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There has been an increase in the number of simulation
studies in factor analysis over the past decade. Most stud
ies have followed a process of constructing population
correlation matrices from the common-factor model and
generating sampie correlation matrices from the popula
tion matrices. The common-factor model can be expressed
as folIows:
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where P is a k X k population correlation matrix for k
measured variables (assuming that measured variables
are standardized), A is a k X r factor loading matrix for r
common factors, <I> is an r X r matrix of correlations
among common factors, and D is a k X k diagonal matrix
ofunique variances. In this representation ofthe model,
the population matrix for the measured variables is per
fectly fit by the model 's containing r common factors and
k unique factors.

However, as several researchers argue (e.g., Cudeck &
Henly, 1991; MacCallum & Tucker, 1991; McDonald,
1989), models are simplifications ofunderlying processes

(2)

(4)P=JBJ'+D.

P= VV'+D+ WW',

and, therefore, no mathematical model accounts exactly
for the real-world phenomena that it is intended to rep
resent. From this point of view, the representation of the
model is inappropriate in that it does not explicitly pro
vide for the lack of fit (i.e., model error) between the
model and the real-world phenomena. One of the main
sources of the lack of fit is the existence of large numbers
of "unmodeled" minor common factors (MacCallum &
Tucker, 1991). If results from simulation studies can be
generalized to the extent that the simulation procedures
produce realistic data, generalizability of simulation
studies that use "unrealistic" data generated from the
common-factor model may be problematic.

A more realistic model that incorporates minor factors
was proposed by Tucker, Koopman, and Linn (1969).
The mathematical model is

B=[;, ;} (3)

where <I> is an r X r matrix of correlations among major
factors and r is a q X q matrix of correlations among
minor factors. Y is an r X q matrix ofcorrelations among
major and minor factors. Then, the population correlation
matrix P is

where the population correlation matrix P oforder k can
be generated on the basis of the three matrices: V (k X r
major factor loading matrix), D (k X k diagonal matrix
of unique factor variances), and W (k X q minor factor
loading matrix).

Although Tucker et al. (1969) did not provide the
method for including correlations among major and minor
factors in the model, it is possible to incorporate factor
correlations. Let J = [V W] be the super loading matrix
with columns made up of Vand W, and B be the matrix of
factor correlations. Then, J is a k X (r + q) matrix and B
is an (r + q) X (r + q) matrix. The B matrix can be parti
tioned as folIows:

NotethatJBJ' + Dbecomes VV' + D+ WW', when both
<I> and rare identity matrices and Y is a null matrix. With
the model in Equation 4, it is possible to generate popu
lation correlation matrices with model error. A demon
stration ofgenerating population matrices is given in the
Numerical Example section.

Once the population correlation matrix P is derived
with the Tucker-Koopman-Linn procedure (1969), sam
pie correlation matrices can be generated from the pop
ulation. Kaiser and Dickman's (1962) algorithm has been
used for years for generating sampie matrices (e.g., Mac
Callum, 1986; Silvia & MacCallum, 1988). Given a pop
ulation correlation matrix P, the Kaiser and Dickman pro-

(I)P> A<I>A + D,

Most simulation studies injactor analysisjollow a pro
cess ojconstructing population correlation matricesjrom
the common:factor model and generating sample correla
tion matrices jrom the population matrices. In the
common-jactor model, the population correlation matrix
is perjectly jit by the model's containing common and
unique jactors. However, since no mathematical model
accounts exactly jor the real-world phenomena that it is
intended to represent, the Tucker-Koopman-Linn model
(1969) is more realisticjor generating correlation ma
trices than the conventional common-factor model be
cause the jormer incorporates model error. In this paper,
a procedure for generating population and sample corre
lation matrices with model error by combining the
Tucker-Koopman-Linn model and Wijsmans algorithm
(1959) is presented. The SASIIML programjor generat
ing correlation matrices is described, and an example is
also provided.
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Table 1
Parameters for Generating Population Correlation Matrix, P

In this case, Fis a k X k factor matrix of P. A factoring
can be obtained such that

where D is a diagonal matrix whose elements are the cor
responding diagonal entries (i.e., variances) in the co
variance matrix C.

(8)

(7)

(9)

(10)

P=FF'.

A =FGG'F'.

The covariance matrix can be rescaled to the sampie cor
relation matrix R such that

_1 _1
R= D 2 CD 2,

In Equation 7, the G matrix is a lower triangular k X k
matrix, randomly generated. Its off-diagonal entries are
random normal deviates, drawn from a normal distribution
with mean 0 and variance I. The diagonal element in col
umn) is the positive square root of a random chi-square
value with degrees of freedom n - i. where n is sampie
size. Then, using the matrix A, the sampie covariance
matrix C can be obtained such that
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v=

Minor-factor variances

cedure is based on the fundamental postulate of compo
nents analysis,

where X is an n X k matrix whose elements are randomly
generated from a normal distribution with mean 0 and
variance I, and F is a k X k principal components matrix
of P. Here, Fis computed as folIows:

1
F=UD2, (6)

where U is a matrix with columns formed from the k
eigenvectors of P and D is a diagonal matrix with the
corresponding k eigenvalues as diagonal elements. Then,
the resulting Z is an n X k matrix that contains observa
tions from a multivariate normal population with zero
means and unit standard deviations. The sampie correla
tion matrix is generated by computing correlations among
k variables with the n observations in the Z matrix. Fron
a population correlation matrix, sampie correlation ma
trices can be generated.

A drawback ofthe Kaiser and Dickman (1962) proce
dure is that the X matrix must be generated to produce
sampie correlation matrices, which is computationally
intensive particularly for large sampie sizes. An alterna
tive method proposed by Wijsman (1959) can reduce
computing cost by generating sampie correlation matrices
without producing the X matrix. Therefore, it is more com
putationally efficient than Kaiser and Dickman's proce
dure. Given the population matrix of order k, the Wijsman
procedure starts by generating the matrix A as folIows:

Z=XF', (5)

Computer Program
Although several computer programs for generating

sampie correlation matrices without model error are avail
able (e.g., Beasley, 1994; Lee, 1988; Rae, 1997), a pro
gram for generating correlation matrices with model
error is not easily available. Combining the methods de
scribed above, the RANCORR program generates popu
lation and sampie correlation matrices with model error.
That is, the population matrix is generated using the
Tucker-Koopman-Linn model and sampie matrices are
generated using Wijsman's algorithm. RANCORR, writ
ten in SAS Interactive Matrix Language, SASIIML
(Version 6.08; SAS Institute, 1992), can be used with ei
ther mainframes or personal computers that have the
SAS/IML module. Minor modifications may be neces
sary for some mainframe systems. On a 400 MHz Pen
tium II personal cornputer, it takes only 8.94 sec to gen
erate one population correlation matrix and 100 sampie
matrices.

Numerical Example
Suppose that the population correlation matrix P is

generated on the basis of 10 measured variables, 3 major
factors, and 50 minor factors. The data-generation param
eters, chosen as an illustration, are presented in Table I. A
unique variance matrix (D), a diagonal matrix, is deter
mined by D = 1- diag(JBJ'), where diag(JBJ') is a di
agonal matrix formed from the diagonal elements of
JBJ'. In this example, the parameters in matrices <1>, Y,
and rare designed so that the correlation between any two
factors is .3. That is, the diagonal and off-diagonal ele
ments of<l> are 1.0 and .3, respectively. All elements ofY
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Table2 variables. The level of model error can be controlled by
Unique Variance Matrix D manipulating the total contribution of minor factors.

.282 0 0 0 0 0 0 0 0 0 Based on the parameters in matrices J and B, a unique
0 .639 0 0 0 0 0 0 0 0 variance matrix D is determined-that is, by using D = I
0 0 .529 0 0 0 0 0 0 0 - diag(JBJ'). Matrix Dis presented in Table 2.

0 0 0 .479 0 0 0 0 0 0

0 0 0 0 .720 0 0 0 0 0
Note that the sum ofthe variance ofmajor, minor, and

D= unique factors should be 1.0, the variance of a standard-
0 0 0 0 0 .342 0 0 0 0 ized variable. In this example, 10% and 28.2% of the
0 0 0 0 0 0 .667 0 0 0 variance ofthe first variable is accounted for by minor and
0 0 0 0 0 0 0 .550 0 0 unique factors, respectively, and the remaining variance
0 0 0 0 0 0 0 0 .659 0 (61.8%) is accounted for by major factors.
0 0 0 0 0 0 0 0 0 .645 The generated population correlation matrix is shown

in Table 3. An example ofa sampIe matrix generated on
the basis ofthe population matrix, with a sampIe size of
400, is also presented in Table 3.

are .3. The diagonal and off-diagonal elements of'T are 1.0
and .3, respectively.

Matrix W is generated using MacCaIlum and Tucker's
(1991) procedure. Minor factor loadings in matrix Ware
obtained by generating random normal deviates with
mean of zero. The standard deviation of these loadings
is 1.0 for the first minor factor, and that for each succes
sive minor factor becomes smaller. Thus, the contribution
ofeach preceding minor factor is greater than the succes
sive one. (Because the importance associated with a minor
factor decreases in succession, in most cases, 50 minor
factors should be enough.) For this purpose, the standard
deviation for each successive minor factor is, for example,
.8 times the standard deviation for the preceding factor.
Loadings for 50 minor factors in the W matrix are then
rescaled by rows to satisfy the desired level ofcontribution
ofminor factors (i.e., .1) to the variance ofthe measured

The Importance ofIncluding Model Error
RANCORR generates correlation matrices that in

c1ude model error as weIl as sampling error based on the
work of MacCaIlum and Tucker (1991). In their paper,
MacCaIlum and Tuckerpresent model error and sampling
error as the major sources oferror in factor analysis. Cud
eck and Henly (1991) have also distinguished between
different types of error that result in lack of fit in struc
tural equation modeling. In their framework, Cudeck and
Henly term model error discrepancy 01 approximation,
indicating the lack offit ofthe population data to the hy
pothesized model. The error due to approximation rep
resents the situation in which the model does not fit per
fectly to the population.

In most cases, model error (or discrepancy ofapprox
imation) exists because no mathematical model accounts

Table3
Generated Correlation Matrices

Population Matrix, P

1.000
.335 1.000
.398 .363 1.000
.548 .272 .388 1.000
.014 .083 .028 -.073 1.000
.295 .136 .100 .124 .337 1.000
.009 .103 .045 -.050 .250 .348 1.000
.209 .213 .202 .114 .290 .454 .290 1.000
.024 .069 .091 .002 .053 .126 .029 .142 1.000

-.004 .051 .094 .008 .031 .100 .025 .143 .335 1.000

Sampie Matrix, R (n = 400)

1.000
.375 1.000
.439 .399 1.000
.579 .333 .449 1.000
.014 .086 .049 ~.051 1.000
.276 .148 .092 .124 .353 1.000
.018 .094 .058 -.031 .249 .379 1.000
.229 .218 .198 .147 .296 .454 .294 1.000
.035 .071 .142 .020 .078 .121 .002 .118 1.000
.003 .083 .149 .013 .100 .134 .024 .145 .342 1.000
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exactly for real-world phenomena. In the context of the
common-factor model, model error exists because mea
sured variables cannot be accounted for exactly by a small
number of common and unique factors. Thus, a typical
simulation process ofconstructing population correlation
matrices directly from the common-factor model (with
out model error) and gene rating sampIe correlation ma
tri ces from those populations is not appropriate, because
the process incorporates only sampling error, ignoring
model error, which is another main source oferror in fac
tor analysis. Thus, simulated data need to include the nu
merous minor factors that exist in most real data, in addi
tion to the major factors that provide the basic structure of
correlations among the measured variables.

Because RANCORR generates sampIe correlation ma
trices from population matrices that include model error,
generated correlation matrices do not simply represent
the c1eanlydefined common-factor structure underlying
the correlations. Rather, the correlation matrices contain
a realistic level ofnoise. The noise serves to improve gen
eralizability ofthe results from simulation studies in fac
tor analysis. In spite of the importance of incorporating
model error in generating data, only a few studies (e.g.,
Hakstian, Rogers, & Cattell, 1982; Humphreys & Mon
tanelli, 1975; MacCallum & Tucker, 1991) have used the
procedure that incorporates model error. For the genera
tion ofrealistic data, more frequent use ofthe procedure
is recommended.

Program Availability
The SAS/IML codes for RANCORR are available by

contacting S. Hong, Department ofEducation, University
of California, Santa Barbara, CA 93106. The program
also can be transmitted to interested people via the Inter
net by sending an e-mail message to shong@education.
ucsh edu.
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