
Behavior Research Methods. Instruments. & Computers
1995. 27 (I). 46-51

Corrections for extreme proportions and their
biasing effects on estimated values of d'

MICHAEL J. HAUTUS
University ofAuckland, Auckland, New Zealand

Estimating d' from extreme false-alarm or hit proportions (p = 0 orp = 1) requires the use of a cor
rection, because the z score of such proportions takes on infinite values. Two commonly used cor
rections are compared by using Monte-Carlo simulations. The first is the l/(2N) rule for which an ex
treme proportion is corrected by this factor before d' is calculated. The second is the log-linear rule
for which each cell frequency in the contingency table is increased by 0.5 irrespective ofthe contents
of each cell. Results showed that the log-linear rule resulted in less biased estimates of d' that always
underestimated population d'. The 1/(2N) rule, apart from being more biased, could either over- or
underestimate population d'.

The estimation ofd' from data obtained using a single
interval detection-theoretic task, such as the yes/no task,
is relatively straightforward. If it is assumed that the dis
tributions ofthe sensory evidence derived from the noise
and signal-plus-noise stimuli are both normal and of
equal variance, the relation between d', the hit rate (H),
and the false-alarm rate (F), is simply

The function Z(x) is the inverse-normal transform and is
equal to the value, z, of the standardized normal variate,
Z, so thatp(Z~ z) = x. Z(x) is not to be confused with the
traditional z score, in which case the two terms on the
right-hand side of Equation 1 would be reversed. It may
be noted that both of these conventions have been em
ployed in the psychophysical literature (cf. e.g., Egan,
1975, p. 61; Macmillan & Creelman, 1991, p. 9).

The equal-variance assumption has a sound theoretical
basis for cases in which the observer must discriminate
between two stimuli that are presented separately. This
sort of task, termed a difference discrimination by Lam
ing (1986), can be contrasted with an increment detec
tion task, in which the observer must detect an increment
in an otherwise continuous stimulus background.' Fortu
nately, most experiments can be structured to take the
form ofa difference discrimination so that the computa
tional simplicity of the normal-normal equal-variance
model can be employed.

There is, however, a problem with Equation 1. It is dif
ficult to obtain a sensible estimate ofd' when either F or
H is equal to zero or one. This is because the inverse
normal transform takes on an infinite value for these
cases. The traditional treatment for this problem distin-

d' = Z(H) - Z(F). (1)

guishes between extreme proportions that are due to
sampling variability and those that are due to perfect
discrimination. Truly perfect discrimination would re
quire an observer to detect the signal correctly on every
occasion that it was present (H = 1) and never to say the
signal was present when, in fact, it was not present (F =

0). Ifeither H::;:. 1 or F::;:. 0, it is unlikely that the observer
is able to discriminate between the stimuli perfectly, and
it is reasonable to assume that the extreme proportion is
due to sampling variability.

Two methods for dealing with extreme proportions
due to sampling variability are widely used. A method
that has found much use in log-linear analysis requires
the addition of 0.5 to each cell in the two-by-two con
tingency table that defines the performance of the ob
server (e.g., Fienberg, 1980; Goodman, 1970; Knoke &
Burke, 1980). Rowand column totals are increased by
one. This transformation, which will be termed the log
linear rule, makes extreme proportions impossible to
obtain, and d' is estimated by entering the corrected val
ues ofHand F into Equation 1. Proponents ofthis method
recommend that the contingency table be transformed
irrespective of whether extreme proportions are ob
tained (Snodgrass & Corwin, 1988). The second ap
proach has been referred to as the l/(2N) rule (Macmil
lan & Kaplan, 1985) and is probably more familiar to
psychophysicists. Extreme proportions of zero or one
are replaced with values of l/(2N) and 1-l/(2N) re
spectively, where N equals the number of trials upon
which the proportion is based. No correction is applied
to proportions other than zero or one. The aim ofthe pre
sent paper is to investigate the biasing effects of these
two corrections on estimates ofd',
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Distinctions Between the Rules
There are two basic distinctions between these two

methods of correction. First, the log-linear rule is ap
plied to all entries in the contingency table irrespective
of their nature. Therefore, both F and H are always cor-
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rected proportions. On the other hand, the 1/(2N) rule is
applied only to cell frequencies of zero or N-that is,
frequencies that result in probabilities of zero or one.
Second, it is easy to show that the corrected probabilities
obtained using the log-linear rule for cell frequencies of
zero or N are equal to l/[2(N+ I)] and 1-l/[2(N+1)], re
spectively. This suggests that the form of the two rules
is very similar; they differ mainly in the range ofdata to
which they are applied.
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Figure 2. Mean estimated values of d' obtained when population
d'=2.
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Monte-Carlo Simulations
A series of Monte-Carlo simulations was conducted

to determine the biasing effects of each of the two cor
rections on estimates of d'. The simulations were of the
single-interval, yes/no task under the assumption of the
normal-normal, equal-variance model of detection the
ory. Experiments were based on 20, 50, 100, 200, and

0.8 '--__---l.-__-'-__--'- -'--J

1.2,-----------------,

Trials

Figure 1. Mean estimated values of d' obtained when population
d'= 1.

400 trials, and the criteria,j, upon which judgments were
based were defined by their false-alarm rates of .05, .25,
.50, .75, and .95. The population values of d' ranged
from zero to three in steps of 0.5. The two corrections
were applied to F and H where appropriate. Distribu
tions ofestimated d', each based on 10,000 simulations,
were collected for each combination ofd', N, and!

Figures 1-3 illustrate the mean values ofestimated d'
for each of three criterion values (.05, .50, .95), two cor
rections, and three values of population d' (1.0, 2.0, and
3.0). The fitted curves are cubic splines through the data
points. The first point to note is that estimated d' con
verged on population d' as the number of trials was in
creased, but for some conditions a substantial bias re
mained even if as many as 400 trials were employed.
Because the variance of a proportion decreases as I/N,
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Figure 3. Mean estimated values of d' obtained when population
d'=3.

values ofHand F based on small N are more likely to re
quire a correction. Estimates of d' based on the 1/(2N)
rule converged less rapidly than those based on the log
linear rule. Furthermore, estimates based on the log
linear rule always converged from below and therefore
always underestimated population d', This was true also
for those cases not illustrated in the figures. A second
point is that the criterion adopted by the observer had a
major effect on the magnitude of the bias of estimated
d', The bias increased rapidly as the observer became
more lax-that is, as F and H increased. For example,
when d' = 1,f= .95, andN= 100, the estimated value of
d' was only 0.56 for the 1/(2N) rule. It is clear that sub
stantial biases occur irrespective of which correction
rule is used.

Gourevitch and Galanter (1967) demonstrated that
observed z scores have an approximately normal distri
bution. This means that estimates ofd' are distributed as
the difference between two approximately normal dis
tributions (see Equation 1). Such a difference is also ap
proximately normally distributed (see Macmillan and
Creelman, 1991, pp. 271-274). To test this hypothesis,
a Kolmogorov-Smirnov test of normality was applied to
the first 100 values of d' estimated from each simula
tion. The first 100 values were chosen so that the tests
were not too severe, because the distribution of esti
mated d' is only approximately normal. The majority of
distributions were not significantly different from nor
mal (a = .05). However, distributions tended to depart
from normality as N decreased, as criteria became more
extreme, and as population d' increased; these are all sit
uations for which the likelihood ofrequiring a correction
is increased.

To illustrate the distributions of estimated d', his
tograms based on 50,000 simulations each were gener
ated. Figure 4 shows the distribution of estimated d'
when population d' = 1, the criterion f = .95, and the
1/(2N) rule was applied. The number of trials for each
simulation was N = 100 for the left panels and N = 400
for the right panel (these cases can also be found in the
bottom panel of Figure 1). The lightly shaded regions
correspond to the number of simulations on which H <
I-that is, those simulations in which no correction was
applied. The heavily shaded regions correspond to sim
ulations in which a correction was applied to H. The
solid curves are the best-fitting normal density func
tions. For the case ofN = 100, the distribution is domi
nated by estimates ofd' derived from corrected hit rates.
These estimates tend to underestimate population d',
thereby producing a bias in mean estimated d', As N in
creases, the variance of the hit rate gets smaller and
fewer corrections are required. Mean estimated d' be
gins to converge on population d', This is evident in Fig
ure 4 for the case ofN = 400.

Figure 5 shows the distribution ofestimated d' for the
case where population d' = 3,f= .05, and N = 100 (this
case is also illustrated in the top panel of Figure 3). The
distributions in the left and right panels were derived by
using the 1/(2N) and log-linear rules, respectively. Sam
pled values of H = 1 occurred rarely; hence, very few
corrections were applied by using the 1/(2N) rule. How
ever, when corrections were applied, the resulting esti
mates of d' were in the upper tail of the distribution,
causing the mean ofthe estimates to overestimate popu
lation d' slightly. For the log-linear rule, corrections
were applied to all pairs ofHand F. This has the effect
of skewing the entire distribution slightly to the left.
This can be observed visually in Figure 5 or can be de
termined by comparing the coefficient of skewness for
the two distributions. The coefficient for this case was
-0.331 for the 1/(2N) rule and -0.512 for the log-linear
rule. This negative skew weighted the distribution so that
population d' was underestimated. The skew reduces as
N increases, as does the frequency of extreme propor-
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Figure 4. Distributions obtained for 50,000 simulations with population d' = 1 and f= .95. Each simulation was
based on either N = 100 (left panel) or N = 400 (right panel). The solid curve is the best-fitting normal density
function.

d' = 3 f = .05 N = 100 log-linear

11 = 2.978

o =0.393

l"c'c,,1 H< 1

L::J H= 1

d'= 3 f= .05 N= 100

20000
11= 3.120

16000
o = 0.420

>- 12000o
c
Q)
:::J
0- 8000Q)....
LL

4000

0

2 3 4 5 2 3 4 5

Estimated d' Estimated d'

Figure 5. Distributions obtained for 50,000 simulations with population d' =3,f= .05, and N =100. The 1/(2N)
rule (left panel) and the log-linear rule (right panel) were employed on the same simulated sequence.

tions. For this reason, mean estimates ofd' based on the
log-linear rule tend to converge on population d' from
below.

A second set of simulations was conducted to gain in
formation on the effect ofobserver criterion on the mag
nitude of the bias of estimates of d'. This time only one
criterial value was employed for each value of popula
tion d', The other parameters were kept the same as
those in the previous simulations. The criterion was set
at F = 1-¢(d'/2), which is the criterion adopted by an
unbiased observer. Figure 6 illustrates mean estimated
d' for an unbiased observer at population d' values of
1.0, 2.0, and 3.0. The log-linear rule resulted in rela
tively unbiased d' estimates over the range considered,

at least for N greater than 50. The 1/(2N) rule yielded d'
estimates that converged on population d' much less
rapidly. Furthermore, the rate of convergence decreased
as d' increased. A comparison of Figures 1-3 with Fig
ure 6 reveals that the magnitude of bias introduced by
the corrections is greater for criteria that are more dis
tant from a likelihood ratio of one (that of an unbiased
observer). This occurs whether the criterion is strict or
lax.

These simulations have focused on the detection-the
oretic index ofsensitivity, d'; however, the results can be
generalized to other indices that can be considered near
relatives of d', Examples of these indices are 11 (Luce,
1959, 1963), the log-odds ratio, LOR (Goodman, 1970),



During initial training, the subjects are guided to adjust
their criteria so that all rating categories are used (al
though not used equally), thereby reducing the number
of categories to which no responses are made. This
process is possible for all but highly (almost perfectly)
discriminable stimuli. Hence, a number ofpoints are ob
tained in ROC (receiver operating characteristic) space.
It is possible that extreme categories may still contain
zeros, but most unlikely that most categories will have
them. Once the data are collected, a computer program
can be used to estimate d'. An example of a suitable
method was published by Dorfman and Alf(1969).

The problem of what to do with any rating category
for which the cumulative cell frequency is either zero or
N still remains, however. One option is to use either the
1/(2N) rule or the log-linear rule to determine a cor
rected proportion for such cells. Dorfman and Alf's
(1969) program, for example, used the 1/(2N) rule.
However, the use of a correction introduces bias into the
estimated value of d'. Furthermore, it is known that
small cell frequencies tend to result in goodness-of-fit
statistics (such as X2 or G2) that reject the fitted model
more often than they should (Metz, 1989; Wickens,
1992). This suggests that corrections should also be
avoided, when possible, in any situation in which the
goodness-of-fit of a mathematical model is of interest.
An approach that reduces the use of corrections, and
hence the admission of bias, is to collapse two or more
adjacent cells so that extreme proportions do not occur
(McNicol, 1972). Thus, estimated d' is based only on
empirically determined proportions, not estimated pro
portions. In practice, there are few cases that cannot be
dealt with in this manner.

Conclusions
Corrections are required in order to calculate d' from

proportions of zero or one. The log-linear rule usually
results in less biased estimates of d' than does the 1/(2N)
rule. Furthermore, the log-linear rule leads to estimates
of d' that converge asymptotically on population d' al
ways from below. The 1/(2N) rule does not provide such
consistent performance. Finally, the log-linear rule treats
all data equally. No distinction is made between accept
able data (0 < p < 1) and unacceptable data (p = 0 or
p = 1). On the other hand, the 1/(2N) rule targets prob
lematic data only.

A methodology that may reduce the need to use these
corrections is the rating method ofdetection theory. This
method yields a number of points in ROC space and,
with correctly trained subjects, it is rare to obtain all
points with either F or H equaling zero or one. In most
cases, an estimate of d' can be obtained without using
corrections by collapsing categories.
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Reduction ofBias Magnitude
One approach to eliminating the biasing effects of

corrections for extreme proportions is to employ a meth
odology that can reduce such values. The rating method
of detection theory is an ideal candidate in this respect,
although it requires a small amount of additional effort
on the part of both the experimenter and the subject. For
this method, the subject provides a series ofratings rather
than a simple binary response (see Green & Swets, 1966).

Figure 6. Mean estimated values of d' obtained for an unbiased
observer.

and log(d) (Davison &. Tustin, 1978). This was demon
strated by a simulation conducted to determine the mean
estimate oflog(d) for population values of log(d) equal
to 0.351, 0.725, and 1.145. These values of log(d) are
equivalent to d's of 1,2, and 3. The results of the simu
lation were similar to those reported for d',
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NOTE

1. Laming (1986) has demonstrated that, for increment detections,
the random variables that represent the sensory evidence are noncen
tral chi-square.
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