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PROGRAM ABSTRACTS/ALGORITHMS

Matching factor structures using
orthogonal rotation to congruence

JOHN R. VOKEY
University of Lethbridge, Lethbridge, Alberta, Canada

Of the analytic methods of transformation applied to
factor-structure matrices derived from principal compo
nents analysis, varimax is the most widely used and,
among the more common orthogonal rotation methods,
generally the most satisfactory. As with these other com
monly used methods, such as quartimax and equamax,
the varimax criterion is based entirely on the mathemati
cal consequences of an assumed simplestructure under
lying the input correlation matrix-in the case ofvarimax,
the maximization of variance associated, ceteris paribus,
with a bimodal distribution of loadings on each factor
(Cliff, 1987). There is no provision in these methods for
the rotation to be shaped further or otherwise limited by
knowledge of factor structure arising a priori from the
input variables and theory or from prior solutions with
the same variables.

There are, however, other methods. Cliff (1966)
describes a procedure for rotating principal components
to maximize the match to a target structure or solution.
This target may be some earlier structure of which the
current solution is an attempted replication, or a factor
structure founded on theoretical expectations in which the
component loadings are, for example, ones and zeros. A
variant of the method also may be used to match factors,
so as, for example, to help determine the number of reli
able components, by rotating both factor structures as
closely as possible toward one another and then correlat
ing the corresponding components. As with varimax, this
rotation to congruence is orthogonal, maintaining the
mathematical simplicity of such solutions, and it is based
on the maximization of a simple criterial property-in this
case, a similarity measure calculated as the sum of the
products of the elements of the corresponding columns
or "factors" of the two component solutions. Unlike var
imax, however, rotation to congruence is not often used.
As Cliff (1987) notes, a major reason may be that, despite
its conceptual simplicity and apparent utility, rotation to
congruence is not an option available in the more com
mon statistical computing packages to which most users
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have access, in contrast to the more usual techniques of
varimax, quartimax, and the like.

Rotation to congruence can easily be programmed,
however, if matrix-algebraic procedures are available, as
with the SAS1 MATRIX PROCedure or the EIGRS
subroutine in the matrix-algebra package ofIMSL2 avail
able on many mainframe computer systems. Following
the exposition of Cliff (1987, pp. 328-330), with F as
the matrix of component loadings to be rotated and A
as the target matrix of component loadings on the same
variables, the factor-structure matrix, A, resulting from
the rotation of F to A that maximizes the similarity be
tween them, is given by A = FWFW'A, in which the
columns of WF and W A are the eigenvectors of F'AA'F
and A'FF'A, respectively. The matrix products M F =
FWF and MA = AW A may be used to rotate the struc
ture matrices so that the corresponding components are
matched as closely as possible. Although the required
matrix multiplications are simple enough, not everyone
has access to the matrix-algebraic subroutine facilities,
such as those provided by SAS or IMSL, to compute the
eigenvectors required to use orthogonal rotation to con
gruence. For this reason and to facilitate the use of this
method of orthogonal transformation, the progam CLIFF
was developed.

The Program
CLIFF is written in ZBASIC,3 the compiled BASIC lan

guage available for Macintosh, MS-DOS, Apple IT, and
Z80 microcomputers. With appropriate conversion of the
structure and procedure facilities of ZBASIC, the source
code should be easy to translate into most other dialects
of the BASIC programming language. The bulk of the
program is concerned with the calculation ofeigenvalues
and eigenvectors, which is handled by an internal proce
dure called EIGEN. EIGEN is based on the FORTRAN
subroutine GIVHO developed by Ortega (1967), which,
in turn, is based on the Givens-Householder method for
computing the eigenvalues and eigenvectors of square,
symmetric, real-numbered matrices. EIGEN takes a real
numbered N X N, symmetric matrix, and the integer
values N, NEV, and NVEC (NVEC :5 NEV :5 N) as in
put parameters, diagonalizes the matrix, and returns the
first NEV largest eigenvalues and the first NVEC eigen
vectors. As dimensioned within the program CLIFF, N
= 10, which limits the number of factors in each struc
ture matrix to a maximum of 10.

The remainder of the program is concerned with read
ing the structure matrices, stored as two separate ASCII
text files on disk, and performing the matrix multiplica
tions discussed earlier. For the latter, the program fol-
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lows Cliff (1966), deriving WF from W A and A'F to
reduce the processing time associated with having to ex
ecute EIGEN more than once. As currently dimensioned,
the structure matrices may contain up to 20 variables. The
number of factors in F may be greater than or equal to,
but may not be less than that of A.4 All calculations are
performed in double precision, but storage of intermedi
ate results and program output are in single precision. 5

Program output, which may be directed to the screen or
a printer, consists of the original structure matrices (A
and F), the orthogonal rotation of F that best matches
A (A), the rotations ofF and A for which the correspond
ing columns are as similar as possible (MF and MA), and
the correlations between these matched columns.

Availability
A printed listing of the source code, examples of struc

ture matrices and corresponding program output, and in
structions on using the program may be obtained by writ
ing to the author. Both source-code and executable
object-code files are available on diskette for Macintosh,
Apple II, and MS-DOS microcomputers, and they may
be obtained by writing to the author and enclosing a dis
kette appropriate for the operating system desired (a 3.5
in. diskette for the Macintosh version, either a 3.5-in. or
a 5.25-in. diskette for the Apple II version, and a 5.25
in. diskette for the MS-DOS version). The user interface,

PROGRAM ABSTRACTS/ALGORITHMS 85

and the program input and output, are identical for all ver
sions of the program.
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NOTES

1. SAS Institute Inc., Box 8000 SAS Circle, Cary, NC 27511-8000.
2. IMSL, 2500 Parkwest Tower One, Houston, TX 77042-3020.
3. ZEDCOR, Inc., 4500 East Speedway Blvd., Suite 22, Tucson, AZ

85712-5305.
4. Following Cliffs (1966) original exposition of the method, the pro

gam allows the source matrix to have more columns (factors) than the
target matrix. As Cliff (1987) has noted more recently, however, "ex
perience has shown that both should be the same order" (p. 329).

5. Precision is freely adjustable in ZBASIC; for all versions of the
executable object files of the program available from the author, eight
digits and six digits of precision were used for double and single preci
sion, respectively.
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