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An important objectivewhen the dynamicsof visual per-
ception are studied is to discover the nonlinear basis for
cooperative phenomena such as bistabilityand hysteresis,
phenomenathat are not readily explainedby a linearmodel.
Bistabilitymeans that more than one percept is possible for
a single stimulus. Hysteresis means that what is perceived
at any moment dependson the preceding state of the visual
system. As a result, perception dependson the directionof
parameter change.When a parameter is gradually increased,
changes in percept will occur at a different point from
changes in percept that occur when the parameter is grad-
ually decreased. That is, the initial percept is likely to per-
sist, althoughthe parameter has changed to a value that fa-
vors the alternative percept.

It is clear that a linearmodel ( y = ax + b) cannot explain
bistabilityand hysteresis. According to a linear model, one
stimulus should provoke one and only one percept (i.e., in
the formula of the linear model, every value of x gives a
single value of y, not two or more different values). A non-
linear model is needed to deal with these dynamical phe-
nomena. A logistic model is not sufficient; it can explain
rapid changes in responses, but not the occurrence of two
different percepts for the same stimulus. We will propose a

subset of dynamical system models, so-called stochastic
catastrophe models, to explain phenomena such as bista-
bility and hysteresis. A new prediction, that hysteresis
must be accompanied by another dynamical phenomenon
called divergence, is derived. The derivation of this new
prediction is one of the main advantages of using cata-
strophe theory to explain nonlinearphenomena.Other the-
ories do not have this mathematical link between hystere-
sis and divergence.We will show on a conceptual level why
hysteresis must go together with divergence, and we will
present the first empirical evidence of the existence of di-
vergence in perception. We also show that stochastic cata-
strophe theory offers indices for model selection, which is
seen as a major problem in psychology, and we show that
we can test the fit of different catastrophe models effi-
ciently.

We use two existing paradigms based on apparent mo-
tion (Hock, Kelso, & Schöner, 1993; Hock, Kogan, & Es-
pinoza, 1997) that clearly show that hysteresis and bista-
bility do exist in visual perception. Apparent motion is an
important subject in the study of the nonlinear dynamics
of perception because, contrary to static stimuli, it has an
extended time scale and parameters, such as speed and di-
rection, that are relativelyeasy to manipulate.A lot of stud-
ieson dynamicshavebeendonewith static stimuli likeFish-
er’s man’s-face/woman’s-figure-picture (Fisher, 1967).This
drawing can be interpreted either as a man’s face or as a
woman’s figure (i.e., the percept is bistable). These stud-
ies show that the dynamicsof visualperceptioncan be stud-
ied with static stimuli. However, by changing qualitative
parts of pictures, it is not exactly clear which parameter is
changed. The changing parameter cannot be measured
quantitatively. It is not possible to single out and system-
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Dynamical phenomena such as bistability and hysteresis have been found in a number of studies on
perception of apparent motion. We show that new developments in stochastic catastrophe theory make
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models. We derive from catastrophe theory the prediction that a dynamicalphenomenon calleddivergence

is necessary when hysteresis is found. This new prediction is supported by the data.
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atically manipulate individualparameters. These possibili-
ties can be exploredby usingan apparent-motionparadigm.

Several studies of cooperative phenomena in the per-
ception of apparent motion have been done with random-
dot cinematograms (Chang & Julesz, 1984; Nawrot &
Sekuler, 1990; Williams, Phillips, & Sekuler, 1986). Al-
though hysteresis has been found, random-dot cinemato-
grams are complicatedstimuli,which are hard to interpret.
Hock et al. (1993) studied hysteresis in a motion quartet
paradigm. The stimulus in this paradigm was very simple.
Two point lights were presented at the same time, first one
pair from two of the diagonallyopposite corners of the rec-
tangle,and then a secondpair from the other two diagonally
opposite corners of the rectangle. Either vertical or hori-
zontal apparent motion was seen, and by gradually in-
creasing or decreasing the aspect ratio (i.e., the ratio of
heightto widthof the quartet), switchesbetween the two per-
cepts took place. Hysteresis was found, since changes hap-
pened at different points for ascending and descendingas-
pect ratios.

Hock et al. (1997) found hysteresis in a luminance con-
trast paradigm.When two point lightswere presentedsimul-
taneously, each with different, greater-than-background
luminance, and their values were exchangedon successive
frames, the brighter of the two point lights could be per-
ceived as moving through the space between them. How-
ever, when the luminancecontrast was too low, stationarity,
rather than motion,was seen. By gradually increasingor de-
creasing the luminance contrast, a switch took place from
perceivingstationarity to perceivingmotion and viceversa.
Again, hysteresis effects were found.

We propose stochastic catastrophe models for the mo-
tion quartet paradigm and the luminance contrast para-
digm. First, we describe the motion quartet paradigm and
the luminance contrast paradigm in more detail, and we
explain the advantages of these two paradigms for study-
ing dynamical aspects of apparent motion. Second, we
give a short introduction to catastrophe theory (for more
extendedoverviews, see Arnold,Afrajmovich, Il’ yashenko,
& Shil’ nikov, 1999; Castrigiano & Hayes, 1993; Gilmore,
1981; Poston & Stewart, 1978; van der Maas & Molenaar,

1992), we explain how stochastic catastrophe theory is
different from deterministic catastrophe theory, and we
derive the prediction that hysteresis goes togetherwith di-
vergence. Third, we review three studies on catastrophe
theory and visual perception (Stewart & Peregoy, 1983;
Ta’ eed, Ta’ eed, & Wright, 1988; Yelen, 1980), and we ex-
plain the limitationsof these studies. Then we describe the
two catastrophe models proposed for the motion quartet
paradigm and the luminance contrast paradigm. We pre-
sent experiments that have been done to find empirical ev-
idence for the models and for the existence of divergence,
and finally, we analyze the results of the experiments by
using an algorithm based on stochastic catastrophe theory.

The Motion Quartet Paradigm and
the Luminance Contrast Paradigm

Both the motion quartet paradigm (Hock et al., 1993)
and the luminance contrast paradigm (Hock et al., 1997)
are based on the finding that apparent motion is seen when
two or more neighboring images are presented in quick
succession (Exner, 1888, as cited in Smith & Snowden,
1994). For the motion quartet paradigm, lights are placed
in the corners of an imaginary rectangle.One first presents
one pair of diagonally opposite lights and then, immedi-
ately, the other pair of diagonally opposite lights (see Fig-
ure 1). Apparent motion can be seen in either the vertical
or the horizontaldirection (Hoeth, 1968;Ramachandran &
Anstis, 1985; von Schiller, 1933), dependingon the aspect
ratio (i.e., the ratio of height to width) of the quartet. When
the aspect ratio is relatively small, the perception of verti-
calmotion is favored.When theaspect ratio is relativelylarge,
the perception of horizontal motion is favored. At inter-
mediate aspect ratios, either horizontal or vertical motion
is seen, but never at the same time—that is, perception is
bistable.

Hock et al. (1993) gradually increased and decreased
the aspect ratio within a sequence of presentations of the
motion quartet and found that switches occur from the per-
cept of vertical motion to the percept of horizontal motion
and vice versa. However, the switches did not occur near
the aspect ratio of 1.0, but the initial percept persisted al-
though the aspect ratio favored the alternative percept.
Thus, the moment of change in percept depended on the
direction of stimulus change, indicating hysteresis.

In the luminance contrast paradigm, two lights are pre-
sented simultaneously, each with different, greater-than-
background luminance. When their luminance values are
exchanged on successive frames, the brighter of the two
lights can be seen as moving through the space between
them (Johansson, 1950). Hock et al. (1997) found that
whether or not motion was perceived depended on the
background-relative luminance contrast (BRLC). This is
the luminancedifference between the two lights (L1 2 L2 )
divided by the difference between the average luminance
(Lm) and the backgroundluminance (Lb). When the BRLC
is low, stationarity, rather than motion, is perceived. It was
also found that for middle-rangevalues of BRLC, the per-
cepts of stationarity and motion are bistable. Thus, sub-

Figure 1. Two examples of motion patterns for the motion
quartet paradigm. Example A shows a quartet with a relatively
small aspect ratio, with which the percept of vertical motion is
favored. Example B shows a quartet with a relatively large aspect
ratio, with which the percept of horizontal motion is favored.
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jects did not report perceiving a gradual change between
stationarity and motion but, rather, an abrupt change.
Also, they never reported uncertainty about their percept,
althoughthe BRLC had middle-rangevalues.They reported
seeing either motion or stationarity, and not something in
between. Hock et al. (1997) also found hysteresis effects
when the BRLC was graduallyincreasedor decreasedwithin
a trial.

These two paradigms have several advantages over the
other studies on cooperative phenomena in vision that
were mentioned. The main advantage is the introduction
of the modified method of limits (Hock et al., 1993). In
the classical method of limits, subjects respond after each
change in parameter value. With this classical method,
however, it is often difficult to distinguishbetween percep-
tual hysteresisand hysteresis that is due to a delay in the sub-
ject’s response. Hysteresis in a subject’s response refers to
a possible persistence in response even though the actual
percept has been altered. When parameter values change
too quickly, subjects might perceive a change in percept,
but they systematically respond too late to this change.
Williams et al. (1986) tried to reduce this problem by
changing the parameter values very slowly, in order to
give subjects more time to react. However, the rate of pa-
rameter change influencesnot only hysteresis in a subject’s
response, but also the amountof perceptualhysteresis.Thus,
slowing down the rate of parameter change is not a satis-
fying solution to this problem.

By using the modified method of limits, this problem is
minimized.Subjectsdo not respond during a trial, but only
after the entire trial.By varying the lengthof trials, one can
conclude at which parameter value subjects perceive a
switch. For example, in the motion quartet paradigm, trials
with an increasing aspect ratio always start with a vertical
separation of 2 pixels and end with a vertical separation of
3, 4, 5, 6, 7, or 8 pixels (the horizontal separation is fixed
at 4 pixels, resulting in endpoint aspect ratios of 0.75, 1.0,
1.25, 1.5, 1.75, or 2.0). Trials with a decreasing aspect
ratio always start with a vertical separation of 8 pixels and
end with a vertical separation of 7, 6, 5, 4, 3, or 2 pixels
(resulting in endpoint aspect ratios of 1.75, 1.5, 1.25, 1.0,
0.75, or 0.5). Trials vary in duration with regard to the
endpoint aspect ratio. The shortest ascending trial has the
following series of vertical separations: 7 6. The longest
ascending trial has the following series of vertical separa-
tions: 7 6 5 4 3 2. Subjects respond after each trial,
without speed stress, as to whether they saw a switch. For
one block, subjects indicatewhether they saw vertical mo-
tion or not. In the second block, subjects indicate whether
they saw horizontal motion or not. Because subjects re-
spond only after the entire trial (and not after each para-
meter change), the change in percept and the response do
not interfere. The hysteresis effects found are perceptual,
and not the result of hysteresis of the subject’s response.
The modified method of limits has also been used in the
luminance contrast paradigm.

Another advantage of these two paradigms is the clear
distinction between the percepts that are favored by the

parameter and the percepts that are actually seen. In the lu-
minance contrast paradigm, when trials with a constant
BRLC are presented, stationarity is seen for low BRLCs,
motion is seen for high BRLCs, and both percepts are seen
for middle-range BRLCs, but never at the same time.
However, when BRLC is increased or decreased within a
trial, the initial percept persists, and stationarity can be
seen even for high BRLCs, and motion can be seen for low
BRLCs. BRLC has a nonspecific influenceon the percept.
In the motion quartet paradigm, aspect ratio also has a non-
specific influence on the percept. For example, Williams
et al. (1986) and Nawrot and Sekuler (1990) did not show
whether theirhysteresiseffect in random-dotcinematograms
was due to a directionalcomponent in their display (a spe-
cific influence) or not. If there was a directional compo-
nent, the hysteresis effects they found might be artifacts.

A third advantage is that subjects are never uncertain
about what they see. In the motion quartet paradigm, they
see either horizontalmotion or vertical motion, even in the
bistable region. They never have a decisional problem. In
the luminance contrast paradigm, subjects perceive either
nonmotion or motion; they never report any uncertainty.
In random-dotcinematograms, the directionof motion can
be perceived, but the percepts remain rather fuzzy.

Catastrophe Theory
Well-known statistical techniques, such as regression

analysis and multivariateanalysis, have been developedto
analyze smooth, continuous change. Catastrophe theory
(Thom, 1975) is a mathematical theory of nonlinear, discon-
tinuous phenomena. It describes discontinuitiesin depen-
dent variables as a function of continuous changes in in-
dependent variables. An example of such a situation is a
bridge that can handlea certain increase of stress, but when
the stress increases toomuch, it suddenlycollapses.Another
example is the change from water into ice. This is a sudden
qualitativechange caused by a gradual decrease of temper-
ature. In the Hock et al. (1993;Hock et al., 1997)paradigms,
the changes in percept are sudden and qualitative, owing to
continuouschanges of a parameter. Thus, it is important to
note that catastrophe theory does not deal with discontin-
uous changes in dependent variables caused by discontin-
uous changes in independent variables.

In catastrophe theory, dependent variables are called
behavioralvariables, and independentvariables are called
control variables. In general, control variables do not pre-
scribe the behavior but lead the system through the variety
of possible patterns or states. Catastrophe theory provides
a qualitative mathematical relationship between control
variablesand behavior. This relationshipcan be seen as rep-
resenting a potential system that optimizes some function
under given values of the control variables. That is, the be-
havior will change until it reaches equilibrium(i.e., a stable
state). Mathematically, an equilibrium is found by setting
the first derivative of the potential equation to zero.

An important aspect of catastrophe theory is structural
stability, which refers to the fact that a lot of phenomena
havethesame pattern (the samequalitativeaspects), although
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the quantitativeaspects (e.g., time, location,and magnitude)
may differ. Thom (1975) called the qualitativeaspects re-
current identifiable elements. For example, the quantita-
tive aspects of two different caterpillars turning into but-
terflies are different, but the processes, or the qualitative
aspects, are identical. This process is a recurrent pattern.
In catastrophe theory, structural stability means that vari-
ous perturbations will not change the type of relation be-
tween control variables and behavior.

Thom (1975) proved that for a wide range of structurally
stable system functions showing discontinuous behavior
(up to two behavioral variables and four control variables),
only seven stable unfoldings of patterns, the seven ele-
mentary catastrophes, are possible. This means that there
are onlysevenqualitativelydifferent discontinuouschanges.
Of course, there are infinite quantitative differences pos-
sible, but only seven qualitativedifferences. Which one of
the seven elementary catastropheswill happendependson
the number of behavioral and control variables. That is,
before doing any experimental work, by knowing the num-
ber of variables, one knows which catastrophe model is
appropriate. This is a major advantage to using catastro-
phe models. Other dynamical models (e.g., Giese, 1999;
Kelso, 1995) do not use the concept of structural stability.
However, both catastrophe theory and the other dynami-
cal approaches are strongly related to synergetics (Haken,
1983). The different approaches do not have competing
theories but can best be seen as complementary. For ex-
ample, Giese’s dynamic neural field theory is an excellent
example of showing how to combine dynamics, neural

networks, computational models, and motion perception.
Stochastic catastrophe theory, however, provides a statis-
tical test of dynamicalmodels,which will be explainedlater.
Another advantage of catastrophe theory is based on the
mathematical derivation that hysteresis must go together
with divergence. This leads to a new prediction that when
one finds hysteresis, one also has to find divergence. For
example, Hock et al. (1993; Hock et al., 1997) found hys-
teresis in both the motion quartet paradigm and the lumi-
nance contrast paradigm. However, they did not study di-
vergence, since they did not use catastrophe modeling as
their theoretical framework. We state that studies on hys-
teresis that do not study divergence are incomplete. We
follow Thom, who proved mathematically that the so-
called cusp model (one of the seven elementary catastro-
phes) is the most parsimonious model when hysteresis is
studied. The cusp model is described by two control vari-
ables and one behavioral variable. When we look closely
at the motion quartet paradigm and the luminancecontrast
paradigm, we see that, in both paradigms, only one con-
trol variable has been modeled. In the motion quartet par-
adigm, this is the aspect ratio, and in the luminance con-
trast paradigm, this is the background-relative luminance
contrast. According to Thom, there shouldbe anothercon-
trol variable.This variable has not been modeled,which is
why Hock et al. (1993) amd Hock et al. (1997) only found
hysteresis, and not divergence as well. What is missing is
a so-called splitting variable. The two control variables
mentionedby Thom can be classified as the normal and the
splittingvariables. The normal variable is associated with

Figure 2. An illustration of the plastic spoon example. The horizontal push
on the middle of the spoon (Fh) is the normal variable. The vertical pressure on
the ends of the spoon (Fv) is the splitting variable.
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hysteresis and causes relatively small changes in behavior
at low and high values, but at middle values it might cause
relatively large changes (sudden jumps) in behavior. The
splittingvariable is associatedwith divergenceand causes
a splitting of states when it is increased from low to high.
An example is the bendingof a plastic spoon, adapted from
Poston and Stewart (1978, chap. 13). Imagine holding a
disposable plastic spoon upright in your right hand, with
the thumb at one end and the index finger at the other end
of the spoon (see Figure 2). It is now possible to bend the
spoon to the left or to the right with a push of the index
finger of the left hand. In Figure 2, this force is indicated
as Fh (horizontal force). However, the spoon will not bend
when you only push softly. When you push a little bit
harder, it also will not bend.However, as the pushgets harder
and harder, the spoon will suddenlybend to the other side.
Thus, pushing the spoon causes a sudden jump, indicating
that pushing is the normal variable in this example. But this
is not the whole story. When you release the pressure on
the ends of the spoon, the jump gets less strong. When this
pressure is close to zero, bending from left to right and
vice versa takes place continuously. By increasing the pres-
sure on the ends, the spoon bends either to the left or to the
right, indicatingdivergence.Thus, the pressure on the ends
of the spoon is the splitting variable, indicated as Fv (ver-
tical force) in Figure 2. We will explain later how we can
model the motionquartet paradigm and the luminancecon-

trast paradigm so they are consistent with catastrophe the-
ory. First, we will describe the cusp model more deeply.

Mathematically, the cusp potential function is

with normal variablea, splittingvariable b, and behavioral
variable z. Setting the first derivative with respect to z to
zero gives

z3 bz a = 0.

A three-dimensional representation of the solution of this
equation—for example, the equilibriaof the cusp—is given
in Figure 3. We first will explain this figure by using the
example of the plastic spoon. Later, we explain how the
motion quartet paradigm can be modeled, by using the
cusp model in Figure 4.

In Figure 3, all the behaviorpoints together form the cusp
surface. For some combinationsof values of control vari-
ables, more than one mode of behavior is possible. This is
indicatedby the folded part of the cusp surface. The middle
sheet on the cusp surface represents unstable behavior.
Therefore, this sheet is called the inaccessible region.

In Figure 3, some important aspects of the cusp model
can be observed. For example, when the splitting variable
is relatively low, behavior changes continuously with the
normal variable.However, when the splittingvariable is rel-

V z z z z( ; , ) ,a b b a= - -1
4

1
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Figure 3. The smooth folded surface of the cusp in three dimensions (z represents values of the behavioral
variable; a represents the normal variable; b represents the splitting variable), with the important properties
of inaccessibility, sudden jump, bimodality,hysteresis, and divergence. It is shown that varying the normal
variable causes hysteresis and the sudden jump; varying the splitting variable causes divergence. When
hysteresis, the sudden jump, and divergence occur, behavior will be bimodal.No other behavior modes will
happen, because other modes are inaccessible.
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ativelyhigh,a sudden jump happens,which refers to a large
change in behavior (i.e., a catastrophe) owing to a small
change in the normal variable. In the example of the plas-
tic spoon, when the pressure on both ends of the spoon is
high enough, a sudden jump in bendingfrom one side to the
other can occur by a small increase of a push of the other
hand.A second importantaspect is bimodality, which means
that for one value of the control variable, two possible be-
havior points exist. That is, when the pressure is high, the
spoon bends either in the right or in the left direction. It is
impossible to stay in the middle (the inaccessible region).

Hysteresis can also be seen in Figure 3. When moving
along the normal axis when the splitting variable is high,
the jump from the upper sheet to the bottom sheet of the
cusp surface occurs at a different value of the normal vari-
able thandoes the sudden jump from the bottomto the upper
sheet. That is, when the pressure on the ends of the spoon
is high, the point of switch in bending to the right or to the
left depends on the direction of change. The fourth aspect
is divergence. Moving from the neutral pointalong the split-
ting axis into the bimodality zone, the behavior should go
oneway or the other. Thus, the splittingvariableshouldcause
divergence—that is, stable behaviorbecomes unstable and
changes to either one of two possible new kinds of behavior.
Whichway the behaviorwill go dependson the value of the
normal variable.That is, when no pressure is put on the ends
of the spoon, the spoon will be straight. When the pressure
continuously increases, either the left or the right side is
selected.

The cusp model is the most simple catastrophe model to
describe hysteresis. As can be seen in Figure 3, hysteresis
goes together with divergence. Divergence is caused by
increasing the splittingvariable, but the splittingvariable is
also involvedwhen hysteresisoccurs.Hysteresis will occur
only when the splittingvariable is relativelyhigh.Thus, both
the existence of divergence and the existence of hystere-
sis are influenced by the splittingvariable. But divergence
and hysteresis are also both influenced by the normal vari-
able. Hysteresis takes place when the normal variable is
gradually increased or decreased.Thus, the normal variable
is important when analyzing hysteresis, but it is also in-
volvedwhen divergenceoccurs.Divergencewill occuronly
when the normal variablehas a neutral value. Thom (1975)
proved mathematically that hysteresis and divergence
must go together. Thus, it is important to know that when
hysteresis has been found experimentally by manipulat-
ing a normal variable, one also must be able to find diver-
gence by manipulating a splitting variable.

Originally, catastrophe theory was deterministic. Thus,
criticism arose that catastrophe theory is not applicable to
the social sciences, where data contain a lot of noise (Suss-
mann & Zahler,1978;Zahler& Sussmann, 1977;Guastello,
1981,and Oliva & Capdevielle,1980, reply to thiscriticism).
Cobb (1978, 1980;Cobb, Koppstein,& Chen, 1983;Cobb
& Watson, 1980; Cobb & Zacks, 1985) tried to solve this
problem by developing stochastic catastrophe theory.
Other approaches to catastrophe modeling (Guastello’s,

1982, 1992, polynomial regression technique; Oliva, De-
sarbo, Day, & Jedidi’s, 1987, GEMCAT technique) have
met with some criticism (Alexander, Herbert, Deshon, &
Hanges, 1992;Hartelman, 1997;Hartelman, van der Maas,
& Molenaar, 1998). Cobb showed that, by using stochas-
tic differential equations, there is a cusp family of proba-
bility density functions. In his theory, a stable equilibrium
corresponds to a mode and an unstable equilibrium corre-
sponds to an antimode of the probabilitydensity function.
That is, a stable equilibrium state is a point of high prob-
ability. A change in the number of equilibrium states cor-
responds to a change in the numberof modes and antimodes
of the probability density function. Given the probability
density functions of the cusp model, the control variables
can be estimated by using maximum likelihood estima-
tion. In this procedure, the most likely cusp surface is es-
timated,given empirical data. The form of the cusp surface
in raw score form in stochastic catastrophe theory is

with y = (z 2 l) /s , where l and s scale the observed be-
havioralvariable z to y. a andb are linear functionsof the in-
dependent variables x1 to xn , with a = a0 + a1x1 + a2x2 + . . .
+ anxn and b = b0 + b1x1 + b2x2 + . . . + bnxn. The para-
meters l , s, a0 . . . an , and b0 . . . bn have to be estimated.
C(a, b) is an integration constant.

Cobb (1980) developeda computerprogram for this cat-
astrophe model fitting technique. However, this program
often breaks down for nonapparent reasons. Hartelman
(1997) solved some computationaland practical problems
of Cobb’s (1980) cusp fitting algorithm and called his
program Cuspfit.1 Cobb’s (1980) algorithm calculates
whether the cusp model or the linear model gives the best
description of its relationshipbetween the independentand
the dependentvariables. Hartelman added the comparison
with a logistic model that makes it possible to distinguish
an arbitrarily fast acceleration from a catastrophical
change. In Cobb’s (1980) algorithm, it is concluded that
the cusp model has a better fit when its log likelihood is
higher than the log likelihood of the linear model. The
cusp model, however, uses more parameters, and the bet-
ter fit can be ascribed simply to having a model with more
parameters. Hartelman added two fit measures—Akaike’s
information criterion (AIC; a goodness-of-fit index that
takes into account the number of parameters [Loehlin,
1992]) and Bayes’s information criterion (BIC, which also
takes into account the number of data points [Schwarz,
1978])—to solve this problem. When the AIC and the
BIC of the cusp model are lower than the AIC and the BIC
of the logistic and the linear models, the cusp model has
the best fit. Different cusp models can also be compared
by means of these fit measures. For example, in a situation
with two independent variables and one dependent vari-
able, the parameters l, s, a0, a1, a2, b0, b1, and b2 are esti-
mated. It is, however, likely that one independent variable
serves as the normal variable and the other as the splitting

f z C y y y( | , ) ( , )exp ,a b a b a b= + -( )1
2

1
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2 4
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variable. If the first independentvariable is expected to be
the normal variable and the second independent variable
is expected to be the splitting variable, it is possible to fix
a2 and b1 to zero. In addition, in this case, it is expected
that the first independent variable loads highly on a1 and
the second independent variable on b2, so we will not fix
those parameters. Those loadings can be compared with
factor loadings in a factor analysis.One expects that some
variables load highly on one factor and other variables on
another factor. Thus, in catastrophe analysis, if one ex-
pects that one or more of the independentvariables do not
contribute to the normal or the splitting variable, it is pos-
sible to fix parameters to zero. Only the nonfixed parame-
ters are estimated. With two independent variables, it is
possible to construct and to calculate the fit of 16 differ-
ent cusp models. The fit measures indicate which of the 16
cusp models is most appropriate and which of the inde-
pendentvariablescontribute to the normal and the splitting
variables of the model. We will show several examples in
the Results sections of the experiments. First, we review
three earlier applications of catastrophe theory in visual
perception.

Three Applications of Catastrophe Theory
in Visual Perception

Yelen (1980) presented an application of catastrophe
theory in visualperception.In a discriminationtask, subjects
were to indicate which of two lights was brighter. There
were two conditions,based on Weber’s law. In the easy con-
dition, the standard light was relativelyeasy to discriminate
from the other light, because the two lights were relatively
dim. In the difficult condition, the difference between the
two stimuli was more ambiguous, because the lights were
relatively bright. Yelen found evidence for a cusp model,
with the brightness of standard light (either 26% or 92%
of 120V) as the splittingvariable and the brightnessof the
other light as the normal variable.When the splittingvari-
able was low (i.e., in the easy condition), subjects’ judg-
ments changed continuouslywith the normal variable, and
the change in judgment occurred at the same point for as-
cendingand descending trials. However, when the splitting
variable was high (i.e., in the difficult condition), hysteresis
effects were found.

Stewart and Peregoy (1983) presented a catastrophe
model of switches in the percept of ambiguous drawings.
Theyused Fisher’s (1967)picture in which botha man’s face
and a woman’s figure can be seen. Fisher created a drawing
in which subjects see the man in 50% of the cases and the
woman in the other 50% of the cases. Then he made draw-
ings that are more or less biased toward the man or toward
the woman. If one puts the pictures in order, it is expected
that at some point a sudden jump occurs from perceiving
the man’s face to perceiving the woman’s figure and vice
versa. Stewart and Peregoy proposed a cusp model, with the
amount of the drawing’s bias as the normal variable and
the amount of details presented in the pictures as the split-
ting variable.By usingCobb’s (1980)program basedon sto-

chastic catastrophe theory, they found that the cusp model
had a good fit and that the proposed normal and splitting
variables were appropriate.

Ta’ eed et al. (1988) proposed a catastrophe model of
switches in the percept of a Necker cube. The Necker cube
is a bistable figure, since it is possible to see the cube as
either solid or hollow. Ta’ eed et al. proposed that the normal
variable is the shape of the cube. It can be changed contin-
uously by varying perspective cues. The splitting variable
is the amount of shading of the cube. They hypothesized
that if the splitting variable is low (i.e., shading is mini-
mized), the perceptual switch from the hallow cube to the
solid cube is continuous. However, when shading is max-
imized and the bias reaches middle values, there is a sud-
den jump from the hallowcube to the solid cube.They also
used Cobb’s (1980) algorithmand found that the two manip-
ulatedvariables influencedboth the normal and the splitting
variable. Thus, varying the shape of the cube and varying
the shading are not very distinctivevariables.

All three studies showhow to developa cusp model in vi-
sual perception and how to conduct experiments to test the
model. However, there are some limitations to these stud-
ies. Yelen (1980) used discontinuous rather than continu-
ous control variables. Especially his splitting variable,
which was either the standard light of 26% of 120V or the
standard light of 92% of 120V, is a discrete variable, not a
continuously changing variable. Also, he did not use the
modified method of limits to avoid hysteresis in the sub-
ject’s response. Another disadvantage is that he did not fit
the model by using stochastic catastrophe theory, but at
that time this techniquewas not available.So we do not know
in which amount the variables influenced the splitting or
the normal variable.

Stewart and Peregoy (1983) presented a much more ex-
tended overview of the possibilities of applying catastro-
phe theory, and they used Cobb’s (1980) algorithm to an-
alyze the data (although this algorithm is not robust).
However, they used drawings with many details, and the
drawings can be changed continuously in many different
ways. It is hard to control experimentallywhich parts of the
pictures influence the percept or do not. Stewart and Pere-
goy also did not use the modified method of limits. Sub-
jects indicatedwhether they saw the man’s face or the wom-
an’s figure after each change in picture.

Ta’ eed et al. (1988) also presenteda goodexampleof how
to formulate a cusp model, but their proposed model did
not fit well. In a newstudyon catastrophetheoryand Necker
cubes, different variables should be chosen. They also did
not use the modified method of limits, and they also used
the nonrobust Cobb algorithm.

Catastrophe Models for the Motion Quartet
Paradigm and the Luminance Contrast
Paradigm

It is possible to overcome the problems mentionedabove
by applying stochastic catastrophe theory to the motion
quartet paradigm (Hock et al., 1993) and the luminance
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contrast paradigm (Hock et al., 1997). Previous experi-
ments with both paradigms have resulted in clear indica-
tions of cooperative phenomena. The cusp model of the
motion quartet paradigm is shown in Figure 4. The aspect
ratio is modeled as the normal variable, since it causes
small changes at low and high values but large changes in
the middle region. That is, when the aspect ratio is small,
verticalmotion is seen almost always. When the aspect ratio
is large, horizontalmotion is seen almost always. However,
when the aspect ratio is gradually increased or decreased
to values in the middle region, sudden jumps can happen
from the percept of horizontal motion to the percept of
vertical motion and vice versa. Hock et al. (1993) showed
that hysteresis occurred, also indicatingbimodality(i.e., at
the same aspect ratio, bothpercepts are possible).However,
Hock et al. (1983) did not show that divergence could
occur, since they did not manipulate a splitting variable.
Following catastrophe theory, the presence of hysteresis
is an indication of other phenomena such as divergence.
This means that there must also be a splittingvariable. This
variable still has to be identified empirically.

In Figure 4, bifurcation lines have also been drawn. This
is done to make more clear whether behavior is bistableor
not. When behavior is between the two bifurcation lines,
it is bistable. When it is outside the two bifurcation lines,
it is not.When we present the data,we will make useof these
bifurcation lines to show which data points are bistable
and which are not.

First, we replicated the hysteresis experiment of the mo-
tion quartet paradigm. Second, in a new experiment, we
tried to find an appropriate splittingvariable.As was men-
tioned above, the splitting variable causes divergence—
that is, a single percept splits into one of two possible dif-
ferent percepts. We propose to use background-relative
luminance contrast as the splitting variable in the motion
quartet paradigm. Hock et al. (1997) showed in the lumi-
nance contrast paradigm that when BRLC is low no mo-
tionwill be seen. We applied this finding to the motionquar-
tet paradigm. When the BRLC of the lights is relatively
high, horizontal or vertical motion is seen. When BRLC
is relatively low, it is expected that no motion will be seen.
We gradually increased the BRLC of the lights of the

Figure 4. The proposed catastrophe model of the motion quartet paradigm. Aspect ratio
is the normalvariable, background-relativeluminancecontrast (BRLC) is the splitting variable,
and the percept of horizontalor vertical motion is the behavioral variable. Bifurcation lines are
drawn to show the bimodalregion. Path A crosses the bimodalregion (BRLC is relatively high).
It is predicted that at first only horizontal motion is seen; a sudden jump to perceiving vertical
motion happens only when the right bifurcation line is passed. When Path A is followed from
the other direction, it is predicted that at first only vertical motion is seen. A sudden jump to
horizontal motion happens only when the left bifurcation line is passed. Path B crosses the
unimodel region (BRLC is relatively low). It is predicted that no motion will be seen.
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quartets, and we found a switch from a single percept (i.e.,
stationarity) to one of two different percepts (i.e., hori-
zontal or vertical motion).

In the cusp model of the luminance contrast paradigm
(Hock et al., 1997), BRLC is the normal variable, causing
a sudden jump from perceiving stationarity to perceiving
motionat values in the middleregion.However, in this study,
hysteresis occurred also, and it follows that there must be
a splitting variable. First, we replicated the hysteresis ex-
periment of the luminance contrast paradigm. Second, we
conducted an experiment in which the distance between
the two point lights was manipulated as a potential split-
ting variable. In a pilot study, we found that motion is eas-
ier to detect when the point lights are closer together. So,
we predicted that BRLC would influence the seeing of
motion or stationarity only when the distance between the
point lightswas relativelysmall. When the distancewas rel-
atively large, no motion would be seen, independentof the
value of the BRLC.

Experiments
We present two main experiments: one on the motion

quartet paradigm and one on the luminance contrast par-
adigm. Both experiments contained two subexperiments:
one in which only the normal variable was manipulated,as
in the originalparadigms,and one in which a potentialsplit-
ting variable was manipulated also. We report the results
of the stochastic catastrophe analysis and show how this
analysis indicates which model is the best description of
the data and which variables are relevant or are not. In the
first part of the first experiment,modified motion quartets
were used to study hysteresis effects. In the second part, a
divergenceexperimentwas done to test luminancecontrast
as a splitting variable for the motion quartets. When the
luminancecontrast is low, onlyonepercept is stable—that is,
the percept of stationarity.

In the second experiment, a splittingvariable for the lu-
minance contrast paradigm (Hock et al., 1997)was studied.
This time, no divergenceexperimentwas done, but within
the original paradigm, distance between the point lights
was studied as a second control variable.

EXPERIMENT 1

General Method
Motion quartets as in Hock et al. (1993) were used. Stimuli were

point lights presented in the corners of an imaginary rectangle. Two

point lights were presented at a time—one pair for 195 msec from the
diagonally opposite corners of the rectangle and then the second pair
for 195 msec from the other two diagonally opposite corners of the
rectangle. In contrast to Hock et al. (1993), no blank frame was
shown between the presentations of the point lights. Pilot studies
showed that using a blank frame did not affect the results. We de-
cided to implement no blank frame in order to keep the experiments
shorter. The refresh rate of the computer was 16 msec. The subjects
viewed the point lights from a distance of 30 cm in a darkened room.

Experiment 1A
Method

Aspect ratio was the only control variable. Stimuli were 1-pixel
point lights (visual angle, 4.2 min) with a luminance value of 12.8
cd/m2 presented on a dark screen (1.5 cd/m2). We created two dif-
ferent blocks of motion quartets. In the first block, the horizontal
separation between the point lights was fixed at 4 pixels (as in Hock
et al., 1993). The vertical separation was 2, 3, 4, 5, 6, 7, or 8 pixels,
resulting in aspect ratios of 0.5, 0.75, 1.0, 1.25, 1.5, 1.75, and 2.0. In
the second block, the vertical separation between the point lights was
fixed at 4 pixels. The horizontal separation was 2, 3, 4, 5, 6, 7, or 8 pix-
els, resulting in aspect ratios of 2.0, 1.33, 1.0, 0.8, 0.67, 0.57, and 0.5.

As in Hock et al. (1993), motion quartets were presented in as-
cending and descending trials, following the modified method of
limits. For example, in the blocks with a fixed horizontal separation,
all the descending trials started with an aspect ratio of 2.0 and ended
with an aspect ratio of 1.75, 1.5, 1.25, 1.0, 0.75, or 0.5. All the as-
cending trials started with an aspect ratio of 0.5 and ended with an
aspect ratio of either 0.75, 1.0, 1.25, 1.5, 1.75, or 2.0.

Six subjects participated in four sessions, each containing one
block with a fixed horizontal separation between the point lights and
one block with a fixed vertical separation. In both blocks, all condi-
tions (6 endpoint aspect ratios 3 2 directions) were presented eight
times, resulting in 96 randomly ordered trials in a block. The order of
the blocks was alternated on successive sessions. After each trial, sub-
jects indicated first, by pressing a key on the keyboard of the com-
puter, whether they saw horizontal or vertical motion at the beginning
of the trial and, second, whether they saw a switch in motion pattern
at any time during the trial.

Results
In all the experiments, we found at least one cusp model

that had a better fit than the linear and the logistic models.
In the tables in which we present the results of the analy-
ses, we report the parameter values and the fit measures of
all possible cusp models and the fit measures of the un-
constrained linear and logistic models. In the present cat-
astrophe analysis, one independent variable (i.e., aspect
ratio) and one behavioral variable (i.e., the mean propor-
tion of perceived switches of each block for each endpoint
aspect ratio) were taken into account. We present the re-

Table 1
Catastrophe Analysis of Experiment 1A (Motion Quartets With a Changing Horizontal Separation)

Model a0 a1 b0 b1 l s Log Likelihood Parameters AIC BIC

Cusp 1 20.10 0.00 3.32 0.00 0.18 0.59 2230.5 4 469.0 483.7
Cusp 2 20.14 0.00 3.47 20.63 0.24 0.58 2210.8 5 431.5 449.8
Cusp 3 20.15 0.45 3.17 0.00 0.18 0.59 2177.0 5 364.1 382.4
Cusp 4 20.12 0.42 3.36 20.52 0.22 0.58 2163.8 6 339.5 361.5
Linear 2464.3 3 934.5 945.5
Logistic 2320.0 2 644.0 651.3

Note— a0, constant of the normal variable; a1, loading weight of the normal variable; b0, constant of the splitting variable; b1, Bayes’s loading weight
of the splitting variable; l, location; s, scale; log likelihood, log likelihoodvalue; AIC, Akaike’s information criterion; BIC, Bayes’s information cri-
terion. Zeros are fixed parameters. The fit measures of the linear and the logistic models are given only for the unconstrained model.
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sults for the different blocks separately. For both blocks, 6
subjects completed four sessions, and there were six end-
point aspect ratios in both the ascending and the descend-
ing trials, resulting in 288 data points for each block.

The results of the block with the motion quartets with a
changinghorizontal separation can be seen in Table 1. The
parameter weights and the fits of four different models are
shown.

In the first model, the weights of both the normal vari-
able and the splitting variable were fixed to zero. As was
expected, this model had the worst fit. Both the AIC and
the BIC were relatively large. In the second model, the nor-
mal variable was fixed to zero. This model also did not fit
well. The third model, with the splitting variable fixed to
zero, was expected to have the best fit. It had a good fit,
but the totally unconstrained model (the fourth model in

Figure 5. The bottom part of Figure 4 is shown with the bifurcation lines, the
axis of the normal variable, and the axis of the splitting variable. The data
points of Experiment 1A (the motionquartets with a fixed horizontalseparation),
represented by AR (aspect ratio), are all between the bifurcation lines. This
indicates that all the values of the aspect ratio were bistable. That is, sometimes
the subjects never saw a switch during trials, even though the aspect ratio got
relatively large or small.

Figure 6. An example of the large hysteresis effect of Experiment 1A (the motion quartets
with a fixed horizontal separation). In 20% of the trials, the subjects kept on perceiving ver-
tical motion during ascending trials, even when the aspect ratio got large. The same hap-
pened in descending trials: 20% of the subjects continued to see horizontal motion, even
when the aspect ratio got small.
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Table 1) had the best fit, even when the number of para-
meters was taken into account (which both the AIC and
the BIC do). Both the AIC and the BIC had the smallest
values in comparisonwith the other three models. Because
the unconstrainedmodel had the best fit, it can be concluded
that the aspect ratio loads on both the normal variable and
the splitting variable. An illustration of this result can be
found in Figure 5. In this figure, a graphical representa-
tion of the data is given.Thedatapointsare all within thebi-
furcationset, which means that all valuesof the aspect ratio
were bistable. This is also shown in Figure 6, in which we
plotted the hysteresis effects, and it can be seen that the
effects were very large.

Because the lower and higher values of the aspect ratio
also cause changes in the percept, the variable aspect ratio
is not seen solely as a normal variable,which explainswhy
it also contributes to the splittingvariable. In Figure 5, this
can be seen because the data points do not follow a straight
horizontal line (which would be the case when the indepen-

dent variables contribute only to the normal variable), but
theydo not follow a straightvertical line either (which would
happenwhen they contributeonly to the splittingvariable).

Similar results are found for the block with motion quar-
tets with a changing vertical separation. This can be seen
in Table 2. Again, the model with no constraints has the
best fit. The large hysteresis effects can also explain this re-
sult. A graphical representation of the data is given in Fig-
ure 7. As can be seen, almost all the data are within the bi-
furcation set. Most subjects switched only at an aspect
ratio of 2 from perceiving vertical motion to perceiving
horizontal motion.

Experiment 1B
Method

Both aspect ratio and BRLC are variables in the motion quartet
paradigm. The main purpose of the subexperiment is to find out
whether BRLC is a likely candidate for the splitting variable. As was
shown in Hock et al. (1993) and in Subexperiment 1A, aspect ratio is

Table 2
Catastrophe Analysis of Experiment 1A (Motion Quartets With a Changing Vertical Separation)

Model a0 a1 b0 b1 l s Log Likelihood Parameters AIC BIC

Cusp 1 0.17 0.00 3.34 0.00 20.29 0.59 2217.1 4 442.3 456.9
Cusp 2 0.18 0.00 3.47 0.26 20.32 0.59 2213.5 5 437.0 455.3
Cusp 3 0.48 0.88 3.21 0.00 20.31 0.59 2141.1 5 292.2 310.5
Cusp 4 0.62 1.12 2.96 20.41 20.28 0.60 2136.2 6 284.4 306.4
Linear 2464.9 3 935.9 946.9
Logistic 2348.6 2 701.1 708.4

Note—a0, constant of the normal variable; a1, loading weight of the normal variable; b0, constant of the splitting variable; b1, Bayes’s loading weight
of the splitting variable; l, location; s, scale; log likelihood, log likelihoodvalue; AIC, Akaike’s information criterion; BIC, Bayes’s information cri-
terion. Zeros are fixed parameters. The fit measures of the linear and the logistic models are given only for the unconstrained model.

Figure 7. A graphical representation of the data points of Experiment 1A
(the motion quartets with a fixed vertical separation).The data points,represented
by AR (aspect ratio), cross the second bifurcation line.
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the independent variable causing hysteresis—that is, the normal
variable. In the present subexperiment, we tested whether changes in
BRLC would cause divergence in the motion quartet paradigm. In
order to find divergence, BRLC was increased during each trial,
whereas the aspect ratio varied from trial to trial (but was constant
during each trial). Each trial started with a static presentation of all
four point lights (2 3 2 pixels, so that they actually looked like small
squares; visual angle, 8.5 min) for 900 msec with a luminance value
of 7.0 cd/m2. The luminance corresponded to the lower luminance
value when the BRLC was changed to 0.1 during the next pair of
frames. The point lights were presented against a darker, gray back-
ground with a luminance of 3.8 cd/m2. After the first static frame,
all four point lights remained visible simultaneously. One pair of di-
agonally opposite point lights had a different BRLC from the other
pair of diagonally opposite point lights, resulting in 195-msec
frames with BRLC values of 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, or
0.9. Within each trial, BRLC increased in steps of 0.1, following the
modified method of limits (Hock et al., 1993). Thus, the ascending
series always started with a BRLC of 0.1 and ended with a BRLC of
0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, or 0.9. The aspect ratio was 0.75,
1.0, 1.25, or 1.5, with a constant horizontal separation of 16.2 min.

Two subjects participated in eight blocks, 1 in nine blocks, and 1
in four blocks of 144 trials (four presentations of nine trials with an
increasing BRLC value for four different aspect ratios). The subjects
were instructed to focus on the middle of the quartet. After each trial,
they indicated first (by pressing a button on the keyboard) whether
they saw motion at any time during the trial and second whether the
first motion pattern they saw was either horizontal or vertical (when
they indicated seeing no motion, the second response was not in-
cluded in the analysis).

Results
In the present catastrophe analysis, two independent

variables (i.e., aspect ratio and BRLC) and one behavioral
variable (i.e., whether stationarity, vertical motion, or hor-
izontal motion was seen) were taken into account. The be-
havioral variable was 0 when stationarity was perceived,
21 when vertical motion was seen, and 1 when horizon-
tal motion was seen. Since there were 144 trials in each
block and 29 blocks were fulfilled, the analysis was done

for 4,176 data points. The results of model parameter fit-
ting can be seen in Table 3.

Since two different control variables were manipulated
in Experiment 1B, 16 different cusp models are possible.
Because of the two different variables, we did not expect
that aspect ratio contributes to both the normal and the
splitting variable (as it did in Experiment 1A, since it was
the only variablethatwas manipulated).It was nowexpected
that aspect ratio would serve as the normal variable and
BRLC as the splitting variable. BRLC was the first vari-
able, and aspect ratio was the second. Thus, we expected
the 7th model with a1 = b2 = 0 in Table 3 to have the best
fit. In this model, the contributionof BRLC to the normal
variable and the contributionof aspect ratio to the splitting
variable were fixed to zero. The 7th model indeed has the
lowest BIC. By looking at the AIC, the 13th and the 14th
models have a slightly better fit, but the difference is de-
niable. We can conclude that aspect ratio served only as a
normal variable and BRLC served only as a splittingvari-
able. The hypothesis that we have a complete cusp model
with two control variables is confirmed. A graphical rep-
resentation of the data is shown in Figure 8. Figure 8
shows the location of data points in the control plane. As-
pect ratio is related to the normal variable, and BRLC is
related to the splittingvariable.The percepts are indicated
in italics.

EXPERIMENT 2

General Method
The proposed cusp model for the luminance contrast paradigm

(Hock et al., 1997) was tested. As was mentioned above, two point
lights were presented simultaneously, each with different, greater-
than-background luminance, and their values were exchanged on suc-
cessive frames. The brighter of the two point lights could be perceived
as moving through the space between them. However, when the lu-
minance contrast was too low, stationarity, rather than motion, was per-

Table 3
Catastrophe Analysis of Experiment 1B

Model a0 a1 a2 b0 b1 b2 l s Log Likelihood Parameters AIC BIC

1 0.01 0.00 0.00 2.04 0.00 0.00 20.01 0.77 24933 4 9,873 9,899
2 0.01 0.00 0.00 2.04 0.00 0.02 20.01 0.77 24932 5 9,875 9,906
3 0.02 0.00 0.00 2.84 1.64 0.00 20.02 0.61 23274 5 6,557 6,589
4 0.02 0.00 0.00 2.84 1.64 20.02 20.03 0.61 23273 6 6,559 6,597
5 0.01 0.00 20.33 1.93 0.00 0.00 20.01 0.77 24600 5 9,209 9,241
6 0.01 0.00 20.33 1.93 0.00 0.02 20.01 0.77 24599 6 9,211 9,249
7 0.02 0.00 20.27 2.77 1.64 0.00 20.02 0.61 22938 6 5,887 5,925
8 0.02 0.00 20.27 2.77 1.64 20.11 20.03 0.61 22938 7 5,889 5,934
9 0.01 0.04 0.00 2.03 0.00 0.00 20.01 0.77 24928 5 9,866 9,898

10 0.01 0.04 0.00 2.03 0.00 0.02 20.01 0.77 24928 6 9,868 9,906
11 0.00 0.03 0.00 2.84 1.64 0.00 20.02 0.61 23270 6 6,553 6,591
12 0.00 0.03 0.00 2.84 1.64 0.02 20.20 0.61 23270 7 6,555 6,599
13 0.01 0.04 -0.34 1.93 0.00 0.00 20.01 0.77 24594 6 9,201 9,239
14 0.01 0.04 -0.34 1.93 0.00 0.02 20.01 0.77 24594 7 9,202 9,247
15 0.00 0.03 -0.27 2.77 1.64 0.00 20.02 0.61 22934 7 5,881 5,926
16 0.00 0.03 -0.27 2.77 1.64 20.01 20.02 0.61 22934 8 5,883 5,934
Linear 26274 4 12,550 12,580
Logistic 25544 3 11,090 11,110

Note—The first 16 models are cusp models. The last 2 models are the unconstrained linear and logisticmodels (a1 and b1 are parameters for background-
related luminance contrast and a2 and b2 are parameters for aspect ratio). l, location; s, scale; log likelihood, log likelihood value; AIC, Akaike’s
information criterion; BIC, Bayes’s information criterion. Zeros are fixed parameters.
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ceived. Hysteresis effects were found when luminance contrast was
gradually increased or decreased during each trial.

Experiment 2A
Method

This experiment was exactly the same as Experiment 3 in Hock
et al. (1997). The distance between the point lights was always 42
min, and the separation was always horizontal. Trials consisted of
195-msec frames with gradually increasing or decreasing BRLC
values, following the modified method of limits (Hock et al., 1993).
Two subjects indicated whether they saw a switch from motion to
nonmotion and vice versa or did not. Both subjects participated in
four blocks.

Results
In the original paradigm, there was only one changing

variable—that is, luminance contrast. The behavioral vari-
able was the mean proportion of perceived motion of each
block for each endpoint BRLC value for each subject.
Since there were 2 subjects who completed four blocks

and there were eight endpoint BRLC values in both as-
cending and descending trials, the analysis was done for
128 data points.

Table 4 displays the results. If BRLC served as the nor-
mal variable in the present experiment, it was expected
that the third model would have the best fit. In this model,
the contribution of BRLC to splitting variable was fixed
to zero. The third model is indeed the best-fitting model.
BRLC contributed only to the normal variable, not to the
splitting variable.

A graphical representationof the data is given in Figure 9.
The data lay on a horizontal line, indicating that the vari-
able BRLC indeed contributesonly to the normal variable.

Experiment 2B
Method

Stimuli were two 1-pixel point lights, horizontally or vertically
separated by 2, 4, 6, or 8 pixels. The point lights were presented in
the middle of a gray box (5.6º 3 5.6º) on the dark screen (1.5 cd/m2)

Figure 8. A graphical representation of the data points of Experiment 1B.
The data points, represented by AR (aspect ratio) and BRLC (background-rel-
ative luminance contrast) are both between and outside the bifurcation lines,
indicating divergence.

Table 4
Catastrophe Analysis of Experiment 2A

Model a0 a1 b0 b1 l s Log Likelihood Parameters AIC BIC

Cusp 1 0.12 0.00 2.92 0.00 20.18 0.64 2120.0 4 247.9 259.3
Cusp 2 0.78 0.00 1.55 2.04 20.99 0.97 2115.1 5 240.2 254.5
Cusp 3 0.33 1.10 2.34 0.00 20.19 0.64 2668.0 5 143.6 157.9
Cusp 4 0.30 1.06 2.44 0.28 20.23 0.64 2659.8 6 144.0 161.1
Linear 2239.7 3 485.4 494.0
Logistic 2121.5 2 247.1 252.8

Note—a0, constant of the normal variable; a1, loading weight of the normal variable; b0, constant of the splitting vari-
able; b1, loading weight of the splitting variable; l, location; s, scale; log likelihood, log likelihood value; AIC,
Akaike’s information criterion; BIC, Bayes’s information criterion. Zeros are fixed parameters.
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of a Macintosh II RGB monitor. The subjects viewed the stimuli
from a distance of 30 cm (maintained by a head restraint) in a dark-
ened room. The luminance value of the gray box was always 6.8
cd/m 2. The mean luminance value of the two point lights was always
9.2 cd/m2. The luminance difference between the two point lights was
0.2, 0.5, 0.7, 1.0, 1.2, 1.4, 1.6, 1.8, or 2.1 cd/m2. This resulted in nine
different BRLC values of 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, and 0.9.
The BRLC values of the two point lights were exchanged on alter-
nating 195-msec frames. A trial consisted of eight frames. Six sub-
jects participated in eight blocks with vertically separated point
lights and in eight blocks with horizontally separated point lights. In
each block, all conditions (4 different distances 3 9 different BRLC

values) were presented four times, resulting in 144 randomly or-
dered trials per block. The order of the blocks was alternated on suc-
cessive sessions. The subjects were instructed to indicate after each
trial, by pressing a button on the keyboard, whether they saw motion
at any time during the trial.

Results
In the present subexperiment, beside BRLC, there was

a second variable: distance between the point lights. The
behavioral variable was the mean proportion of perceived
motion on each combination of BRLC and distance be-

Table 5
Catastrophe Analysis of Experiment 2B (Horizontal Presentation of the Luminance Contrast Paradigm)

Model a0 a1 a2 b0 b1 b2 l s Log Likelihood Parameters AIC BIC

1 20.17 0.00 0.00 3.39 0.00 0.00 0.30 0.60 2166.9 4 341.8 355.3
2 20.17 0.00 0.00 3.39 0.00 0.07 0.31 0.60 2166.7 5 343.3 360.2
3 1.94 0.00 0.00 22.39 4.24 0.00 21.07 1.23 2162.4 5 334.7 351.6
4 1.82 0.00 0.00 22.03 4.39 20.89 21.06 1.15 2147.1 6 306.1 326.4
5 20.18 0.00 20.11 3.37 0.00 0.00 0.30 0.60 2163.3 5 336.7 353.6
6 20.18 0.00 20.11 3.37 0.00 0.03 0.31 0.60 2163.3 6 338.6 358.8
7 20.27 0.00 20.12 3.47 20.93 0.00 0.46 0.62 2148.0 6 308.1 328.3
8 20.27 0.00 20.10 3.49 21.05 0.20 0.49 0.62 2146.3 7 306.6 330.2
9 20.71 1.44 0.00 2.68 0.00 0.00 0.32 0.60 259.2 5 128.4 145.2

10 20.72 1.45 0.00 2.67 0.00 0.10 0.33 0.60 258.7 6 129.4 149.7
11 20.68 1.39 0.00 2.77 20.14 0.00 0.34 0.60 258.9 6 129.8 150.1
12 20.68 1.38 0.00 2.80 20.20 0.12 0.35 0.60 258.2 7 130.4 154.0
13 20.88 1.79 20.49 2.52 0.00 0.00 0.33 0.60 244.8 6 101.6 121.8
14 20.88 1.79 20.49 2.52 0.00 0.03 0.33 0.60 244.7 7 103.4 127.1
15 20.86 1.76 20.48 2.56 20.07 0.00 0.33 0.60 244.7 7 103.4 127.1
16 20.86 1.74 20.48 2.59 20.10 0.05 0.34 0.60 244.6 8 105.2 132.2
Linear 2432.4 4 872.7 886.2
Logistic 2227.9 3 461.8 471.9

Note—The first 16 models are cusp models. The last 2 models are the unconstrained linear and logisticmodels (a1 and b1 are parameters for background-
related luminance contrast and a2 and b2 are parameters for distance). l, location; s, scale; log likelihood, log likelihood value; AIC, Akaike’s in-
formation criterion; BIC, Bayes’s information criterion. Zeros are fixed parameters.

Figure 9. A graphical representation of the data points of Experiment 2A.
The data points, represented by BRLC (background-relativeluminancecontrast),
cross the second bifurcation line.
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tween point lights for each subject. Since there were 6 sub-
jects, nine different BRLC values, and four different dis-
tances, the analysis was done for 216 data points. The re-
sults for the horizontal presentationof the point lights and
the vertical presentation are reported separately.

The fit measures of models for the horizontal presenta-
tion of the point lights can be found in Table 5. It is the
13th model, indicating a model with the splitting variable
fixed to 0 for both BRLC and distancebetween point lights.

This is not as was expected. First, it was expected that
BRLC would serve as the normal variable, and second,
that distancebetween point lights would serve as the split-
ting variable. The first expectation is confirmed; the sec-
ond expectation is not. A graphical representation of the
data is given in Figure 10. Both distance and BRLC relate
to the normal variable. Most data points are located in the
bifurcation set, the area between the bifurcation lines,
where behavior is bimodal.

Table 6
Catastrophe Analysis of Experiment 2B (Vertical Presentation of the Luminance Contrast Paradigm)

Model a0 a1 a2 b0 b1 b2 l s Log Likelihood Parameters AIC BIC

1 20.10 0.00 0.00 3.28 0.00 0.00 0.17 0.60 2176.0 4 360.0 373.5
2 20.10 0.00 0.00 3.28 0.00 0.05 0.18 0.60 2175.9 5 361.7 378.6
3 1.46 0.00 0.00 20.60 4.03 0.00 21.09 1.06 2142.3 5 294.6 311.5
4 1.41 0.00 0.00 20.39 4.22 20.72 21.09 1.02 2129.4 6 270.8 291.0
5 22.24 0.00 20.36 2.74 0.00 0.00 5.00 2.67 2302.7 5 615.4 632.2
6 20.10 0.00 20.09 3.28 0.00 0.03 0.17 0.60 2173.4 6 358.8 379.1
7 2.02 0.00 20.69 21.02 4.26 0.00 21.17 1.09 2132.7 6 277.4 297.7
8 1.45 0.00 20.20 20.45 0.42 20.59 21.09 1.02 2128.9 7 271.7 295.3
9 20.51 1.76 0.00 2.38 0.00 0.00 0.19 0.60 252.5 5 1,15.0 131.8

10 20.52 1.77 0.00 2.38 0.00 0.07 0.19 0.60 252.3 6 1,16.5 136.8
11 20.53 1.82 0.00 2.31 0.20 0.00 0.16 0.60 252.1 6 1,16.1 136.4
12 20.53 1.82 0.00 2.32 0.17 0.05 0.17 0.60 252.0 7 1,17.9 141.6
13 20.61 2.11 20.49 2.23 0.00 0.00 0.19 0.59 240.2 6 92.3 112.6
14 20.61 2.11 20.48 2.23 0.00 0.03 0.19 0.59 240.1 7 94.2 117.8
15 20.64 2.20 20.50 2.12 0.26 0.00 0.16 0.59 239.4 7 92.9 116.5
16 20.64 2.20 20.50 2.12 0.27 20.01 0.16 0.59 239.4 8 94.9 121.9
Linear 2452.8 4 913.6 927.1
Logistic 2141.7 3 289.4 299.5

Note—The first 16 models are cusp models. The last 2 models are the unconstrained linear and logisticmodels (a1 and b1 are parameters for background-
related luminance contrast and a2 and b2 are parameters for distance). l, location; s, scale; log likelihood, log likelihood value; AIC, Akaike’s in-
formation criterion; BIC, Bayes’s information criterion. Zeros are fixed parameters.

Figure 10. A graphical representation of the data points of Experiment 2B.
The data points,represented by BRLC (background-relativeluminancecontrast)
and Distance (distance between point lights), cross the first and the second
bifurcation lines.
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The best-fitting model for the vertical presentation of
the point lights is similar. The fit measures can be found
in Table 6.

DISCUSSION

We applied stochastic catastrophe theory to two experi-
mental paradigms based on the perceptionof apparent mo-
tion: the motionquartetparadigmand the luminancecontrast
paradigm. Earlier studies showed that dynamical phenom-
ena such as hysteresis and bistability can be found with
both paradigms. We showed that a cusp catastrophemodel
gives the best descriptionof the results of experimentsbased
on the two paradigms. The cusp model describes hystere-
sis and bistability, but it also predictsdivergencewhen hys-
teresis occurs. We presented a new experiment in which
BRLC was used as a splittingvariable in the motion quar-
tet paradigm. The results of an algorithmbased on stochastic
catastrophe theory showed that BRLC indeed is an appro-
priate splittingvariable.The cusp model with aspect ratio as
the normal variable of the model and BRLC as the split-
ting variable has the best fit. Our cusp model of the mo-
tion quartet paradigm is supported by the data.

The analysis of the experiments with the luminance
contrast paradigm shows that distance between point
lights was not the appropriate splitting variable. It is nec-
essary to look for an alternative parameter. It is especially
important, when hysteresis has been found, to look for
variables that might provoke divergence. We have not yet
done experiments to test possible alternatives. The size of
the point lights is a likely candidate. A consideration is
that, in the luminance contrast paradigm, there are two
possible percepts:motion and no motion. In contrast, in the
motion quartet paradigm, there are three possibilities:ver-
tical motion, horizontalmotion, and no motion.To find di-
vergence, one needs three different possible perceptual
modes. In the luminance contrast paradigm, it is not clear
which third perceptual mode is possible. When the only
possible percepts in the luminance contrast paradigm are
motion and no motion, this paradigm would be described
better by a fold catastrophe model. This is a more simple
catastrophe model than the cusp model. In the fold model,
only the emergence of a new state (e.g., motion) is de-
scribed.Thishypothesisis supportedby the fact that the cusp
is a composition of fold catastrophes, whereas the motion
quartet paradigm consists of coupled luminance contrast
paradigms. However, the fold model does not give rise to
hysteresis.Since we have foundhysteresis in the experiment
related to the luminance contrast paradigm, final conclu-
sions on the best model for this paradigm can not be drawn
yet. New experiments in which the normal variable is
changed very slowly might give insight into this issue.

Although we found a likely splittingvariable in the mo-
tion quartet paradigm, it is necessary to continue looking
for alternative parameters. In every research that contains
model testing, it is always possible that other variables
than the ones that have been experimentallycontrolled in-
fluence the process that one is looking for. In our case, it
might be that a different parameter than BRLC (or the as-

pect ratio) contributesequallyor even more to the splitting
variable (or to the normal variable)—for example, stimu-
lus duration, interstimulus interval, or stimulus size. We
first did an experiment with presentation time of the point
lights as a splittingvariable. Trials started with a long pre-
sentation time (i.e., 4 sec), and we slowly speeded up the
presentation time. When presentation time is very slow, it is
also possible to see circular motion.When the presentation
time is speeded up, the percept of circular motion loses
stability and changes to the percept of either horizontal or
vertical motion, dependingon the aspect ratio of the quar-
tet.We found divergence,but sincenot all the subjectsman-
aged to see circular motion, we decided to do the experi-
mentwith BRLC as the splittingvariable. In thisexperiment,
all the subjects reported seeing clear stationarity, horizon-
tal motion, or vertical motion. The new experiments show
that stochastic catastrophe theory is not only a useful tool
to describe and analyze perception data, but also the basis
for new hypotheses and predictions. When research is
done on nonlinearitiesin perception,we suggest stochastic
catastrophe theory should be used and that other possible
dynamical phenomena besides bistability and hysteresis
should be looked for.
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NOTE

1. Hartelman (1997) replaced the expectation-maximization routine
that Cobb (1980) used by the more advanced and reliable quasi-Newton
optimization routine. The gradient of the objective function is deter-
mined by a finite difference approximation.Hartelman also replaced the
numerical integrator of Cobb (1980) by the numerical integrator
D01AMF of the NAG library.
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