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Multinomial processing tree models:
An implementation
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University ofMemphis, Memphis, Tennessee

Multinomial processing tree (MPT) models have been widely used by researchers in cognitive psy
chology. This paper introduces MBT.EXE, a computer program that makes MPT easy to use for re
searchers. MBT.EXE implements the statistical theory developed by Ru and Batchelder (1994). This
user-friendly software can be used to construct MPT models and conduct statistical inferences, in
cluding point and interval estimation, hypothesis testing, and goodness of fit. Furthermore, this pro
gram can be used to examine the robustness of MPTmodels. Algorithmsfür parameter estimation, hy
pothesis testing, and Monte Carlo simulation are presented.

DEFINITION OF
GENERAL PROCESSING TREE MODELS

is calied branch probability, and Bij is the ith branch lead
ing to the jth category.

DEFINITION I (Hu & Batchelder, 1994). Let

111(8; (Ci); (aij s ) ; (bij s» (1)

be a parametric multinomial model defined over J ob
servable categories with S functionally independent pa
rameters,8 = (8" ... , 8s ) ' Then 1I1is a general process
ing tree (GPT model) in case there are positive integers
Ij ; nonnegative integers a ij s and bijS; and nonnegative
reals cij so that the category probabilities Pj (8) can be
written in the form of

(2)
'Ir, (8) =Pr(Cj ;8 ) =LPij(8),
i=1

where

the collection ofGPT models has many statistically tract
able properties. For the MPT models discussed in Riefer
and Batchelder (1988) and Batchelder and Riefer (1999),
the mathematical form ofthe categorical probability is in
the form ofEquation 2. The distinctions between GPT and
multinomial binary tree are minor and are not important
for the present paper; hence, the two names will be used
interchangeably.

I will first introduce the formal definition ofGPT mod
els and then briefly review the existing programs for GPT
models. The primary purpose ofthe present paper is to in
troduce the computer program. For this purpose, the algo
rithms will be briefly explained in the paper; detailed equa
tions for the algorithm will be presented in the appendix.

The author thanks William Batchelder, David Riefer, Edgar Erdfelder,
and Richard Schweikert for their helpful comments and feedback dur
ing the development of the software MBT.EXE. The author thanks
William Dwyer, William Marks, William Shadish, and Glenn Phillips
for their helpful comments about the manuscript. The program can be
obtained via anonymous ftp (http://xhuoffice.psyc.memphis.edu/gpt/
index.htm). Correspondence concerning this article should be addressed
to X. Hu, Department ofPsychology, University ofMemphis, Memphis,
TN 38152 (e-mail: x.hu@mail.psyc.memphis.edu).

Multinomial processing tree (MPT) models (Riefer &
Batchelder, 1988) are a family of substantive models for
cognitive psychology. This family of models makes the
basic assumption that certain cognitive processes may be
serial in nature-i-for example, that storage takes place be
fore retrieval (Riefer & Batchelder, 1988), and these mod
els represent these processes in terms ofbranching trees,
with parameters being the conditional link probabilities
from one stage to another stage. To understand MPT mod
els intuitively, one may imagine that items are processed
in a tree structure. There are several choice points. At each
choice point, there are several possible choices, each as
sociated with a probability. At the bottom ofthe tree are
observable categories. MPT models have been used to an
alyze data from a variety ofparadigms, including ones in
the areas ofmemory, reasoning, perception, and social psy
chology (see Batchelder & Riefer, 1999, for a review).

Hu and Batchelder (1994) have formalized this family
ofmodels mathematically. This family ofMPT models is
a subfamily ofmultinomial models with special pararne
terization; specifically, the categorical probabilities of
the multinomial takes the form of Equation 2 below.
Multinomial models with such categorical probabilities
provide a unified mathematical representation for the
family of MPT models. Hu and Batchelder called the
family ofsuch models general processing tree (GPT) mod
els. They studied the statistical inferences for GPT mod
els, using the expectation-maximization (EM) algorithm
(Dempster, Laird, & Rubin, 1977), and demonstrated that
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2,p} (8) = 1,

where ci)> 0, and the a ijs> and bi)S are nonnegative integer
structural constants,} = 1, ... ,J, i = 1, ~,s = 1, ... ,S.

To understand this definition, let us consider a simple
example of tossing three coins. Assuming that the ob
served outcome is the number ofheads, the probabilities
for the observed categories Ij(8),} = 1,2,3, can be ob
tained (see Equation 4, bottom of page). The structure
constants are obtained in Table I.

A multinomial model with categorical probability of
the form in Equation 2 is called a GPT model, simply be
cause there are possible tree representations for the
model. For example, the coin-tossing experiment can be
graphically represented (see Figure 1). To understand the
meaning ofthe structure constants Ci}' aijs' and bijs' as
sume that the first coin is fair and that the other two coins
are identical. With such an assumption, the number of
parameters in the model is reduced to one (°1 = O.S and°1 = °2 = 0) and model Equations 4 are changed into

!i(8) =Pr{H,H,H} = .S02

P2(8) =Pr{H,H,T} =.SO(I-0)+ .S(1-0)O+.S02

~(8)=Pr{H,T,T} =.S(1- 0)2 + .S(1- 0)0+ .SO(1- 0)'

P4(8 ) =Pr{T,T,T} =.S(I- 0)2

(S)

and the structure constants are changed from those in
Table 1 to those in Table 2.

PROGRAMS FOR
GENERAL PROCESSING TREE MODELS

Some approaches to the implementation ofMBT mod
els already exist. The first approach is to use generic pro
gramming language and to write code for a specific model.
For example, Riefer and Batchelder (1991) used a program
written in Fortran for a simulation study of the storage
retrieval model (Batchelder & Riefer, 1980). The second
approach is to write a user-friendly program for a spe
cific model. For example, Erdfelder (1992) has written a
program for the storage-retrieval model (Batchelder &
Riefer, 1986), and in the same spirit, Hu (1990) has de
veloped a software package for the source-monitoring
model (Batchelder & Riefer, 1990). The third approach,
and the most extensively used, is to develop a way to
handle any tree model within a common framework
namely, one not limited by any specific model. For ex
ample, Dodson, Prinzmetal, and Shimamura (1998) have
used Microsoft Excel solver to estimate parameters for

Table 1
Structure Constants for the Coin-Tossing Example

(With Categorical Probabilities in Equation 4)

i j Pu Cu Qijl bUI Qij2 bU2 Qij3 bin
I I 818283 I 0 I 0 I 0
I 2 8182 (1 - 83) I 0 I 0 0 I
2 2 81 (1 - 82 ) 83 I 0 0 I I 0
3 2 (1 - 81) 8283 0 I I 0 I 0
I 3 81 (1 - 82) (1 - 83) I 0 0 I 0 I
2 3 (1 - 81) (1 - 82 ) 83 0 I 0 I I 0
3 3 (1 - 81) 82 (1 - 83) 0 I I 0 0 I
I 4 (1 - 81) (1 - 82 ) (1 - 83) 0 I 0 I 0 I

Note-8 is the probability of observing a head in any trial for the un-
fair coin.

any MPT model. The program introduced in this paper
belongs to the third approach.

There are obvious limitations to the first two ap
proaches. The first approach can not be widely used be
cause it is not user friendly and can be used only by those
who know how to use the specific compilers. Further
more, one has to write different codes for different mod
els. The advantage of such an approach is the flexibility
of the program. For example, a piece of code written in
Fortran can be used in different platforms, so one can use
it on whichever computer he or she is using. The second
approach is very useful for a given model with a specific
experimental design; however, it cannot be used for other
designs or other models. The advantages for the second
approach are its user-friendly nature (it does not require
the user to write any code) and its speed, owing to the al
gorithms being optimized for the specific purpose.

The third approach is the most preferable. With this
approach, one can analyze data by specifying a model and
applying the general purpose program (or approach) to
carry out the statistical inferences. Dodson et al.s (1998)
approach is one that is very useful. The advantages of
Dodson et al.'s method are that most personal computers
are equipped with Microsoft products and that it is easy
to use. However, it can be used only to estimate parameters.
In fact, there is other model information that is important
to researchers, such as the asymptotic covariance matrix
ofthe estimates (which can be used to obtain confidence
intervals). Also, there are other aspects ofthe model that
many researchers would like to explore, such as hypoth
eses about model parameters or the robustness of the
model under violations ofthe assumptions.

To my knowledge, there are only two general purpose
software packages that are designed for the family of
models described in Hu and Batchelder. The first one is
MBT.EXE, which will be introduced in this paper. The
other one is AppleTree (Rothkegel, 1997), which is a

j
!i (8 ) = Pr{H,H,H} = 0,°2°3
P2(8) = Pr{H,H, T} = 0,°2(1- ( 3)+ 0, (1- ( 2)03+(1-°1)Oß3 (4)

F)(8) = Pr{H,T,T} = ° 1(1-°2)(1-°3)+(1-0, )(1-°2)03+(1-0,)02(1-°3)
P4(8 ) = Pr{T,T,T} = (1- ( 1)(1-°2 )(1- ( 3 )



(7)

(6)

83=> [HHH]
82==::

~ 1-83 ==> [HHT]
81
~ _ 83=> [HHT]

1-82_
1-83 => [HTT]

83==> [HHT]
82==::

/ 1-83 ===> [HTT]
1-81
~ _83===> [HTT]

1-82_
1-83 => [TTT]

Figure I. A multinomial processing tree model representation
of an example of coin tossing.

version of MBT.EXE for the Mac operating system.
MBTEXE implements the statistical theory ofMPT mod
els (Hu & Batchelder, 1994), such as parameter estima
tion and hypothesis testing. Furthermore, MBTEXE can
be used to explore the robustness of a given model with
simulations.

ALGORITHMS

Parameter Estimation
The algorithm for the parameter estimation is pro

vided in the Appendix. The basic idea for parameter es
timation is to obtain a set ofparameters e so that the dis
tance between the observed and the expected categorical
frequencies is minimized. A distance measure commonly
used in statistics is the X2 distance measure

X2[R,P(8)] = ±[nj - Nlj (8)]2
j=1 Nlj (8)

where R = (ni' ... ,n) is a vector ofthe response fre
quencies and P(8) = [NP\(8), ... , NP) (8)] is a vector
of expected categorical frequencies, given parameter 8.
Equation 6 is used very often, simply because it is a dis
tance measure, in which, at the same time, the minimized
function is served as a test statistic for the goodness of
fit, asymptotically distributed as chi-square distribution.
For the same reason,

) [n. JG2[R,P(8)]=2~:njln 1.

j=\ N~ (8)

is also used as an alternative. It turns out that both Equa
tion 6 and Equation 7 are just special cases of a family of
distance measures that can be characterized as apower
divergence family (Read & Cressie, 1988):

2nI A[R, P(8 )] = 2 Ln i [ [ nj JA -I]' (8)
A(A + I) . Nlj (8)
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where Acan be any real number. For example, when A =

0, Equation 8 is reduced to Equation 7, and when A = 1,
Equation 8 is reduced to Equation 6. A unified approach
of goodness-of-fit measures in the form of Equation 8
has been systematically studied by Read and Cressie
(1988). Differences between the parameter estimates for
different Avalues have been examined by Garcia-Perez
(1994). Furthermore, for GPT models, parameter estima
tion on the basis of Equation 8 needs to be studied (Hu
& Batchelder, 1994).

The estimation procedure that is used in MBTEXE is
based on the distance measure of Equation 8. The basic
idea is to implement the EM algorithm (Dempster et al.,
1977). An EM algorithm has been used to obtain maxi
mum likelihood estimates (MLEs) on the basis ofEqua
tion 7. The EM algorithm is also called the missing in
formation principle, and it is commonly used in statistics
for parameter estimations for models with incomplete
information. The example ofthe coin toss in the previous
section is a model with incomplete information. In this
model, some of the observable categories are combina
tions ofthe unobserved conditions (or branches). For in
stance, the observed category {H, H, T} is a combination
of three different branches: (HHT), first two tosses are
heads and last toss is tail; (HTH), first and last tosses are
heads and the second toss is a tail; and (THH), first toss
is a tail and the last two tosses are heads. Because the data
for the model only consist of the number of heads (or
tails) without considering the order, so the order of the
outcome is not directly available in the data; hence, the
observed data do not provide complete information
about the details of the tosses. A complete information
GPT model is a model in which all the branches are ob
served-namely, each ofthe observed categories contains
only one branch. The EM algorithm is an iteration oftri
als; each contains an E-step and an M-step. In the E-step,
complete information (all the branch frequencies) is ob
tained as an expectation ofthe branch frequencies, given
the parameter values from the previous trial; in the M
step, MLEs of the parameters are obtained on the basis
of the complete information model. MBTEXE extends
the algorithm to the general distance measure of Equa
tion 8, so the M-step is not necessarily obtaining MLEs
for the parameters. The reason MBT uses the EM algo
rithm is that both the E-step and the M-step in each trial

Table2
Structure Constants for the Coin-Tossing Example With

Parameter Constraints 8, =0.5 and 81 =8, =8

j Pu Cu aijl hU1

I I 0.582 0.5 2 0
1 2 0.5 (l - 8) 8 0.5 1 I
2 2 0.5 (l - 8) 8 0.5 1 I
3 2 0.58 2 0.5 2 0
I 3 0.5 (l - 8)2 0.5 0 2
2 3 0.5 (l - 8) 8 0.5 1 1
3 3 0.5 (1 - 8) 8 0.5 I 1
I 4 0.5 (l - 8)2 0.5 0 2

Note-8 is the probability of observing a head in any trial for the un
fair coin.



Confidence Interval
In the case of Il = 0, MBTEXE provides parameter

estimates with estimated standard deviations. The stan
dard deviations of the parameter estimates are used to
construct confidence intervals for the estimates. Stan
dard deviation of the parameter estimates are diagonal
elements of the covariance matrix, which is the inverse
of the observed Fisher information matrix 1(8) I8=O'
where 1(8) can be computed from the following formula:

ever processes the parameters correspond to are not differ
ent. The source-monitoring example in Hu and Batchelder
(1994, pp. 33-36) discusses the instance in which one
wants to set 81 = 82,83 = 84 (ModeI5a) to represent the
hypothesis that there are no differences for the two sources,
both in stimulus detection and in source discrimination.
Although equating one parameter to another parameter
will produce another model, MBTEXE makes it very
easy. There is no need to retype model equations for the
new model, if the original model already exists; one just
changes the structural constants, as in the example from
Hu and Batchelder(1994), and the algorithm isjust slightly
modified by adding Equation 10 in Step 2.

J I, [ Pij(8)]
a,,(8) = Ln) L Gij'-e '

)=1 i=1 Pi ( )

J I; [ Pij(8)]
ßs(8) = Ln) L bijs-e .

)=1 i=1 Pi ( )

Because the MLEs ofthe parameters are asymptotic nor
mal, confidence intervals are obtained by [81 - cV,'s' 81 +
cvlJ, where v,s is the sth element on the diagonal of the co
variance matrix and c is a constant that corresponds to
the specific confidence interval. MBTEXE provides a
"covariance matrix" even when Il *0. In such cases, the
inverse ofI(8) is not identical to the covariance matrix;
it nevertheless provides some information for the relia
bility ofthe parameter estimates.

Because the estimates are based on the observed cat
egorical frequencies, the confidence intervals are influ
enced by sampie size. Ideally, one will have enough ob
servations that the estimated Fisher information matrix
approximates the true Fisher information matrix. In re
ality, sampIe sizes are seldom large enough, so the stan-

692 HU

ofthe iteration can be easily formulated in explicit forms.
It is possible to use other maximization methods, such as
Newton-Raphson, for the maximization of Equation 8.
However, the EM algorithm used in MBTEXE always
keeps the parameters, which are probabilities, within the
range of (0, I), whereas other methods may try to maxi
mize the distance measure (Equation 8) for parameter
values that are outside of (0, I).

MBTEXE also makes it easy to test hypotheses among
the parameters. As was discussed in Hu and Batchelder
(1994), testing hypotheses in MPT models is straight
forward. One can always represent the alternative hy
pothesis in terms ofanother MPT model and analyze the
model. In MBTEXE, two simple kinds ofhypothesis test
ing are implemented: (1) setting parameters to constants,
and (2) equating parameters to each other.

Fixing a parameter as a constant probability or
constant proportion. There are three reasons that one
wants to fix a parameter as constant. (I) The parameter in
a model is no longer unknown. For example, given that
one ofthe three coins is a fair coin, the model can be sim
plified by replacing the corresponding parameter with
.5. (2) It is common that a given model may have more
parameters than the degrees of freedom in the data, and
the researcher wants to make the model identifiable (with
fewer free parameters than the degrees of freedom in the
data) by assuming some parameters as fixed constants.
For example, one might want to set some guessing param
eters as constant probabilities. (3) In other cases, some
parameters in the model may correspond to fixed propor
tions. For example, in an experiment, the proportions of
subjects in different experimental groups are controlled
by the experimenter. This software takes these into account
and provides some convenient features for the users.

To fix a parameter as a constant, there is no need to
rewrite Equation 8~for example, to set 8so = a [con
stant a E (0,1 )); the only modification ofthe algorithm is
to add such constraints in Step 3 after Equation 11.

As I have mentioned, a parameter can be assumed to
be a constant probability (such as in the case of constant
guessing probabilities) or constant proportions (such as
fixed proportions for experimental conditions). Ifthe es
timation is based on Il = 0, the computation of the co
variance matrix ofthe parameter estimates differs for the
two situations. For example, if 8.'0 is fixed as a constant
probability, then 8.10 will itself have variability and be
treated as an estimated MLE that can contribute to the
computing of the covariance matrix. If 8.10 is fixed as a
constant proportion, 8so is areal constant and will not
produce any variations in the model. In this case, if one
wants to obtain confidence intervals for other estimates,
it is important to remove the So column and the So row
from the observed Fisher Information matrix.

Equating one parameter to other parameters. Set
ting parameters equal to each other is one ofthe most fre
quently used ways offormulating hypotheses, especially
when dealing with observations from two or more groups
of subjects (or two or more different items). Setting two
or more parameters equal to each other means that what-

(I(8))sxr

a21nL(8 ;(nj»)

a81a8,.

aa,(8)
a8,.
ß."

aas(8)

aßs

where

ifr * s



dard deviation ofthe parameters cannot be taken seriously
when sampie size is small. Furthermore, relationships be
tween parameters and data are different from parameter
to parameter. For a given data set, some parameters can
be estimated with small standard deviations, and some of
the parameters are estimated with larger standard devia
tions. For example, in the source-monitoring example
(Batchelder & Riefer, 1990; Hu & Batchelder, 1994), stan
dard deviations for the item detection parameters are, in
general, smaller than those for source discrimination pa
rameters. For this reason, MBT.EXE has an option to ob
tain standard deviations of the parameters by Monte
Carlo simulation.

Monte Carlo Simulations
The collection ofMPT models is a subfamily ofmulti

nomial models. Hence, the statistical theory ofMPT mod
els is based on asymptotic properties ofthe multinomial
distribution, and data are assumed to reflect multinomial
trials with identically independent distribution (110) re
quirements. However, in psychological experiments, not
only are sampIe sizes limited by the nature ofthe exper
iments, but there mayaIso be unavoidable individual dif
ferences for subject and item parameters. One concern
for researchers is the robustness of a model ifthe 110 as
sumptions are violated. MBT.EXE has implemented a
Monte Carlo procedure that helps users to explore the ro
bustness of their models. The basic Monte Carlo proce
dure is as folIows:

I. Generate categorical probabilities:
(a) Generate link probabilities: With a given mean
and standard deviation for each ofthe parameters, a
random number is generated for each of the link
probabilities on the basis of mean and standard de
viation for that parameter. There are two options for
the distribution ofthe parameters: beta distribution
and uniform distribution:

• Given J1 and o for a parameter, if a parameter is as
sumed to be distributed as a beta distribution, ß (a,ß),
given by probability density function

f(x,a,ß) = r(a+ ß) xa~1 (I - x)ß~1 x E(O I)
. r(a) r(a) " ,

where a,ß > 0, then a beta distribution, with integer
parameters a and ß,I will be obtained that is closest to
the specification. More specifically, a and ßofthe beta
distribution are obtained by finding the best integers
a,ß, so that

a
J1"" a+ß'

(j2"" aß .
(a+ ß+ I)(a+ ß)2'

then a random number from ß(a, ß) is drawn for the
link probability of the parameter.
• Given J1 and a for a parameter, if a parameter is as
sumed to be distributed as a uniform distribution with
probability density function
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f( b)
--1-1-, x E [a,b] ~ (0,1)

. x,a, b-a ,

0, xE(O,I)-[a,b]

then a,b will be obtained on the basis of

a+b
J1= -2-'

o? = (b - a)2

12

Then a random number from the distribution is drawn
for the link probability ofthe parameter.
(b) Generate categorical probability: Having obtained
the link probabilities for all the parameters, the cate
gorical probabilities Pj' j = I, ... , J, can be deter
mined with Equation 2.
2. Arrange the categorical probabilities: Arrange the
categorical probabilities as (qo, ql' ... , qj-l' qj),
whe~e qn = I}=I Pj' n = 0, ... ,J, qo = 0, qj = I.
3. Sirnulate data: Für each trial, a random number
rE [0, I] is generated fr?m a uniform distribution. Ifqj
~ r< qj+l' then categoncal frequency Cj+l,j = 0, ... ,
J - I.
4. Parameter estimation: Steps 1 to 3 will repeat until
the number of trials equals the specified limit, at
which point a multinomial frequency table is obtained.
MBT.EXE then analyzes the frequency data, using the
selected model.
MBT.EXE has implemented the above procedures and

provides a Monte Carlo Simulation option. One can use
this option to simulate N data sets based on the source
monitoring model with given parameter values (mean and
standard deviation ofthe parameters), each with n trials.
At the end, a table ofN sets ofparameter estimates will be
obtained. The robustness ofthe model can be examined
by comparing the differences of the means of the esti
mated parameters and the specified means ofthe param
eters for the simulation. Currently, there is no mechanism
in MBT.EXE that provides statistical tests for the ro
bustness ofMPT models, which is one ofthe limitations
ofMBT.EXE that I am currently working to improve on.
Next, I will list a few limitations ofMBT.EXE that will
be improved on in the next version ofthe program.

LIMITATIONS

There are several limitations for the current version of
MBT.EXE. The first limitation is that MBT.EXE can han
dle only MPT models in the form ofEquation 2-namely,
parameters are in the form of eor (I - e), eE [0, 1]. It is
possible to have a model in which parameters are in other
forms. Examples include the ABO blood group model in
human genetics (Weir, 1990) or source-monitoring mod
els with more than two sources (Batchelder, Hu, & Riefer,
1994; Riefer, Hu, & Batchelder, 1994), where parameters
in the model have the form of (ei' ... , eK ) , If= I ek = I
(see Figure 2 as an illustration). MBT.EXE cannot analyze
such models directly. In order to use MBT.EXE, one has
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Figure 2. A portion ofthe tree where the link probability is not
in the form of (J or (l - (J). Instead, the link probabilities are in
the form of (Jk.k = I, ... , K, with domain restriction 'I:~1 (Jk = 1.

to transform the models into the same functional format as
Equation 2. In fact, trees such as those in the examples
above can be easily transformed into the standard form
with categorical probability in the form ofEquation 2 (see
Figure 3 as an illustration).

Another limitation ofMBT.EXE is the memory limi
tation of MS-DOS. The compiler limits the size of the
matrix declared to accommodate the 640K RAM limita
tion. So, MBT.EXE can handle models only within the
following limitations: the number oftrees altogether < 21,
the number ofbranches in all trees < 61, the number of

observable categories in all trees < 41, the number of pa
rameters in all trees < 21, and the number of branches
that are combined into one category < 6. The above lim
itations on the size ofthe model can be changed. For ex
ample, one can reduce the number of parameters and in
crease the number of observed categories.

The third limitation of MBT.EXE is that the Monte
Carlo simulation can only simulate beta distributions
with parameters a,ß being small integers. It would be
ideal to simulate models with parameters of any speci
fied mean and standard deviations. The current version of
MBT.EXE does not provide robustness tests for MPT
models.

Finally, there are other statistical analysis options for
MPT models that need to be implemented: power analysis,
Bayesian estimation for the model parameters, and model
selection and model misspecification tests, to list a few.

SUMMARY

This paper introduces a computer program, MBT.EXE,
for analyzing MPT models. This program conducts stan
dard statistical analyses, such as parameter estimation,
hypothesis testing, and Monte Carlo simulation. The pro
gram is based on the mathematical form ofMPT models
(Hu & Batchelder, 1994) and the EM algorithm (Dernp
ster et al., 1977). There are several friendly featüres in
MBT.EXE that make using MPT models easy. For ex
ample, there is no need to retype model equations for cer
tain types ofhypothesis testing. Furtherrnore, the Monte
Carlo simulation feature of MBT allows researchers to
examine the robustness of their MPT models. There are
a few limitations for using MBT.EXE, and a new version
ofMBT.EXE is under construction.

I - ""Jk fY
...:.., 1= I k t

I - 2,J(K+2l 8 '
1= I (K+2)1

Figure3. The parameters (Jk.k = I, ... , K can be partitioned (repeatedly).ln this
way, a new set of link parameters, in the form of (J and (I - (J), can be obtained.
Hence MBT.EXE can be used to analyze the model.
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NOTE

I. Here a and ßneed to be integers, since the beta random
numbers are generated by two gamma distributions where the pa
rameters ofthe gamma distributions are required to be integers.

APPENDIX
Algorithms

Parameter Estimation
As in Hu and Batchelder (1994), categorical probabilities of

MPT models are in the form ofEquation 2. One component of
Equation 2 is called a branch probability (Equation 3). The pa-
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rameter estimation procedure obtains parameter values that
minimize the distance measure, in the form of apower diver
gence family (Read & Cressie, 1988). If observed categoricaI
frequencies are obtained in an experiment, the procedure to ob
tain the estimates ofparameters (assuming that the model with
the data can give unique MLEs ofthe parameters) is as folIows,
where symbol Ais the parameter in the power divergence fam
ily (Equation 8), 9\ stands for the set ofreal numbers, and 9\+
for the set ofpositive real numbers.

Step 0: (I) Input branch probabilities in the form of Equa
tion 3,Pij, i = I, ... , ~,j = I, ... ,J. (2) InputAE9\. (3) Input
observed category frequencies nj,j = I, ... , J. (4) Input a posi
tive real number e E 9\+.

Step I: Input initial values ofthe parameters 0(0) = (8[°), ... ,
e}G» E(0, I)S

Step 2: Compute MJ,,(0(n-I», where MJ,,(0) = [4>\A.)(0), ... ,
~f)(0)]. Ifthere is no parameterrestriction for 4>}A.)(0), then 4>.!A.l(0)
is computed by

t1>~A)(0)= r A. 1;(9)
LJ ( nj ) Lt (nj pij(0 ) ). --.' (a. +b )

pi np;(0) 1=1 Pj (0) IJS IJS

otherwise, ifthere is a parameter restriction, such as e, = e, ,
then t1>~,~)(0) and t1>~~)(0) are computed by .{). ,

I/IIA)(0)=I/II.l)(0)

, ~;c, I['P;;8)rL :~, [ '~(~~) ("'o +'"" l)]

J [( nJ ).l I (njPij
(0 )[b b)]Lj=1 np;(0) Li~' p;(0) (aij,,,+ ijs)+(aijs,+ ij,,)]

(10)

s = 1, '" ,So

Step 3: Compute

0(n) = 0(n-l) - e(0(n-l) - MA.(0(n-I». (11)

If any of the parameters is fixed as a constant, such as es - a,
assign the constant to that parameter. o

Step 4: Compute

[( JA. 12 J n.
FIT(n)=--- n, J -I

A(A+1)~ J npj(0(n-I) ..

Step 5: Compare FIT(n) with FIT(n-I).
- IfO < FIT(n-l) - FIT(n) < lQ-8, then go to Step 6.
- IfFIT(n-l) - FlT(n) < 0, then adjust e(to readjust the step

size ofthe iteration. If A:2: 0, then decrease e; if A< 0, then in
crease s), go to Step I.

- If lQ-8 < FIT(n-l) - FIT("l, then go to Step 2.
Step 6: Record 0(n) as the estimates of the parameters and

FIT(n) as the goodness of fit ofthe model.
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