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MPROB: Computation of
multinomial probabilities

MIGUEL A. GARCIA-PEREZ
Universidad Complutense, Madrid, Spain

An algorithmjor computing exact multinomial proba
bilities is presented that uses the jewest number oj oper
ations that are possible without symbolic simplijication
ojthe multinomial coejjicient and perjorms them in a se
quence that minimizes the potential jor overflow or un
derflow errors. Multinomial probabilities computed with
this algorithm are accurate to machine precision, unlike
those based on logarithmic transjormations and/or the
evaluation oj'fuctoriols, using Stirling's approximation.

Statistical inference for multinomial processing tree
models (Riefer & Batchelder, 1988) often relies on the
asymptotic chi-square distribution (Garcia-Perez, 1994;
Riefer & Batchelder, 1991). The asymptotic approxima
tion has been shown to be poor when sampie size and/or
the number ofmultinomial cells is small, yielding results
that may differ greatly from those of exact multinomial
tests (see Chapman, 1976; Larntz, 1978; Lawal, 1984;
Read, 1984; Read & Cressie, 1988, chap. 5; Yarnold,
1972). All ofthe studies just mentioned have focused on
the case of symmetrie null hypotheses (i.e., cases in
which all the cell probabilities are identical), but it has
also been shown that the asymptotic approximation is
markedly less acurate when testing skewed null hy
potheses (Koehler & Larntz, 1980; Nufiez-Anton & Gar
cia-Perez, 1995). Furthermore, all of the above applies
when the null hypothesis is completely specified (i.e., no
parameters need to be estimated from the data), and, in
addition, the accuracy of the asymptotic chi-square dis
tribution is suspect when parameters need to be estimated
from the data (Read & Cressie, 1988). Since statistical in
ference with multinomial processing tree models often
involves (I) small sampies from distributions with few
cells, (2) skewed hypotheses, and (3) concurrent param
eter estimation, exact tests should be preferred over tests
based on the asymptotic chi-square distribution.

Exact multinomial tests require the computation of a
large number of multinomial probabilities (see Read &
Cressie, 1988, pp. 136-138), each ofwhich is likely to in
cur overflow or underflow errors. Each of these point
probabilities must be computed as accurately as possible;
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otherwise, their sum will yield a significance level that
risks being as poor an approximation as that obtained with
the asymptotic chi-square distribution.

Statistical/numerical packages (e.g., IMSL, NAG) do
not include subroutines for the computation of multi
nomial probabilities. Dunlap, Myers, and Silver (1984)
evaluated them, using logarithmic transformations and
Stirling's formula, but these approximations strongly com
promise the accuracy ofthe results (see below) and, there
fore, cannot yield truly exact probabilities. Also, Berry
and Mielke (1995) proposed an algorithm for the evalu
ation of cumulative multinomial probabilities that is in
efficient for the computation ofpoint probabilities.

This paper presents an algorithm (MPROB) that com
putes exact (to machine precision) multinomial probabil
ities with the fewest operations that are possible without
time-consuming symbolic evaluation ofthe multinomial
coefficient. MPROB is designed so as to minimize the
potential for overflow and underflow errors, and, although
these may still occur with excessively large sampie sizes,
MPROB is capable of providing exact results in cases
where approximation algorithms (Berry & Mielke, 1995;
Dunlap et al., 1984) fai!. Nevertheless, these overflow and
underflow errors will not occur with small sampie sizes.

MPROB ALGORITHM

Let X = (XI' X2 , ... ,XJ) , with J > I, be a random vec
tor, with

r;=IXj=N

andXj ~°for all I ~j ~ J, and let 1T = (7TI' 7T2"'" 7TJ )

be a discrete probability distribution. Then, under 1T, any
realization x ofX has a probability given by

N!
Pr(X = x) = x, x, 7Tx /

7T1 7T2• .. · J'
x l!x2! ... x)

Considerx = (20,15,5) and 1T = (0.5,0.2,0.3). Substitut
ing in Equation I, expanding the factorials, and remov
ing identical terms in the numerator and denominator re
sults in Equation 2, shown at the bottom ofthe next page.

Without additional symbolic simplification, the number
of operations reduces to N - Xl products in both the nu
merator and the denominator and J further products of
powers. Since the number of products and divisions is
identical, they can be interwoven to avoid large partial
results (i.e., 21I I X 22/2 X 23/3 X ... X 40/5). In addi
tion, the last J - I powers on the right ofEquation 2 also
expand into N - x I products that can also be performed
concurrently to help keep partial results low-valued. The
x I products that the first power,

701 Copyright 1999 Psychonomic Society, Inc.



702 GARCIA-PEREZ

expands into can also be interwoven, but note that x I can
be larger than, smaller than, or equal to N - X l : Appli
cation ofthis scheme results in the following sequence of
operations:

21 22 35 36
0.5-

1
0.2 X 0.52°.2 X ... X 0.5 150.2X 0.5-

1
0.3

37 40
X 0.52°.3 X ... X 0.55°.3. (3)

The least number of operations under the scheme in
Equation 3 occurs when x I is the largest value among all
Xi' as was the case in the example above. Also, the size
of each partial result is also kept to the lowest possible
value ifx2 is the largest remaining value in x, and so on.
Therefore, an efficient algorithm for computing multi
nomial probabilities should sort the components ofx in
decreasing order and rearrange the components of 'TT ac
cordingly. The formal description of the MPROB algo
rithm is thus as folIows:

step 0. Copy input vector x into workspace vectory, and
input vector 'TT into workspace vector p. Arrange
the components ofy in decreasing order and move
the components of p accordingly.

step 1. Set p = I, t = PI' i = 2, n = 0, and m = YI'

step 2. Set 1= Yi' For k = I to I, (1) update n = n + I,
(2) if n > YI' then set t = I, and (3) update p =
p X t X Pi X (k + m) / k.

step 3. Ifi = J, then go to step 5; otherwise, go to step 4.

step 4. Set m = m +Yi' i = i + I, and go to step 2.

step 5. Ifn <YI' then for k = n + I toYI' update p = p X
PI'

Note also that this algorithm works for all J> land,
therefore, can also be used to compute binomial proba
bilities when J = 2.

ACCURACY TESTS

Determining the accuracy of point probabilities com
puted with MPROB is somewhat hampered by the lack
of independently obtained exact values to compare the
results with. As an indirect assessment, the probability was
computed of each and all vectors x under several multi
nomial distributions, and tests consisted ofchecking out
whether the sum ofthese probabilities added to unity. For
this purpose, MPROB was implemented as a Fortran 77
subroutine using double precision, and the driver pro
grams ran on a DEC Alpha Server 8200.

Tests ran for the factorial combination of4 values for J
(2,3,4, and 5), 12 values für N (from 20 to 570, in 50-unit
steps), and 20 probability distributions 'TT for each J (as ob
tained by substituting Ain the equationsof Table I with val
ues from ° to.95, in .05-unitsteps).Across the 960 tests, the
largest amount by which the sum of probabilities differed
from unity increased with J: The differences were within
±1.1 X 10- 15, ±2.5 X 10- 14, ±1.7 X 10- 13, and ±1.3 X
10- 11, respectively, for J = 2,3,4, and 5. Yet, these largest
errors do not give a fair picture ofthe accuracy ofthe algo
rithm: Errors were more than an order of magnitude smaller
than these maximal errors in 92, 159, 161, and 17I of the
240 conditions tested, respectively, for J = 2, 3,4, and 5.

The source of the increasing error with increasing J
seems to lie in the machine representation of the proba
bilities making up the multinomial distribution, ofwhich
there are more as J increases. Indeed, the errors were
slightly larger when the same tests were run representing
these probabilities as single-precision reals, and they vir
tually disappeared when probabilities were represented as
quadruple-precision reals. In other words, the accuracy of
MPROB is only limited by machine precision.

The fact that the sum of probabilities does not add to
unity indicates that some of the point probabilities cal
culated with MPROB must be slightly erroneous. Con
siderthe case J = 3, N = 570, and A = 0, where MPROB
produced probabilities whose sum differed from unity by
2.02 X 10- 15• To determine the magnitude ofthe individ
ual errors that are responsible for this difference and
whether they occur within specific regions ofthe sampie
space ofthe implied multinomial distribution, one could
obtain exact results with a symbolic computation pack
age (e.g., Mathematica; Wolfram, 1992)and compare them
with those produced by MPROB.

Figure I shows graphically the outcome of this com
parison across the 163,306 simplex lattice points of the
multinomial distribution that results when J = 3 and
N = 570. Differences (represented by lightness) between
MPROB and exact results occur around the center ofthe
plot-that is, around the point (NI3, NI3, NI3), which corre
sponds to the most likely outcome under this distribution
(given that A = 0). The largest difference was 1.63 X
10-8 and occurred at (189,190,191 ).It might, then, seem
that MPROB produces errors where the multinomial
probabilities are larger, but this conclusion is incorrect,
for the reason that is described next.

Point probabilities computed with Mathematica cor
respond to the exact distribution where 'TT = (Y3, Y3, Y3),
whereas those computed with MPROB pertain to a slightly
different distribution that results when the probabilities
in 'TT are represented as floating-point reals. It turns out
that the floating-point representation of Y3 falls slightly
short of oj, and, therefore, MPROB and Mathematica

21·22·23·24·25·26·27·28·29·30·31·32·33·34·35·36·37·38·39·40
------------------------0.52°0.2 150.3 5•

I· 2· 3· 4· 5· 6· 7· 8· 9·10·11·12·13·14·15· I· 2· 3· 4· 5
(2)
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Table 1
Equations Expressing the Probability Distributions Used in the Accuracy Tests

Probability Number ofMultinomial Cells (J)

Distributions 2 3 4 5

computed point probabilities under slightly different dis
tributions. Then, it should come as no surprise that the
differences turn out to be larger when the resulting point
probabilities are larger. Since there is no way ofobtaining
exact results with Mathematica when it uses the same
(real-valued) vector 1T that is indeed used by MPROB,
results of comparisons such as those in Figure I are not
dependable. In any case, Figure I shows how close to the
ideal distribution one can get with an algorithm whose
implementation is limited by inaccurate machine repre
sentation ofthe exact probability distribution.

(0,0,570)

(570,0,0)

(0,570,0)

COMPARISON WITH OTHER ALGORITHMS

With its computational structure, MPROB performs the
fewest number ofoperations that are possible without re
sorting to approximations, and we have already discussed
the fact that the accuracy ofthe result is only limited by
machine precision. Yet, it is worth comparing the effi
ciency ofMPROB with that offour alternative algorithms,
which are described next.

Step 0 may seem to be a superfluous expense for the
computation ofa single point probability. Yet,computa
tion of an entire multinomial distribution (as in the ac
curacy tests just described) or computation ofa substan
tial number ofpoint probabilities (as in exact multinomial
tests) may benefit from this preliminary phase. To de
termine the efficiency ofthis preprocessing, our first al
ternative algorithm (ALT!) skipped step 0 and carried
out all computations on the (unsorted) input vectors x
and 1T, rather than on the (sorted) vectorsy and p.

A second alternative (ALT2) implemented a logarith
mic transformation ofthe operations in steps 2 and 5 and
included also the preprocessing in step O. A third algo
rithm (ALB) implemented Equation I but, on the basis
of Stirling's formula (Cameron, 1994, p. 31),

n!""~2nn(~r ::=exp[n ln(n)- n +t ln(2n n)]. (4)

approximated the multinomial coefficient as

Figure I. Difference between point probabilities obtained with
MPROB and exact values obtained with Mathematica (Wolfram,
1992) for the case J = 3, N = 570, and A = O. The barycentric
plot represents the sampie space ofthe multinomial distribution,
consisting of 163,306 points arranged in a triangular lattice. Co
ordinates of the point at each vertex of the lattice are indicated for
reference. The magnitude ofthe difference at each point is rep
resented by Iightness, black corresponding to a null difference
(which occurred for 152,951 points) and white corresponding to
the largest difference (which turned out to be 1.63 X 10-8 ) .

Larger differences occur at the center of the plot, where the prob
abilities are larger, but the differences are nevertheless smalI. (See
the text for further discussion.)

Our fourth alternative (DMS) is the implementation of
Dunlap et al. (1984), which amounts to evaluating the log
arithm ofEquation I using tabulated log factorials for inte-
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quiekest algorithm, ALT3, incurred even larger errors
(ranging between 1.1 X 10-3 and 6.6 X 10-2 ) . On the
other hand, none ofthe two slower alternatives (ALT! and
ALT2) produced smaller errors: ALT! reproduced the
errors ofMPROB almost identically; and ALT2 produced
errors that were slightly larger than those of MPROB.
Since both ALT! and ALT2 are slower than MPROB and
do not provide any increased accuracy, they are not use
ful as alternatives.

Although Figure 2 suggests that the computational cost
ofMPROB may be high, it should be kept in mind that the
reported times correspond to the computation of entire
multinomial distributions whose sampie space increases
with N. Among those reported in Figure 2, the largest ex
ecution time was 6.674 sec when N = 570 and A = 0.55.
In this case, 163,306 point probabilities were evaluated,
resulting in a negligible average cost of 4.09 X IO: 2 msec
per point probability.

3
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CONCLUDING REMARKS

We have presented an algorithm for the computation
ofexact multinomial probabilities, whose accuracy is only
limited by machine precision, and we have also shown
that resultant inaccuracies are negligible with small sam
pie sizes. We have also shown that the algorithm is etTi
cient, as compared with alternative algorithms (Berry &
Mielke, 1995; Dunlap et al., 1984) that compute approx
imations whose accuracy has never been determined.

It is interesting to note that, besides providing the exact
result, MPROB is capable of handling cases in which
these alternative approximations fai!. Consider x =

-3 +----1I---+--+--I---+-~
-3 -2 -1 0 1 2 3

Error with MPROB (X10·14)

Figure 3. Errors incurred by DMS against those incurred by
MPROB across the same 240 conditions ofFigure 2. Error is de
fined as IPr(X = x) - 1, where the sum runs ac ross the entire
sampie space of the corresponding multinomial distribution.
Note that the horizontal and vertical scales differ by a factor of
1010. Note also that there appears to be no systematic relation
ship between the errors incurred by DMS and those incurred by
MPROB.

100.01 0.1 1

Time of MPROB (sec)

0.001 +-+-+-I_.........,I-++++++'I-+~I+HlI___+_+++ttffI

0.001

Figure 2. CPU time used by alternative algorithms, against that
used by MPROB, across 240 conditions with J = 3. The dashed
line indicates equality of CPU times. Different symbols pertain to
different alternative algorithms, as indicated in the inset. Each
cluster of identical symbols corresponds to the 20 multinomial
distributions evaluated for a given sampie size N, and separate
clusters pertain to the 12 sampie sizes used, from N = 20 (at the
lower left corner, where CPU times could barely be resolved by
the timer) to N = 570 (at the upper right corner), Note that ALTI
and ALT2 were slower than MPROB, whereas ALT3 and DMS
were faster. Since the vertical scale is logarithmic, the (approxi
mately constant) vertical offset of ALTI and ALT2 clusters with
respect to the dashed line indicates the faetor by which the exe
cution of these algorithms was slower: approximately 1.5 and 3.5,
respectively, for ALTI and ALT2. As for ALT3 and DMS, the off
sets grow with N, implying that these alternatives required com
paratively less time than MPROB as N increased.

gers below 18 and approximations based on Stirling's for
mula for integers at and above 18.

Figure 2 shows the CPU time used by each ofthe four
alternative algorithms against that used by MPROB in
the evaluation ofthe complete multinomial distributions
referred to in the accuracy tests described above. To avoid
clutter, results are shown only for J = 3, since results for
other values of J displayed the same pattern. Except at
N = 20 (where the CPU time could hardly ever be resolved
by the computer timer), ALT1 expended about 50% more
time than MPROB, and ALT2 required more than three
times as much time as MPROB. On the other hand, ALT3
was faster than MPROB and required comparatively less
time as N increased; the same was true for DMS, which
indeed incurred the least computational cost.

Figure 3 makes clear that DMS achieves its speed at
the expense of accuracy, incurring errors that can be up
to 1010 times larger than those ofMPROB. The second



(500,1000,1000) and TT = (0.2,0.4,0.4). The exact multi
nomial probability ofx under TT(computed symbolically
with Mathematica; Wolfram, 1992) is 3.5577452334995
X 10- 4. A double-precision Fortran implementation ofthe
algorithm in Berry and Mielke (1995) produces a floating
overflow error, and a double-precision implementation of
the algorithm in Dunlap et al. (1984) returns a value of 0,
whereas MPROB produces a value that differs from the
exact result by less than 5 X 10- 17. In any case, MPROB
will be most useful with sampIe sizes much smaller than
that in the preceding example, where exact multinomial
tests should replace the (inaccurate) tests based on the
asymptotic chi-square distribution.

AVAILABILITY

A thoroughly documented Iisting ofthe Fortran subrou
tine (MPROB.FOR) is available from the author (e-mail:
miguel@psi.ucm.es). Also available is an executable
MS-DOS program for pes (MULTl.EXE, with documen
tation) that computes an individual multinomial proba
bility given a probability distribution TT and a vector of
observations x, each with J components.
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