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Abstract⎯The lowest frequency of bending vibrations of a plate in contact with a liquid or gas is deter-
mined. The derivation of the expression for the distributed transverse load on the plate is given under
the assumption of its cylindrical bending. The plate surfaces are in contact with a medium of different
density and pressure. The medium can be compressible during surface deformation and incompress-
ible. The influence on the bending of the interaction of the average pressure and changes in the cur-
vature of the middle surface, as well as the added mass of the gaseous medium, is determined.
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1. INTRODUCTION
Determination of the frequency spectrum of plates and shells in contact with liquid and gas is of great

importance [1–3]. An extensive literature is devoted to this topic. It is also joined by a series of papers on
vibrations of thin-walled bodies not in contact with the external environment.

The work [4] is devoted to an analytical solution for determining the natural frequencies and forms of
bending vibrations of a square homogeneous plate clamped along the contour. The calculations were also
compared with experimental data. The proposed research methodology and calculation algorithm can be
used to study the bending vibrations of plates under other types of boundary conditions. In [5], the prob-
lem of calculating orthotropic polygonal plates subjected to acoustic action with a wide spectrum is con-
sidered.

Recently, the dynamic theory of plates has been widely used in the analysis of the behavior of elastic
elements of micro- and nanosizes. Among the many applications of micro- and nanofilms, nanowires,
and nanotubes, one can also mention their use as detectors and sensors in chemistry, biology, etc. [6–8].
Due to the unique application, the study of their operational properties is given much attention in the lit-
erature. For example, in [9, 10] a review of four hundred papers is given, mainly devoted to cantilever res-
onators made of nanofilms and nanowires. In [11], ultrasensitive nanomechanical resonators for struc-
tural studies of DNA-ligand complexes were reported. Electrostatically driven resonators have shown
great potential in a wide range of applications such as sensors, communication devices, logic gates, and
quantum measurements [12]. A mechanical nanosensor is used in [13] to detect and identify various
bioparticles and estimate their sizes. The solution of the nonlinear equation is carried out using the Galer-
kin method. In [14], the dynamic instability of a cantilever nanobeam connected to a horizontal spring is
analyzed.

However, in all these works, the interaction of the average pressure of the media and the difference
between the areas of the convex and concave surfaces of the plate is not taken into account. This interac-
tion is taken into account in papers [15, 16] in the case of light gases, when the added mass of media is
small. Monographs [1–3] also do not take into account the above effect of average pressure. In [17], the
frequency spectrum of a two-bearing resonator is determined taking into account the interaction of the
average overpressure on the resonator surface and curvature, as well as the action of the axial load.
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Fig. 1. (a) An example of plate mounting. (b) Element dx of the midsurface of the curved plate.
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In this article, the lowest natural frequency of a plate is determined taking into account the interaction
of the average overpressure on its surface and the curvature of the middle surface, as well as the effect of
the added mass of the gaseous medium with distant boundaries. In contrast to the formulation of problems
in [1–3], where the frequency is specified and the wave number is determined, here the half-wavelength
is constructively specified and the frequency is determined. This setting is typical for resonators.

Of interest is the question of the mutual influence of the mean pressure effect and the effect of the
added fluid mass known from the literature on the deformation of the plate. This is easier to find out in
the case of an incompressible f luid. Further, taking into account the result obtained, we consider the case
of a compressible f luid in a simpler setting (in particular, the contact conditions are not expanded in a
Taylor series).

Assuming cylindrical bending of a thin plate, the following equation is considered

(1.1)

where E, ν, ρ is the modulus of elasticity, Poisson’s ratio, material density, h is the plate thickness, w(x, t)
is the deflection, х, t is the coordinate, time, q is the transverse distributed load.

The pressures р0 + р1 and р0 + р2 of liquids with densities ρ1 and ρ2 act on the lower and upper surfaces
of the plate (Fig. 1a). Here р0 is the assembly pressure, in particular, atmospheric pressure acting on all
surfaces, р1, р2 are excess pressures. When determining the load q we proceed from the assumption that ρ1,
ρ2 and р1, р2 remain constant when the plate is bent.

2. INCOMPRESSIBLE MEDIUM

We assume that the areas occupied by liquids extend indefinitely, the supports do not prevent the free
flow of liquid along the plate in the direction of the x axis. The pressures arising from the movement of
the plate will be denoted by  and . The equations for the dynamics of an incompressible f luid with
respect to the velocity potential ϕ(x, z, t) have the form [1–3]

(2.1)

Conditions on surfaces

(2.2)

At a large distance from the surface, perturbations from the plate disappear 

(2.3)

The elementary lengths dx1, dx2 of the lower and upper surfaces, expressed in terms of the length dx of
the middle surface of the plate, are equal (Fig. 1b)

(2.4)

where deformations in accordance with the Kirchhoff hypotheses [18]
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(2.5)

The distributed force q is determined by the formula [15, 16]

(2.6)
We assume that a plate of unlimited length along the x axis rests on supports located at equal distances

L and allowing free rotation. We take
(2.7)

which satisfies the conditions w = 0, ∂2w/∂x2 = 0 for |x| = 0, L, 2L, …. Then in the functions

(2.8)

by (2.1) we have . In this case, conditions (2.3) are satisfied.
Expanding the functions ∂ϕ1/∂z, ∂ϕ2/∂z into a Taylor series in the vicinity of z = 0, we reduce condi-

tions (2.2) to the form

In a linear problem, the term with w under the given conditions must be omitted. Substituting expres-
sions (2.7) and (2.8) here, taking into account Φ1, Φ2, we obtain

Expressions (2.8) in terms of the deflection amplitude W take the form

(2.9)

When calculating the acoustic pressure on the plate surfaces z = – h/2 + w, z = h/2 + w, we also reduce
expression (2.1) to the surface z = 0

Let us substitute expressions (2.9) here, having previously omitted the non-linear terms with w. Then
we get

Taking into account the ratio for the deflection, these expressions can be represented as

(2.10)

From (2.6), (2.4), (2.5) and (2.10) we find the distributed transverse load

(2.11)

The last term in parentheses (2.11) must be omitted within the accepted approximation of the linear
theory. It vanishes at ρ1 = ρ2.

Equation (1.1) in view of (2.11)
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(2.12)

In the special case ρ1 = ρ2, p1 = p2 and the deflection function (2.7) from (2.12) we obtain for the lowest
natural frequency ω

(2.13)

Here, ω0 is the frequency of the plate not in contact with the liquid. Parameters α and μ determine the
effect of pressure and density of the environment. Thus, the pressure increases, the density lowers the nat-
ural frequency of the plate. For α ≪ 1, μ ≪ 1 their influence disappears. Through the initial parameters
α and μ we write

(2.14)

At E = 2 × 105 MPa, ν = 0.3, ρ = 7.8 × 103 kg/m3, ρ1 = 103 kg/m3, p0 = 0, p1 = 2 MPa, L/h = 10, α ≈
10–3, μ = 0.81. Therefore, there is no influence of pressure, there is a significant decrease in the natural
frequency due to the added mass.

If p1 = 20 MPa, L/h = 100, then , μ = 8.1. According to the incompressible f luid
model, in the case of water, there is only a decrease in natural frequency. This is a well-known result [1–3],
however, taking into account the effect of pressure introduces some change in frequency.

The general assessment of the effects under consideration is that for α > μ, the frequency-increasing
influence of the pressure of the medium predominates, and for α < μ, the decreasing effect of density (or
the added mass) prevails. Through the input parameters, these inequalities have the form

The first case is realized for very thin plates made of a material with a low modulus of elasticity and at
an extremely high pressure in the contacting medium. The second case is always realized at low pressures
in a dense medium.

3. COMPRESSIBLE MEDIUM
According to the model of a compressible medium, instead of equations (2.1), we have [1–3]

(3.1)

where c1, 2 is the speed of sound,  is the adiabatic coefficient. In contrast to the case of an incompress-
ible f luid, here the pressure and density are not independent, but are related by an isothermal law.

Let us consider a particular case of identical media at identical pressures (ρ1 = ρ2, p1 = p2, c1 = c2). For
functions (2.7) and (2.8)

(3.2)

from the wave equation (3.1) follows

(3.3)

We will consider the case k2 > 0. he substantiation of this condition is given below. Setting A2 = 0, B1 = 0
in accordance with conditions (2.3), we obtain a particular solution

(3.4)

As shown above, when determining the distributed load q, it is necessary to take into account the con-
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(3.2) in the linear problem, instead of z = ±h/2 + w, we can take z = 0. hen from conditions (3.4) A1 =
ωW/k, B2 = – ωW/k and

The right side of equation (1.1) is equal to (ρ1 = ρ2, p1 = p2)

(3.5)

Substituting into (1.1) the expression for w and q from (3.2) and (3.5), we obtain for p0 = 0

(3.6)

From (3.6) it follows

(3.7)

Consider the case . We represent the frequency equation (3.7) in the form of a cubic

(3.8)

The lowest natural oscillation frequency is 
At E = 76 × 103 MPa, ν = 037, ρ = 10500 kg/m3, h = 20 nm, L = 2000 nm,  = 1.4, atmospheric

pressure pa = 0.1 MPa, air density ρ1a = 1.2928 kg/m3, p1 = 2 MPa, the numerical solution of Eq. (3.7)
gives the root: Z = 1.10268. The corresponding frequency is f1 = 6.894 MHz. The solution of the cubic
equation (3.8) naturally gives the same root: Z = 1.10268.

To check the fulfillment of the condition k2 > 0, we take into account the obtained expression
, where ω0 is given in (3.6). In the considered example, Z ≈ 1.1, that is, the influence of air pres-

sure predominates over its density. Condition k2 > 0 or

at L/h > 10 is always satisfied in the case of a steel plate and water, and in the case of gases, at large values
of L/h (for example, L/h > 15).

Let us present an approximate solution of Eq. (3.7). Let’s take Z = 1 – a, a3 ≪ 1. Substitute this expres-
sion in (3.7) and set it equal to zero, neglecting the term containing a3,

(3.9)

From (3.9) we find

If δ = 1, then d1 = 1 – η – η2, d2 = 2μ2, d3 = – μ2.
If we neglect the term containing a2, then we get a = –d3/d2.
The results of calculating the lowest natural frequency of bending vibrations of the plate using approx-

imate formulas (3.9) and a = –d3/d2 in accordance with the conditions for the value of a are summarized
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Table 1. First natural frequency of bending vibrations of the plate, p1, MPa, f1, MHz

p1 0.1 0.1 2 2

α 0.0138 0.0138 0.2761 0.2761
μ 0 0.0078 0 0.1568
a –0.0138 –0.0059 –0.2754 –0.1027
Z (3.7) 1.0138 1.0059 1.2761 1.1027
f1 (3.7) 6.6108 6.5850 7.4170 6.8945

f1 (a3 = 0) (3.9) 6.6108 6.5850 7.4150 6.8946

f1 (a2 = 0) 6.5663 6.5661 6.8106 6.7363

f1 (3.10) 6.6108 6.5850 7.4171 6.8945
in Table 1. For air in the pressure range under consideration, the formula a = –d3/d2 gives an error of no
more than 9%.

We also present the solution of Eq. (3.7) in the form

(3.10)

For η ≪ 1, we represent  as

(3.11)

Substituting expressions (3.10) and (3.11) into Eq. (3.7), expanding the resulting relation in a series in
powers of δ and equating the coefficients at δ, δ2, δ3 to zero, we obtain a system of three linear equations,
the solution of which is written

It can be seen from the above calculations that the external pressure and the presence of gas have a sig-
nificant effect on the oscillation frequencies of the plate. We also note the high accuracy of the approxi-
mate formula (3.9) and the solution in the form (3.10).

Figure 2, a shows the dependence of the first frequency of bending vibrations of the plate on pressure
for different gases. From Fig. 2, a it can be seen that with increasing pressure, the natural frequency of
oscillations increases. And with an increase in gas density, a decrease in the natural frequency of bending
vibrations occurs. Figure 2b shows the pressure dependence of the first frequency of plate bending vibra-
tions according to the formulas for incompressible and compressible liquids for carbon dioxide. It can be
seen from Figure 2b that the frequencies according to the model for an incompressible f luid are higher
than the frequencies according to the model for a compressible f luid due to an increase in density, and
with increasing pressure, the difference in oscillation frequencies increases.

4. CONCLUSIONS
It is well known from the literature (for example, [1–3]) that the eigenfrequencies of bending vibrations

of a plate significantly decrease when it comes into contact with a liquid. This is due to the influence of
the added mass of the liquid. It has been established [15, 16] that taking into account the difference in the
areas of opposite surfaces of the plate, which is formed during its bending, can have an increasing effect
on natural frequencies. Accounting for this effect leads to the appearance of a distributed transverse force
equal to the product of the curvature of the middle surface and the average pressure on the plate surface.

The simultaneous influence of these factors on the lowest oscillation frequency in the case of an
incompressible liquid depends on the ratio of the average pressure to the elastic modulus of the material,
the densities of the material and liquid, and the ratio of the plate length to its thickness. For real parame-
ters, the prevailing influence of the density of the medium over the pressure in it is typical. However, pres-
sure can have a noticeable effect on the result.
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Fig. 2. Dependence of the first bending vibration frequency of the plate f1 (MHz) on the pressure p1 (MPa): (а) for different
gases: ρ1 = 0.1785 (helium), 1.2928 (air), 1.9768 (carbon dioxide) kg/m3 (dotted, dashed, solid lines, respectively); (b)
according to the formulas for incompressible (2.14) and compressible (3.7) liquids for carbon dioxide ρ1 = 1.9768 kg/m3

(dotted and dashed lines, respectively).
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For a compressible f luid, the influence is more complex, since the added mass depends on the speed
of sound and on the frequency of oscillation itself. In addition, the pressure and density of the gaseous
medium are not independent.

The influence of the contacting medium on the lowest oscillation frequency is significant for very thin
plates and films with a low modulus of elasticity. It is necessary to take it into account, especially in the
case of elements with micro- and nanoscale thicknesses.

As the pressure increases, the natural oscillation frequency increases. In the case of light gases (hydro-
gen, helium), the influence of pressure can prevail over their density. These results can be used in model-
ing the vibrations of plates in contact with liquid and gas, including those of micro- and nanosizes.

FUNDING

The work was carried out in accordance with state task (no. 0246-2019-0088).

OPEN ACCESS

This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit
to the original author(s) and the source, provide a link to the Creative Commons license, and indicate if changes
were made. The images or other third party material in this article are included in the article’s Creative Commons
license, unless indicated otherwise in a credit line to the material. If material is not included in the article’s Creative
Commons license and your intended use is not permitted by statutory regulation or exceeds the permitted use, you
will need to obtain permission directly from the copyright holder. To view a copy of this license, visit http://creative-
commons.org/licenses/by/4.0/.

REFERENCES
1. V. S. Gontkevich, Natural Oscillations of Shells in a Liquid (Naukova Dumka, Kiev, 1964) [in Russian]. 
2. M. A. Ilgamov, Vibrations of Elastic Shells Containing Liquid and Gas (Nauka, Moscow, 1969) [in Russian]. 
3. A. L. Popov and G. N. Chernyshev, Mechanics of Sound Emission of Plates and Shells (Fizmatlit, Moscow, 1994)

[in Russian]. 
4. S. V. Nesterov, “Flexural vibration of a square plate clamped along its contour,” Mech. Solids 46, 946–951

(2011). 
https://doi.org/10.3103/S0025654411060148
MECHANICS OF SOLIDS  Vol. 57  No. 3  2022



INFLUENCE OF AMBIENT PRESSURE 531
5. S. L. Denisov, V. F. Kopyev, A. L. Medvedsky, et al., “Investigation of the problems of durability of orthotropic
polygonal plates under broadband acoustic exposure taking into account the effects of radiation,” Mech. Solids
55, 716–727 (2020). 
https://doi.org/10.3103/S0025654420300019

6. A. D. O’Connell, M. Hofheinz, M. Ansmann, et al., “Quantum ground state and single-phonon control of a
mechanical resonator,” Nature 464, 697–703 (2010). 
https://doi.org/10.1038/nature08967

7. T. P. Burg, M. Godin, S. M. Knudsen, et al., “Weighing of biomolecules, single cells and single nanoparticles
in f luid,” Nature <b>446</b>, 1066–1069 (2007). 
https://doi.org/10.1038/nature05741

8. S. Husale, H. H. J. Persson, and O. Sahin, “DNA nanomechanics allows direct digital detection of complemen-
tary DNA and microRNA targets,” Nature 462, 1075–1078 (2009). 
https://doi.org/10.1038/nature08626

9. A. Raman, J. Melcher, and R. Tung, “Cantilever dynamics in atomic force microscopy,” Nano Today 3 (1–2),
20–27 (2008). 
https://doi.org/10.1016/S1748-0132(08)70012-4

10. K. Eom, H. S. Park, D. S. Yoon, and T. Kwon, “Nanomechanical resonators and their applications in biologi-
cal/chemical detection: Nanomechanics principles,” Phy. Rep. 503 (4–5), 115–163 (2011). 
https://doi.org/10.1016/j.physrep.2011.03.002

11. S. Stassi, M. Marini, M. Allione, et al., “Nanomechanical DNA resonators for sensing and structural analysis
of DNA-ligand complexes,” Nat. Commun. 10, 1690 (2019) 
https://doi.org/10.1038/s41467-019-09612-0

12. N. Jaber, M. A. A. Hafiz, S. N. R. Kazmi, et al., “Efficient excitation of micro/nano resonators and their higher
order modes,” Sci. Rep. 9, 319 (2019). 
https://doi.org/10.1038/s41598-018-36482-1

13. M. SoltanRezaee and M. Bodaghi, “Simulation of an electrically actuated cantilever as a novel biosensor,” Sci
Rep. 10, 3385 (2020). 
https://doi.org/10.1038/s41598-020-60296-9

14. F. Tavakolian, A. Farrokhabadi, M. SoltanRezaee, and S. Rahmanian, “Dynamic pull-in of thermal cantilever
nanoswitches subjected to dispersion and axial forces using nonlocal elasticity theory,” Microsyst. Technol. 25
(3), 19-30 (2019). 
https://doi.org/10.1007/s00542-018-3926-y

15. M. A. Ilgamov, “Influence of the ambient pressure on thin plate and film bending,” Dokl. Phys. 62, 461–464
(2017). 
https://doi.org/10.1134/S1028335817100020

16. M. A. Ilgamov, “The influence of surface effects on bending and vibrations of nanofilms,” Phys. Solid State
61(10), 1825-1830 (2019). 
https://doi.org/10.1134/S1063783419100172

17. M. A. Ilgamov and A. G. Khakimov, “Influence of pressure on the frequency spectrum of micro and nanores-
onators on hinged supports,” J. Appl. Comput. Mech. 7 (2), 977–983 (2021). 
https://doi.org/10.22055/JACM.2021.36470.2848

18. S. P. Timoshenko, D. H. Young, and W. Weaver, Vibration Problems in Engineering (John Wiley & Sons, New
York, 1974).

Translated by I. Katuev
MECHANICS OF SOLIDS  Vol. 57  No. 3  2022


	1. INTRODUCTION
	2. INCOMPRESSIBLE MEDIUM
	3. COMPRESSIBLE MEDIUM
	4. CONCLUSIONS
	REFERENCES

		2022-06-13T11:59:27+0300
	Preflight Ticket Signature




