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A system for mathematically identifying unknown
nonlinear systems based upon Wiener kernels and
G-functionals is presented as an example of the
sophisticated analyses of electrophysiological and
behavioral data made possible by the introduction of
powerful digital computers to the laboratory
environment. The applicability of these methods to a
wide variety of systems is emphasized. By measuring the
response of the unknown system to appropriate white
noise stimulation, data may be obtained which are
sufficient for the characterization of the system under
test. The only restrictions upon the unknown system is
that it be approximately stationary during the period of
measurement and that its output depend upon its input
in the finite past. Various pretests to evaluate the
applicability of the method are presented. Simple
FORTRAN programs that clarify the methods of
computation are given for the preprocessing of data, the
analysis of lower-order kernels, the synthesis of system
response from the computed kernels, and the
computation of the proportion of the variance in the
systems output which is accounted for by the kernels
zero, one, and two. These programs may be
implemented on a digital laboratory computer of
moderate size. Analysis may be performed either on-line
or after data collection, depending upon the temporal
characteristics of the system under test. This method
represents one of the few analytical techniques presently
available for the characterization of both linear and
nonlinear systems. For this reason, it constitutes a
uniquely powerful tool for many branches of
psychology. Successful applications of this method to
electrophysiological and behavioral data are mentioned.
Limiting factors in the use of Wiener kernel analysis are
also discussed.

The development of statistical communication theory
has provided a set of methods and models for the
analysis of the function and behavior of biological
systems. Psychologists are perhaps most familiar with
the application of statistical decision theory to problems
of perception proposed by Tanner and Swets (1954) in
the form of signal detection theory. However, there are
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other numerical tools in statistical communication
theory which have been successfully used in engineering
applications, but which have not been widely applied to
biological and psychological problems, even though the
need for such techniques is clear. In this paper, we shall
describe a general method for the analysis of nonlinear
systems drawn from the work of N. Wiener and his
colleagues, Y. W. Lee and M. Schetzen.

Wiener kernel analysis has been applied to biological
systems in recent years by a number of investigators.
DeBoer (1967; DeBoer & Jongkees, 1968) has studied
the linear impulse response of single units in the
auditory system and drawn interesting conclusionsabout
their bandwidth. Stark (1969) has obtained estimates of
the linear and quadratic kernels of the pupil control
system- in man. These methods- have been employed by
Lopes de Silva (1970) and Beatty (1971) in studies of
visual system input and cortical EEG activity.
Marmarelis and Naka (1972) have published first- and
second-order kernels of the horizontal-bipolar ganglion
system of the catfish retina, from which they were able
to determine the sequence of signal transforms occurring
in this system. In each case, Wiener kernel analysis
permitted functional identification of a biological
system by measurement of the system response to white
noise stimulation. Wiener kernel analysis is equally
appropriate for the study of some continuous behavioral
phenomena, such as tracking, although results of such
investigations have not yet been published.

IDENTIFYING UNKNOWN
NONLINEAR SYSTEMS

In each of these cases, the problem of system
identification is one of determining the input-output
relations for that system under all conditions of
stimulation. Identification in this sense involves the
construction of a model of that system capable of
simulating the performance of the unknown system with
an acceptable degree of accuracy. This model is not a
structural model: it does not necessarily utilize the same
internal processes as does the system. Instead. it is a
functional model. reproducing only the input-output
relation, or system transfer function. Since there are
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Fig. 1. Program Wiener. a FORTRAN program for the analy
sis and synthesis of unknown physical systems. See text for
explanation.
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EVALUATING THE WIENER KERNELS
An understanding of this method and its application

may be gained by examining the processes of system
identification and synthesis. Figure 1 presents a

potentially a great number of physical systems with a
given transfer function. a functional model is not
unique. But it captures the rules governing the unknown
system's operations. and is therefore highly informative.

Wiener. in his lectures on nonlinear problems in
random theory (1958). has argued that such a model
might be constructed from a set of orthogonal
functionals of increasing order. These functionals (Gn )

sum to give the output of the system based upon its past
input.

This conceptualization of the kernels permits the
application of Wiener nonlinear systems analysis to the
study of biological systems in a computer-based
laboratory .

Critical to the development of an orthogonal set of
kernels, computed in either fashion, is the use of
Gaussian white noise as the input signal. Wiener (1958)
has argued that Gaussian white noise is the ideal test
signal for the analysis of nonlinear systems, since it may
represent any conceivable signal. By its very nature,
there exists some probability that some portion of this
signal w~l approximate with sufficient accuracy any
function which may be applied to the system. Thus, the
actual test signal is drawn from the universe of all
possible signals, not from an artificially limited subset
thereof. This is important in system identification. since
any two systems which respond in the same way to all
possible input signals are necessarily functionally
identical. Thus, use of a Gaussian white noise input
signal forms a good test of this hypothesis.

In this formulation, hn is a member of a set of
orthogonal kernels, which together may be thought of as
the generalized impulse response of the system. Wiener
developed these kernels in terms of Laguerre functions
and Hermite polynomials, largely because they could be
realized with existing analog equipment, but the actual
computation of the kernels by this method is extremely
time-consuming and difficult.

A more suitable method of kernel estimation has been
advanced by Lee (1960) and Schetzen (Lee & Schetzen,
1965). They have shown that the Wienerkernels may be
digitally computed using cross-correlational techniques.
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adjusted system input and output. where L is the
maximum lag for which the function is computed. The
value of L should exceed the presumed memory of the
system.

These two kernels, ho and hI , completely characterize
a linear system. The linear kernel, h, , corresponds to the
impulse response of the system, or the response of the
resting system to a single pulse of energy. If, however.
the system is nonlinear, these kernels will not provide
complete identification. Instead, they constitute a
characterization accurate to the first order, regardless of
the nature of the nonlinearity involved. This results from
the fact that the linear kernel is made orthogonal to the
higher-order kernels.

To evaluate the second-order kernel, linear effects
must first be computed and then removed from the
output array, V'. This is done in Lines 30-36 by the
following equations

The linear response of the system, GI(i), is computed
for all points for which sufficient data are available,
from V'L to V'N. This results from the necessity for
utilizing the first L points in the stimulus array to
predict the linear response for Point V'L in the output
arrav. The svnthesis takes- elace bv s-immv convclvina
the' input array, X', with linea~ kernel, hI. Thi~
estimated value of the linear transfer is removed from
the output array, V', to form an array devoid of both
zero and first-order influences, V". It is with this
residual that the second-order kernel is computed.

The se cond-order kernel resembles closely a
second-order cross-correlation function. It is formed in
Lines 40-46 from the averaged triple product of an
output value, V", and two input values of X', each at
lags between 0 and 1. The result is a weighting surface
symmetric about its diagonal. It reflects the extent to
which the system's transfer function deviates from
linearity when the inputs at two points of past time
interact.

X(.=xj-i, j: It ,N

y/.: Y, -Go, i =I, "N

Since the computation of higher-order kernels must
be independent of the lower-order kernels, Go is
removed from the V output array in Lines 16-18.

single main program tor conceptual clarity. not
comput a tional efficiency. However. it may be
streamlined. segmented. or otherwise modified to fit the
needs of a particular laboratory computer. The
dimensions and parameters of the program should be
adjusted to fit the temporal properties of the system
under test.

The process of identification begins with the
estimation of the relevant Wiener kernels. For a linear
system, only the first two kernels, ho and h, , are needed
for complete characterization. Nonlinear systems require
additional kernels.

Input to the program consists of two arrays, X and Y,
and several parameters. X is the digitized record of the
Gaussian white noise stimulus. Y is the system's response
to that stimulus. X and Y may also be timelocked
averages of the system input and output if the same
white noise stimulus is presented to the system several
times.

In the initial segment of the program, the means of
arrays X and Yare computed and then removed. The
mean of X is the average intensity of the stimulus signal
(SMI), and is stored as a parameter of the experiment.
Since the dynamic range of the testing and measurement
system is typically less than the range of the biological
system, only a portion of its dynamic range may be
investigated in a single experiment. Slightly different
values may be obtained for the Wiener kernels for
different levels of SMI. The X array is demeaned to
simplify the calculation of the G-functionals.

The mean of the response array. Y, is the value of the
zero-order kernel, ho, and the expected output of the
system, Go:

The value y; is simply the [th value of the measured
output with Go removed.

The linear kernel, h, , is computed in Lines 22-26.

k =0., ", L
J =0, " ',k

nz (k. Jl= hz (j.k)

"hllk'- N\L: f'._,,~ -0, ".L
I' k+1

It can be seen that this kernel is proportional to the
conventional cross-correlation function between the

It is a measure of cross-talk between two impulses as a
function both of time and of the distance between the
impulses in time (Marmarelis, 1972). The greater the
values in this kernel. the more second-order cross-talk
characterizes the unknown system.
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The second-order kernel. like the first. is used as a
weighting function for system synthesis.

1 ~ L t ! 1 ,N

For each and every point on this weighting surface. a
triple product is formed between a value of the kernel,
hj k , and two values of the stimulus array, xi-i and Xi-k'

The resulting sum is then averaged. The diagonal is
removed, since at the diagonal two temporally distinct
pulses cannot exist. This gives the second-order response
of the system.

If a third-order kernel, a weighting volume, were to be
computed, the second-order effects would be removed
from the response array before computation. In
Lines 50·59, the second-order synthesis is computed (as
Array G2) but not removed from the output array.
Instead, the input and output arrays are restored in
Lines 63-68.

TESTING THE ADEQUACY
OF SYSTEM SYNTHESIS

Testing the adequacy of system identification may be
accomplished by comparing the output of the unknown
system with that of the Wiener model. when the same
stimulus is applied to both. Any input stimulus may be
used, since the model is assumed to be general. As
before, a Gaussian white noise stimulus is preferable,
since it samples the entire set of possible stimuli
randomly. Further, the correspondence of the system
and the model may be tested on the very data used for
model construction. The response of the model at
various orders of completeness may be compared with
the actual output to determine the adequacy of
simulation.

This is the method for synthesis evaluation employed
in this program. We ask simply what proportion of the
variance of the actual system's output. Y. may be
accounted for by our model. This is accomplished by
computing the variance of Y and the expected value of
the squared differences between the actual and predicted
values of the output for syntheses of orders zero. one,
and two.

VAR ' E Iy . yf
pvo • EIy • Gi IE'y . y;2

PVl ' EIy • Go . GI,2i E I) . fi2

PV2 ' EIy • Go . G1 - G/ E,) - '{I2

Ratios are formed between these expected values and
the variance of Y. It should be noted that if the
synthesis were computed on another set of data.
E(y - GO)2 would not necessarily equal E(y - vl.
When the same data are used both to estimate and to
test the kernels. PVQ must be one. To the extent the
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linear synthesis accounts for the variance of the output.
the ratio PYI will be less than one. If the synthesis is
based on insufficient data. if there are no linear
components in the actual system, but there are nonzero
values in the linear kernel, or a number of other
undesirable states hold. the variance will increase and the
ratio PYI will exceed one.

Similarly, if the second-order kernel successfully
models a quadratic component of the physical system,
the ratio PV2 will be less than PV1.

Thus. the Wiener method of system identification
provides not only methods for analysis. but also
methods for synthesis from which the adequacy of
analysis may be estimated. This check greatly increases
the power of the method as a scientific tool, and
increases the confidence of the investigator in his results.

PRETESTING THE SYSTEM
FOR PARAMETER SETTING

In performing an actual experiment, realistic values
must be placed on such parameters as noise bandwidth.
number of lags, and the order of the highest kernel to be
computed. MarmareJis (1972) has outlined simple
experiments which may be carried out to aid in the
selection of these values.

The first assumption of Wiener analysis, stationarity.
may be tested by performing a simple evoked response
experiment at several points in time. If the results are
reasonably comparable. then stationarity is not likely to
be seriouslyviolated.

System memory or the period of dependence of the
system's output upon past input may be estimated by
performing a two-pulse experiment. Two pulsed stimuli
are presented to the system. The interval between the
pulses is increased until the response of the system to
each pulse is identical. The memory of the system
probably does not exceed this interval in most cases.
Such an experiment is useful in determining the number
of lags necessary to cover the memory of the system.:
The number of lags is taken to be the length of memory
in units of time. divided by the period of the sample
interval. plus a small safety factor of 107c to 207c.

The bandwidth of the white noise signal should be
greater-by about an octave-than the bandwidth of the
system under test. The empirical bandwidth can be
determined by an experiment with sine-wave
stimulation. The noise should be approximately
Gaussian. and not clipped at less than three standard
deviations from its mean (Marmarelis, 1972).

Sine-wave stimulation may also be used to determine
the nonlinearity of the system and the order of the
highest kernel that needs to be computed. In general. the
order of the highest harmonic in the response to a
sine-wave stimulus is the order of the highest
nonlinearity in the system. Thus. the analysis of a
system showing only a second harmonic may be
terminated by the second-order kernel.

The power of the white noise stimulus (P) over the
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bandwidth of the system should be set to 1.0 in most
experiments. This minimizes error in the computation of
the linear kernel, which is desirable, since the linear
kernel often accounts for a major portion of the systems
output. If the computation of the quadratic kernel were
to be optimized. then P would be set to 2 (Marmarelis.
1972).

LIMITS TO WIENER ANALYSIS
Despite the generality of the Wiener method, there are

limits to its utility. The two assumptions of approximate
stationarity and dependence upon the finite past of the
input have already been mentioned. Wiener analysis of
nonstationary systems would be inappropriate.
Similarly, systems which do not depend upon past input
in any important way, such as oscillators or pacemaker
cells, cannot be studied using these methods.

Systems with low signal-to-noise ratios give less than
satisfactory results when Wiener analysis or any other
form of system identification is employed. Much of the
output of such systems is not attributable to input, so
that no transfer function could completely specify
system output. Further, the introduction of a large error
variance increases the amount of data necessary to
characterize accurately the input-output relation.

Systems with low-order nonlinearities are more suited
to Wiener analysis than are systems with important
higher-order kernels. This results from the fact that
computation time increases greatly in the higher kernels.
Nevertheless, Wiener analysis may be applied to highly
nonlinear systems, even if only the first few kernels are
estimated. Such an incomplete representation
nonetheless constitutes the best characterization of the
unknown system to that order, in the mean squared
error sense.
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The particular strength of the Wiener method lies in
the analysis of systems with prominant nonlinearities.
For systems known to be linear, other simpler methods
of linear analysis may be preferred.

Wiener kernel analysis is a powerful and general
method for the identification and simulation of
unknown systems. It is likely that it will receive more
widespread application in the study of behavioral and
biological problems, for which it is well suited, as digital
computers become increasingly available.
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