intermax criterion.

The analysis of variance. The two-way factorial ef
fects are computed (see Winer, 1971, pp. 431-442), and
the mean square error is estimated as the mean of the
within-cell variances. The error variances of estimate of
each factor loading are computed as follows: The sam
pling variances of the unrotated principal component load
ings are estimated as suggested in Cattell (1978, p. 480).
The standard error of estimate for an unrotated principal
component factor loading, (), is estimated as

factor loadings are found from their jackknifed Fisher z'
transformations. A one-tailed t test is applied to each fac
tor loading to test the null hypothesis that it is less than
or equal to zero. The program prints the probability of
observing a loading given that the null hypothesis is true
in the population. The program assumes that the number
of cases per cell is constant and equal to the total number
of subgroups. Due to computational requirements, 10 or
fewer subgroups should be specified for the jackknife
procedures (see Clarkson, 1979). Missing data are han
dled appropriately within each subgroup.
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Table 2
The Principal Components, VariJDax, and Intermax Solutions for Five Socioeconomic Variables

Principal Components Varimax Interrnax Jackknifed Interrnax

Variable It ntt I§ n** I§ n** I§ 11**

Total Population 0.5810 0.8064 0.0160 0.9938 -0.1529 0.9820* 0.0210 0.9258*
Median School 0.7671 -0.5448 0.9408 -0.0088 0.9285* 0.1510 0.8237* -0.0046
Employment 0.6724 0.7260 0.1370 0.9801 -0.0314 0.9890* 0.0883 0.9894*
Professionals 0.9324 -0.1043 0.8248 0.4471 0.7369* 0.5806* 0.6053* 0.3091*
House Value 0.7911 -0.5582 0.9682 -0.0060 0.9552* 0.1584 0.8675* 0.0068

Note-The variables are explained more fully in Harman (1967). *p < .05 by the one-tailed t test for null hypothesis'of
zero or smaller loading. t ttThese are the loadings on the first two principal components. § **These are various rotated
solutions, as labeled.

>:05
>.05
<.05

Significance of factor loadings.Thejackknifed rotated
factorloadings are shown in Table 2. Factor loadings of
0.31 or more were all significantly greater than zero by
the t test (alpha > 0.05).

The Parametric Estimates
Number offactors. Theintermax criteriafor one, two,

and three factors respectively were 0.00 (by definition),
0.9970, and0.9833. Since the intermax criterion declined
when the number of factors was increased to three, the
two-factor solution was accepted.

Analysis of variance. The variables did not differ in
communality, andthe rotated factors didnotdiffer in mag
nitude. The interaction effectwas significant [F :::: 3.82,
p < .05l, and large (INT :::: 0.9970).

Significance of individual factor loadings. All rotated
loadings of 0.58 or greaterwere significantly greater than
zero by the one-tailed t test at the .05 level.

CONCLUSIONS

The Intermax Rotation Method
The rationale for the intermax rotationmethod is sim

plerthan thatof thevarimax method. Thenormalized vari
maxmethod's results appearsimilar to thoseof intermax
because the varimax normalization process tends to re
movethevariables effectfromthe factormatrix.Further
study of analytical methods may simplify the calculation
of the intermax rotation.

The Intermax Significance Tests
The intermax rotation method leads to new significance

Table 3
The Analyses of Variance of the Intermax Solutions

Sum of Mean
Source Squares df Squares F p

Jackknife Analysis of Variance Summary Table

Factors (F) 0.7690 1 0.7690 1.63 > .05
Variables *(V) 0.5212 4 0.1303 < I > .05
Fx V 65.4434 4 16.3609 34.66 < .05
Error 51.9310 110 0.4721

Parametric Analysis of Variance Summary Table

Factors (F) OOסס.0 I OOסס.0 < I
Variables *(V) 0.0013 4 0.0013 < I
r» V 1.6919 4 0.4230 3.82
Error 12.1880 110 0.1108

*The variables are explained more fully in Harman (1967).

tests forthenumber of factors, differences in rotated factor
magnitudes, differences in communalities, and the exis
tenceof simple structureor factorial invariance. In addi
tion, eitherjackknifeor parametric methods can be used
to test the significance of a rotated factor loading. These
statistical testsfocus on achieving simple structure. They
are different from, but complementary to, those which
previously existed.

Thejackknife method of estimating the parameters and
the sampling variances is preferred sinceit makes fewer
assumptions aboutthe natureof the data. The inferential
tests can also be conducted where only a factor matrix
or correlation matrixis available. In that case, more re
strictive assumptions are made about the nature of the raw
data.

The jackknife methods can be elaborated. For exam
ple, dimensionality mightbe estimated by redefining INT
to account for sampling error in the rotated loadings, or
to be similarto omegasquare. Paired t testscoulddetect
on which of two factors a variable loaded most highly.
Various analysis of variance comparisons couldbe made
on the factor matrix. The performance of different
methods ofdimension analysis (e.g., maximum likelihood
factor analysis and nonmetric dimension analysis) could
be compared.

The Example Problem
The example problem was chosen to illustrate the in

termax methods. The number of factors, the significant
interaction effect, andthe significance ofeachfactor load
ing were found by both the jackknifeand the parametric
methods. The rotated factor loadings estimated by the
jackknife method maytendto be moreaccurate thanthose
fromtheparametric method. Monte Carlostudies of sam
ples from a known population could provide direct evi
dence of the relative accuracy of these methods. Future
applications of the intermax rotation method and its as
sociated hypothesis teststo otherand largerdatasetswill
provide better evidence of its general usefulness and
validity.

AVAILABILITY

The user's guide and program source listing will be
provided free of charge to interested readers.
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