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METHODS & DESIGNS

Maximum-likelihood estimation of the accuracy
of auditory discrimination in the absenceof an

overt response to every stimulus

L. H. BROEKHOVEN, B. BROOKER, M. CZIGLER, and M. W. DONALD
Queen'sUniversity, Kingston, Ontario, Canada

In research on human performance in which techniques for estimating hits and false-alarm
rates are used in conjunction with other measurements, such as evoked potentials, it is neces
sary to devise special data-collection methods. This paper describes such data-collection meth
ods, together with a statistical method for summarizing the data. The statistical method con
sists of setting up a probability model whose parameters describe the process and then estimat
ing the parameters using maximum likelihood.

In research on human discrimination performance,
techniques for estimating hit and false-alarm rates have
depended upon the availability of some measure of re
sponse on every stimulus presentation. The response
may take the form of a same-different or yes-no judg
ment, or it may take the form of a buttonpress or some
other motor movement. In this way, it is possible to
compare the response on a given trial with the response
that should have been made.

There are, however, occasions that demand a measure
of performance, but that do not allow an assessment of
the response to every stimulus. For example, when
evoked potentials are measured during the performance
of a discrimination task, a time-locked motor movement
or vocalization following every target stimulus could
introduce myogenic artifact, as well as other time
locked confounds, into the averaged EEG record. The
possibility of such confounds would preclude any form
of response by the subject during the recording and
averaging periods, and would prevent a trial-by-trial
record of performance.

One solution to this problem is to conduct parallel
experiments, that is, to collect the behavioral data on
one run and the electro physiological data on another.
Another solution is to obtain only a very crude estimate
of performance accuracy, such as an overall count of the
number of targets presented during a recording session.
Neither solution is really adequate: In the first case, the
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direct relation between the electrophysiological and
behavioral data is not subject to examination, and in the
second case, guessing behavior has not been assessed,
since guessing cannot be differentiated from actual
target detection.

We have attempted a solution to this problem by
devising a selective listening paradigm that utilizes tile
maximum-likelihood estimation technique (see, e.g.,
Kendal & Stuart, 1967, and Sprott & Kalbfleisch,
1965). The experimental session is broken into brief
lO-sec trials, during which a number of targets might be
presented. The subject responds to the end of each trial
with a number, which is an estimate of the number of
targets presented during the trial. Since the subject does
not respond during the trial, evoked potentials averaged
during a trial are free of contamination. This sequence is ;
repeated for whatever number of trials may be needed.
At the end of such a series of trials, the experimenter is
presented with a string of numbers, which constitute
evidence of performance on a number of trials.

These numbers are, of course, ambiguous, just as a
single overall count of targets would have been. Any
given number can represent some combination of guesses
and actual target detections: For example, iffour targets
are presented, and the subject responds with the number
4, the number might represent either perfect perfor
mance or a lucky guess. Although this holds for a single
trial, it is possible to estimate for a number of trials
what a given guessing strategy might do to the distribu
tion of responses. By use of the maximum-likelihood
estimation technique, it is possible to fit a model to the
subject's pattern of performance over a period of time.

This model was applied to the data from an experi
ment involving dichotic presentation of pure tone "pips"
of four different frequencies. The subjects ranged in
age from 6 to 40 years. One ear received a stream of
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Table I
Typical Response DataFrom OneSubject

Right 1500 Left800 Left 1500 Right 800
Trial

Number Response Target Response Target Response Target Response Target

1 3 3 2 4 2 3 4 4
2 4 4 3 3 2 4 2 3
3 4 0 2 4 2 0 3 4
4 2 0 0 2 0 0 1 2
5 2 1 1 0 3 1 1 0
6 1 2 1 2 2 2 2 2
7 2 1 3 1 1 1 2 1
8 0 3 0 0 3 3 0 0
9 2 2 2 3 1 2 3 3
10 3 4 2 4 4 4 3 4
11 2 0 4 3 3 0 2 3
12 3 1 0 1 0 1 2 1
13 2 4 3 2 3 4 2 1
14 4 3 1 0 1 3 0 0
15 1 2 0 1 2 2 1 1
16 2 3 2 0 2 3 2 0
17 1 1 1 3 2 1 4 3
18 2 4 2 2 4 4 0 2
19 2 0 4 4 1 0 2 4
20 3 2 1 1 1 2 3 1

Note-Four experimental conditions were presented, requiring attention to tones in the designed space-frequency categories shown.
Twenty trials were run in each condition. Actual responses are shown on the left; expected responses (targets) are shown on the right.

800-Hz tone pips ("standards") that contained infre
quently occurring 840-Hz tone pips ("rares"). Rares
ranged in probability from 5% to 25% and were posi
tioned randomly in the stimulus stream. A similarly
constructed stream of higher pitch standard (1500-Hz)
and rare (1560-Hz) tones was presented to the other
ear. The subject's task was to pay attention to the tones
in one ear, while ignoring tones in the other ear, and
to count silently the number of rare ("target") tones in
the attended ear.

An experimental trial consisted of 10 sec of tone
presentations at an overall presentation rate of about
6 tones/sec, followed by 6 sec during which the subject
reported the number of target tones he detected. There
were 20 trials for each experimental condition, and four
experimental conditions corresponding to the allocation
of attention to the left or right ear and to the high- or
low-pitch tones. An example of data from one subject
is given in Table 1.

The problem was to reduce these data to some simple
statistics that adequately described them. It was evident
from the raw data that sometimes the subjects counted
the same number of targets that had been presented,
sometimes more, and sometimes less. This indicates
that the subjects sometimes missed a target and some
times invented one. There was even the possibility that
some subjects were responding completely at random.
The subjects knew roughly the range of the number of
targets that might be presented.

THE MODEL

At first, it seemed unlikely that it would be pos
sible to devise a model that would adequately describe

a situation that included both failure to detect the
signal and invention of false signals. The model pro
posed was that each target had a fixed probability of
being identified and each standard tone had a different
but fixed probability of being identified as a target.
Since there were many standard tones and the prob
ability of identifying them as targets was small, a Poisson
distribution was used for inventions.

The observed data are (ni,xi) for i = 1,20, where ni
is the number of targets presented and Xi is the number
identified in each lO-sec interval. Each Xi could consist
of zero targets and Xi inventions or one target and
xi-I inventions, etc., up to ri targets and Xi-ri inven
tions, where ri is the minimum of Xi and nj. The prob
ability of observing Xi is therefore:

where ri = min(ni,xi), 1r is the probability of correctly
identifying a target, and J.l. is the expectation of the
number of inventions in a IO-sec interval. The log
likelihood function is given by;

Log L(n,J.L I n.x) = LLogP(x; 1l\,n,J.L).
i

The function is complex. Its maximum can be ob
tained only by numerical methods. Because it was be
lieved that, given the nature of the data, it might be
difficult to estimate the parameters, a plot of the log
likelihood function was first obtained for various data
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cases, there were clearly defined maxima for the log
likelihood function, and it was decided to attempt an
iterative procedure to calculate the maximum. The
Newton-Raphson method was used, with starting values
of 'IT = .5 and 11 = 1. This method calculates corrections
to the parameter vector by the formula:
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Figure 1. Contours of constant likelihood for data of Table 1.
and G is the gradient vector

sets. This is relatively easy to do, since 1r must lie be
tween 0 and 1 and 11 must be greater than 0 and is
not likely to be greater than 4. The log likelihood sur
face is shown in Figure 1 for the four sets of data of
Table I. The log likelihood is a function of the two
variables tt and 11, since n and x are known. Figure 1
plots this function. Since it is a function of two variables,
it is a surface, and the contours of this surface are
shown.

The interpretation of a model of this kind is that
high values of 1r combined with low values of 11 indicate
good signal detection. Specifically, 1r = I and 11 = 0
would result from a perfect match of the target and
responses. At the other end of the scale, the value
7T = 0 and some value for 11 would indicate a perfectly
random response unrelated to the targets. Values of the
log likelihood function give plausibility regions for the
values of the parameters. Specifically, the maximum of
the log likelihood gives the most plausible value and the
100a% confidence regions can be obtained from the
asymptotic relationship:

1 "I ) 1 2Log L(rr,IJ n,x) = Log L(rr,IJ n,x -"2 X2,a'

where -IT and it are the maximum likelihood values for n
and 11 and X;,o< is the lOOa percentile of the chi-square
distribution with two degrees of freedom (Cox &
Hinkley, 1974, pp. 313-314). The confidence contours
represent a composite hypothesis test. Any hypothetical
value of 1r and 11 inside the confidence contour would
not be rejected by a hypothesis test, and any values
outside the contour would be rejected. The 95% con
tours are shown in Figure 1.

After observing a number of plots such as the ones
shown in this paper, it became evident that, in many

G=

The iterations are continued until 07T and 011 are both
less than .001 in absolute value. Because the log likeli
hood function was so complex, numerical derivatives
were used. A detailed description of this procedure,
including a worked numerical example, is given in
Kalbfleisch and Prentice (1980, pp. 55-58).

DISCUSSION

The methods described here have been used on over
100 subjects. It has been found that the estimated 11

and 11 values are helpful in reducing the data from each
run to two meaningful statistics. These parameter
estimates have been used as response measures in various
experiments, which were then analyzed using standard
statistical techniques (see Brooker, 1980, Donald, 1983,
and Donald & Little, 1981). The examples shown in
Figure I have been selected from the many that were
run, and represent both good and bad likelihood func
tions. The case with 800 Hz and attending the right
earphone shows a relatively sharp maximum, and the
95% confidence region is entirely within the admissible
region. In the other cases, the 95% region includes
7T = 0, and it is possible that the subject was only guess
ing. This example was for a relatively young subject
(II years) and was reasonably typical of such cases.
Older subjects, and particularly adults, were much more
consistent, whereas the youngest subjects tended to
be erratic.

It was found that, for adult subjects, the Newton-
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Raphson procedure converged quickly. Estimates of
the confidence limits for the parameters could also be
obtained, since the variance of the parameter estimates
are given by the diagonals of WI. For the younger
subjects, the iterative method did not always converge,
and therefore an estimate for 1r and J.L had to be obtained
from the likelihood function. In these cases, the confi
dence limits tended to be wide, and the data confirmed
the poor detection ability of the subject. The technique
does assume a fairly constant strategy on the part of the
subject; perhaps this is why the 1r and J.L parameters
failed to converge regularly in a sample of 6- to 10-year
old children. In a total of over 100 runs with adult
subjects, it was possible to obtain convergence in all but
two cases, and in those cases 1r and fJ. values could be
estimated by a grid search on the likelihood function.
To overcome this difficulty, we propose to incorporate
some other optimization procedure, such as the quasi
Newton procedure by Fletcher (1980), which is in the
IMSLlibrary.

Although there have been applications of the max
imum-likelihood estimation technique in conventional
signal-detection paradigms that demand a yes-no re
sponse to every stimulus (Dorfman & Alf, 1968, 1969;
Grey & Morgan, 1972; Ogilivie & Greelman, 1968),
there have been, to our knowledge, no previous applica
tions of this technique in situations in which responses
cannot be made to every stimulus. The relation between
the 1r and J.L estimates derived with this technique, and
signal-detection terminology for somewhat similar
functions, is problematic. The value 1r corresponds
reasonably well to the concept of hit probability, but
J.L is not precisely equivalent to false-alarm probability.
The fJ. parameter, at least in the context of the auditory
task used in this study, includes not only false alarms,
but also errors in counting. However, even the concept
of "false alarms" is somewhat ambiguous when stimulus
intensity is well above threshold, encompassing errors
of memory and impulsive motor responses, as well as
genuine misperceptions of stimuli. The complementarity
of 1r and J.L corresponds to the complementarity of hits
and false alarms; in both cases, all positive responses
must fall into one or the other category.

CONCLUSION

We conclude that the maximum-likelihood estimation
technique can be useful in assessing discrimination
performance when a response is not possible to every
stimulus. Although the application was developed for
use with a high-speed selective-listening task, in principle
it can be extended to any paradigm requiring a simple
repetitive discrimination, provided that a delayed
counting response is possible.
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