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A study on the contraction joint element and damage constitutive 
model for concrete arch dams*
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Abstract:    A new contraction joint element model for the interface in different meshes between the arch dam sections is con-
structed. The study on the elastic-plastic damage constitutive model for concrete, which is applied to multi-axial stresses, is also 
taken. The models of the dam-foundation-reservoir system for Xingbiling and Jinping concrete arch dams, China are calculated 
using the proposed contraction joint elements and the elastic-plastic damage constitutive model to verify the proposed models. 
Results showed that the proposed contraction joint element model has a high precision in simulating the behavior of contraction 
joints and the elastic-plastic damage constitutive model has a high precision in simulating the behavior of the damage to the
concrete.
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1 Introduction

It is necessary to study concrete arch dams, 
which play an important role in current engineering. 
The studies on concrete arch dams mainly focus on 
two aspects, which are the joint element model and 
the constitutive model for concrete. Ahmadi et al.
(2001) proposed a nonlinear contraction joint element 
model with coupled shear-tensile behavior to analyze
a dam-reservoir system. Liu et al. (2002) made a 
study on the effects of radiation damping on the con-
traction joint opening of arch dams. Azmi and Paultre
(2002) constructed a nonlinear contraction joint el-
ement to describe the partial joint opening and 
closing as well as tangential displacement of concrete 

dams under seismic load. Long et al. (2005) used the 
contraction joint element model to simulate the 
opening and closing behaviors of contraction joints in 
arch dams during an earthquake. Arabshahi and Lotfi
(2009) used the contraction joint element model to
simulate the nonlinear seismic responses of concrete 
lift joints, which were sliding and joint opening.
Zhang et al. (2009) used the contraction joint element 
model to analyze the Dagangshan arch dam under 
construction in China. However, these studies mainly 
focused on the contraction joint elements in the con-
dition in which the meshes of the interface between 
dam sections were the same. However, the outlet 
structures in the arch dam caused contraction in joint 
elements in the condition in which the meshes of the 
interface between dam sections were different.
Damage factors were introduced in constitutive 
models, which were proposed by Løland (1980),
Krajcinovic (1983), Mazars and Pijaudier-Cabot
(1989), Aifantis (1999) and so on, to describe the 
behavior of damaged concrete. Based on above
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theories, many studies were made. Kuna-Ciska and 
Skrzypek (2004) studied the anisotropic evolution of 
damage factors for elastic-brittle materials based on 
the theory of continuum damage mechanics (CDM) 
and the finite element method (FEM). Marfia et al.
(2004) analyzed the change in damage factors for 
reinforced concrete in the process of compressive and 
tensile softening. Mirzabozorg and Ghaemian (2005) 
proposed a damage constitutive model to describe the 
behavior of concrete under static and dynamic loads.
Lin and Hu (2005) analyzed the effects of the 
strain-rate on a damage constitutive model for con-
crete. Calayir and Karaton (2005) used a continuum 
damage model to describe the response of the con-
crete gravity dams under seismic load. Contrafatto
and Cuomo (2006) introduced the plastic theory into 
the damage constitutive model to describe the be-
havior of concrete. Pan et al. (2009) presented a
damage constitutive model to analyze the damage of
arch dams during strong earthquakes using a massless 
foundation model and viscous-spring boundary input 
model. Thus, the problems of simulating the damage 
and the behavior of contraction joints of an arch dam 
are important for actual projects.

In this paper, the elastic-plastic damage 
evolving model for concrete are studied and the
contraction joint element model is constructed to 
describe the behavior of contraction joints in the 
condition in which the meshes of the interface be-
tween dam sections are different. Then numerical 
examples for the Xingbiling and Jinping arch dams
are performed.

2 Modeling of the contraction joint element 
for the interface in different meshes between 
the arch dam sections

As shown in Fig. 1, the establishment of the joint 
elements for the interface in different meshes between 
the arch dam sections can be divided into two steps. 
The main purpose of the first step is to establish the 
interface coordination method for the interface and 
arch dam section in different meshes. The main pur-
pose of the second step is to establish the joint ele-
ment models for the interface and the arch dam sec-
tion in the same mesh. 

2.1 Interface coordination method for the inter-
face elements and the finite element of dam sec-
tions in different meshes

The differences between the displacements of 
the interface and that of arch dam section in different 
meshes can be described as
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where u1, v1, and w1 are the displacements in x, y, and 
z directions of the interface of the finite elements of 
dam sections shown in Fig. 2, respectively. u2, v2, and 
w2 are the displacements in x, y, and z directions of 
interface elements shown in Fig. 2, respectively. 1,iu

1,iv and 1
iw are the displacements in x, y, and z

Fig. 1 Numerical method for the joints of arch dam 
sections in different meshes
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directions of node 1
iP of the interface of the finite 

elements of dam sections, respectively (the super-
script 2 denotes those for the interface elements); 1

iN

and 2
jN are the shape functions of the interface of the 

finite elements of dam sections and the interface el-
ements, respectively.

Thus, the virtual strain energy of the interface 
between the interface of the finite elements of dam 
sections and interface elements can be expressed as
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where kx, ky, and kz are the virtual stiffness factors of 
the interface between the finite elements of dam sec-
tions and the interface elements; A is the area of the 
interface between the finite element of dam sections 
and the interface element.

Based on the virtual work principle and using 
the variational method for Eq. (6), we can obtain:
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where Fx, Fy, and Fz are the vectors of nodal force of 
the interface in x, y, and z directions, respectively.

The stiffness matrix of the interface between the 
finite elements of dam sections and the interface el-
ements is 
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kx, ky, and kz are adopted as the value of the elastic 
modulus of concrete.

2.2 Joint element for the interface and finite ele-
ments in the same mesh

As shown in Figs. 3a and 3b, the contact 
boundary is comprised of master and slave surfaces
(master surface consists of nodes 1, 2, 3, and 4 while 
slave surface consists of nodes 5, 6, 7, and 8). The 
master surface is the surface of the interface element, 
and the slave surface is the interface of the finite el-
ement of the dam section. For an arbitrary node N on
the slave surface, it has a corresponding anchor point 
N on the master surface to determine the touching 
point when contact occurs.

As shown in Figs. 3a and 3b, the element is 
isoparametric and consists of two coincident surfaces, 
each of which is defined by four nodes. The relative 
displacements between the two surfaces of the joint 

Fig. 2 Coupling of the interface element and finite ele-
ment in different meshes
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element can be defined as the difference in the dis-
placements between the top and the bottom surfaces. 
The constitutive relationship between resisting 
stresses and the relative displacements of the joint can 
be assumed as follows:

n n n on n
0

n on n

, / ,
0, / ,
k v v q k

q
v q k

                       (9)

where q0 is the resisting stresses in the normal direc-
tion, kn is the stiffness of the joint in compression, vn

is the relative displacement, and qon is the specified 
tensile strength of the joint. 

Fig. 4 shows the nonlinear constitutive rela-
tionship. It is reasonable to assume that the subse-
quent tensile strength of the joint will drop down to 
zero after the first opening of the joint when vn>qon/kn.
The stiffness matrix for the nonlinear joint element 
can be constructed. We start with the equilibrium 
condition between resisting stresses q0 and the nodal 
forces p by using the virtual work principle,

T d ,
A

Ap B q                    (10)

where p is the nodal force vector in the global coor-
dinate system, B is the transformation matrix between 
relative displacements v and nodal displacement u,
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The stiffness matrix kT is given by
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Substituting Eq. (9) into Eq. (11) yields
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where kT is a diagonal matrix, in which the diagonal 
terms are
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In the same way, the tangential contact charac-
teristic is also simulated by the Coulomb friction 
model.

3 Elastic-plastic damage evolving model for 
concrete

3.1 Damage model

The relationship between the stress and strain 
can be expressed as

el pl
0= (1 ) : ( ),d D           (14)

where and are the stress and strain, respectively. pl

is the plastic strain, el
0D and d are elastic stiffness

without damage and damage factor, respectively. d
can be defined as

t c c t(1 ) (1 )(1 ),d s d s d (15)

where dt and dc are the tensile and compressive 
damage factors, respectively, which can be obtained 
according to the uniaxial tensile and compressive
experiment results. st and sc are the state functions of 
the recovery of stiffness about the direction of stress, 
which can be defined as

Fig. 4 Relationship between stress and displacement for 
joint element
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where ˆ equals principal stresses. wt and wc are the 
tensile and compressive weight factors for the recovery 
of stiffness, respectively. wt and wc are relevant to the 
material properties, which control the recovery of 
stiffness. ˆ( )r is the function for judging the tensile 
and compressive statement under multi-axial stress,
which is also the function of the principal stresses.

Fig. 5 shows the process of the recovery of 
stiffness under uniaxial cyclic load. When the tensile 
stress reaches the peak (point A), concrete cracks.
Then loading to point B, the tensile stiffness reduces 
and the tensile damage factor dt can be described as 
E=(1 dt)E0 where E and E0 are the elastic modulus
and the initial elastic modulus, respectively. Then 
unloading to point C, the tensile stiffness changes to 
(1 dt)E0 and the loading path can be described as BC.
When the reversed uniaxial compression is applied to 
the concrete, if wc=0, it shows that there is no stiffness 
recovery under uniaxial compression (E=(1 dt)E0)
and the loading path can be described as CD; if wc=1,
it shows that the material fully recovers the com-
pressive stiffness under uniaxial compression (E=E0)
and the loading path can be described as CEF. When 
loading to point F, the reversed uniaxial tension is 
applied to the concrete. If wt=0, it shows that there is 
no stiffness recovery under uniaxial tension 
(E=(1 dt)(1 dc)E0) and the loading path can be de-
scribed as GH; if wt=1, it shows that the material fully 
recovers the tensile stiffness under uniaxial tension
(E=(1 dc)E0) and the loading path can be described as 
GJ.

3.2 Yield criterion and flow law

The yield criterion is
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where and are the material constants, which are
independent of size, max

ˆ is the largest eigenvalue of 
stress tensor , which is the first principal stress.
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where p is the hydrostatic pressure, I is the unit 
tensor, q is Von Mises equivalent stress, S is the 
deviatoric stress tensor, pl

t t( )� and pl
c c( )� are the 

tensile and compressive strength correspond to the 
first principal plastic strain pl

t
� and the third principal 

plastic strain pl
c ,� respectively.

The non-associated flow law is 

pl ( ) ,G��                    (24)

where is the plastic multiplier, and G is the non-
associated flow potential, which is adopted according 
to Drucker-Prager hyperbolic function. The function
of non-associated flow potential is

2 2
t0( tan ) tan ,G q p (25)

where t0 is the peak of uniaxial tensile stress. is the 
parameter of the offset, which is the speed of the 
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Fig. 5 Stiffness recovery under uniaxial load cycle
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non-associated flow potential G that tends to asymp-
tote (when is closed to 0, the non-associated flow
potential G is closed to a straight line). is the dila-
tancy angle in p-q plan.

4 Numerical examples and results

4.1 Verification for the proposed contraction joint 
element model

The Xingbiling arch dam in Guizhou province 
border between Guizhou and Yunnan provinces of 
China, which is 135.50 m in height and 444.86 m in 
the arc length of the dam crest under static and dy-
namic load at the same time is used to verify the 
proposed contraction joint element model. The
maximum thicknesses at crest and base of the dam are
8 m and 35 m, respectively. The total number of
contraction joints in the dam is 2. The thickness of
contraction joints is 2 cm. The dam is located in an
extremely strong earthquake region with a designed
peak ground acceleration (PGA) of 0.269g. The in-
fluence using massless foundation is analysed. Fig. 6
shows the model of the Xingbiling arch dam. The
dead depth of reservoir water is 105 m. The density of 
concrete is 2400 kg/m3. The elastic moduli of con-
crete and rock are 22 GPa and 20 GPa, respectively. 
The Poisson’s ratios of concrete and rock are 0.167 
and 0.24, respectively. The specified tensile strength 
qon and friction coefficient of the joints are 0 MPa and 
0.6, respectively. Hydrodynamic pressure effects are 
considered using additional mass elements according 
to Westergaard expression for incompressible reser-
voir fluid, in which the Westergaard additional masses 
are diagonal. Fig. 7 shows seismic ground accelera-
tion histories.

Figs. 8 and 9 show that the error of stress is 
approximately 6.5% between using the proposed 
contraction joint element model and the classical 
contraction joint element through comparing the
maximum value of the stress. Therefore, the proposed
joint element model has fewer errors in the distribu-
tions of stress of the arch dam. Fig. 10 shows that the 
error of the maximum opening of the upstream face of 
the arch dam is approximately 1% between using the 
proposed contraction joint element model and the 
classical contraction joint element through comparing 
the maximum value of the opening. The error of the

maximum opening of the downstream face of the arch 
dam is approximately 6.5% between using the pro-
posed contraction joint element model and the clas-
sical contraction joint element. Therefore, the pro-
posed joint element model has fewer errors in the 
opening of contraction joints of the arch dam, and the 
proposed joint element model has larger effects on the 
opening of contraction joints of the downstream face 
of the arch dam than that of the upstream face of the 
arch dam.

Fig. 6 Model of Xingbiling arch dam
(a) Xingbiling arch dam with foundation; (b) Position of 
contraction joints

(b)

Contraction joints

(a)

Fig. 7 Seismic ground accelerations along (a) and across 
(b) the river, and in the vertical direction (c)
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4.2 Numerical examples for Jinping arch dam
with outlet structure

The Jinping arch dam in Sichuan province of 
China, which is 306.50 m in height and 563.77 m in 
the arc length of the dam crest is calculated. The 
maximum thicknesses at crest and base of the dam are 
18.5 m and 66 m, respectively. There are six contrac-
tion joints in the dam. The PGA, seismic ground ac-
celeration histories, input method for earthquakes
and model for hydrodynamic pressure effects are the
same as the above example. Fig. 11 shows the model

of the Jinping arch dam. The storage level of its res-
ervoir water is equivalent to 300 m. The density of the 
dam’s concrete is 2400 kg/m3; the elastic moduli of 
the concrete and rock are 25 GPa and 18 GPa, re-
spectively. The Poisson’s ratios of the concrete and 
rock are 0.167 and 0.24, respectively. The parameters 
of the proposed contraction joint element model are 
the same as in the above example. The compressive 
damage is not considered in this model, so the com-
pressive damage factor dc=0. The relation between 
the tensile damage factor dt, the tensile strength,
and inelastic strain is shown in Table 1. The material 
constants are =0.10 and =3.0, the parameter of 

Fig. 8 Comparison of the maximum principal tensile
stress using different contraction joint element models
(unit: Pa)
(a) The maximum principal tensile stress of upstream surface
of arch dam using the proposed contraction joint element
model for different meshes; (b) The maximum principal 
tensile stress of upstream surface of arch dam using the clas-
sical contraction joint element model for the same mesh; (c)
The maximum principal tensile stress of downstream surface 
of arch dam using the proposed contraction joint element 
model for different meshes; (d) The maximum principal 
tensile stress of downstream surface of arch dam using the 
classical contraction joint element model for the same mesh

(a)

(b)

(c)

(d)

(a)

(b)

(c)

(d)

Fig. 9 Comparison of the maximum principal com-
pressive stress using different contraction joint element
models (unit: Pa)
(a) The maximum principal compressive stress of upstream
surface of arch dam using the proposed contraction joint
element model for different meshes; (b) The maximum
principal compressive stress of upstream surface of arch
dam using the classical contraction joint element model for
the same mesh; (c) The maximum principal compressive
stress of downstream surface of arch dam using the pro-
posed contraction joint element model for different mesh-
es; (d) The maximum principal compressive stress of
downstream surface of arch dam using the classical con-
traction joint element model for the same mesh
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offset is =0.01, and the dilatancy angle is =32.5°.
Fig. 12 shows that the result of the relation of 

tensile stress and strain of concrete in the axial tensile 
test calculated by the proposed damage model is very 
close to experimental data. The result verifies the 
proposed damage model.

Fig. 13 shows the distribution of the maximum 
static and dynamic principal tensile and compressive 
stresses of the arch dam calculated by the proposed
contraction joint element and damage model. This
figure shows that the maximum tensile and compres-
sive stresses of the arch dam are 2.48 MPa and 
28.73 MPa, respectively. Moreover, the static and 
dynamic principal tensile and compressive stresses

mainly concentrate on outlet structure. This is mainly 
because outlet structures are relatively flexible in 
their contact with other structures of the arch dam. 

Fig. 10 Comparison of the maximum principal com-
pressive stress using different contraction joint element
models (unit: m)
(a) The maximum opening of contraction joints of the
upstream face of arch dam using the proposed contraction
joint element model for different meshes; (b) The maximum
opening of contraction joints of upstream surface of arch
dam using the classical contraction joint element model for
the same mesh; (c) The maximum opening of contraction
joints of downstream surface of arch dam using the pro-
posed contraction joint element model for different meshes;
(d) The maximum opening of contraction joints of down-
stream surface of arch dam using the classical contraction
joint element model for the same mesh

(a)

Open-max

(b)

Open-max

(c)

Open-max

(d)

Open-max

Fig. 11 Model of Jinping arch dam
Model of Jinping arch dam with outlet structure and its
foundations from the view upriver (a) and view downriver
(b); Model of Jinping arch dam with outlet structure and its
contraction joints from the view upriver (c) and view
downriver (d); (e) Model of outlet structure of Jinping arch
dam; (f) Model of Jinping arch dam without outlet structure
and its contraction joints

(a) (b)

(e) (f)

(c)

Contraction joints
Number of 
contraction 

joints
1

2
3

4
5

6

(d)

Contraction joints

6
5

4
3

2
1

Number of
contraction 

joints

Table 1 Relation between the tensile damage factor, the 
tensile strength, and the inelastic strain

Tensile strength
(MPa)

Inelastic strain 
(×10 3)

Tensile damage 
factor

2.480 0.000 0.000
0.858 0.175 0.359
0.545 0.324 0.620
0.415 0.469 0.756
0.294 0.757 0.876
0.234 1.044 0.924
0.198 1.330 0.949
0.169 1.664 0.964



Xu et al. / J Zhejiang Univ-Sci A (Appl Phys & Eng) 2014 15(3):208-218216

Fig. 14 shows that the maximum opening of the 
first contraction joint is the greatest. It also shows that
the maximum openings of contraction joints are 
mainly at the top, which is mainly due to the hydro-
static pressure.

Fig. 15 shows the distribution of damage of the 
arch dam. The damage is mainly located on the upside 
of the downstream of the arch dam. This is because 
the seismic load that causes the response of the upside 
is greater than that of the downside response of the 
arch dam. Due to inertia, the stresses are mainly lo-
cated on the upside of the arch dam, which means that 
the damage is mainly located on the upside of the arch 
dam. Fig. 15 also shows that the damage is mainly
concentrated on the outlet structure. This is mainly 
because outlet structures are relatively flexible in 
their contact with other structures of the arch dam, 
which means that the responses of outlet structures
are greater. Due to inertia, the stresses are mainly 
located on the outlet structure of the arch dam, which 
means that the damage is mainly located on the outlet 
structures of the arch dam.

5 Conclusions

In this paper, the elastic-plastic damage evolving 
model of concrete for the Jinping arch dam and the
joint elements of contraction joints for the Jinping and
Xingbiling arch dams whose interface between the 
arch dam sections in different meshes are studied. 
Results show that the proposed contraction joint ele-
ment model has high precision in simulating the be-
havior of contraction joints, and the elastic-plastic
damage constitutive model has high precision to

simulate the behavior of damage to concrete. Conclu-
sions can be made that the static and dynamic stresses
are mainly concentrated on the outlet structure. The
influence of the outlet structure on the maximum 
openings of contraction joints is great. The damage is
mainly located on the upside of the downstream and
outlet structures of the arch dam. For the safety of the 
arch dam, it should be reinforced in these fields.

(M
P

a)

t (×10 4)

Fig. 12 Comparison between experimental data (Wu,
2006) and predicted data calculated by the proposed
damage model for concrete in axial tensile test

(a)

(b)

(c)

(d)

Fig. 13 Maximum principal tensile and compressive 
stress of arch dam calculated by the proposed contrac-
tion joint element and damage model (unit: Pa)
(a) The maximum principal tensile stress of upstream sur-
face of arch dam; (b) The maximum principal tensile stress 
of downstream surface of arch dam; (c) The maximum 
principal compressive stress of upstream surface of arch 
dam; (d) The maximum principal compressive stress of
downstream surface of arch dam
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(a)

Open-max

(b)

Open-max

Fig. 14 Distribution of the maximum opening of contraction joints of arch dam calculated by the proposed contraction
joint element and damage model (unit: m)
(a) The maximum opening of contraction joints of the upstream face of arch dam; (b) The maximum opening of contraction
joints of the downstream face of arch dam

(a) (b)

(c) (d)

(e) (f)

(g) (h)

Fig. 15 Damage of arch dam
(a) Damage of upstream surface of arch dam; (b) Damage of downstream surface of arch dam; (c) Damage of arch dam from top
view; (d) Damage of arch dam from bottom view; (e) Damage of upstream surface of arch dam without outlet structure;
(f) Damage of downstream surface of arch dam without outlet structure; (g) Damage of outlet structure from the view upriver;
(h) Damage of outlet structure from the view downriver
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