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Despite the widespread use of up—down staircases in adaptive threshold estimation, their efficiency and us-
ability in forced-choice experiments has been recently debated. In this study, simulation techniques were used
to determine the small-sample convergence properties of stochastic approximation (SA) staircases as a function
of several experimental parameters. We found that satisfying some general requirements (use of the acceler-
ated SA algorithm, clear suprathreshold initial stimulus intensity, large initial step size) the convergence was
accurate independently of the spread of the underlying psychometric function. SA staircases were also reliable
for targeting percent-correct levels far from the midpoint of the psychometric function and performed better
than classical up—down staircases with fixed step size. These results prompt the utilization of SA staircases in

practical forced-choice estimation of sensory thresholds.

The measurement of sensory thresholds, which is inti-
mately related to the estimation of specific points of the
psychometric function underlying the perception of sen-
sory stimuli, is a very common practice in psychophys-
ics. For this reason, in recent decades, a variety of adap-
tive techniques has been developed to increase efficiency
and accuracy of threshold measurement with respect to
the pioneer method of constant stimuli (Fechner, 1860).
These adaptive psychophysical procedures are excel-
lently reviewed in the papers by Treutwein (1995) and
Leek (2001). Among adaptive procedures, nonparametric
staircases are largely used by psychophysicists in place of
parametric Bayesian or maximum-likelihood techniques,
mainly thanks to their simplicity and intuitiveness. More-
over, in the experimental design of adaptive procedures,
forced-choice experiments are often preferred to yes—no
paradigms, since they constitute a criterion-free approach
to threshold estimation (Kershaw, 1985; Macmillan &
Creelman, 1991). For these reasons, two-alternative
forced-choice (2AFC) staircases are of widespread use
in practical psychophysical experiments (Garcia-Pérez,
1998; Leek, 2001). In up—down staircases, the stimulus
intensity for the next trial is increased or decreased upon

observing a subset of subject responses, according to a
rule that determines the probability of correct response
targeted by the procedure (Levitt, 1971; Wetherill & Lev-
itt, 1965). The use of complicated up—down rules (Brown,
1996) and of weighted up—down approaches (Kaernbach,
1991) should theoretically allow one to target almost any
performance level on the psychometric function.

Despite the extensive diffusion of up—down staircases,
their effective convergence to the expected target probability
has been recently debated. Indeed, the simulation studies of
Garcia-Pérez (1998, 2002) have demonstrated that neither
the traditionally used transformed and weighted up—down
staircases (Kaernbach, 1991; Wetherill & Levitt, 1965) nor
some recent modifications of these methods (Kaernbach,
2001a; Zwislocki & Relkin, 2001) yield threshold esti-
mates that correspond to the presumed probability of cor-
rect response. More importantly, the simulations in Garcia-
Pérez (1998, 2002) showed that unless particular condi-
tions are met, the actual probability that is targeted varies
greatly with the relative size of the placed intensity steps
with respect to the spread of the underlying psychomet-
ric function. These asymptotic and small-sample findings
should make 2AFC up—down staircases generally unfit for
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threshold estimation, since the spread of the psychometric
function is an unknown parameter that often varies across
subjects and stimuli. Thus, the same staircase may con-
verge to different target probabilities as a consequence of
different experimental conditions. Moreover, the particular
parameter settings allowing for the implementation of tra-
ditional and modified up—down staircases severely limit
the range of probability levels that can be targeted with suf-
ficient reliability (Garcia-Pérez, 1998, 2002).

The unreliability of 2AFC staircases might be related to
the fact that in all these procedures, the upward and down-
ward size of the stimulus intensity steps are set to fixed
values. Consequently, only a limited number of points on
the psychometric function can be visited during the devel-
opment of the staircase. Hence, the utilization of adaptive
procedures in which the step size is varied during the ex-
periment could help mitigate the dependence of the target
probability on the spread of the psychometric function. In
this context, the method of stochastic approximation (SA)
is a sequential up—down procedure in which the step size
progressively decreases as successive trials are collected.
The SA sequence has good asymptotic properties: Rob-
bins and Monro (1951) formally proved that it converges
in probability to the threshold intensity that corresponds to
any predefined target probability. With regard to psycho-
physical applications, although the possibility of using SA
staircases was mentioned by some authors (Kaernbach,
2001b; King-Smith, Grigsby, Vingrys, Benes, & Supowit,
1994) and explicitly advocated for adaptive threshold
estimation (Treutwein, 1995), a thorough evaluation of
the small-sample convergence properties of this adaptive
method has not yet been provided. This might be a reason
why this approach has been so far ignored in practical psy-
chophysical applications.

The aim of the present study is to provide a validation
of the convergence of adaptive SA staircases as a func-
tion of the various parameters that may affect the accuracy
of threshold estimation in the small-sample setting that is
typical of psychophysical applications. For this purpose,
the empirical distribution of the estimated target probabil-
ity is first characterized by means of simulations running
SA staircases of limited length (up to a few hundred trials)
and then compared with the expected target probability in
order to evaluate the convergence error. The experimental
conditions tested by the simulation approach include dif-
ferent values of the staircase length, the starting stimulus
intensity, the expected target probability, and the spread of
the imposed underlying psychometric function. Two differ-
ent implementations of the SA algorithm and different cri-
teria for estimating the threshold at the end of the staircase
are considered. The analysis of the convergence properties
over this broad range of conditions allows for the assess-
ment of practical recommendations for the SA staircase
utilization in common psychophysical applications.

METHOD

Stochastic Approximation Staircases
The algorithm of SA accomplishes the following stepping rule for
the intensity of the stimulus presented during a psychophysical task:

x(n+1)=x(n)—%|:z(n)—<l>:|, )

where 7 is the number of trials that have occurred since the begin-
ning of the experiment; x(n+1) and x(n) are the intensities at the
(n+1)th and nth steps, respectively; @ is the target probability, C
the initial step size, and z(n) a binary quantity, depending on the re-
sponse at the nth trial as follows: z is equal to 1 in case of success and
0 in case of failure. Consequently, the stimulus level is decremented
with a step size 0 = C(1 — ®@)/n in case of a correct response, or con-
versely incremented with a step size 6 = C®/n in case of an incor-
rect response. Since the step size 0 is inversely related to the number
of trials, both increments and decrements become smaller while run-
ning the experiment. Robbins and Monro (1951) proved that for any
value of the probability of correct response (target probability) @ in
the range (0, 1), the SA staircase of Equation 1 converges with prob-
ability 1 to the stimulus intensity corresponding to ®.

Kesten (1958) proposed a modification of the SA method named
accelerated SA, in which the step size is varied only when a shift in
response category occurs:

C
+1

shift

x(n+1)=x(n)—

[z(n) - @] @

In Equation 2, ny;, is the number of reversal points in the staircase—
that is, the number of trials at which the response changes from
correct to incorrect or vice versa. Kesten proved that the sequence
of Equation 2 converges more rapidly than the traditional SA of
Equation 1.

After completion of a normal or accelerated SA staircase of N
trials, two reasonable criteria to estimate the threshold intensity x;
corresponding to the target probability @ are either to take the next
stimulus level that would have been presented after the last performed
trial—that is, X, = x(N +1) (Anderson & Johnson, 2006)—or to av-
erage the last M collected stimulus intensities (M > 1)—that is,

M-1
X =M"Y x(N-m+1).

m=0

Simulation Approach

In this study, the behavior of SA staircases was described by com-
puter simulations in which the stimulus level was varied in accor-
dance with the staircase rules, the predefined staircase parameters,
and the response of a simulated observer in a 2AFC psychophysical
experiment. The probability of a correct response of the simulated
observer to a stimulus level x was modeled by a Weibull psychomet-
ric function (Treutwein, 1995),

2.265
X

—0.73
w(x)=0.98-0.48 ¢ B 3)

where u is the location of the psychometric function defined as
the stimulus returning a 75% probability of correct response and
o is the spread of the function defined as the extent (expressed in
logarithmic units) over which it displays a nonasymptotic behavior.
The choice of the constants in Equation 3 has the following con-
sequences: The low and high asymptotic probabilities of correct
response are equal to .5 (so that a typical 2AFC task is reflected)
and .98 (so that the probability of lapsing is .02), respectively; the
psychometric function is .75 for x = u; the spread o is defined as
the difference between intensity values corresponding to 1% de-
viation from the asymptotic probabilities. A detailed calculation of
these constants and an explanation of their relation to the param-
eters of the Weibull psychometric function is reported in Garcia-
Pérez (1998). Figure 1 shows examples of psychometric functions
computed by means of Equation 3 assuming the same location and
three different spread values. With these psychometric functions, SA
staircases implemented according to Equations 1 and 2 converge to
the stimulus intensity that corresponds to any target probability ®
belonging to the open interval between the low and high asymptotes
of the curves—that is, ® € (.5, .98).
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In each simulation run, the responses of the simulated observer
were collected as Bernoulli trials with probability of success equal to
the psychometric function sampled at the presented stimulus inten-
sity. Specifically, at the nth trial, 1 =< n =< N, the stimulus level x(n)
was entered in Equation 3 to obtain the probability y[x(n)], which in
turn was compared with a random number u(n) drawn from uniform
distribution in the range (0, 1) to obtain the nth simulated response
according to the rule

{0 if u(n) > ylx(n)]
zZ(n) =y . ’
Lif u(n) < wlx(n)].
The simulated binary responses were then used in Equations 1 or 2
according to the staircase settings in order to determine the stimulus
level for the next trial, x(n+1). After completion of the staircase,
estimates X, of the threshold intensity xy corresponding to the tar-
get probability @ = y(x;) were evaluated according the two criteria
mentioned above. Finally, the estimated target probability & = PEx,)
was compared with the expected value @ to quantify the accuracy
of convergence.

“)

Simulation Design

In order to provide a complete description of the behavior of SA
staircases, the simulations were performed by varying the relevant
parameters that may affect the small-sample convergence. First of
all, the possible effects of the main features of the psychometric
function underlying the experiment were explored by considering
three different values for the spread of the function (o = 0.5, 1, 2
log units; see Figure 1). The spread of the psychometric function is
related to the convergence of the staircase through the size of the
intensity steps placed during the experiment. So, in all simulations,
the initial step size C was expressed in terms of the parameter o and
was varied to obtain predefined values from 0.1 to 1.5, step 0.1, for
the ratio C/o. Henceforth, for the sake of brevity, the term relative
step size will correspond to the ratio C/o between the initial step size
C and the spread o of the underlying psychometric function. The lo-
cation of the psychometric function may influence the small-sample
convergence since it basically determines the distance (in intensity
units) between the initial stimulus x(1) and the threshold stimulus xr.
In our simulations, we set the location of the psychometric function
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Figure 1. Weibull psychometric functions used in the simula-
tions. The three functions are all located at # = 10715 with respect
to a probability of correct response equal to .75, and have spread
o = 0.5 (continuous line), c = 1 (dashed line), and o = 2 (dash-
dotted line) log units. The circles indicate the points targeted on
the psychometric functions, corresponding to the three target
probabilities ® = .65, ® = .75, and ¢ = .85 (dotted horizontal
lines).

at 4 = 10715 and studied its effects on convergence by varying the
starting intensity x(1) within the set {1, 0.1, 0.01, 0.001}. Further-
more, to characterize the small-sample drift of SA staircases, condi-
tions with starting value at the convergence point (i.e., Y[x(1)] = @)
were also considered. Three different expected target probabilities
(® = .65, ® = .75, d = .85) were chosen and the SA staircase was
run for each according to both normal and accelerated procedures
(Equations 1 and 2). Stimuli beyond boundaries were treated accord-
ing to the carry-on criterion: The staircase proceeded as if there were
no boundaries, but off-limits values were presented at boundary lev-
els. To study the small-sample convergence properties, the length N
of the simulated staircases was varied within the set {10, 20, 30, 40,
50, 60, 80, 100, 125, 150, 175, 200, 250, 300}. With regard to thresh-
old calculation, the mean of the last M values—with M within the
set {1, 5, 10, 20, 30, 40, 50, 60, 70, 80}—was taken as the estimate
of the final threshold intensity. Both the updating of the stimulus in-
tensities during the staircase and the final threshold estimation were
performed with stimuli expressed in logarithmic units.

Figure 2 shows a representative sample of N = 50 trials of a nor-
mal and an accelerated SA staircase with initial step size C = 1,
initial level x(1) = 0.1, target probability ® = .75, and run over a
psychometric function with ¢ = —1.5 log units and spread o = 1 log
unit. For selected combinations of the parameters described above,
1,000 independent realizations of the simulation were generated.
Specifically, the convergence of SA staircases was tested as a func-
tion of the following parameters: starting intensity x(1) with N =
100 and M = 1 (Figure 3); staircase length N, with M = 1 and x(1)
such that [x(1)] = @ (Figures 4 and 5); and number M of final in-
tensities averaged to estimate the threshold, with N = 100 and x(1)
such that y[x(1)] = @ (Figure 6). In all cases, the complete ranges
for the parameters o, C/o, and @ were explored. The distribution
of the resulting estimated target probability & was characterized in
terms of median and interquartile range (/QR, defined as the differ-
ence between the 75th percentile and 25th percentile of the distribu-
tion) and compared with the expected target probability ®.

To provide a direct comparison between the proposed SA stair-
case and the traditional fixed step size (FSS) staircases largely used
in psychophysics, we simulated on the same psychometric function
(u = —1.5 log units, o = 1 log unit) staircases of 100 trials by using
the accelerated SA method and the traditional transformed up—down
method (Wetherill & Levitt, 1965). Specifically, we considered the
three-down/one-up FSS staircase with equal step size that is claimed
to converge at the 79.37%-correct point of the psychometric func-
tion (Levitt, 1971) and the transformed and weighted three-down/
one-up FSS staircase having a step-down to step-up ratio equal to
0.734, which has been demonstrated to have an asymptotically sta-
ble convergence point at 83.15% correct responses (Garcia-Pérez,
1998). To allow comparison, in the two cases the expected target
probabilities of the accelerated SA method were set to @ = .7937
and @ = .8315, respectively. In both cases, the initial stimulus inten-
sity was x(1) = 1. Both the initial step size C of the SA staircase and
the upward step size A* of the FSS staircase were varied from 0.1 to
1.5. The final threshold estimate for the FSS staircase was obtained
by averaging the last 20 reversal points of the staircase. As was the
case in the other simulations, 1,000 realizations of each staircase
were generated and the results were presented in terms of median
and IQR of the estimated target probability (Figure 7).

RESULTS

All the analyses presented in this section were repeated
for the three values chosen for the spread of the psycho-
metric function underlying the simulated experiments—
that is, 0 = 0.5, 1, and 2 log units. We found that the
convergence of small-sample staircases was substantially
unaffected by the specific value of the spread used in the
simulations. Indeed, as far as the initial step size C was set
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Figure 2. Example of simulated stochastic approximation
staircases where the stimulus intensity x(r) at the trial n was set
according to the normal (A) and accelerated (B) algorithm. Cir-
cles and squares correspond to correct and incorrect responses,
respectively. Triangles at the end of the staircases indicate the
next stimulus level that would have been presented if the proce-
dure had not terminated. See text for details on the selection of
parameters.

to obtain the same value for the relative step size C/o, the
behavior of the estimated target probability was the same
for any value of the spread o. Thus, henceforth, we will
present only the results for o = 1.

Staircase Type

Figure 3 shows the median over 1,000 simulation runs of
the target probability estimated by the normal and the ac-
celerated SA staircases as a function of the relative step size
C/o for different values of the initial stimulus intensity. The
figure indicates that with the typical staircase length used
(N = 100), there is a significant bias of the target probabil-
ity at low relative step size values, which is then reduced by
increasing the relative step size. However, the normal SA
procedure failed in reaching the target probability unless
particular conditions were met—for example, the initial
stimulus was close to the convergence point [x(1) = —1 log
units], and the relative step size was larger than unity. On
the contrary, the accelerated version of the SA method was
more efficient in reaching the target probability, with a bias
that became negligible provided that the relative step size
was sufficiently high (C/o = 0.4) and that the initial stimu-
lus intensity was set above target. Indeed, for starting val-
ues equal to 0 and —1 log units, all of the three investigated
target probabilities were easily reached; on the other hand,
when x(1) = —2 log units and x(1) = —3 log units, the nega-
tive bias was more persistent and in some conditions diffi-
cult to eliminate even with large relative step size. Figure 3

also shows a slight negative bias that—independent of the
initial conditions—is present at high C/o values. This bias,
which seems to vary with the expected target probability,
will be discussed in the next subsection.

Apart from the different dependence on the initial stim-
ulus intensity depicted in Figure 3, the behavior of normal
and accelerated SA staircases was substantially the same.
Therefore, in the following subsections, we provide the
characterization of the accelerated SA staircase, which
was more efficient in reaching the target probability start-
ing from different stimulus intensities.

Notwithstanding the above recommendations about the
optimal values for initial stimulus intensity and initial step
size, the convergence to the target region was obtained in
any case, provided that a sufficiently long staircase was run.
We evaluated the minimum number of trials required in
order for the central tendency of the target probability to fall
within a 5% confidence interval with respect to the expected
value (| median(®) — @ | = .05) by using an accelerated SA
staircase with the expected target probability @ = .75. Start-
ing with initial intensities x(1) equal to 0, —1, -2, and =3 log
units, respectively, this evaluation yielded: 10, 5, 14, and 53
trials in case of C/o = 1.4; 9, 4, 16, and 103 trials in case of
Clo = 1; 13, 6, 33, and 183 trials in case of C/o = 0.6; 86,
22,223, and 360 trials in case of C/o = 0.2. Although it is
clear that convergence is always achieved for a sufficiently
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Figure 3. Median over 1,000 simulation runs (each lasting /V =
100 trials) of the estimated target probability @), plotted as a
function of the relative step size C/o for the normal (A) and accel-
erated (B) SA procedure and for different expected target prob-
abilities: ® = .65 (up), ® = .75 (middle), and & = .85 (down). The
four curves in each graph correspond to different stimulus inten-
sities tested at the first presentation: x(1) = 1 (triangles), x(1) =
0.1 (squares), x(1) = 0.01 (stars), and x(1) = 0.001 (circles).
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Figure 4. Median (A) and interquartile range (IQR; B) of the em-
pirical distribution of the target probability &, estimated over 1,000
simulation runs (each starting at its convergence point) and plotted as a

function of the relative step size C/c

for different expected target proba-

bilities: ® = .65 (up), ® = .75 (middle), and ® = .85 (down). The curves
in each graph correspond to different values of the staircase length (V =
10, 20, 30, 40, 50, 60, 80, 100, 125, 150, 175, 200, 250, 300), where shifts of
the curves with increasing /V are indicated by the arrows.

long staircase, these results confirm that a large initial step
size and an initial stimulus intensity higher than the thresh-
old lead to a faster convergence to the target.

Effects of Staircase Length

To investigate the effects of the staircase length on the
convergence of the SA procedure, the central tendency
(median) and variation (IQR) of the target probability
were estimated over 1,000 realizations of staircases. These
staircases started at the convergence point and lasted for
a number of trials, varying from 10 to 300. The results for
the accelerated SA procedure are shown in Figure 4. The
analysis of the median revealed a slight negative bias for
all three targeted probabilities, which was progressively
reduced upon increase of the number of trials. Increas-
ing the staircase length also contributed to decreasing the
random component of the error, as documented by the
reduction of the IQR of the estimated target probability.
Variations of both median and IQR with respect to the
relative step size C/o were small and were further reduced
by increasing the staircase length.

For any given staircase length, the estimates became
more accurate when higher points of the psychometric
function were targeted. This aspect can be seen in Figure 5,
where the reduction of bias and variance corresponding to
the increase of the estimated target probability from .65 to

.75 and then to .85 can be easily appreciated. As an ex-
ample, with the length N = 100, the negative bias and the
variability averaged over all the tested C/o values decreased
while moving the target probability from ® = .65 (bias =
—0.018, IQR = 0.077) to @ = .75 (bias = —0.007, IQR =
0.071) and then to @ = .85 (bias = —0.001, IQR = 0.061).
As expected, with N = 200, the error was further reduced
(® = .65: bias = —0.012, IQR = 0.057; ® = .75: bias =
—0.04, IQR = 0.051; ® = .85: bias = —0.0005, IQR =
0.045). In any case, Figure 5 indicates the overall good per-
formance of the SA staircase in targeting separate points of
the psychometric function, which results from the substan-
tial independence of the target probability on the initial step
size as well as the good separation achieved between the
distributions of the different estimated target probabilities.

Criteria for Threshold Estimate

All the results presented in the previous subsections were
obtained by taking the stimulus level that would have been
presented after the last trial if the staircase had not termi-
nated, x(N + 1), as a final estimate of the threshold intensity.
The accuracy of the threshold estimation was also assessed
by taking the average of a given number M of intensities as
a final estimate of the threshold intensity. As shown in Fig-
ure 6 for the accelerated SA staircase with N = 100 trials,
increasing the number M led to a slight worsening of both
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Figure 5. Estimated target probability b, expressed as median
and interquartile range over 1,000 simulation runs (each starting
at its convergence point) and plotted as a function of the relative
step size C/o for different expected target probabilities (¥ = .65,
® =.75,P = .85; dashed lines). Evaluations are shown for stair-
cases lasting V = 100 trials (A) and NV = 200 trials (B).

bias and variance of the target probability. For this reason,
we eventually took the stimulus to be presented after the last
tested value as the threshold intensity.

Comparison With Fixed-Step-Size Staircases

Figure 7 shows the estimated target probability for the
three-down/one-up FSS staircases and the accelerated SA
staircases aiming at the 79.37% and 83.15% correct re-
sponses, expressed as median and IQR over 1,000 simula-
tion runs and plotted as a function of the relative step size
(A*/o for the up—down staircase and C/o for the SA stair-
case). As shown in Figure 7A, the convergence of the FSS
staircase with equal step size is largely affected by the step
size itself, with large fluctuations of both the mean and the
variance of the estimated target probability; this last fre-
quently turns out to be very far from the expected value.
On the contrary, the accelerated SA procedure converged
well to the expected target probability. Apart from devia-
tions for low C/o values resulting from the distance be-
tween the starting and the target points, this convergence
occurs independently of the relative step size.

The accelerated SA method was also found to be more
stable when the target probability was set at one of the
values suggested in Garcia-Pérez (1998) to reduce fluc-
tuations of the outcome of FSS staircases. Indeed, exclud-
ing very low relative step size in which the FSS staircase
performs better, Figure 7B shows that the SA procedure
yielded lower bias and variance values than did the FSS
rule when the 83.15%-correct point of the psychometric
function was targeted.

DISCUSSION

In this study, the small-sample convergence properties
of SA adaptive procedures were characterized by describ-
ing the empirical distribution of the target probability,
which was estimated for different combinations of the pa-
rameters involved in the staircase definition and develop-
ment. When the effects of the starting stimulus intensity on
convergence were investigated, simulations run at varying
values of x(1), and according to the normal SA procedure
of Equation 1, revealed that relatively short staircases often
had no time to reach the target region if the step size was
low and/or the starting point was far from the threshold
intensity (Figure 3). This result strongly suggests the use
of the accelerated SA version of Equation 2 that—thanks
to the less frequent decreases of the step size, which is re-
duced only in correspondence of shifts in response cat-
egory—has less inertia and may thus reach the target point
much more rapidly than the normal procedure. Neverthe-
less, some actions should also be taken with regard to the
accelerated SA so as to ensure cancellation of the occur-
rence of bias because of uncertainty in the placement of the
initial stimulus. First, the experimenter should set an initial
stimulus intensity above target: In 2AFC tasks, incorrect
responses starting below threshold (that are necessary to
increase the stimulus intensity toward the target) occur less
frequently (p < .5) than correct responses starting above
threshold (p > .5), thus making staircases starting below
threshold less efficient than staircases starting above. Sec-
ond, in order to guarantee that the threshold is actually
targeted, a sufficiently high initial step size C has to be
chosen, typically at least 0.4 times higher than the spread
of the psychometric function for staircases of 100 trials.
Note that these recommendations—though based on pa-
rameters that might be a priori unknown (i.e., the location
and the spread of the psychometric function)—should be
easily met, since they do not set strict values for the start-
ing intensity and the initial step size. In any case, failing
to meet these recommendations has only an impact on the
efficiency but does not compromise the applicability of
SA staircases. Indeed, we found that the threshold could
be targeted even with low initial step size and/or stimulus
intensity, at the cost of longer staircases. However, since
the use of clear suprathreshold starting intensity and large
initial step size allows the stimulus intensity to fall within
the target region by saving a substantial number of trials,
in practical implementations, one may find it useful to take
into account these recommendations. Moreover, the use
of large step size that makes the staircase more agile (i.e.,
with less inertia) and initial values well above threshold
that help the observer to familiarize him- or herself with
the task have been previously suggested in other studies
implementing different psychophysical procedures (Green,
1990; King-Smith et al., 1994).

Provided that the recommendations above are met, the
accelerated SA staircases seem to be suitable for guar-
anteeing convergence independently of the chosen rela-
tive step size. Indeed, the psychometric function slope
was found not to affect the small-sample convergence of
SA, since the estimated target probabilities remained un-



260  FAESET AL.
A
.70
<
[=)
8
=}
(7]
=
'6OIIIIIIIIIIIIIII
.80
<&
g
B ey Tev T
L
= 3M
'70IIIIIIIIIIIIIII
.90
<
gssM
T M
p=
'80IIIIIIIIIIIIIII
0.1 15

Clo

A

IQR &

A

IQR &

15

.10 éM

0.1 Clo 1.5

.05

.10

.05

Figure 6. Median (A) and interquartile range (IQR; B) of the empiri-
cal distribution of the target probability &, estimated over 1,000 simula-
tion runs (each starting at its convergence point and lasting V = 100
trials) and plotted as a function of the relative step size C/o for different
expected target probabilities: ® = .65 (up), ® = .75 (middle), and & =
.85 (down). The curves in each graph correspond to different values
of the number of intensity values averaged at the end of the staircase
M = 1,5,10, 20, 30, 40, 50, 60, 70, 80), where shifts of the curves with
increasing M are indicated by the arrows.

changed while varying the absolute value of the spread o
from 0.5 to 1 and then to 2 log units. Moreover, the target
probability was substantially unaffected by the relative
step size as long as this last parameter was sufficiently
high to guarantee convergence (see Figures 4 and 5). This
desirable property is not encountered in the traditional FSS
staircases, as documented by Garcia-Pérez (1998), who
demonstrated that the target probability, estimated with
classical k-down/one-up rules (with & = 1,2, 3, and 4), can
largely fluctuate upon variations of the relative step size.
In addition, our simulations confirmed the expectations
that the accuracy of small-sample convergence is closely
related to the length of the staircase. As shown in Figures
4 and 5, increasing the length of accelerated SA staircases
resulted in a reduction of both bias and variability of the
estimated target probability, as well as a minimization of
bias effects that were due to differences between starting
and target stimulus intensities. This fact is documented
by the data reported in the Results section: Longer stair-
cases require a lower initial step size to allow for the con-
vergence of the estimated target probability within 5% of
its expected value. In practical implementations of these
staircases, a trade-off has to be reached between the neces-
sities of maximizing the accuracy of threshold estimation
(requiring long staircases) and limiting the duration of the
experiment (requiring short staircases).

With regard to the criterion for optimal threshold in-
tensity determination, estimates of the target probability
relying on the last tested value were more accurate than
estimates obtained by averaging over several intensity lev-
els at the end of the staircase. This result differentiates SA
from FSS staircases for which it was shown that averaging
over the reversal points as well as all the levels produced
more stable threshold estimates (Klein, 2001; Levitt, 1971).
The difference could arise again from the fact that in SA
procedures, the step size is not constant; thus, it is better to
consider only the last intensity (occurring after the smallest
step of the staircase) in the threshold calculation, since the
previous points result from larger intensity steps and can
therefore bring instability.

As is documented by the good separation among the em-
pirical distributions of the target probability estimated for
different expected targets (Figure 5), a good setting of the
adjustable parameters leads to high performance of the SA
procedure in the estimation of different points of the psy-
chometric function. Moreover, the SA method was found
to be reliable for estimating low percent-correct points on
the psychometric function, although the accuracy decreased
with the probability targeted by the staircase. In our simula-
tions, the negative bias of accelerated SA staircases of 100
trials targeting the 65% correct point was about 3%, and
it decreased for longer staircases. Hence, the accuracy of
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Figure 7. Estimated target probability b, expressed as median
and interquartile range over 1,000 simulation runs (each starting
with unitary stimulus intensity and lasting NV = 100 trials) for the
expected target probabilities ® = .7937 (A) and ® = .8315 (B).
The two target probabilities were estimated by the traditional
weighted up—down staircase (circles) and by the accelerated SA
staircase (squares) and are plotted as a function of the relative
step size (A*/o for the up—down staircase and C/c for the SA
staircase).

SA staircases offers the opportunity to safely target points
far from the midpoint of the psychometric function, as is
required in some psychophysical experiments. By contrast,
the widely used FSS staircases have undesirable statistical
properties, particularly when performance levels below the
midpoint of the psychometric function have to be targeted
(Green, 1990; Leek, 2001). For instance, FSS staircases were
demonstrated to be strongly unfit—even asymptotically—
for estimation of thresholds corresponding to lower target
probabilities (Garcia-Pérez, 1998).

The comparison with the very common FSS staircases
using equal size for the upward and downward steps (Weth-
erill & Levitt, 1965) demonstrated the superiority of SA
procedures in targeting the desired percent-correct point
(Figure 7A). The better behavior can be explained in part by
the use of different size for the upward and downward steps,
since the SA procedure actually implements a weighted up—
down rule (see Equations 1 and 2) that is quite similar to that
proposed by Kaernbach (1991). The simulations by Kaern-
bach (1991) and Garcia-Pérez (1998) revealed the good
convergence properties of the weighted up—down method
with respect to transformed up—down methods having equal
upward and downward step size. In addition, SA staircases
seem to work better even when compared with weighted up—
down methods in which the FSS is in the optimal ratio for
the adopted rule (as was suggested in Garcia-Pérez, 1998;

see, e.g., Figure 7B). In this case, the better performance has
to be ascribed to the progressive reduction of the step size
performed by Equations 1 and 2. Hence, reducing the size
of the variations in stimulus intensity carried out during the
experiment seems to favor the convergence of the staircase
toward the desired target probability. Nevertheless, note that
this aspect is somewhat perceived by researchers perform-
ing practical staircase thresholding: The practice of reduc-
ing the step size according to predefined heuristic rules is
indeed very common in psychophysical experiments (see,
e.g., Amitay, Hawkey, & Moore, 2005; Kaernbach, 2001a;
Takeuchi, 2005). With consideration of these practical ad-
justments, FSS staircases would probably yield more en-
couraging results than those reported in Garcia-Pérez (1998)
and also in the present study (Figure 7). In addition, more
complicated techniques that combine sequential statistics
methods for deciding when to change stimulus intensity and
sophisticated heuristic rules for setting the step size, such
as PEST and subsequent refinements (Hall, 1981; Taylor
& Creelman, 1967), actually perform step-size modifica-
tions during the development of the staircase. Given the
similar conceptual framework, it would be interesting for
one to compare SA staircases with methods performing
non-Monro modifications of the step size, such as PEST or
other heuristic approaches (e.g., varying the step size only
after even or odd reversals, or halving it after each reversal).
Qualitatively, the lower inertia of PEST and other rules less
severe than SA in reducing the step size should probably
result in a higher instability on the one hand, but a more ef-
ficient response against time variations of the psychometric
function (e.g., induced by learning or attentional changes)
on the other hand. In any case, systematic tests by means of
computer simulations are needed to quantitatively compare
the performance of the different staircase procedures based
on progressive step-size modifications.

Since no parametric model of the psychometric function
is required to implement the staircase, the SA procedure is
included in the category of nonparametric methods for the
adaptive estimation of sensory thresholds (Treutwein, 1995).
For this reason, SA was compared in this study with other
widely used nonparametric methods (Kaernbach, 1991;
Levitt, 1971) rather than more sophisticated Bayesian and
maximum likelihood procedures (King-Smith et al., 1994;
Kontsevich & Tyler, 1999; Watson & Pelli, 1983). Although
a direct comparison with parametric techniques goes be-
yond the scope of this study, we remark that nonparametric
staircases are mostly used in practical psychophysical re-
searches, thanks to their simplicity and relaxed assumptions
(e.g., about shape and slope of the psychometric function);
nonparametric staircases have been also recently reconsid-
ered from a statistical point of view (Klein, 2001).

Our simulations were conducted by using the Weibull
function for the definition of the underlying psychometric
functions. However, as in the case of FSS staircases (Garcia-
Pérez, 1998), with the utilization of other shapes for the psy-
chometric function (e.g., cumulative normal, or logistic), the
results would presumably not change in any respect. Indeed,
the only requirement about the psychometric functions used
in nonparametric threshold estimation methods is monoto-
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nicity, a property satisfied by the Weibull function as well
as by other functions commonly exploited in simulation
experiments.

CONCLUSIONS

The small-sample simulation analyses conducted in this
study led us to infer the expected performance of SA stair-
case methods in forced-choice adaptive threshold estimation
and consequently establish an optimal experimental design
for maximizing such performance in practical applications.
Our results indicate that the initial stimulus intensity should
be set well above threshold and that the accelerated version
of the SA procedure should be implemented to facilitate the
convergence toward the threshold region. With regard to the
length of the staircase, in case of sequences of 50 trials, the
bias that occurs because of the shortness of the staircase is
substantially absent, provided that the initial step size C is
larger than half the spread of the psychometric function. A
length of 100 trials is suggested to reduce the IQR of the
estimated target probability to about .07. The best criterion
to infer the threshold estimate is to take the stimulus value
calculated upon the last performed trial. Although some of
these recommendations are made on the basis of parameters
that are a priori unknown—such as the threshold intensity
and the spread of the psychometric function—very rough
estimates are sufficient to meet the indications proposed.
Moreover, as SA staircases are asymptotically convergent,
failing to satisfy these requirements will not result in miss-
ing the threshold, provided that a sufficient number of trials
is performed.

With these settings and practical recommendations, SA
staircases appear to make up a very dependable adaptive
nonparametric technique for the accurate measurement of
sensory thresholds in forced-choice experiments. In par-
ticular, our results are evidence that SA staircases should be
used in place of traditional FSS staircases: In comparison
with these last, SA staircases offer a greater reliability while
being equally simple to implement and free of heavy as-
sumptions about the psychometric function underlying the
experiment. As opposed to FSS staircases, the SA method
can be also used—though with an accuracy that decreases
with the estimated target probability—to target performance
levels below the midpoint of the psychometric function.
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