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STATISTICS: RESEARCH AND TEACHING

Reexamining the goodness-of-fit problem
for interval-scale scores

RICHARD A. CHECHILE
Tufts University, Medford, Massachusetts

Aclassic data-analytic problem is the statistical evaluation of the distributional form of interval-scale
scores. The investigator may need to know whether the scores originate from a single Gaussian distri
bution or from a mixture of Gaussian distributions or from a different probability distribution. The rel
ative merits of extant goodness-of-fit metrics are discussed. Monte Carlo power analyses are provided
for several of the more powerful goodness-of-fit metrics.

The goodness-of-fit problem in statistics is a general
issue that has relevance for research both in psychology
and in other disciplines. In this paper, a review of this
problem will be outlined. In part, the need for such a re
view is to close the gap that exists between current prac
tice in psychological research and what is known about
the goodness-of-fit problem in statistics. Recent devel
opments now make possible the utilization ofmore pow
erful tools for evaluating the goodness-of-fit. In particu
lar, the focus of this paper will be on cases in which the
researcher has interval- or ratio-scale measures.

Given interval- or ratio-scale measurements, Xl' ... ,

X n , the goodness-of-fit problem is concerned with the ques
tion of whether or not these scores originate from a par
ticular probability distribution function. For example, a
set of n reaction time measurements might be modeled
by a log-Gaussian distribution or an ex-Gaussian distri
bution or a mixture distribution of different stochastic
processes (see Luce, 1986). Weneed an answer to this type
ofquestion in order to understand the underlying psycho
logical processes. Moreover, if the reaction time values
are to be used to fit a psychological model, the likelihood
function of the reaction times needs to be specified be
cause all methods ofparameter estimation require knowl
edge of the likelihood function (i.e., the distributional
nature of the interval-scale scores). Consequently, the
goodness-of-fit evaluation ofany proposal about the dis
tribution is a very important initial step toward under
standing the psychological processes.

There is a large body of statistical research on the
goodness-of-fit problem, but many ofthese developments
unfortunately have yet to be exported to psychology. There
are a large number of goodness-of-fit procedures. All of
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these methods control for the Type I error rate, but there
are considerable differences among the methods in regard
to power.Generally,current practice in psychology employs
only the older goodness-of-fit metrics, which haverelatively
low power. It is not convincing to argue that the hypothe
sized model (i.e., the null hypothesis in a goodness-of-fit
test) is reasonable because ofa nonsignificant test statis
tic that is known to be low in power.

Nominal-Scale Goodness-of-Fit Measures
The two old goodness-of-fit warriors are the X2 (K. Pear

son, 1900) and the G2 (Neyman & E. S. Pearson, 1928)
statistics. The X2 and G2statistics are defined as

k

X2=L (.!oi - lei)2/lei'
i=1
k
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wherej.; andlei are the respective observed and expected
frequencies in the ith category. Somewhat more recently,
Cressie and Read (1984) developed the power divergence
statistic, which is a function ofa parameter Iland is given as

k

2nIA. = 2Il- l(1l +Ir1L.!oi [(.!o;!lei -1].
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The power divergence statistic has only rarely been ac
knowledged in psychology (see Batchelder, 1991).

All of these statistics were designed for multinomial or
categorical data, although they can also be used when
there are interval-scale data. To do so, k observational cat
egories or k intervals need to be created for the continu
ous random variable. There is no unique way to form the
intervals, and there are many possible values for the num
ber of intervals (i.e., the k value). Furthermore, only fre
quency information is utilized, so even the ordinal infor-
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mation inherent in the interval-scale score is lost. For both
of these reasons, the nominal-scale goodness-of-fit statis
tics are relatively low power tests. Despite their low power,
the X2 and G2statistics (with interval-scale data) are still
the most commonly used goodness-of-fit measures in
psychological research.

Ordinal-Scale Metrics
A number of ordinal-scale statistics are available for

goodness-of-fit tests. The ordinal-scale tests are based
on the empirical cumulative distribution and on the cor
responding theoretical cumulative distribution function,
F(x). These tests are generally referred to as "empirical
distribution function," or EDF, procedures (see Stephens,
1974, for a review ofEDF procedures). With EDF tests,
all ofthe sample scores are included in the empirical step
function cumulative distribution (i.e., the scores are not
grouped into arbitrary categories). .

The best known of the EDF tests is described by many
writers as the Kolmogorov-Smirnov test (e.g., Siegel,
1956; Siegel & Castellan, 1988). Actually this test is
based on an original theorem by Kolmogorov (1933); an
alternative proof was provided later by Smirnov (1939).
The table of critical values was computed by Massey
(1951). With this procedure, the investigator computes
for each score D] = I(i/n) - F(x;)1 and Ir; = IF(x;) 
(i -1)/n I-that is, the absolute-value deviations between
the theoretical cumulative probability and either of the
extremes of the sample step-function cumulative pro
portion. The test statistic is the maximum of these 2n
absolute-value deviations. It is commonly assumed in
psychological statistics that this test statistic is distribu
tion free. However, Lilliefors (1967, 1969) showed that
the Massey tabled values are incorrect and that the test is
not distribution free. Lilliefors pointed out that the un
derlying Kolmogorov theorem assumes that there is
knowledge of the population mean and variance of the
hypothesized distribution. Yet in virtually all applica
tions the investigator uses the sample data to estimate the
population mean and variance (i.e., the hypothesized dis
tribution is fitted by the sample data). This fitting has
been shown by Lilliefors (1967) to change the critical
value of the test statistic substantially. Moreover, Lil
liefors (1969) has shown that the critical value depends
on the nature of the theoretical distribution. Lillieforss
results have been replicated, and other writers have come
to refer to the D statistic as the Lilliefors statistic (e.g.,
Dallal & Wilkinson, 1986).

The contributions of Lilliefors have not apparently
been recognized in psychological statistics heretofore.
Besides the Lilliefors statistic, a number of other EDF
statistics have been developed. Stephens (1974) dis
cusses four other EDF statistics (i.e., the Cramer-von
Mises statistic, the Kuiper statistic, the Watson statistic,
and the Anderson-Darling statistic). These statistics also
have not yet been exported to psychological statistics.
All of these EDF statistics have greater power than the
original Kolmogorov-Smirnov test with the Massey

(1951) tabled values. Certainly the EDF tests have more
power than the nominal-scale test statistics. However,
there are reasons to expect that the EDF statistics are lower
power methods in comparison with interval-scale tests.
The EDF statistics are based on a probability transforma
tion from the measured interval-scale scores. Probability
transforms cannot in general preserve the interval-scale
properties of the original measured quantities (except in
the case of a rectangular distribution). Hence, it is rea
sonable to expect that this probability transformation re
sults in lower power relative to interval-scale goodness
of-fit statistics.

Interval-Scale Metrics
Several goodness-of-fit procedures utilize the interval

scale information directly. Nearest neighbor spacings
methods (e.g., Bickel & Breiman, 1983; Pyke, 1965) can
be used as a goodness-of-fit test. However, Schilling
(1983) has found that there is considerably lower power
for these spacing-based statistics than for the EDF Lillie
fors statistic. The nearest neighbor statistics do not di
rectly compare the entire pattern of the interval-scale data
with a hypothesized set of values. A more successful ap
proach was that of the Shapiro and Wilk (1965, 1972)
W statistic and the Shapiro and Francia (1972) W' sta
tistic. These statistics have been shown to result in high
power (see E. S. Pearson, D' Agostino, & Bowman, 1977;
Shapiro, Wilk, & Chen, 1968; and Stephens, 1974). Un
fortunately, these statistical tests require the evaluation
of expected-order statistics, and those calculations are
computationally elaborate. The expected-order statistics
are the n means (across repreated samples) of the ith
ranked score for i = 1, ... , n. To find these values re
quires the numerical evaluation ofdifficult integrals. The
expected-order statistics have been determined for many
values of n and for many of the common distributions
(see Harter & Balakrishnan, 1996). Expected-order sta
tistics for mixture models are not available, however, and
the Wand W' statistics are not a feasible method for ex
ploring the-type ofquestion raised in the introduction re
garding mixture models for reaction times.

Probability plots provide yet another interval-scale ap
proach to assess the goodness offit. In a probability plot,
the sample ranked scores, x( I) ::; X(2) •• ::; x(n)' are plotted
against corresponding j.., values, where F(Y(i» = (i - y)/
(n + 1 - 2y) and where yis the plotting-point position.
There is little consensus about the value for y, and eight
different values have been proposed: y = 0 (Gumbel,
1964); y= .3 (Benard & Bos-Levenbach, 1953); y=
.3175 (Filliben, 1975); y= .375 (Blom, 1958); y= .4 (Lar
sen, Curran, & Hunt, 1980); y = .44 (Gringorten, 1963);
y = .5 (Hahn & Shapiro, 1967); y = .567 (Larsen et aI.,
1980). The choice of the plotting point (i.e., the yvalue)
is known to affect the power of the subsequent goodness
of-fit test, but there has not yet been a good rationale for
any particular y value (Looney & Gulledge, 1985). For
example, Bowker and Lieberman (1972) use y= .5, but
go on to state that the choice is arbitrary.
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Recently, Chechile (1997) has proposed a vector-based
dissimilarity metric to assess the goodness-of-fit. This is
a general approach that can result in identical results to
those obtained with the Wand W' statistics; however,
Chechile recommends two practical methods for defin
ing the dissimilarity statistic, and these methods result
in somewhat different measures than do the Wand W'
statistics. Moreover, these procedures can be used even
in the case of nonstandard distributions such as proba
bilistic mixture models. Because Chechile found only
slight differences in the two recommended procedures,
only one of these procedures will be discussed here. This
method has also been shown by Chechile to be related to
a probability-plot procedure, but now with a strong ra
tionale for a particular plotting-point position.

A Dissimilarity Statistic as a
Goodness-of-Fit Measure

The fundamental question ofgoodness-of-fit pertains
to whether the data have a distributional shape that is
probable, given random sampling from the hypothesized
distribution. Distributional shape is invariant to the lo
cation (i.e., the mean) and scale factor (i.e., the standard
deviation of the scores). Consequently, in this paper all
sample scores, x.; will be first transformed to a standard
form such that the mean is m; and the standard deviation
is S•. The transformed sample values are v j = m; + (xj 

m)S -IS., where m and S are the respective mean and
standard deviation of the untransformed scores. Values
of sr, and S. are the respective mean and standard devi
ation of a set of n idealized points or markers that best
represent the hypothesized distribution. The Vi scores
still are interval-scale measures. Hence the transforma
tion above is designed to focus the goodness-of-fit eval
uation on detecting departures from the hypothesized
"distributional shape" by matching the mean and stan
dard deviation of the Vi scores to a corresponding set of
idealized U j scores. The transformed scores are sorted in
order to obtain the sample order statistics; that is, v(l) $

v(2) $ ... $ v(n)' Let V be a column matrix (vector) of
these sample order statistics.

The goodness-of-fit dissimilarity metric is a function
of the mismatch between the vector V and a comparable
vector U of n idealized U(i) scores, where u(l) $ U(2) $
... $ u(n)' Because of the transformation to match the
mean and standard deviation, the vectors V and U have
the same scalar magnitude. However, if the transformed
sampled scores that make up the V vector differ in dis
tributional shape from the idealized scores, which are
represented by the U vector, there will be a nonzero
angle between the V and U vectors in an n-dimensional
vector space. The cosine of the angle between the vectors
is a measure of the similarity of the sampled scores to
the idealized representation (i.e., the similarity would be
1.0 for an angle of 0). If the angle between the vectors is
e, the goodness-of-fit dissimilarity metric, h, is defined
as 1 - cos e. Hence, a perfect match would yield a dis-

similarity score ofO. The h statistic is more readily com
puted by the following equation:

h = (1 - r) [1 + {m;nIS;(n - l)}]-l, (1)

where r is the product-moment correlation between the
corresponding v(i) and U(i) values. If the mean m ; of the
u(i) markers is 0, the h statistic is 1 - r. for many distri
butions (e.g., the exponential distribution), the mean of
the markers will not be 0, so the general form in Equa
tion I is required. For a fix n, it follows from Equation 1
that h = (1-r)IK, where the constant K is greater than
1.0. Because of the monotonic ordering of both the v(i)
and u(i) values, the r value is positive. Hence, it follows
that 0 $ h < 1 and that the angle emust be less than 90°.

The whole problem now centers on what shall be taken
as the idealized markers u(i). for the normal distributions,
u(i) values can be selected so that the h statistic is linked
directly with the Wand W' statistics. With other choices
for the u(i) values, the h statistic can be linked to any ofthe
probability-plot statistics. However, a simpler procedure
is recommended for generating the idealized markers. If
the u(i) values are selected such that F(u(i)) = (i - .5)1n,
(i = 1, ... , n), there is a sense in which these values are
an optimal way to represent the hypothesized continuous
distribution with only n values. Such chosen u(i) values
are each medians of a zone that has a probability of lin.
for each zone, the zonal median minimizes an absolute
value error function within the zone. This choice for the
idealized markers is directly linked to the plotting posi
tion of r= .5 used with probability plots, but now there
is a strong rationale for that plotting convention.

An Example of Computing the h Statistic
To demonstrate the calculations, let us consider a case

with low n. for this example, let n = 8 and let us assume
that the scores originate from a normal distribution. To
find the eight idealized scores, we need to find the z scores
that correspond to the cumulative proportion of .0625,
.1875, .3125, .4375, .5625, .6875, .8125, and .9375; that
is, these values are (i - .5)ln. The desired z scores can be
readily found from tables of the normal distribution that
give z for a given cumulative probability (see Kelley,
1948). The resulting values ofu(i) are -1.53414, - .88715,
- .48878, - .15731, .15731, .48878, .88715, and 1.53414.
Although tabled values were used, the resulting values are
nevertheless very close to the results obtained by using the
Bagby (1995) approximation formula. The mean m; of
the ua, markers is 0, and the standard deviation S. is
.98622990. Now suppose that the interval-scale scores
(Xl' ... ,xn ) obtained by the investigator are 9.388, 11.756,
13.406, 16.437, 18.067,20.538,25.665, and 30.393. The
sample mean is 18.20625, and the sample standard devi
ation is 7.12286238. To test whether the experimental
scores originate from a normal distribution, we trans
form the measurements to Vi values in order to match the
mean and standard deviation of the observed scores to
that of the set of u( j) idealized markers of an eight -point
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representation of a standard normal distribution. The
transformation is m; + (Xi - m)S-IS•. The sorted Vi val
ues are the v(il scores, and these scores are -1.22097,
-.89310, -.66464, -.24497, -.01928, .32285,1.03274,
and 1.68737. The correlation between the U(i) and V(i) val
ues is .98237. According to Equation 1, when the mean
m; of the U(i) markers is 0, the dissimilarity metric is 1 - r;
hence, the h statistic for the set of observations is .01763.
The critical (a = .05) h statistic value is .094 for the nor
mal distribution with n = 8 (Chechile, 1997). Therefore,
the hypothetical data did not demonstrate a significant
goodness-of-fit departure from the hypothesized normal
distribution.

Power Studies
All ofthe goodness-of-fit statistics control for the TypeI

error rate. However, there can be important differences
in the statistical power among the measures. To demon
strate the relative sensitivity of some of the more success
ful goodness-of-fit measures, a set ofpower studies was
performed. In particular, the Lilliefors D statistic, the Sha
piro and Francia W' statistic, and the h statistic were uti
lized in goodness-of-fit tests (at the a = .05 level) for
detecting a departure from a normal distribution. All sam
ples in these analyses were with n = 50. The a = .05
critical values for each test statistic were determined by
a separate set of 15,000 Monte Carlo samples from a nor
mal distribution. The Monte Carlo sampling was based
on the inverse transform method (see Fishman, 1996).
For the h statistic, the determination of the 50 idealized
markers (i.e., the U(il values) for the normal distribution
only needs to be calculated once and stored.

For the power analyses, separate sets of 15,000 ran
dom samples were taken for each combination of the test
statistic with each alternative distribution. A power value
is estimated by the proportion ofthe 15,000 random sam
ples from the alternative distribution that would be de
tected as different from a normal distribution at the a =
.05 level. Three different Weibulldistributions were used
as alternative distributions. The cumulative probability
function for the Weibull is given as F(x) = 1 - exp( -x-f3)
for x> O. The f3 parameter affects the shape of the distri
bution, and the three types of Weibull distributions ex
amined corresponded to f3 = 1, f3 = 1.5, and f3 = 2. The
resulting power values are shown in Table 1. For each dis
tribution, the highest power was obtained with the h sta
tistic and the lowest was for the D statistic.

Table 1
Power for the Lilliefors D, Shapiro-Francia W', and the

Dissimilarity Statistic h When There is a False Gaussian Null
With n = 50 and Type I Error Set at .05

Power

Alternative Distribution D W' h

Weibull f3 = \.0 .945 .995 .998
Weibull f3 = \.5 .509 .7\8 .779
Weibull f3 = 2.0 .\92 .232 .29\

Discussion
Heretofore psychological research has utilized low

power goodness-of-fit tools to evaluate the distributional
structure of the data. The X2 and G2 statistics are appro
priate ifthe data are categorical, but these nominal-scale
statistics result in low statistical power when the data are
interval-scale measurements. The use of EDF statistics
such as the Lilliefors D statistic would greatly improve the
statistical power in psychological statistics (see Stephens,
1974, for a discussion of other EDF procedures). Yeteven
higher levels of power can be achieved by using the dis
similarity statistic h. Moreover, the h statistic is no more
difficult to execute than the EDF statistics. For these sta
tistics, the investigator needs either to find the x value that
yields a given cumulative probability, F(x), or to find the
F(x) value for a given x.

The Shapiro-Francia W' statistic also results in higher
power than the Lilliefors D statistic, but W' is, in general,
harder to compute because ofthe necessity of first obtain
ing the computationally difficult expected-order statis
tics. Importantly, however, the h statistic achieved higher
power than the W' statistic, so there is no compelling rea
son to use the W' statistic.

Chechile (1997) provided critical values for the h sta
tistic for the normal and exponential distributions. How
ever, there are many possible distributions of potential
interest, especially when one considers mixture distrib
utions. Provided that the investigator can obtain the n
idealized markers for the hypothesized distribution, the
sample h statistic is still a simple computation via Equa
tion 1. However, in order to understand the implications
ofthe sample h value for these nonstandard distributions,
the investigator will need to determine the critical value
of the h statistic by means of Monte Carlo sampling. In
fact, Monte Carlo sampling will also be required for the
other goodness-of-fit measures (e.g., the EDF statistics,
and W') when one is evaluating any nonstandard hypoth
esized distribution, because the critical values are gen
erally dependent on the distributional form. There are no
truly distribution-free tests if the sample data are used to
fit the hypothesized distribution.

In the case ofMonte Carlo sampling, it is recommended
that the investigator carefully consider the computational
method used to sort the data. Sorting is a necessary step
for the calculation ofthe h statistic per Monte Carlo sam
ple. Sorting is also required in order to determine an EDF
statistic for each sample. Inefficient sorting can add un
necessary time to the determination of the critical values
ofthe goodness-of-fit statistic. For Monte Carlo samples,
however, there is an efficient method of approximately
presorting the samples, and this presorting can greatly
reduce the sorting time. For each randomly generated
score there is an F(x) value associated with that score. In
fact, if the inverse-transform method was used to gener
ate the random score in the first place, a random number
on the (0,1) interval was selected and that number was
treated as the F(x) value. With the inverse-transform
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method, the random score is the x value that yields the
F(x) value for the probability distribution. The random x
value can be initially stored in an empty slot in a large
array. The approximate neighborhood of the empty slot
is an integer and a function of F(x)N, where N is the size
of the large array. With this method, the value of N must
be much larger than the sample size. The large array is
then compressed to another array of size n, and this array
is approximately sorted. Any sorting algorithm can now
be used on the presorted array to rapidly obtain the final
listing. With a sufficiently large initial array, the sorting
of a set of 1,000 scores can typically be accomplished in
only a few iterations with this method.

Finally, current computer hardware has enabled a host
ofstatistical calculations that would be difficult or impos
sible to execute with simple paper-and-pencil calculations.
The h statistic and the EDF goodness-of-fit statistics are
now easy calculations to obtain for a set of interval-scale
data. The more computationally challenging problem is
the determination ofthe critical levels for these statistics
when one is testing a nonstandard distribution. However,
modern computers and efficient sorting algorithms pro
vide a means to determine the critical values.
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