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MOBIUS METRIC IN SECTOR DOMAINS
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Abstract. The Mobius metric d¢ is studied in the cases, where its domain G is an open
sector of the complex plane. We introduce upper and lower bounds for this metric in terms
of the hyperbolic metric and the angle of the sector, and then use these results to find
bounds for the distortion of the Mobius metric under quasiregular mappings defined in
sector domains. Furthermore, we numerically study the Mobius metric and its connection
to the hyperbolic metric in polygon domains.
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1. INTRODUCTION

One of the most important concepts in the geometric function theory is the intrin-
sic distance. It means that, given two points in a domain, we do not only consider
how close these points are to each other but also how they are located with respect
to the boundary of the domain. In order to measure these kinds of distances, we
need to use suitable intrinsic or hyperbolic type metrics, which have been recently
studied, for instance, in [1], [5], [6], [7], [9], [12], [13], [14].

In this article, we focus on one of these intrinsic metrics, which is defined as follows:
For any domain G ¢ R" = R™ U {oo} whose complement (R"\ G) contains at least
two points, let the Mdbius metric be the function ég: G x G — [0, 00),

(1.1) éc(z,y) = sup log(1l+ |a,z,b,yl),
a,bedG
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where |a, z, b, y| is the cross-ratio defined in (2.1). This metric was first introduced
in [17], pages 115-116 and then later studied more extensively by Seittenranta in
his PhD thesis (see [15], Definition 1.1, page 511), which is why it is sometimes also
referred to as Seittenranta’s metric.

Due to the Mobius invariance of the cross-ratio, the distances defined with the
Mobius metric are preserved under Mobius transformations, which is one of the most
useful properties of this metric. However, there are still numerous open questions
concerning this metric. For instance, while it is known that the value of this metric
is equal to that of the hyperbolic metric ¢ or the distance ratio metric j in some
special cases, see Theorems 2.1 and 3.1, the Mobius metric is studied very little in
other kinds of domains. To fill this gap, our aim here is to find more information
about the Mobius metric in the cases, where the domain G is either an open sector
of the complex plane or a polygon.

The main result of this article is as follows.

Theorem 1.1. For all points z, y in an open sector Sy with an angle 0 < 6 < 2,
the following inequalities hold:
nsin($6)

0 )Q}QSe@ay) ifo <,

(1) os,(x,y) < ds,(x,y) < min{2, (
(2) 559(.13,3]) = 08y (J),y) if 0 =,

h(l in(1)\2
(QQS;(x,y)), (Tcslng(z )) QSQ(J%ZJ)} <ds,(z,y) <4 if 0 > x,

t
(3) max{2 arth

where

= {min{gsg (z,y), arth((8/x) th(§os, (2,9)))} if (0/7) th(Fes, (z,y)) < 1,
05, (7, y) otherwise.

The structure of this article is as follows. First, in Section 3, we combine some
already known inequalities to create some initial bounds for the M&bius metric in
a general domain. Then, in Section 4, we study the Mobius metric defined in an
open sector by showing how the supremum of the cross-ratio in its definition (1.1)
can be found. These results are used in Section 5, where we introduce bounds for the
Mobius metric in terms of the hyperbolic metric in a sector and prove Theorem 1.1.
In Section 6, we apply these results and prove bounds for the distortion of the Mébius
metric under quasiregular mappings of the unit disk into sector domains. Finally, in
Section 7, we utilise the recent computational methods from [11] to experimentally
study the inequalities between the Mobius and hyperbolic metric in polygon domains
and formulate a few conjectures.
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2. PRELIMINARIES

First, introduce the following notations for the Euclidean metric. Let the distance
from a point z € R™ to a nonempty set F' C R™ be d(x, F) = inf{|z—z|: z € F}. For
a domain G C R™, put dg(z) = d(z,0G) for all x € G. Let the Euclidean diameter
of a nonempty set F' be d(F) and the Euclidean distance between two nonempty
separate sets Fy, Fy be d(Fp, F1). Furthermore, denote the Euclidean open ball
with a center € R™ and a radius r > 0 by B™(z,r), the corresponding closed ball
by B"(x,r) and its boundary sphere by S"~1(z, r).

Let R = R™ U {oo} be as in the introduction, and also put C' = C" U {oo}.
For all distinct points 2,y € R”, introduce the spherical (chordal) metric as (see [6],
equation (3.6), page 29):

|z —yl 1

Q($7y)=\/1+|x|2\/1+|y|2 if © # oo # y; (J(J%OO):W-

For any four distinct points a,b,c,d € R, define the cross-ratio as (see [6], equa-
tion (3.10), page 33):

q(a, c)q(b, d)

q(a,b)q(c, d)

and note that, if co ¢ {a,b, ¢, d}, then this definition yields

la —cl||b—d|

la —bllc —d|”

Other than the Mobius metric, we will be needing a few other hyperbolic type

(2.1) la,b,c,d| =

|a7 b’ C? d| =

metrics. Introduce the upper half-space H" = {(z1,...,2,) € R": x, > 0}, the unit
ball B" = B"(0, 1) and the open sector Sy = {x € C\ {0}: 0 < arg(z) < 6} with an
angle 6 € (0,2n). Here, arg(z) € [0,2n) denotes the principal branch of the argument
of a complex number = € C\ {0}. Now, we can introduce the hyperbolic metric in
these three domains by using the following formulas:

|z — gy

choyn(z,y) =14+ —————, xz,y € H",
o ( y) 2d|}-ﬂn (J))dﬂ-ﬂn (y) Y
o8~ (2,y) [z =yl
sh? = , x,y € B,
2 (1= [z*)(1 = [y?)

0s,(,y) = ow2 (@™, y™),  x,y € So,

respectively, see [6], equations (4.8) and (4.14). From these formulas, it follows that:

(2.2)

o Q2@ Y) ‘fc—g" o 282 (@ y) :‘ it Al
2 T—7 2 1—ay

where 7 is the complex conjugate of .
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For a domain G C R™, the distance ratio metric (see [17], page 25) introduced by
Gehring and Palka (see [4]) is the function jo: G x G — [0, 00),

| . |z —y]
Jo(z,y) =1 g(l ™ min{dg(ﬂ?)’dG(y)}).

As noted in [7], Subsection 2.2, page 1123 and Lemma 2.1, page 1124, this metric
can be used to define another metric, the so called j&-metric, j&: G x G — [0, 1],

o ]G(xvy) _ |£C—y|
) =th 9 | —y| + 2min{dg(z),dc(y)}

Ja(z,y

Furthermore, the quasihyperbolic metric introduced by Gehring and Palka in [4] is
defined as the function kg: G x G — [0, 00),

ka(z,y) = inf/ i
vy

YELzy dG(fE) ’

where I';,, consists of all the rectifiable curves in G joining x and y. Consider yet
the triangular ratio metric (see [1], equation (1.1), page 683), s¢: G x G — [0, 1],

lz -yl
(lz = 2]+ ]z —yl)’

bl (.13, y) = inf
z2€0G
which was originally introduced by Histo in 2002, see [8].

The following result expresses the main property of the Moébius metric.

Theorem 2.1 ([6], Theorem 5.16, page 75, [15]). The Mébius metric d¢ is Mobius
invariant: If G C R" is a domain such that R\ G contains at least two points and
h: R" 5 R" is a Mobius transformation, then for all x,y € G

Sn(e)(h(@), h(y)) = da(x,y).

Furthermore, 0 = o¢ for G € {B™,H"}.

3. GENERAL INEQUALITIES

In this section, we briefly review a few already existing inequalities and show how
they can be used to create bounds for the Mébius metric. Note that the inequalities
found here concern mostly the situation, in which the shape of the domain G is not
known. For instance, Corollary 3.5 gives us an inequality for a simply connected
uniform domain G, but its constants are probably not very sharp when compared to
those that could be obtained when knowing the exact shape of the domain G.
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Theorem 3.1 ([6], Theorem 5.16, page 75). For all points =, y in a domain
G C R™,
Jja(z,y) < da(z,y) < 2ja(w,y)
and in the special case G = R™ \ {0}, d¢ = ja-.

Theorem 3.2 ([2], equation (3.2.1), page 35). For all points x, y in a simply
connected domain G C R?,

1
§]€G($,y) < QG(xay) < 2]€G(£L’,y)

Theorem 3.3 ([6], Corollary 5.6, page 69). For all points =, y in a domain
G - R™, jG(JT,y) < kG(xvy)'

Definition 3.4 ([6], Definition 6.1, page 84, [10], Definition 2.4, page 8). A do-
main G C R"” is uniform if there exists a number A > 1 such that the inequality
ka(z,y) < Aje(x,y) holds for all z,y € G and the smallest number A fulfilling this
condition is called the uniformity constant of G.

Corollary 3.5. If a domain G C R? is simply connected and uniform with the
uniformity constant Ag, then

% < de(z,y) < doc(,y)

for all x,y € G.
Proof. Follows from Theorems 3.2 and 3.3, and Definition 3.4. ([

Now, let us find some bounds for the Mdbius metric in terms of the triangular ratio
metric and the j*-metric in the cases of both a convex domain G and a nonconvex one.

Lemma 3.6 ([7], Lemma 2.1, page 1124, Lemma 2.2, page 1125 and Theo-
rem 2.9 (i), page 1129). For all points x, y in a domain G C R",

ja(@,y) < sa(z,y) < 2ja(x,y)
and, if G is convex, the constant 2 above can be replaced by /2.
Lemma 3.7 ([7], Lemma 2.7 (ii), page 1128). For all points x, y in a convex

domain G C R",

w9 ) < o),
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Corollary 3.8. For a domain G C R™ such that R" \ G contains at least two
points and for all x,y € G, the following inequalities hold:
(1) j&(x,y) < th(30a(x,y)) < th(2arth(jE(z,v))) < 255(2,y),
(2) sa(z,y)/2 < th(3da(z,y)) < th(2arth(sq(z,y))) < 25¢(2,y).
Furthermore, if G is convex, then for all xz,y € G
(3) sa(z,y)/V2 < th(30a(x,y)),

Proof. (1) Follows from Theorem 3.1 and the definition of j*-metric.

(2) Follows from the first inequality and Lemma 3.6.

(3) Follows from the first inequality and Lemma 3.6.

(4) Follows from Theorem 3.1 and Lemma 3.7. O

Finally, let us consider the case, where the domain G is an open sector. Note that
neither the inequalities of Corollary 3.10 nor Corollary 3.12 have the best possible
constants. In fact, they are only used to prove our main result (see Theorem 1.1) in
Section 5.

Theorem 3.9 ([14], Corollary 4.9, page 9). For a fixed angle § € (0,2x) and for
all x,y € Sy, the following results hold:

(1) ss,(2,y) < th(zoes,(z,y)) < (7/0)sin(30)ss, (z,y) if 6 € (0,7),
(2) ss,(2,y) = th(zos,(,y)) if 0 =,

(3) (n/0)ss,(x,y) < th(zes,(z,)) < ss,(x,y) if § € (m,2m).
Furthermore, these bounds are also sharp.

Corollary 3.10. For all points x,y € Sy, the following inequalities hold:

QS@ (J?, y) 08, (J), y)
1 2 arth th th
M) max{ . (\/_TESID 2 ),ar (nsin(%O) 2 )}
< g (my)<2gse( yy) if0< 6 <m,
th l ,
(2) 2arth M < ds,(z,y) ifn<<2m,
0 o0s,(z,y)\ . 0. os(x,y)
< R AL A —th =022 o,
(3)  dg,(z,y) < 4arth(TE th 5 ) ifn<0<2n and - th 5 <1
Proof. Follows from Corollary 3.8 and Theorem 3.9. O
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Theorem 3.11 ([10], Theorems 1.7 and 1.8, page 6). An open sector Sy is uniform
with the constant Ay that fulfills

AQZ%—F]. if0<f<n, and
sin(50)

2log(tan(16)) + 6 — = 0 \2 1 .
2 <Ap <4 1) ifm<f<2n
max{ " log(1 —2cos(36)) } o (211 — 9) (sin ) + ) nr K

Corollary 3.12. For all points x,y € Sy,

sin(36)

) 2(1 + sin(20))

QSe(x y) 559(33,1]) < 4Q59(xay) fo<o<n

2 sin(36)
(2) ( -1 1 ng (x,y) < ds,(z,y) < 4dpos,(z,y) fn<b<2m
1 +sin(560

Proof. Follows from Corollary 3.5 and Theorem 3.11. (]

4. MOBIUS METRIC IN OPEN SECTOR

In this section, our aim is to find ways to estimate the value of the Mtbius metric
defined in an open sector Sy. To do this, we study the supremum of the cross-ratio
needed in the definition of the metric dg, in both the cases, where the angle 6 is less
than 7 or greater than n. The main result of this section is Corollary 4.7 but, in
order to prove it, we need to consider several other results first.

Proposition 4.1.

(1) If z,y € H? such that |z| = |y| = r > 0 and arg(z) < arg(y), then
sup |a,a:,b,y| = |7”,.1?, —’I",y|-
a,beR
(2) If z,y € iR N B? such that Im(z) < Im(y), then sup |a,z,b,y|=|—1i,,1,y|
a,bes?t

Proof. Since dy2(x,y) = sup log(1+ |a, z,b,y|), both results can be verified by
a,be
the fact that dg = o¢ for G € {[B” H™} according to Theorem 2.1. O

Lemma 4.2. For all points x, y in an open sector Sy with an angle 0 < § < &
such that arg(z) < arg(y) and |x| = |y| = r > 0, there is a Mébius transformation f

that maps Sy onto the lens-shaped domain
1

B - wiu) N B ((u = D), w= 11— o > 1,

).

N|=

and z, y into f(x), f(y) € iR N B? so that Im(f(x)) < Im(f(y

~—
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Proof. Define the function f: C — C,

—i(1+ e?/2)(z — refi/2)
(1 —e%/2)(z 4 refi/2) ~

(4.1) f(z) =

Clearly, f is the Mobius transformation that fulfills

(42) fO) =i, Foe) =0, flre”) =i, f(O)—L%

~ 1 —cos(

D — (o).
2
By the general properties of Mébius transformations, f preserves the angles and must
turn a line into a circle if any three points chosen from it are no longer collinear after
the transformation. Thus, f maps two sides of the sector Sy onto two circular arcs
that are symmetric with respect to the both coordinate axes, meet each other at the
points f(0) and f(co) at an angle of 8, and out of which one contains the point i and
the other one the point —i, see Figure 1.

Consider a circle S*((1 — u)i,u), u > 1. Clearly, it is symmetric with respect to
the coordinate axes and i € S'((1 — u)i,u). Using simple trigonometry, it can be
calculated that the two interior angles of the figure consisting of the real axis and
the circular arc S*((1 — w)i,u) N H? are

T —arcsin(u_l) € (0 E)
2 U "2/

If the value of this angle is %9, we can solve that

1

By combining all our observations made above we have that for all 0 < 6 < =,

F(9Se) = (SM((1 = w)i, ) NH?) U (S*((w = 1)i,u) \ B?),
f(8e) = B*((1 — w)i,u) N B*((u — 1)i, u),

where u is as in (4.3). The final part of the lemma is very trivial: From the behaviour
of the points in (4.2), we see that the transformation f maps the circle S1(0,r) onto
the imaginary axis and if 2,y € S'(0,r) such that 0 < arg(x) < arg(y) < 6, then
clearly f(z), f(y) € [-1,1] so that —1 <Im(f(z)) < Im(f(y)) < 1. O

The result of Lemma 4.2 is very useful because it follows from the Mobius invari-
ance of the cross-ratio that the value of the Mtbius metric between z,y € Sy can be
calculated in the lens-shaped symmetric domain f(Sp) for f(z), f(y), see Figure 1.
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01 refi/2

N

N

—1i
Figure 1. Sector Sy before and after the Mobius transformation f defined in (4.1), when
0 =3nr
Z

Theorem 4.3. For all 0 < 0 < © and z,y € Sy such that arg(z) < arg(y) and
|x| = |y| = r > 0, the supremum sup |a,x,b,y| is given by the points a = r and

: bEDS,
b= refl. “ ¢

Proof. Let f be the Mobius transformation defined in (4.1), under which the
open sector Sy with an angle 0 < 6 < 1 is mapped onto a lens-shaped domain f(Sy).
For all points z,y € iR N B2, choose a,b € f(dSy) so that the cross-ratio |a, z, b, y| is
at greatest. Note that, for all points v € iR N B2 and v € C\ B2, the inequality

(4.4) nmx{ithﬁ;j;j*}2l

holds. It follows from this that |z — a| < |a — b| holds, because otherwise replacing a
either by i or —i would give a greater value for the cross-ratio |a, z, b, y|.

Fix now o’ € [z,a] N S'. By the inequality |z — a| < |a — b| and the triangle
inequality,

(4.5) la — 0] |a—b|—|a—a’|_|a—b|—|a—a’|<|a’—b|

lz—a|l " |lz—a|l—|a—a| |z — a| S —a|
Let us yet show that there is a point b’ € S' such that

|a" — b la" — V|
< y
ly—»bl =~ ly=V|

(4.6)

If |y — b| < |a’ — b| holds for the point ' € [y,b]NS?, then the inequality (4.6) follows
from the triangle inequality just like (4.5). If |y — b|] > |a’ — b| instead, then there is
b € {i, —i} such that [y —b'| < |a’ —V'| by the inequality (4.4) and the inequality (4.6)
clearly holds for this choice of b'.

Thus, if a,b € f(0Sp) give the supremum of |a, z, b, y| for given points =,y € iIRNB?
and o', b’ are chosen like above, it follows from the inequalities (4.5) and (4.6) that

la,z,b,y| < |a' 2,0,y < |a’,z,b,y| < sup |a’ 2, b,y
a’b’esSt
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By Proposition 4.1 (2) if 2, y €iIRNB? such that Im(z) <Im(y), then sup |a/,z, b, y|
a’b'est
is given by a = —i and b = i. Since i, —i € f(9Sg) NS, it must hold that

sup |a,z,b,y| =] —1, 2,1,y
a,be f(0S5s)

Because f preserves the cross-ratio as a Mobius transformation, we can now show
that, for all 2,y € Sp such that |z| = |y| = r and arg(x) < arg(y),

sup |a7x7bay| = sup |a,f(x),b,f(y)| = | _i;f(l‘),i7f(y)| = |T7xvreeiay|'
a,bedSy a,bef(9Sy)

O

Note that Theorem 4.3 does not hold in the case 6 > T, as the following example
shows.

Example 4.4. For z = e(1=F0/2 and y = I+M0/2 with 0 < k < 1 and
T <0 <2,

lim 11, z,e%, y ~ lim sin(30) _ sin($0) _ cos(16) -
k=0t [0,2,00,y[ k=0t 2sin®((1 - k)0)  2sin®(§0)  sin(30)

and it follows that sup |a,x,b,y| is not attained with a = 1 and b = e%'.
a,bedSy

However, we can still use Lemma 4.2 to calculate the supremum of the cross-ratio
in the Mo6bius metric for points z, y in a sector Sy with 6 > n, as can be seen from
the following result.

Corollary 4.5. For any open sector Sy with an angle 1 < 6 < 2w, there is
a Mobius transformation f that maps Sy onto the domain

. . 1 1
BQ((l—U,)I,U)UB2((’U,—1)1,U), U = Ts(%g) S (—,1)

and for all z,y € Sy,

sup |a,x,b,y| = sup |a, f(x),b, f(y)|
a,bedSy a,be f(0Sp)

Proof. Let the Mobius transformation f be as in (4.1) with, for instance, r = 1.
The proof now goes just like that of Theorem 4.3, but it must be noted that f
maps the sides of Sy onto circular arcs that meet each other at an angle § > n.
Thus, f(Sg) must be a union of two disks B2((1 —u)i,u) and B?((u — 1)i,u) instead
of their intersection and % < u < 1 now, see Figure 2. The final part of the proof
follows from the Mobius invariance of the cross-ratio. O
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Several computational experiments support the next conjecture.

Conjecture 4.6. If 1 < 6§ < 2n, and x = re(1=R9/2 and y = re(1TF)0V/2 with
r>0and0 <k <1, then

sup |a,x,b,y| = max{|r, z,re?, y|, 0, z, 00, y|}.
a,bedSy

The results of this section about the supremum of the cross-ratio give us informa-
tion about the values of the Mobius metric dg, defined in a sector domain.

—i

Figure 2. Sector Sy before and after the Mobius transformation f defined in (4.1), when
0= %TE.

Corollary 4.7. For all z,y € Sp with 0 < 0 < 2rn such that |z| = |y| and
arg(z) < arg(y),

) — arg(z))) )

) ) sin(36) sin(3 (arg(y
ds(2,y) 21 g(” 1 )sin(3(0 — arg(y)))

sin(3 arg(zr)) sin

where the equality holds whenever 6 < 1

Proof. Let x = re* and y = 7e¥! with 0 < u < v < §. By Theorem 4.3 and

Proposition 4.1 (1), the supremum sup |a,z,y, b| is now found by choosing a = r
a,bedSy

and b = ref' if § < w, and these choices of a, b give a lower limit for the supremum
if @ > n. The result follows now directly from the definition of g, (z,y). d

5. MOBIUS METRIC AND HYPERBOLIC METRIC IN OPEN SECTOR

In this section, we study the connection between the Mobius metric and the hy-
perbolic metric in an open sector Sy with an angle 0 < # < 2n. The main result of
this section is Corollary 5.8, which will be used to prove Theorem 1.1. However, in
order to derive these results, we need to introduce the following quotient.
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For all 0 < k <1 and 0 < 0 < 2%, put

B sin(16) sin(1k0) sin(3kr)
(51) Q(/f,@) :10g<1+ m)/log(l-}— m)

The quotient above is very much needed here because it equals to the value of the
quotient between the Mobius metric and the hyperbolic metric in certain cases, as
is shown in the next lemma.

Lemma 5.1. For all z,y € Sy such that © = re(1=99/2 and y = re(1+k)01/2 witph
r>0and0<k<1,

559 ((E, y)
03, (7,y)

639 (1[,', y)

=Q(k,0) if0<O<m and
05, (,y)

> Q(k,0) ifn<6<2m

Proof. Recall the trigonometric identities sin(u) = cos(3m — u) and cos(2v) =
1 — 2sin?(v). Tt follows from these that

1 1 1
1- sin(akn) =1- cos(E(l - k;)rc) = 251112(1(1 - k)n)
By using this formula, we have

= On2
|e(1=R)7i/2 _ o= (LHR)T/2| | |o(1=R)m/2 _ (14R)7i/2|

= 1Og(|e(17k)rti/2 — e (HR)R/2| _ |e(1—R)m/2 _ e(1+k)mi/2|)
1+ sin(3k 2sin(5k in(1k

- 10g(7+ sin(g 71)) —1og(1+ _2sin(ghn) ) =tog(1+ —5 5 2 — sin(zkm) ).

1 — sin($km) 1 — sin($km) sin®(1(1 — k)m)

(,re(l—k)éi/Q7 Te(1+k)0i/2) (rn/ee(l—k)ni/Q, rn/ee(l-i-k)ni/Q)

05, (,y) = 0s,

Combining the expression above and Corollary 4.7, our result follows. O

While the result of Lemma 5.1 holds only for the distinct points =,y € Sy that
are symmetric with respect to the angle bisector of the sector and fulfill |z| = |y|,
Corollary 5.4 shows us why studying the quotient Q(k, ) is useful also outside these
restrictions.

Lemma 5.2 ([14], Lemma 4.2, pages 7-8). For given two distinct points z,y € H?,
there exists a Mébius transformation g: H? — H? such that |g(x)| = |g(y)| = 1 and

Im(g(z)) = Im(g(y))-
(1) If Im(z) = Im(y), then g(z) = (z—a)/r, where a = Re(3 (z+y)) and r = |z —al.
(2) If Re(xz) = Re(y) = a and r = /Im(x) Im(y), then g is the Mobius transfor-
mation fulfilling g(a —r) =0, g(a) =1 and g(a + 1) = co.
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(3) In the remaining case, the angle o = £(L(z,y),R) belongs to (0,3m). Let
S1(e1,7r1) and St(ca,72) be two circles centered at the real axis and orthogonal
to each other, such that x,y € S'(c1,71) and ca = L(z,y) N R. Then g is
determined by g(B*(c1,m1) NH?) = B2NH2, glc; —r1) = =1, glcr +71) = 1
and g(S'(c2,m2) NH?) = {yi: y > 0}.

Lemma 5.3 ([14], Lemma 4.5, page 8). For all distinct points x,y € Sy with
0 < # < 2, there is a conformal mapping f: Sy — Sy such that f(x) = e(1=F)0i/2
and f(y) = e1TR%/2 for some k € (0,1).

Proof. Consider a conformal map h: Sp — H?, h(z) = 2% Fix g: H> — H?

as the Mobius invariant map of Lemma 5.2 for the points h(z), h(y). Intro-
duce a conformal mapping f = h™! o go h. Since |g(h(z))] = |g(h(y))| =
and Im(g(h(z))) = Im(g(h(y))), we can write g(h(x)) = e'=®™/2 and g(h(y ))

e(1HR)7/2 for some 0 < k < 1. By using this k, we have the points f(x) = e(1=F)01/2
and f( ) e(1+k)6i/2 O

Corollary 5.4. For all 0 < 6 < 2n and distinct x,y € Sy,

ds, (2, ) .
inf k, 0 0 2r < osu k,0) if0<f<n
0<k<1 Q( ) 05y (a:, y) 0<k21 Q( )
inf QU 0) < 2500V en g con
0<k<1 08, (x, Y)

where f(x) = e(1=R0/2 and f(y) = e(1+F01/2,

Proof. Let the mappings f, g, h be as in Lemma 5.2 and the proof of Lemma 5.3.
Note that, even though the mapping f does not necessarily preserve the dis-
tance dgs,(x,y), by Theorem 2.1 and the conformal invariance of the hyperbolic

metric,

Oz (h(x), h(y)) = duz2(g(h(2)), 9(h(y))) = enz(g(h(z)), g(h(y))) = onz(h(z), h(y)),
08g (xvy) = 05, (f(x)a f(y))

for all points x,y € Sy. It follows from this that

N

inf 559 (f(x)7 f(y)) 559( y)
f

sup 589 (f(.l?), f(y))
z,y€50 08, (f(x)a (y)) 939( y) f

x,y€Se 05 (f(x)a (y)),
which leads to the result of our corollary by Lemmas 5.1 and 5.3. (]
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Before studying the values of the quotient Q(k, #), consider yet the following propo-
sition.

Proposition 5.5.

(1) For all constants u,v € (0, 7], the quotients sin(uk)/ sin(vk) and sin((1 — k)v)/
sin((1 — k)u) are increasing with respect to 0 < k < 1 if and only if u < v, and
decreasing if u > v instead.

(2) The quotient sin(1t)/t is decreasing with respect to 0 < t < 2.

(3) The quotient tsin(t)/sin®(1t) is decreasing with respect to 0 < t < 2.

(4) The quotient log(1 4+ uq)/log(1l + q) is increasing with respect to g > 0 if
0 < p < 1, and decreasing if ;1 > 1.

Proof. (1) First, introduce a function fi: [0,7] — R, fi(t) = sin(it) — 2¢, and
note that by calculus f1(¢t) < 0 for all 0 < ¢ < = Now, consider the function
f2: (0,7] = R, fa(u) = ucos(uk)/sin(uk) with 0 < k < 1. By differentiation and
simple trigonometric identities,

sin(§uk) — 2uk _ filuk)
2sin®(uk)  2sin(uk)

fa(u) =

so f2 is decreasing with respect to 0 < w < n. Finally, denote f3: (0,1) — R,
fa(k) = sin(uk)/ sin(vk), where u,v € (0, n] are constants. By differentiation,

(k) = u cos(uk) sin(l;/in—(vl;:):in(uk) cos(vk) =0
ucos(uk) _ v cos(vk)
sin(uk) = sin(vk)

< fa(u) = fo(v) © u < v.

This is enough to prove the result because 1/f5(1 — k) is increasing (or decreasing)
with respect to 0 < k < 1 whenever f3 is.

(2) Introduce fy, fs: (0,2n) — R, fu(t) = sin(3t), f5(t) = t. Since f4(0) =
f5(0) = 0 and fi(t)/fL(t) = % cos($t) is decreasing with respect to ¢, by [6], Theo-
rem B.2, page 465, f4(t)/ f5(t) is decreasing, too.

(3) Denote fs: (0,2m) = R, fo(t) = tsin(t)/sin*(3t). By differentiation and some
trigonometric identities,

(sin(t) 4 t cos(t))(1 — cos(t)) — tsin’(t) _ (sin(t) —t)(1 — cos(t))

2sin®(3¢) B 2sin®(3¢)

fe(t) =

<0,

so fg is decreasing for 0 < t < 2.
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(4) Introduce f7, fs: (0,00) = R, f7(q) = log(1 + uq), fs(q) = log(1 + q). Note

that f7(0) = fs(0) = 0 and f7(q)/f5(q) = p(1+¢q)/(1+ pgq) is increasing with respect
to g > 01if 0 < g < 1 and decreasing if > 1. By [6], Theorem B.2, page 465,

the quotient f7(q)/fs(q) is increasing (or decreasing) whenever f7(q)/f4(q) is, so the
result follows. O

Theorem 5.6. For all 0 < k < 1 and 0 < 6 < 2x, the quotient Q(k,8) defined
n (5.1) fulfills

o=
~—
N—
)
—
=N
>
AN
=

Proof. Note that the quotient Q(k,0) can be written as log(l + qo(k,0))/
log(1 + q1(k)), where

(5.2) qo(k,0) = —

Clearly,

k.0 1,y sin(1k60 1 —k)m)\2

qo(k, >:sin(—9) an(f )(Sm( (1= F)m )) .
q1(k) 2/ sin(3km) \sin(3(1 — k)6)

Trivially, go(k,0)/q1(k) = 1, whenever § = n. It follows from Proposition 5.5 (1)

that qo(k,0)/q1(k) is increasing with respect to &k if 0 < # < n, and decreasing if

1 < 0 < 2n. Thus, this quotient is bounded by its limit values

p1(0) = lim

k,0 0 sin(26
po(8) = ol ) g? k—1- qr(k)

qo(k,0) (nsin(%e))Q
kot qi(k)  2msin B '

)
10’ 0

By Proposition 5.5 (2) (3), both of the functions po(#) and 4 () are decreasing with
respect to 0 < 6 < 2n. Since po(n) = p1(n) = 1, this means that the functions o, p1
are greater than or equal to 1 for 0 < 6 < 1, and less than or equal to 1 for t < 6 < 2.

It follows that

(5.3) q1(k)
p1(0)q1 (k)

to(0)q1 (k) < qo(k, 0)
qo(k,0) < po(0)q1 (k)

w(@)gi(k) if0<f<m and

<
<qi(k) ifn<f<2r

NN

Recall now the expression for the quotient ¢;(k) from (5.2). This quotient ¢ (k)
must be strictly increasing with respect to 0 < k < 1, because it has a strictly
increasing positive numerator sin(%kn) and a strictly decreasing positive denominator
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sin®(3(1 — k)x). Since ¢i(k) has limit values lim ¢i(k) = 0 and lim ¢ (k) = oo,
k—0+ k—0+

it maps the interval (0,1) onto (0,00). Furthermore, we already earlier noted that

(@) > 1if0 < 0 < m, and pup(f) < 1if n < 6 < 2n. It follows from these

observations, inequalities in (5.3) and Proposition 5.5 (4) that if 0 < 6 < =,

inf Q(k,0)= inf BUF @k loslralk)

0<k<1 o<k<1 log(l+qi(k)) = o<k<ilog(l+qi(k))
log(1 4+ p1(0)qi(k)) . log(1+ i (0)q)
su k,0) < su = lim —=————% = 1(0),
o<k81 Qk.6) 0<k21 log(1 + q1(k)) -0+ log(l+q1) m6)

and, if 1< 0 < 2,
it Q0)> inf log(1 +m (@) (k) _ .~ log(+pu(@)ar)
0<k<1 o<k<1 log(l+ q1(k)) a—0t+  log(l+q1)

log(1 + q1(k))
su k,0) < PR ———
O<k81 Q. 0) o<k<1log(1+ q1(k))

= M1 (9)7

=1

?

which proves the theorem. ([

It can be verified that the number 1 in the inequalities of Theorem 5.6 is the
best possible constant by showing that it is the limit value of the quotient Q(k,0)
whenever k — 1~. However, the bound (nsin(36)/6)? in Theorem 5.6 does not seem
to be sharp. According to several numerical test, the quotient Q(k, 8) is monotonic
with respect to k, either decreasing when 0 < 6 < & or increasing when n < 6 < 2m,
which would lead into the following result.

Conjecture 5.7. For all 0 < k < 1 and 0 < 0 < 2x, the quotient Q(k,0) fulfills

951n(l )
1= 1 k,0) <Q(k,0) < 1i k,0 AT e ’
S @O SIS ip QU0 =5 Gaae 10T
95111(%9)
— 7 = k,0 k.0 1i L) =1 if6
2ﬂsin2(i9) Icg(l)l Qk,0) < Qk,0) < g{{ Q(k,0) = ifd>mn

Finally, we have the following result.

Corollary 5.8. For all0 < 0 < 2n and z,y € Sy, the following inequalities hold:
(1) osy(@,y) < ds, (2, y) < (nsin(30)/0)0s, (x,y) if § <,
(2) dsy(x,y) = 05, (2,y) if 0 =,
(3) (msin(50)/6)%0s,(2,y) < ds,(z,y) if 0 > 1.
Proof. Follows from Corollary 5.4, Theorem 5.6 and the fact that Q(k, ) = 1.
O
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Remark 5.9. If Conjecture 5.7 holds, then the coefficient (wsin(36)/6)? in
Corollary 5.8 can be replaced by 6sin(26)/(2nsin?(26)), which gives us even sharper

bounds for the Mobius metric.

Note that Corollary 5.8 does not offer an upper bound for the metric Jg, in terms
of ps, in the case § > n. Asstated in Corollary 5.4, Q(k, €) is only a lower limit for the
quotient dg,(x,y)/0s,(x,y), so the result of Theorem 5.6 gives us this upper bound.
Specifically, even though Q(k,0) < 1 for 1 < 6 < 2, the inequality dg,(z,y) <
0s,(x,y) does not hold, as will be shown next.

Lemma 5.10. For all © < 6 < 2xn, there are some points z,y € Sy such that
3, (2,y) > 054 (2, Y)-

Proof. For z = e =#0/2 and y = e(1+F)01/2 with 0 < k < 1, the distance 0s, is
as in the proof of Lemma 5.1 and, consequently,

- 05, (2, y) Sl |0, 2, 00, 3

k—0+ 05, (T,y) ~ k=0t 05,(2,Y)
log(1 + 2sin(2k0 0

limn os(Lt2sin(3ke) 6,

k—0+ log(1 + sin(5kn)/sin”(3(1 — k)n)) =

O

Finally, we can combine the inequalities of Corollary 5.8 with our earlier results
from Section 3 in order to show that Theorem 1.1 holds.

Proof of Theorem 1.1.  Follows directly from Corollaries 3.10, 3.12 and 5.8.
Note that Theorem 1.1 contains only the best ones out of the bounds found and, for
instance, the lower bound for dg,(x,y) in Corollary 3.10 (1) is never better than the
one in Corollary 5.8 (1). Similarly, it can be shown that Corollary 5.8 has always
better lower bounds than Corollary 3.12. O

6. MOBIUS METRIC UNDER QUASIREGULAR MAPPINGS

In this section, we yet briefly consider the behaviour of the M&bius metric under K-
quasiregular mappings. This topic has already been researched in [15], Theorem 5.12,
pages 528-529, but we can improve the existing results with our new bounds for the
Mobius metric in sector domains. However, let us first define all the concepts needed.

Definition 6.1 ([6], pages 289-288). Choose a domain G C R™ and let the
function f: G — R™ be ACL", as defined in [6], page 150. Suppose that there exists
a constant K > 1 such that the inequality

(6.1) [f@)" < KJp(x),  |f'(«)] = max [ ()hl,
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where J¢(x) is the Jacobian determinant of f at the point z € G, holds a.e. in G.
Then the function f is called quasiregular and the smallest constant K > 1 fulfilling
the inequality (6.1) is the outer dilatation of f. Similarly, the inner dilatation of f
is the smallest constant K > 1 such that the inequality

(6.2) Jr(x) < KU(f'(2)", Uf'(2)) = pnin, | (x)h]

holds a.e. in G. The function f is K -quasiregular, if max{Ki(f), Ko(f)} < K, where
Ki(f) and Ko(f) are the inner and the outer dilatation of f, respectively.

See [6], equation (7.1), page 104, and [16] for the definition of the conformal
modulus of a curve family T' and denote it by M(T'). For any nonempty subsets
Fo, i € R™, let A(Fp, F1;R™) be the family of all the closed nonconstant curves
joining these two subsets Iy and F;. Furthermore, denote the Euclidean line segment
between two points x,y € (R"U{co}) by [z, y] and let e, be the kth unit vector of the
n-dimensional space, k = 1,...,n. Now, we can define the Grétzsch capacity (see [6],

equation (7.17), page 121) as the decreasing homeomorphism ~,: (1,00) — (0, 00),
Yn(s) = M(A(B", [ser, 0]; R™)), s> 1.

Note that, if n = 2, we have the explicit formulas (see [6], equation (7.18), page 122)

2 EIC(\/l —7“2)

1 dx
Yo (1/7) = M7 p(r) = 5 ) . K(r) :/0 \/(1 —22)(1 - 7“23:2)'

By using the definition of the Grotzsch capacity, we can define also an increasing

homeomorphism ¢x ,: [0,1] — [0, 1], (see [6], equation (9.13), page 167)

1
Y (K (1/7))

and a number \,, (see [6], equation (9.5), page 157 and equation (9.6), page 158)

Yra(r) = for0<r<1, K>0; ¢rn(0)=0, ¢rn(l)=1,

log A, = lim (('yn(t)/wn,l)l/(l_”) —logt),
t—o00

where w,,_1 is the (n — 1)-dimensional surface area of the unit sphere S"~1(0,1). For
every n > 2,4 <\, <271 and Ay = 4.

The Schwarz lemma is one of the most well-known results in the distortion theory
and, while its original version is about the distortion of the Euclidean metric under
holomorphic functions, there exists the following modified version of the Schwarz
lemma that tells about the distortion of the hyperbolic metric under K-quasiregular
mappings.
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Theorem 6.2 ([6], Theorem 16.2, page 300 and Theorem 16.39, page 313). Let
G,G" € {H",B"}, f: G — f(G) C G’ be a nonconstant K-quasiregular mapping
and o = K;(f)"/(="). Now,

(1) thw < OKon (th W) < A,}l_a<th QG(;va) )a,
(2) o (f(2), f(y)) < K1(f)(ec(z,y) +log4)

holds for all x,y € G. Furthermore, in the two-dimensional case n = 2,
(3) QG’(f(x)7 f(y)) < C(K) maX{QG(ma y)7 QG(J?, y)l/K}

for all x,y € G, where

o(K) =2arth(pr2(th(3))) < v(K —1)+ K, v=Ilog(2(1++/1—-1/e?)) < 1.3507,

see [6], Theorem 16.39, page 313. Here, ¢(K) — 1 when K — 1 and, by the
conformal invariance of the hyperbolic metric, the result (3) also holds for any two
simply connected planar domains G, G’ because they can be mapped conformally
onto the unit disk B2.

Corollary 6.3. If Sy is a sector with an angle 0 < 6 < mw and f: Sg — Sy is
a nonconstant K-quasiregular mapping, then

nsin(

Ssa (7o), £0) < ol minf2, (SN N a5, (.90, 55, (0,901 /5)

for all x,y € Sp.

Proof. Follows from Theorems 1.1(1)—(2) and 6.2 (3). O
A similar result holds for a nonconvex sector.

Corollary 6.4. If Sy is a sector with an angle 1 < 6 < 2w and f: Sy — Sy is
a nonconstant K-quasiregular mapping, then

Lle))%sg(x,y), (%19))2/1!(559 (x’y)l/K}

nsin(g sin(3

8, (f (), f () < 4e(K) max{ (

for all x,y € Spy.

Proof. Follows from Theorems 1.1(3) and 6.2 (3). O
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Corollary 6.5. If Sy is a sector with an angle 1 < § < 2n and f: Sy — Sp is
a nonconstant K-quasiregular mapping, then

/K
th 559 (f(x), f(y)) < C(K)Q (2th §Se(xay))
4 T 2
for all x,y € Spy.
Proof. By Theorems 1.1(3), 6.2(3) and 3.9 (3),

T I.10) 0, 25aH0.S0)
4 h 2
ch( (5) max{2arth(ss,(z,y)), (2arth(sg, (x’y)))l/K}).

h ? () wmax{os, (2, 05, (r. )"/}

It follows from [14], Theorem 5.3, page 11, that

th(c max{2arth(t), 2arth(1))"/¥}) < C1/%

forall0 <t <1, K>1and C > 1. Consequently,

65’9(f( )7f(y))

]

0
th < C(K)Esse(xay)l/K-

4
By Corollary 3.8 (2), ss, (z,y) < 2th(3ds,(z,y)), so the result follows. O

Remark 6.6. Neither Corollary 6.4 nor Corollary 6.5 offers a bound for the dis-
tortion that is always better than the result of the other corollary, which can be seen
by studying the case, where § — 1~ and ¢(K) = K =1 for varying points z,y € Sy.

Corollary 6.7. If Sy is a sector with an angle 0 < 6 < 2t and f: B?> — Sy is
a nonconstant K-quasiregular mapping, then, for all z,y € B2,

nsin(:

S5, (£ (@) £w) < () min{2, (DY Y e . ). )5,
if0 <6<, and
b5, (f(2), f(y)) < 4e(K) max{dg: (z,y), 0g2 (z,y) YK} ifn <6 < 2m
Proof. Follows from Theorems 2.1, 1.1 and 6.2 (3) O

Corollary 6.8. If Sy is a sector with an angle 0 < 6 < m and f: B?> — Sy is
a nonconstant K-quasiregular mapping, then for all x € B? such that |z| > (e — 1)/
(e+1),

@) <17l (G- d )C(K)“(e) with u(0) = min{2, (%@)2}
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Proof. By the triangle inequality, Theorems 3.1, 1.1 and 6.2 (3), and [6], equa-
tion (4.14), page 55

g B ¢ 10g O LOILFOL oy, 150) SO

o = 7(0)] 7 (0)]
|f(z) = f(0)]
< 1o8(L+ e () dss GO
:jse(f(x)vf( )) <559( ( )a (0))
< u(®)os, (f(x), £(0)) < (K )u(h) max{op: (z,0), gp2 (x,0)/ %}
1+ |z 14+ |z|\V/&
= c(K)u(h) max{log o’ (log = |x|> },
and, if the inequality
1+ |z 1+ \VE 1+ |z e—1
log 71 > (e 7=py) @ o ekl >
holds, then we have
/()] 1+ |z 1+ |z \etOu®)
log {71 < Bu@)log 70 & F@I < VO (75)

O

Remark 6.9. Note that Corollary 6.8 refines [6], Theorem 16.19 (1), page 306,
when n = 2.

7. MOBIUS METRIC IN POLYGON

In this section, we introduce a few open questions related to the Mobius metric
inside a polygon domain. Especially, we are interested in the inequality between the
Mobius metric and the hyperbolic metric defined in a polygon. All the computational
findings and Figure 3 have been made with MATLAB programs from [11].

Even though the inequality og,(z,y) < ds,(x,y) holds in all convex sectors by
Theorem 1.1 and these metrics are equivalent in such convex domains as the unit disk
and the upper half-plane, our computer experiments verify that neither of metrics is
always greater than or equal to the other in all polygonal domains, not even in all
convex polygons.

Conjecture 7.1. If G C R? is any bounded polygonal domain, there are always
some points x,y,u,v € G such that oc(z,y) < dg(z,y) and og(u,v) > dg(u,v).
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However, the values of these two metrics do not differ very much from each
other in the domain G}, shaped like a regular convex k-gon with k vertices eP?™/F
p=0,1,...,k—1, especially as the value of £ grows and this domain resembles more
and more the unit disk, where these metrics are equivalent.

Conjecture 7.2. If Gy is the above regular k-gon and z,y € NGy, are distinct
points, then

lim (M) 1
k—o0 QGJ%ZJ)

Furthermore, recall from Corollary 3.5 that the inequality dg(x,y) < 4doa(z,y)
holds for all points z, y in a simply-connected domain G, and our computer tests
suggest that this result can be improved in the case of polygonal domains.

Conjecture 7.3. For all polygonal domains G C R2, the inequality %gg(x,y) <
da(z,y) < 20a(z,y) holds for all z,y € G.

Figure 3 contains an example of a nonconvex polygon, where the values of the
quotient dg(x,y)/oc(x,y) vary at least on the interval [0.73,1.64]. Note that, based
on our computer tests, the latter constant in the inequality of Conjecture 7.3 can be
replaced with a smaller one when considering only convex domains. Another interest-
ing notion is that by Corollary 3.5 the uniformity constant Ag of a domain G fulfills

0c(7,y)
Ag > —/— 2%
¢ 25@(.13, y)

for all points x,y in the domain z,y, so computing the maximum value of the
quotient og(x,y)/(20G(x,y)) gives a lower bound for the uniformity constant Ag.

Open Access. This article is licensed under a Creative Commons Attribution 4.0
International License, which permits use, sharing, adaptation, distribution and re-
production in any medium or format, as long as you give appropriate credit to
the original author(s) and the source, provide a link to the Creative Commons li-
cence, and indicate if changes were made. The images or other third party ma-
terial in this article are included in the article’s Creative Commons licence, unless
indicated otherwise in a credit line to the material. If material is not included
in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain per-
mission directly from the copyright holder. To view a copy of this licence, visit
http://creativecommons.org/licenses/by/4.0/.
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Figure 3. Contour plot of the quotient dg(z,y)/0c(x,y), when G is the polygon with ver-
tices 1, e099m/3 0 1e™/3 @l:057/3 (27i/3 ol oAn/3 (5T/3 the point z is fixed
as 0, and y varies inside G.
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