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Analyzing experimental data using the Rasch model

TOM VERGUTS, PAUL DE BOECK, and GERT STORMS
University ofLeuven, Leuven, Belgium

We present a method for studying experimental data based on a psychometric model, the "Rasch
model" (Rasch, 1966; Thissen & Steinberg, 1986).Weillustrate the method with the use of a data set in
the field of concept research. More specifically, we investigate whether a conjunctive concept can be
seen as an additive combination of its constituents, High correlations between model and data are ob
tained, but a formal goodness-of-fit test indicates that the model does not completely account for the
data. We then alter the Rasch model in such a way as to capture our idea of why the model deviates
from the data. This results in higher correlations and a strong increase in goodness-of-fit. It is con
cluded that our ideas, as incorporated in the model, adequately summarize the data. More generally,
this research illustrates that applying the Rasch model and altering it according to one's hypotheses is
an excellent way to analyze experimental data.
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In the perception literature, considerable attention has
been paid to thefuzzy logic model ofperception (FLMP;
see, e.g., Massaro & Hary, 1986; Oden, 1977). Recently,
Crowther, Batchelder, and Hu (1995) have established the
formal equivalence between this model and a particular
psychometric model-namely, the Rasch model (Rasch,
1966; Thissen & Steinberg, 1986). In this paper, we ex
plore the consequences ofthis linkage and apply the Rasch
model (or, equivalently, the FLMP) to data on conjunc
tive concepts (see, e.g., Hampton, 1987, 1988; Storms,
De Boeck, Van Mechelen, & Geeraerts, 1993; Storms,
De Boeck, Van Mechelen, & Ruts, 1996). We first present
the FLMP model, followed by the (equivalent) Rasch
model. We then apply the model to empirical data and
discuss its analysis. In the example, both models lead to
the same conclusions, although some extra information
is provided in the Rasch formulation.

THE FUZZY LOGIC
MODEL OF PERCEPTION

Suppose we perform a letter recognition experiment
(e.g.,Oden, 1979) and ask participants whether a stimu
lus 0i should be classified as a G or as a Q. Furthermore,
suppose that cl i indicates the degree to which aspectj is
present in stimulus °i: Ifaspect j is present in the letter G,
the evidence for G with respect to aspectj is equal to cl i;

otherwise, it is equal to I - Clio The same reasoning ap
plies for the letter Q. For example, given that both G and
Qare made up ofan oval and a line, the first aspect might
be "oval is open on the right." The evidence in 0i for G
with respect to this first aspect is Cli; for Q, it is I - Cli'

Similarly, the second aspect might be "line is horizontal."
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The evidence for G and Qin stimulus°i is then c2i and 1 
c2i' respectively.

To continue with our example: The FLMP predicts that
the probability of stimulus 0i to be classified as G [for
mally, Pr (o, = G)] can be written as

Pr (o, = G) = cli
c2i

,(1)
C liC2i + (1 - cli)(1 - c2i)

which can be paraphrased by saying that the evidence for
G is weighted against the evidence for Q. It is clear that
ifin this model cli or c2i~ I, then Pr(oi = G)~ 1. It can
be noticed that Formula I is equivalent to the Bradley
Terry-Luce model (see, e.g., Luce, 1959). Although the
FLMP is stated here as a stochastic model, this is often
not the case (Oden, 1977, 1979). We present it in proba
bilistic terms, however, in order to facilitate comparison
with the Rasch model. Parameter estimates for Cliand <u
are obtained by the least squares method. We have pre
sented the FLMP in a specific situation-namely, a two
factor, two-alternative experimental design. The paper
will be restricted to this case.

THE RASCH MODEL

In order to show that the Rasch model and the FLMP are
equivalent, we rewrite the parameters C lias II [I +exp(- OJ]
and c2i as 1I[1 + exp( - ,BJ]. This is simply a one-to-one
transformation, which implies that the models have es
sentially the same mathematical structure. The model
can now be written as

Pr(oi = G) exp(Oi + ,BJ (2)
1+ exp(Oi + ,Bi) ,

which equals the Rasch model. It can be seen that, in this
model, the higher the parameter 0i or ,Bi is, the higher the
probability (Formula 2) will be, and the probability be
comes I if 0i or ,Bi is at infinity. On the other hand, if 0ior
,Bi tends off to minus infinity, the probability (Formula 2)
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tends offto O. Furthermore, the model is completely com
pensatory in the sense that for an arbitrary value ()i (f3i)'
by making f3i (()J large or small enough, one can always
get the probability (Formula 2) arbitrarily close to 1 or 0,
respectively.

One sees that the re-parametrizations ()~ ()+ D and
13 ~ 13 - D (with D an arbitrary constant) result in ex
actly the same formula (2), illustrating the statement that
different solutions of the parameters are only an additive
constant away from one another. It can be proved that
this is the only way to arrive at new solutions (Andersen,
1980). In other words, fixing a value of D makes the
model identified.

There are three differences between the Rasch model
as stated in Formula 2 and its usual formulation. First, in
the Rasch model the argument of the exponent is most
often written as () - 13, reflecting a competition, not be
tween two identifications of a stimulus, but (in the con
text of test theory) between an ability parameter () for a
subject and a difficulty parameter 13 associated with an
item. In Formula 2, on the other hand, both factors ()and
13 contribute positively to a positive response. This dif
ference is, however, only a matter of parametrization.

Second, in Formula 2 no person parameters are in
volved. Instead ofan item parameter (usually denoted by
13) and a person parameter (usually denoted by ()), this
model has two item parameters, one for each c variable
involved. The fact that with an increasing number of sub
jects the number of parameters does not increase allows
us to perform the (relatively easy) joint maximum like
lihood (JML) method in order to get consistent param
eter estimates. The fact that parameters are estimated con
sistently implies that the estimations can get arbitrarily
close to the true values if the number of observations is
increased (Andersen, 1980). The consistency follows from
the condition as formulated by Haberman (1977) for con
sistent JML estimation.

A third difference is that cell counts instead of binary
(01 I, right/wrong) responses are modeled. In this way,
the model has some affinity with the less well-known
Rasch Multiplicative Poisson model (Ogasawara, 1996).

The advantage of the reformulation of the FLMP as a
Rasch model is threefold. All three points will be illus
trated in the research to be described. First, it allows a more
flexible way to alter the mathematical model according
to one's substantive interests. Second, and related to the
first point, the FLMP is not identified (and, hence, nei
ther is the Rasch model). However, in the FLMP, new so
lutions are arrived at by the formulas (Crowther et al.,
1995, p. 398):

and

D again being an arbitrary constant. In the Rasch model,
on the other hand, the different solutions are only an ad
ditive constant away from one another, making immedi
ately clear which conclusions concerning the data are war
ranted and which are not. Third, the Rasch formulation
allows the construction of formal goodness-of-fit statistics
to check the model. (A goodness-of-fit statistic can also be
calculated in the FLMP. In practice, however, this is never
done, and more is known about Rasch goodness-of-fit
statistics than about the corresponding FLMP tests.)

CONJUNCTIVE CONCEPTS

Recently, a number of authors have been studying con
junctive concepts (e.g., Hampton, 1988; Storms et al.,
1993; Storms et aI., 1996). A conjunctive concept as it
was studied by those authors is simply a concept of the
form Xs that are also Ys, like "sports that are also games"
or "birds that are also pets." We will in the following con
centrate on "sports that are also games" as an example.

A typical effect in conjunctive concepts is overexten
sion (Hampton, 1988). This means that a low prototypi
cality for one of the constituent concepts can be compen
sated by a high value for the other concept. For example,
"hide and seek" may be a good example ofgames but not
at all of sports and may nevertheless be considered a
reasonable example of games that are also sports.

Another effect that is often found in the literature is the
"dominance effect" (Hampton, 1987). This means that
one of the two concepts is more important in the con
junction; the correlation between the (rated) prototypi
cality of the dominant concept and the conjunction is
larger than the correlation between the prototypicality of
the nondominant concept and the conjunction. In sports
and games, for example, sports is the dominant concept
(Storms et aI., 1993).

FLMPIRASCH AND
CONJUNCTIVE CONCEPTS

Suppose that the probability ofa concept 0i to be clas
sified as belonging to the conjunction can be decom
posed into two variables: the degree to which 0i belongs
to the (fuzzy)! set of sports, and the degree to which 0i

belongs to the (fuzzy) set of games. Let us suppose that
0i belongs to levels) and kofthe first and second variable,
respectively. Furthermore, let us suppose that a sports
parameter ~ and a games parameter 13k together determine
the degree to which 0i is a sport that is also a game. As
sume further that

., exp(() + 13k)
Pr(oi E conjunction) = j ,(3)

1 + exp(ej + 13k )

in which the term on the left-hand side denotes the prob
ability that 0i will be classified as belonging to the con
junction. This model is again the FLMP/Rasch model.
This application of the FLMP/Rasch model differs from



the letter experiment described earlier in that there are no
longer two concepts (like G and Q) to choose from; the
two response possibilities refer to the probability that a
stimulus belongs to the conjunctive concept or not. This
implies that, while 8; in Formula 2 indicates the evidence
for G with respect to the first variable, the parameter 8;
now represents the evidence for the conjunction, as far as
the sports dimension is concerned. Furthermore, while
13k in Formula 2 indicates the evidence for G with respect
to the second variable, the parameter 13k now represents
the games dimension.

It can be seen that the model (Formula 3) is compen
satory, as discussed before. A very low value (Jj' for ex
ample, can be compensated by a very high value 13k; the
effect is that Pr(oi E conjunction) can still be high. Ifwe
would find a satisfactory fit ofthe Rasch model, this would
be in line with the overextension phenomenon. A bad fit,
on the other hand, could indicate that the compensation
does not occur for the concepts used, and that, in fact, the
conjunctive concept may be truly a logical conjunction
of both concepts.

The aforementioned "dominance" effect can also be
evaluated if the Rasch model holds. Suppose that (Jis the
contribution of the extent to which the item is a sport,
and 13, of the extent to which an item is a game. The im
pact of being a sport is larger than that of being a game
if the variance of (Jis greater than that of 13 (Storms et aI.,
1996). This can be stated independently ofthe particular
scale used, since adding a constant (D) to a scale does
not influence the variance, as can be seen in the variance
formula Var«(J) = E[(J - E«(J)]2. On the other hand,
since the FLMP transformation is not linear, to compare
variances on the FLMP scale would not be meaningful.
This suggests a way out of a problem stated in Crowther
et al.'s (1995) paper. These authors claimed that, because
of the transformational freedom involved in the FLMP,
comparing the scales (like Cli and c2;) is not meaningful.
Comparison is meaningful, however, after parametriza
tion as a Rasch model and comparison of the variances
of the scales. In the usual Rasch model formulation [in
which the argument ofexp(.) is (J - 13] one can also com
pare the means of the scales, since the nonidentification
then amounts to a translation of (J and 13 in the same di
rection (i.e., adding a constant D to both (J and f3).
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ing to its row and the latter to its column. A list of 66
items was constructed, and 12 participants were asked to
judge whether they considered each item to be a sport
(+), not a sport (-), or a boundary case (0). Afterward,
we asked the same questions about games. Let the num
ber of +s about sports assigned to item i be denoted as
N+iS , the number of +s for games for item i as N+iG , and
N_iS , N_iG analogously. Each item was then assigned the
two scores tiS = N+i S - N_ i S and t iG = N+iG - N_ iG .

Using these data, items with the same values tiS were con
sidered equal with respect to their sports' prototypical
ity, and items with the same values tiG were considered as
matched on the games dimension. In this way the stimu
lus matrix in Table 1 could be constructed, in which +,
0, and - in the row heading mean a high-, moderate-,
and low-value tiS' respectively. The meaning of the col
umn headings is analogous.

The values tiS chosen for the rows were (from + to -)
12, 1, and -12, respectively, while the tiG values chosen
for the column headings were (from + to -) 12, -5, and
-12. Some variation in the t iG and tiS values was toler
ated in order to fill up all cells of the matrix completely.
The deviation between matched values in a row or column
was never more than one. As an example, all items in the
first row have the same value tiS = 12, while the items in
the first column all have a value tiG of 11 or 12.

For the interpretation of the matrix, take for example
the cell at row 2 and column 1, the card game "bridge."
This item was considered to be only moderately a sport
(tiS = I), but definitely a game (tiG = 12).

Wethen asked 132(other) participants to judge whether
each of the nine items belonged to the conjunction or
not. The data are given in Table 2.

Estimation and Testing of the Model
A JML estimation program- was applied to these data.

Because of the nonidentification described earlier, one
parameter had to be restricted, making the number of
free parameters equal to five. We constructed the fol
lowing goodness-of-fit statistic:

Table 1
Stimulus Matrix

Game

*"Invest" here means "to invest in the stock market."

Table 2
Frequencies of Positive Responses for the Stimuli in Table 1

Game

Sport + 0

+ badminton karate marathon
0 bridge fishing walking

hide and seek invest* cooking

EXPERIMENT

Stimulus Construction
In order to obtain estimates of (Jj and f3b it is most

convenient to construct a J X K matrix where rows (j =
1, ..., J) indicate the levels of the factor (J(the values 8;,
J levels) and columns indicate the levels of the factor 13
(the values 13k' K levels). In cell (j,k) we have a stimulus
at level j of sports and level k of games. For the J levels
of sports and the K levels of games a parameter is used,
so in general there are J + K parameters. A given stimu
lus i has a 8; and a 13k parameter, the former correspond-

Sport

+
o

+
114
58
49

o
54
63
28

39
56
25
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Table 3
Expected Frequencies Matrix for the Model in Formula 3

+ 0

114.0 50.9 42.1
66.9 59.8 50.4
40.1 34.4 27.5

+ 0

114.0 74.0 64.1
83.9 60.2 50.5
67.9 44.6 36.1

+
o

Table 4
Expected Frequencies Matrix for the Model in Formula S

Sport

Game

TableS
Expected Frequencies Matrix for the Model in Formula 6

Game
Sport

+
o

Both measures indicate that the parameter rogreatly con
tributes to a good fit ofthe model, and hence that the data
are to an important degree noncompensatory.

Since this model fits, it makes sense to ask whether
one concept is dominant over the other. We therefore cal
culate the variance of row and column scale values,
var(8) and var(f3). These result in 0.190 ~nd 0.065, ~e

spectively. The difference cannot be expl~me~ by a.dl~~
ference in variance between the corresponding physical
scales tiSand tiG'since the latter difference goes in the op
posite direction [var(tiS) < ~ar(t;G)]. Hence, sports can
be considered to be the dominant concept, m accordance
with previous findings (Storms et al., 1993).

Wecan now go one step further and assume that the psy
chological scales 8 and 13 are a mere linear transfo~ation

ofthe tiSand tiG scales, respectively. This transformation re
sults in a reduction ofthe number ofparameters and hence
a more parsimonious model. The new model is written as

exp(tis8+ t;Gf3+ bilbi2ro) (6)
Pr(o = G) = ,

I 1 + exp(tis8+ tiGf3+ biA2 ro)

in which the only parameters left to be estimated are 8,
13, and ro. We report the expected frequencies for the
model (Formula 6) in Table 5.

The correlation between observations and predictions
of the model now equals .89, but the X 2 statistic resulted
in a value o£19.33 (df= 6,p < .001), which is highly sig
nificant, and thus the model (Formula 6) cannot account
for the data. Clearly the transformations from the "phys
ical" scales tiS and tiG to the psychological scales 8i and
13 are not linear.

I In all our models, the argument of exp(.) is written as
a linear combination of some parameters. Different lin
ear combinations amount to different hypotheses about
the data (compare the models in Formulas 3, 5, and 6).
Such a procedure is well known in the Rasch model (as
in, for example, the LLTM, see Fischer, 1973, 1?95).
Since the FLMP does not combine parameters m a linear
way, analogous transformations for the FLMP a~e not
straightforward. For example, even a simple operation as

(4)

53.6
43.8
22.9

o
63.3
53.0
29.2

Game

+
89.8
80.0
52.0

+
o

Sport

X2 = f (ni -Npi)2 ,
i=! Npi(l- p;)

in which i goes over all cells, ni indicates the n~mb~r of
subjects responding "yes" (belongs to the conjunction)
to the stimulus in cell i, N indicates the number of sub
jects (N = 132) and p, is the probability (Formula 3) with
estimated parameters inserted for the true parameters.
One sees that Formula 4 is asymptotically X2 distributed
by the following argument. Each term in Formula 4 is a
squared standardized binomial variable; therefore, each
term is asymptotically X2 distributed. Hence, th~ s~m

Formula 4 is, by the X2 addition theorem, also X2 dlstr.lb
uted. There are five parameters to be estimated, and rune
data points, so Formula 4 is asymptotically .X2 ?ist~ibuted

with 9 - 5 = 4 degrees of freedom. All distributions to
be discussed later in this paper are derived in a similar
manner.

Results
The correlation between estimated and observed fre

quencies of a "yes" response in the nine c~lls was :84,
which is rather high. The expected frequencies are given
in Table 3.

The X 2 statistic, however, resulted in a value of54.13,
which is highly significant with four degrees of freedom
(p < .001). How is such a bad fit to be explained? In
spection of the data suggests that the concepts used are
not really compensatory: It seems that both values ti~ and
t must be high for a concept to belong to the conjunc
ti~n-that is, as high as for badminton in the cell corre
sponding to row 1 and column 1. We capture this idea in
the model as follows:

exp(8i + f3J + bilbi2ro) (5)Pr(oi = G) = ,
1 + exp(8i + f3j + bilbi2ro)

in which, by definition, bil (b 1) equals 1 if i (j) = 1 and
ootherwise. In this model, the parameter rois only "active"
for the cell at row 1, column 1. In this way, the model be
comes a mix ofa compensatory component (8i + f3j ) and
a noncompensatory one (b;1bi 1 ro). Fit of this model
would indicate that compensation does occur, but that in
order for a really high proportion of "yes" a high value
along both dimensions is required. We modified the pro
gram in such a way as to estimate the parameters 8, 13,
and roof the model (Formula 5). The predictions of this
model are given in Table 4. The correlation between ob
served and predicted values is in this case .98, while the
X2 statistic resulted in a value of9.05 (df= 3,p > .01).
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adding a constant to eand f3 amounts to a quite compli
cated transformation in the FLMP (see Crowther et aI.,
1995, Formulas 3 and 4).

NOTES

ular, we fitted three models to see how the data might be
summarized best. Such model construction is a straight
forward procedure in Rasch-type models. For each model,
goodness-of-fit statistics were calculated. Then it was
shown that the formal and the discrepancy-size measures
yield comparable results, and it was argued that compar
ing both types ofmeasures is a useful way to arrive at con
clusions about psychological data.
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RMSD Analysis
A standard way to evaluate model fit in FLMP model

ing is to evaluate the root mean squared deviation (RMSD)
between observations and predictions (e.g., Oden, 1977);
its formula in our case is given by

II 2:L(P, -lj)
RMSD = ~-,-i _

where r, denotes the proportion ofsubjects who responded
positively in cell i (stimulus i). We applied Formula 7 to
our data for the models in Formulas 3,5, and 6, resulting
in values of. 102, .041, and .134, respectively. Although it
is not very clear how one should evaluate RMSD values,
informal comparisons with RMSDs published in the lit
erature (Massaro & Hary, 1986; Oden, 1977, 1979) show
that the first and the third are high, and the second, mod
erately low. These results, then, point in the same direction
as does the formal analysis discussed above.

Computing both magnitude-of-discrepancy measures
(such as the RMSD) and statistical goodness-of-fit tests,
as we have done in this paper, can enrich the data analy
sis. The magnitude-of-discrepancy measure gives an in
terpretation in terms ofprevious data. As is well known, a
statistic can (almost) always be made significant by col
lecting enough data. A magnitude-of-discrepancy measure
can then indicate whether the effect found is worthwhile
or is simply a matter oftoo much power. On the other hand,
magnitude-of-discrepancy measures can only be com
pared mutually (not with respect to a statistical distribu
tion). Our analysis has shown that, indeed, a magnitude
ofdiscrepancy in the order of. 1 is significant, while a dis
crepancy in the order of .05 is not, as had been assumed
before in FLMP articles. Whether the same holds for other
models and different sample sizes can only be investigated
by a systematic comparison of formal and discrepancy
size measures.

As noted before, a goodness-of-fit statistic can also
be evaluated in the FLMP model. One can, therefore,
also compare magnitude-of-discrepancy measures with
goodness-of-fit statistics in the FLMP model. This is,
however, an uncommon practice in FLMP publications,
so there is no research tradition in this field. Together with
the flexibility arguments presented above, this indicates
that the Rasch model has some advantages when used with
the kinds of experiments to which the FLMP applies.

SUMMARY

We have shown that the Rasch model provides an easy
and flexible way to analyze experimental data. In partie-
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