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Abstract The durability of concrete structures is in

no small degree determined by the quality and

integrity of the concrete, where structural damages

such as cracks negatively affect many of the functions

of the structure. Often cracks are formed due to

restrained thermal and hygral deformations, where the

risk is exceptionally high during the early stages after

casting. This study presents a hygro-thermo-chemo-

mechanical model that accounts for phenomena such

as hydration, external and internal drying, self-heat-

ing, creep, shrinkage and fracture. The model is

derived as a modified version of a fully-coupled

multiphase model recently proposed by Gasch et al.

(Cem Concrete Res 116:202–216, 2019. https://doi.

org/10.1016/j.cemconres.2018.09.009) and imple-

mented in the Finite Element Method. Here the gov-

erning equations are simplified, and a more efficient

solution method is proposed. These modifications are

made with the intention to obtain a model more suit-

able for structural scale simulations. To validate the

model, one of the end-restrained beams tested within

the French research project CEOS.fr is analyzed.

Laboratory data on the concrete is used to calibrate to

model and recordings of ambient conditions makes it

possible to define accurate boundary conditions.

Results from the simulation are compared to measured

temperatures and deformations from the first 60 days

after casting and are found to generally be in good

agreement. Compared to the fully-coupled model by

Gasch et al. (2019), the modifications proposed in this

study reduce the computational cost by a factor five;

without any noticeable differences to the structural

results.
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List of symbols

Upper case letters

AC Normalized affinity

Ca
p Specfic heat of phase a

Cia
p

Specfic heat of species i in phase a

Grad Surface irradiation

G�
f

Fracture energy

I1 First invariant of t

I�1 First invariant of �h�ti
J2 Second deviatoric invariant of t

J�2 Second deviatoric invariant of �h�ti
Mvap Mass transfer of species W from w to g

Mi Molar mass of species i
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Ps Pressure acting in the system

R Universal gas constant

T Temperature

Tamb Ambient temperature

Tref Refernce temperature

TT Max temperature at which hardening occurs

Lower case letters

a / c Aggregate to cement ratio

w / c Water to cement ratio

b Biots coefficient

f� Strength

f�1 Strength at nC1 and Tref
fT Convective heat transfer coefficient

ldis Characterisc element length

mC
0

Amount of C in the mixture at time zero

pa Pressure in phase a

p
Wg
sat

Partial vapour pressure at saturation

pc Capillary pressure

pia Partial pressure of species i in phase a
pref Reference pressure

qD Boundary mass flux of dry air

qT Boundary heat flux

qW Boundary mass flux of water vapour

sWs Degree of water saturation in gel pores

sWtot Total degree of water saturation

sf Degree of saturation of fluid phase f

t Time

tI Principal component I of t

Bold letters

Ce Fouth order elastic compliance tensor

d Displacement vector

De Fouth order elasticity tensor

e Strain tensor

ecr Creep strain tensor

eth Thermal strain tensor

g Gravity vector

I Second order unit tensor

Jig Diffusive mass flux of species i in phase g

n Normal vector

pI Principal direction I of t

t Total stress tensor
~t Damaged total stress tensor

ss Effective tress tensor of phase s

uig Diffusive velocity of species i in phase g

vf ;s Velocity of phase f relative to phase s

Greek letters

e Surface emissivity

� Capillary porosity

�a Volume fraction of phase a
�is Volume fraction of species i in the solid phase

C Boundary surface

j Aging degree

keff Effective thermal conductivity

lf Dynamic viscosity of fluid phase f

X Model domain

x Damage variable

xia Mass fraction of species i in phase a
u Relative humidity

q Total density

qa Intrinsic density of phase a
qia Mass averaged density of species i in phase a

qi Intrinsic density of species i

r Stefan–Boltzmann constant

nC Reaction degree of species C

Indices

A Aggregates

C Anhydrous cement

D Dry air

G Gel pores space

H Hydrated cement

N Chemically bound water

W Water in liquid or gas form

a Arbitary phase

f Arbitary fluid phase

g Gas phase

i Arbitary species

s Solid phase

w Wetting phase

1 Introduction

For concrete structures in general, and infrastructure

applications such as nuclear power, hydropower and

bridges in particular, the quality of the concrete is

essential in order to ensure a safe and durable

structure. Early-age cracking due to restrained thermal

and hygral deformations as well as poor hardening

conditions not only affect the load carrying capacity of

a structure greatly but also many other functions that

the structure is required to fulfil. Such functions can

include stiffness requirements for bridges and leak-

tightness for both nuclear and hydropower structures.
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In addition, pre-existing cracks cause an increased risk

and rate for other degradation processes such as frost

action, leaching and alkali-aggregate reactions (AAR)

when in contact with free water, thereby significantly

reducing the expected service life of the structure.

Although much progress has been made on this topic

during the last decades, there is still a need to increase

further the knowledge on how to prevent these, often

unnecessary, structural damages due to restrained

deformations, both in connection to casting but also

during later stages due to for example environmental

loads. The need exists for both experimental and

theoretical studies on the material behaviour of

concrete, and moreover to realize the knowledge

gained from such studies into design aids and predic-

tive models that are suitable for analyses on the

structural scale, the latter being the focus of this study.

The aim is to present and verify a numerical model

useful for structural scale studies of early-age crack-

ing, including effects such as cracking, creep, drying

and thermal shrinkage.

Many predictive models have been presented and

applied to the early-age behaviour of concrete struc-

tures in the literature. However, often these only

consider the thermo-mechanical effects [1–3]. It is

mainly during the last decade that models additionally

accounting for hygral effects have been considered

and also more refined models for the hardening

process devised and coupled to other physical fields

[4–8]. The development of models to also consider

hygral effects for early-age concrete is in no small

degree motivated by the increased usage of high-

performance concrete, where self-desiccation and

autogenous shrinkage during hydration is more pro-

nounced than in conventional concrete. However,

these effects are also noticeable and significant for

conventional concrete. Hygral effects can be vital to

consider when studying concrete structures subjected

to realistic environmental conditions when for exam-

ple considering drying shrinkage. A class of models

that have proven fruitful in describing many of the

processes essential for early-age and mature concrete

is the adoption of multiphase porous media theory to

early-age concrete by Gawin et al. [9, 10], together

with later developments on the same framework, e.g.

[11–14]. In this class of models, concrete is described

as a three-phase porous media and the governing

equations employed to describe its hygro-thermo-

chemo-mechanical (HTCM) properties are formulated

based on a mechanistic approach through the averag-

ing theorems outlined by, for example, the Thermo-

dynamically Constrained Averaging Theory (TCAT)

[15]. While the original model by Gawin et al. [9, 10]

presents a fully-coupled approach to the HTCM

behaviour and is mainly validated using laboratory

scale examples, it has later been modified to be more

suitable for structural applications by, for example,

Scium’e et al. [14] through the decoupling of the

hygro-thermo-chemical problem and the mechanical

problem. Sciumé et al. applied and verified this

modified model to repair problems, and also extended

the original model to consider concrete cracking

through damage mechanics. Similar modelling

approaches have, furthermore, been successfully

applied to study other applications related to concrete

structures, for example, exposure to fire [16, 17], frost

action [18, 19] and AAR [20].

This paper presents a HTCM model based on a

multiphase porous media approach intended for pre-

dictive analyses of concrete structures from casting

and during the later stages of its service life. It is based

on the model recently proposed by Gasch et al. [11], in

which a fully-coupled approach is adopted to the

HCTM problem. As done by Sciumé et al. [14], the

current study presents a decoupling of the governing

equations and the suppression of several weak phys-

ical couplings, but still maintains the same general

format of the governing equations and other properties

of the model. While most constitutive equations

employed also remains the same as in [11], some

new and modified ones are also provided. Further-

more, a new solution algorithm is presented to replace

the fully-coupled solutionmethod employed in [11], in

order to arrive at a model that is more computationally

efficient and thus more suitable for large-scale appli-

cations. To analyse the applicability of the proposed

model to describe cracking due to restrained defor-

mations in a structural scale application, one of the

end-restrained beams tested within the French

research project CEOS.fr [21] is modelled. This

example includes both the early-age behaviour with

cement hydration, self-desiccation and self-heating, as

well as actual environmental conditions including

hourly variations in temperature, relative humidity and

solar radiation.

First, the general mathematical framework of the

multiphase model is reviewed, and its numerical

implementation discussed. It is followed by the
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application of the model to the CEOS.fr beam,

including calibration of concrete material properties,

model set-up and a discussion on the simulation results

in comparison to the measured data. Finally, some

general conclusions are given.

2 Multiphase model for early-age concrete

Mechanics of porous media is today a major branch of

continuum mechanics and of interest for many engi-

neering applications within for example geomechan-

ics and biomechanics. When formulating the

governing equations that describe the behaviour of

the porous media, either a phenomenological or a

mechanistic approach can be adopted [22]. In the

phenomenological approach, the behaviour of the

multi-phase system is derived directly on the macro-

scopic scale through observation of experiments and

by fitting differential equations to these; not necessar-

ily considering all processes involved. In contrast, a

mechanistic model aims at a true physical description

of the phenomena causing the observed behaviour of

the material. For a porous media such as concrete, this

means working with multi-scale considerations and

up-scaling procedures. In this work, the latter

approach is used, with the Thermodynamically Con-

strained Averaging Theory (TCAT) developed by

Gray andMiller [15, 23] as a starting point for deriving

the conservation equations for early-age and mature

concrete. The used model builds on the recently

presented model by Gasch et al. [11] in which concrete

is considered as a three-phase material consisting of a

solid, a wetting and a non-wetting phase. Compared to

other similar models in the literature, such as the

models by Gawin et al [9, 10], Jefferson et al. [12],

Sciumé et al. [14], the solid phase is by Gasch et al [11]

decomposed into several species, including the struc-

tural water held in gel pores (\3 nm), aggregates,

unhydrated cement and hydration products. The same

assumption is used in this study. However, the

proposed model is modified to be more suitable for

large-scale structural applications. As made by for

example Sciumé et al. [14], this is done by introducing

the following hypotheses:

1. The velocity of the solid phase is negligible

compared to those of the two fluid phases.

2. The effects of gravity on fluid flow is negligible.

3. All species are considered incompressible.

4. The hygro-thermo-chemical phenomena does not

depend on mechanical part of the problem.

These hypotheses allow us to decouple the hygro-

thermo-chemical part from the mechanical part of the

model, which significantly reduces the computational

cost and complexity of the model. It should be

mentioned that Sciumé et al. [14] also assumes that

the advective of heat transport is negligible, which is

not done in the current study.

Although similar to the equations presented by

Gasch et al. [11], the final form of the governing

equations of the multiphase model is presented in the

following to highlight the differences. However, most

constitutive and physical relationships are for brevity

only presented in Appendix A. For more background

on the model equations, the reader is referred to

reference [11], as well as [9, 10, 14, 24, 25] for more

general descriptions of multiphase modelling of

concrete.

2.1 Hygro-thermo-chemical behaviour

The hygro-thermo-chemical (HTC) behaviour of the

concrete is given by evolution equations to describe

the extent of cement hydration together with the

conservation of mass and energy of all species in all

phases. Compared to the more detailed model by

Gasch et al. [11] it can be noticed that all terms related

to the movement of the solid skeleton are omitted from

the presented equations. The dependent variables of

the HTC part of the model is the solid volume fraction

�s, the capillary pressure pc, the gas pressure pg and the

temperature T . Furthermore, two state variables are

used to track the extent of cement hydration through

the hydration degree nC and an ageing variable j that

is used to model the evolution of several material

properties.

2.1.1 Cement hydration and ageing

The chemical model to describe the hydration process

employed herein follows the work of Ulm and Coussy

[26, 27], using a normalized description of the reaction

extent through nC. An Arrhenius type evolution law

can be formulated for the reaction rate following Ulm
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and Coussy [27] and including later developments

[4, 28], such that

d

dt
nC ¼ ðswÞ4ACðnCÞ exp �QC

RT

� �
: ð1Þ

The normalized affinity AC controls the reaction rate

and is here defined using the formula proposed by

Sciumé et al. [14], see Table 3. The first term on the

right-hand side of Eq. (1) is introduced to account for

the influence of the moisture state on the cement

reaction in a simplified manner, where sw is the

capillary saturation of the porous media [11].

The evolution of many material properties of

concrete, such as strength, depends on the character-

istics of the microstructure and how it evolves with

time, and can thus be difficult to relate directly to the

extent of hydration. To consider also how the curing

temperature effects this, the model suggested by

Cervera et al. [28] is adopted in which the evolution

of an ageing degree j is introduced on the form

d

dt
j ¼ TT � T

TT � Tref

� �0:3

Bf � 2Afn
C

� � d
dt
nC; ð2Þ

where the first term accounts for the effect of different

curing temperatures. It is done by prescribing a

maximum temperature TT at which hydration can take

place (� 100 �C) [28]. The ageing degree can then be

used to define the evolution of mechanical properties

such as strength f� and fracture energy G�
f , and also

transport properties such as the intrinsic permeability

k. For example, the mechanical strengths are given as

f� ¼ jf�1; fþ ¼ j2=3fþ1 ð3Þ

where f�1 is the strength at complete hydration for a

concrete cured at a constant temperature Tref . Simi-

larly, G�
f is assumed proportional to

ffiffiffi
j

p
, see [11, 28].

2.1.2 Conservation of mass

Using the characterization of concrete as a porous

media by Gasch et al. [11] means that a total of seven

mass balances needs to be considered, one for each

species in each phase. However, to reduce the number

of model equations these are grouped such that only

three mass balances are included in the final model:

one for the solid species A;C;Hð Þ, one for water W

and one for dry air D. First, the mass balance of all

solid species is utilized to obtain an evolution equation

for the solid phase volume fraction

o�s

ot
¼ � 1

qSs
�s

o

ot
qSs þ �srWs

� �
, ð4Þ

which is defined by the rate of chemically bound water

rWs and the composition of the solid phase expressed

by

qSs ¼ qA�As þ qC�Cs þ qH�Hs. ð5Þ

Notice that all volume occupied by each species is

temperature dependent and that �ia evolves with the

extent of hydration, see Table 3. Furthermore, since

the capillary porosity � ¼ 1� �s, it follows that

o�s=ot ¼ �o�=ot, which is used in several of the

following equations.

Water is in the framework proposed by Gasch et al.

[11] present in all three phases of the porous media in

contrast to most other similar models. This fact is of

course reflected in the mass balance formulated for the

total water content of the material, which takes the

form

o

ot
�swqW
� �

þ o

ot
�s�GssWsqW
� �

þ o

ot
�sgqWg
� �

� �srWs þr � �swqWvw;s
� �

þr � �sgqWgvg;s
� �

þ r � �sgqWguWg
� �

¼ 0,

ð6Þ

where the second term accounts for the water held in

the gel pores; this term is normally not present and

often lumped together with the capillary water. A

consequence of this is that the gel water does not

contribute to the fluid flow in Eq. (6), which is in line

with the argumentation by Ulm et al. [29]. Also, the

term �srWs originates from the mass balance of gel

water, meaning that it describes how the cement only

reacts with water in the gel pores. All other terms are

standard and present in most multiphase models of

concrete, see for example Lewis and Schrefler [24].

Lastly, the mass balance of dry air is given on a

standard form as

o

ot
�sgqDg
� �

þr � �sgqDgvg;s
� �

þr � �sgqDguDg
� �

¼ 0.

ð7Þ
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2.1.3 Conservation of energy

The conservation of energy is formulated for the

concrete as a whole by summation over all species and

phases. Furthermore, as usually done for concrete, it is

assumed that all phases are in local thermodynamic

equilibrium and that velocities are considered small

and the time scale of interest large (days). From the

latter assumption, it follows that any contributions

from viscous dissipation and mechanical work can be

omitted [11, 22]. Then by expressing the energy

balance in terms of enthalpy, we obtain a model

equation on a similar form to the classical heat

equation:

qCp

� �
eff

o

ot
T þr � q� hCs þ HvapMvap

þ �swqWCw
p v

w;s þ �sgqgCg
pv

g;s
	 


� rT ¼ 0,

ð8Þ

where

qCp

� �
eff
¼
X
a

X
i

�axiaqaCia
p . ð9Þ

2.1.4 Constitutive relationships of the hygro-thermo-

chemical problem

Most constitutive and physical relationships that are

necessary are summarized in Table 3 and described in

detail by Gasch et al. [11]. To define the capillary

pressure that is used as a dependent variable of the

model, the Kelvin equation is used

pc ¼ � qWRT
MW

ln
pWg

p
Wg
sat

� �
, ð10Þ

where also pWg=pWg
sat is identified as the relative

humidity u. Moreover, the capillary pressure can also

be defined as the pressure difference between the non-

wetting and wetting phases, i.e.

pc ¼ pg � pw, ð11Þ

which is derived from the second law of thermody-

namics given a state of local equilibrium, as shown by

for example Pesavento et al. [30].

2.1.5 Initial and boundary conditions of the hygro-

thermo-chemical problem

To complete the HTC problem formulation, the

governing equations have to be complemented by

initial and boundary conditions. Initial conditions are

specified for each dependent variable over the entire

model domain X such that

�s ¼ �s0; nC ¼ 0; j ¼ 0;

pc ¼ pc0; pg ¼ p
g
0; T ¼ T0; on X:

ð12Þ

For the three physical fields, pc0, p
g
0 and T0 are typically

identified from ambient data or measurements, while

�s0 can be calculated from the properties of the concrete

mixture, e.g. through the water-to-cement ratio w=c.

Additionally, boundary conditions are needed for the

governing Eqs. (6)–(8) that contain spatial derivatives,

either by directly prescribing the value of their

respective dependent variable on surface C1, such that

pc ¼ p̂cðtÞ on Cc
1;

pg ¼ p̂gðtÞ on Cg
1;

T ¼ T̂ðtÞ on CT
1 ;

ð13Þ

or the boundary flux. Since the proposed model is

intended for concrete structures located in an outdoor

environment, a mixed boundary condition is often

appropriate to define the boundary flux. Hence, on the

surface C2, the fluxes are given by

�swqWvw;s þ �sgqWgvg;s þ �sgqWguWg
� �

� n
¼ qW þ fW qWg � qWg

amb

� �
on Cc

2;

�sgqgvg;s þ �sgqDguDg
� �

� n ¼ qD on Cg
2,

qþ �swqWvw;sHvap

� �
� n

¼ qT þ fT T � Tambð Þ þ e rT4 � Grad

� �
on CT

2 .

ð14Þ

When exposed to realistic environmental conditions,

the surface flux of water through Cc
2 is in Eq. (14)

controlled by the ambient concentration of water

vapour qWg
amb and the surface transfer coefficient fW .

Similarly, for the heat flux through the surface CT
2 ,

both convective and radiative contributions are con-

sidered in such a case. The convective heat transfer is

controlled by the ambient temperature Tamb and the

surface coefficient fT, which is calculated as a function

of wind speed and the ambient surface film
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temperature [31]. For the radiative heat flux, the total

irradiation Grad on the surface is calculated from the

sum of the ambient and the solar radiation.

2.2 Mechanical behaviour

The mechanical behaviour of the concrete is governed

by the conservation of linear momentum of all species

and phases. As will be shown, it also depends on the

current state of the HTC properties, which thus serve

as an input to the mechanical part of the model.

However, as already pointed out, no coupling in the

opposite direction is considered. The dependent

variable of the mechanical part of the model is the

displacements d. In addition, to account for the

complex behaviour of early-age concrete a number

of state variables are utilized for the computation of

damage and inelastic strains, see Sect. 4.

2.2.1 Conservation of linear momentum

The conservation of linear momentum is formulated

for the concrete as a whole by summation over all

species and phases. As for the HTC part, it is assumed

that velocities are small and the time scale of interest

large (days), which means that inertial forces and

forces due to mass exchanges can be neglected [22].

Hence, the linear momentum balance takes the quasi-

static form

�r � ~t� qg ¼ 0, ð15Þ

where ~t is the damaged total stress tensor introduced to

account for the fracture of the solid skeleton. In

continuum damage mechanics literature, ~t is often

referred to as the nominal stress tensor or simply the

macroscopic stress tensor. The total density q is

calculated as

q ¼ qSs þ qWsWs�Gs
� �

�s þ swqW þ sgqg
� �

�. ð16Þ

2.2.2 Constitutive relationships of the mechanical

problem

Most constitutive and physical relationships that are

necessary are summarized in Table 4 and described in

detail by Gasch et al. [11]. To clarify the phenomena

accounted for by the model, the definition of ~t is,

however, given. Fracture of the solid skeleton is

accounted for using the d?/d- damage framework by

Cervera et al. [32], defined in a normalized stress

space. In this model, the total undamaged stress t is

decomposed into its positive and negative parts

tþ ¼
X3
I¼1

htIiPI � PI ; t� ¼ t� tþ. ð17Þ

In continuum damage mechanics literature, t is often

referred to as the effective stress tensor. This termi-

nology is not used here in order to avoid confusion

with the effective stress concept in the sense of

poromechanics. Two damage variables x� are intro-

duced such that

~t ¼ 1� xþð Þtþ þ 1� x�ð Þt�. ð18Þ

Furthermore, using the effective stress concept and the

definition by Gray et al. [33], the total stress tensor is

t ¼ �sss � bPsI, ð19Þ

where the second term on the right-hand side acts as an

internal load that causes volumetric changes, i.e.

shrinkage or swelling, due to changes in for example

the moisture condition. The resistance of the solid

matrix to withstand external and internal loads is then

given by the effective stress

�sss ¼ De : e� eth � ecrð Þ, ð20Þ

where the elasticity tensorDe is considered to be age-

independent and given by Ê and m. The direct effect of
a change in temperature enters the model through the

thermal strains eth. However, it also affects the creep

strains ecr, which are calculated using the Micropre-

stress-Solidification (MPS) theory [34–39]. The creep

strains thus not only depend on the current state of

deformation but also on the temperature, moisture

state and the extent of cement hydration, see Table 4.

Apart from the inelastic strains contributions, the MPS

model introduces the microprestress viscosity gf as an
auxiliary state variable controlling the long-term

viscous creep. Following the modified MPS theory

presented by Gasch et al. [11], its evolution is given by

d

dt
gf þ

lc
pref

d

dt
pc

����
����g2f � wr

q4
¼ 0 ð21Þ

In contrast to the original MPS theory, it is here

assumed that the effective stress causes creep defor-

mation, following Gawin et al. [40]. Hence, the used
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variant of the MPS theory describes not only the creep

deformation but also a significant part of what usually

is considered stress-free shrinkage. The latter is here

considered in part as a creep deformation caused by

Ps. Lastly, the total strain tensor e relates the

momentum balance to the dependent variable d and

is defined using the standard small strain definition

e ¼ 1

2
rdþ rdð Þ|½ �. ð22Þ

2.2.3 Initial and boundary conditions

of the mechanical problem

As for the HTC problem, initial and boundary

conditions are needed to complete the mechanical

part of the model. These are given as

d ¼ d0; gf ¼ gf0; on X; ð23Þ

where apart from the displacements, an initial value is

also needed for the microprestress viscosity which is

identified as gf0 ¼ t0=q4 by Jirásek and Havlásek [39].

For the conservation of linear momentum in Eq. (15),

boundary conditions are additionally required, either

of Dirichlet type

d ¼ d̂ on Cd
1; ð24Þ

or of a mixed type prescribing the surface traction

~t � n ¼ t̂� fdd on Cd
2, ð25Þ

directly through t̂ or by using a spring-type boundary

condition with a stiffness fd.

3 Numerical implementation

The coupled system of governing equations comprised

of Eqs. (1)–(4), (6)–(8), (15) and (21) is solved using

the Finite Element Method (FEM) as implemented in

COMSOL Multiphysics [41]. This implementation is

done using standard procedures of the FEM (see for

example [24, 42]), starting with the conversion of the

point-wise governing equations to their weak-form

and application of the Galerkin method. The respec-

tive dependent variable of each governing equation is

expressed in terms of its nodal quantity, such that

nC ¼ Nnn̂; j ¼ Njĵ; �s ¼ N��̂
s; pc ¼ Npp̂

c

pg ¼ Npp̂
g; T ¼ NT T̂; d ¼ Ndd̂; gf ¼ Ngĝf

ð26Þ

by using the FE shape functions contained in matrices

Ni. Throughout this study Np, NT and Nd are defined

using ordinary linear Lagrangian shape functions,

while the shape functions for remaining variables are

chosen as a discontinuous Lagrangian function, also of

first order, since their corresponding equations contain

no spatial derivatives. Following the decoupling of the

hygro-thermo-chemical equations from the mechani-

cal problem, one arrives at two set of equations on the

form

C1 u1ð Þ d
dt
u1 þK1 u1ð Þu1 ¼ f1 u1ð Þ; ð27Þ

C2 u2ð Þ d
dt
u2 þK2 u2ð Þu2 ¼ f2 u2ð Þ; ð28Þ

with u1 ¼ n̂; ĵ; �̂s; p̂c; p̂g; T̂
h i

|

and u2 ¼ d̂
� 

. Notice

that the auxiliary dependent variable ĝf of the

mechanical problem only depends on quantities of

the HTC problem and is thus not assembled into

Eq. (28). To obtain the coefficients of the system

matricesC1,K1, f1,C2,K2 and f2, all unknowns of the

weak-form governing equations are expressed in terms

of their respective dependent variable using the

physical and constitutive relationships described in

Sects. 2.1.4 and 2.2.2 as well as in Tables 3 and 4,

followed by the introduction of the FE discretization in

Eq. (26).

The decoupling of the HTC and the mechanical

problems allows for Eqs. (27) and (28) to be solved in

series. Time integration of each equation follows a

fully implicit backward differentiation formula

(BDF), using an adaptive order. The solution of the

partially coupled non-linear system of equations at

each time increment schematically proceeds as

follows:

1. Set all dependent variables in Eq. (26) to their

initial value or their previously converged value.

2. Iteratively solve Eq. (27) using a full Newton

algorithm to update u1.

– If convergence, continue to step 3

– Else, reduce time step and return to 1

3. Update the auxiliary variable gf .
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4. Iteratively solve Eq. (28) using a full Newton

algorithm to update u2. As part of the iterative

solution, the inelastic strain components are

updated using an exponential algorithm for the

creep strains ecr and a mid-point integration rule

for the thermal strains eth [11].

– If convergence, continue to step 5

– Else, reduce time step and return to 1

5. Update internal state variables for inelastic strain

components (ecr and eth) and damage (r�).
6. Continue to next time increment.

Compared to the fully-coupled solution employed by

Gasch et al. [11], the current solution scheme is much

more computationally efficient and thus better suited

for large-scale structural applications.

4 End-restrained beam: CEOS.fr

To validate the proposed HTC-M model intended for

structural scale applications, the well-documented

tests of end-restrained beams performed as s part of

the French research project CEOS.fr are used. These

tests represent massive reinforced beams that are

subjected to restrained deformation due to both self-

heating and self-dessication, as well as being exposed

to the outdoor environment. Measurements are avail-

able both from laboratory experiments on the concrete

that can be used to calibrate the material model and for

the actual test where environmental conditions, as well

as mechanical and thermal data from the beam, were

recorded. Buffo-Lacarriére et al. [21] summarizes the

entire experimental set-up, procedure and results from

the research project. Furthermore, the experiment has

been investigated theoretically to validate different

models for early-age concrete, both as part of the

CEOS.fr project and presented in the literature, see for

example [43–46]

4.1 Model calibration

The model and material parameters of the proposed

HCT-M model for early-age concrete are calibrated

using laboratory data from the CEOS.fr project. The

concrete used for the end-restrained beams is of grade

C50/60 and cast from a CEM I 52.5 N cement. The

concrete mixture contains 400 kg/m3 cement, 1765 kg/

m3 aggregates of two different fractions and 185 kg/

m3 water. Additionally, a small amount of superplas-

ticizer (5.4 kg/m3) was used. This yields a water-to-

cement ratio w=c of 0.46 and a aggregate-to-cement

ratio a=c of 4.4. Data on the CEOS.fr concrete from

two different laboratories is utilized in the calibration

procedure, the first presented in the report by Julliot

and Mary-Dippe [47] and the second by Kolani [48].

4.1.1 Cement hydration and ageing

The characteristics of the cement hydration and heat

development were tested under adiabatic conditions

by Julliot and Mary-Dippe [47]. The results of this test

are presented in Fig. 1a, together with the calibrated
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Fig. 1 Comparison of measured (markers) and simulated

(lines) results for a adiabatic temperature development and

b mechanical properties. In b solid lines indicate isothermal

conditions and dashed lines adiabatic conditions
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model response. As seen, the agreement is excellent,

both with regards to the kinetics of the reaction

controlled by the affinity function proposed by Sciumé

et al. [14] and the final temperature. The latter is given

both by the latent heat of hydration, which is here set to

415 kJ/kg cement (see Table 2), and the thermal

properties of the different constituents of the concrete

as summarized in Table 1.

Kolani [48] tested the evolution of several mechan-

ical properties with the hydration including Young’s

modulus E, compressive strength f� and tensile

strength fþ, and tensile fracture energy Gþ
f under

isothermal conditions. The calibrated model response

from the hydration model together with the ageing

model in Eq. (2) for f�, fþ and Gþ
f are presented in

Fig. 1b and compared to the measured data. Addi-

tionally, the material values predicted by the model

under adiabatic conditions are presented as dashed

lines to exemplify the consequence of considering the

curing temperature when evaluating the material

properties. As can be seen, the higher curing temper-

ature leads to a reduction of 8 to 15 % at complete

hydration compared to isothermal conditions. How-

ever, it should be pointed out that the chemical

reaction is significantly faster under adiabatic condi-

tions. Hence, for a given time the adiabatic sample can

still exhibit higher strengths than the isothermal

sample. The actual value obtained in-situ often lies

in between these two extremes. However, for massive

structures such as the CEOS.fr beam, the core can

exhibit near adiabatic conditions while the concrete at

the surface is significantly cooler.

4.1.2 Delayed deformations

Several measurements of delayed strains such as

autogenous and drying shrinkage as well as creep on

sealed and unsealed specimens were performed by

both laboratories used to calibrate the creep and

shrinkage parts of the model. The measurements

reported by Julliot and Mary-Dippe [47] were carried

out on prismatic specimens with dimensions

70	 70	 280 mm3, while those reported by Kolani

[48] were carried out on cylindrical specimens with a

height equal to 225 mm and a diameter equal to 120

mm. Hence the FE model of the specimens is set up

using either plane stress conditions or axial symmetry

depending on which specimen is modelled. In both

cases, all specimens were kept at 20 �C. Recalling that
shrinkage in the proposed model is in part accounted

for as a creep deformation caused by internal loads to

the solid skeleton, it must be pointed out that the

different measurements of delayed strain cannot be

looked at in isolation. Consequently, the parameters

related to the creep and shrinkage in the model are

chosen by looking simultaneously at all reported

measurements. Also, all simulations are performed

with the calibrated chemical model. It is therefore

mainly the parameters of the moisture transport model

and those controlling creep and shrinkage that is

determined using this data.

Specimens under sealed and unloaded conditions

were reported by both laboratories to characterize the

autogenous shrinkage of the concrete. The measure-

ments reported by Julliot and Mary-Dippe [47] started

one day after casting which is thus set as the zero level

in Fig. 2a. In the figure, it can be observed that the

model slightly overestimates the measured

Table 1 Physical properties of species in the multiphase model used in the current study

Species Phase Specific heat Thermal conductivity Thermal expansion Reference density

i a Cia
p ki ai qiref

Liquid water W w; s 4181 J=ðkgKÞ 0:591 WðmKÞ 207	 10�6 1/K 1000 kg/m3

Gas mixture W þ D g 1005 J=ðkgKÞ 0:025 WðmKÞ – –

Aggregates A s 690 J=ðkgKÞ 2:5 WðmKÞ 25	 10�6 1/K 2540 kg/m3

Anhydrous cement C s 800 J=ðkgKÞ 0:29 WðmKÞ 50	 10�6 1/K 3170 kg/m3

Hydration products H s 1500 J=ðkgKÞ 1:8 WðmKÞ 35	 10�6 1/K 1þknwð ÞqC

1þknw
qC

qN
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deformation. The measurements reported by Kolani

[48] started 2 days after casting, which is why the

presented autogenous shrinkage in Fig. 2b is smaller

than in Fig. 2a. Still, the model prediction of the

autogenous shrinkage is good also for this set of

measurements, although slightly underestimated.

Measuring the autogenous shrinkage at early-ages is

difficult, so with this, in mind, the model performance

is good especially since data from two laboratories can

be reproduced.

Both laboratories also reported measurements on

specimens subjected to unsealed and unloaded condi-

tions to characterize the drying shrinkage when

exposed to an ambient relative humidity of 0.5. Julliot

and Mary-Dippe [47] also reported the moisture loss

of the specimen, which is valuable for the calibration

of the moisture transport model parameters. Simula-

tions of the moisture loss compared with the measured

data are shown in Fig. 2a, and the two are in excellent

agreement. After 100 days of drying the model

predicts that the specimen weight has decreased by

0.8 kg. As for the corresponding deformations, the

model somewhat overestimates the total shrinkage

although the overall behaviour is captured. The

measurements, however, only show the early shrink-

age behaviour of the concrete so no conclusions can be

made on the final drying shrinkage, but the model

predicts a value close to 1100 microstrain for the given

conditions. As for the measurements of drying

shrinkage by Kolani [48], the prediction from the

calibrated model is in excellent agreement with the

reported measurements, but again only the early stages

of drying shrinkage are reported and compared.

Creep deformations were reported by Kolani [48],

both for sealed and unsealed specimens loaded in

compression. The sealed specimens were loaded at

either 2 or 7 days from casting, while for the unsealed

specimens measurements were only reported for

loading and start of drying at 2 days from casting.

The applied pressure was set equal to 40% of the

compressive strength at the age of loading, corre-

sponding to 12.2MPa at 2 days and 19.6MPa at 7 days

from casting. The results of the simulation for the three

specimens are presented and compared to the mea-

sured data in Fig. 2b. The simulations of both sealed

specimens are in good agreement with the measure-

ments. However, the measured deformation on the

unsealed specimen is severely underestimated,

although the drying creep effect is present also in the

simulation. This underestimation could likely be

improved by changing the model parameters of the

Micropresstress model, most notably lc. However,
since the drying creep effect is also active for the

sealed specimens due to the self-desiccation, this

would also increase the simulated deformations of

these specimens. Another explanation is that the

deviation is related to the excessive delay and reverse

size effect of drying creep reported by Havlásek [49].

A remedy to this was recently proposed by Rahimi-

Aghdam et al. [50], but it is not considered in the

current study.

A summary of all physical parameters are given in

Table 1 and of all calibrated model parameters in

Table 2 for the calibrated model. In total 17 of the 31

parameters in Table 2 were determined through the

calibration. For the remaining parameters, typical

values are assumed either due to a lack of available

data or a low expected variability of the parameter.
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4.2 RG8 beam model set up

The calibrated model can now be applied to the actual

end-restrained beam from the CEOS.fr project. A total

of three similar beams were tested with for example

different reinforcement contents and cast at different

times. Here the beam entitled RG8 is analysed as it

was considered a reference configuration during the

research project. The geometry of the beam is depicted

in Fig. 3, which includes the concrete beam and the

two restraining steel struts. The central part of the

concrete beam is 5.1 m long, 0.5 m wide and 0.8 m

high with 2% longitudinal reinforcement content and

stirrups of 16mm bars with a spacing of 200mm;more

details are given by Buffo-Lacarriére et al. [21]. The

casting of the RG8 beam started at 10:30 h on the 7th

of April in 2010, and the test ended 60 days later with a

static bending test. However, the bending test is not

considered here as the study focuses on the early-age

behaviour of concrete and the effects of restrained

deformations.

The beam was cast outside and thus exposed to the

ambient environment; hence, quantities such as

external temperature, relative humidity, wind speed

and solar radiation were monitored during the entire

test program. This data means the ambient conditions

for the hygro-thermal part of the problem are well-

defined. For all surfaces, no external loss of moisture is

assumed to occur for the first 2 days after casing when

an insulated formwork encloses the entire beam. After

its removal, the concrete is exposed to the ambient air

with the measured relative humidity and temperature

used to calculate qWg
amb in Eq. (14), and a constant

moisture surface coefficient fW ¼ 0:25 mm/s is

assumed. The ambient gas pressure is assumed

Table 2 Model and material parameters used in the numerical example

Parameter name Unit Value Parameter name Unit Value

Hydration model Ai 1/s 6* Tensile strength fþ1 MPa 5.2*

Ap 1/s 800* Tensile fracture energy Gþ
f;1 J/m2 140*

nCp 1 0.22* Intrinsic permeability k1 m2 3	 10�22


v 1 25* Young’s modulus Ê GPa 53*

Hydration degree at setting nC0 1 0.075* Possion’s ratio m 1 0.2

Hydration activation energy QC=R K 5350 Biot’s coefficient b 1 0.26*

Latent heat of hydration Hcem kJ/kg 415 Surface fraction aws 1 4*

Density of chemically bound water qN kg/m3 1 350 Damage model rþe 1 1

Bound water per reacted cement knw kg/kg 0.23 rþp 1 1

Gel water per reacted cement knw kg/kg 0.19 r�e 1 3

Ageing model Af 1 0.1 r�p 1 5

Ak 1 3.1* Creep model q2 1/MPa 31	 10�6


Ar 1 22.5* q4 1/MPa 4:8	 10�6


Sorption isotherm gs 1 10.5* lc 1/MPa/s 0:5	 10�12


Compressive strength f�1 MPa 69* nk 1 2

Compressive fracture energy G�
f;1 J/m2 24650

*A parameter value obtained during the calibration procedure

S

N

E
W

Fig. 3 Geometry and orientation of the RG8 beam with

dimensions in meters
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constant for all surfaces by setting p̂g ¼ 1 atm in

Eq. (13). The heat flux definition of Eq. (14) is used for

all boundaries of the heat balance equation by both

considering convective and radiative heat transfer.

The effect of the insulated formwork is modelled by

modifying the heat transfer coefficient fT accordingly.

According to Buffo-Lacarriére et al. [21], two differ-

ent zones regarding thermal properties of the form-

work can be identified. Here it is assumed that for all

lateral faces the formwork corresponds to surface

coefficient equal to 1 W/m2 K and for the upper and

lower faces equal to 4 W/m2 K, which approximately

corresponds to average values calculated from the

formwork drawings. The final value of fT used during

these 2 days is then calculated by combining the values

of the formwork with the convective heat transfer

calculated for natural and forced convection due to

wind speed using in a series model for the surface

resistance. After the removal of the formwork, fT is

only given by the convective heat transfer. For the

solar radiation included in Grad, the solar position is

also required and is calculated for the site of the test

(approximately 48�330N, 2�170E) at each time instance

[41]. Additionally, according to Buffo-Lacarriére et al.

[21] a 6 m high building is located 7 m from the

western face of the beam causing shadowing effects

during the afternoon. This effect is also accounted for

when calculating Grad, by including an isothermal

domain with the above dimensions and location. The

isothermal domain only affects the calculation of Grad

and does not add any extra degrees-of-freedom to the

model.

The boundary conditions of the mechanical prob-

lem are less well defined, but can have a significant

affect on the results. Following drawings provided by

the CEOS.fr project, the concrete beam is assumed to

be supported at four locations; two supporting the

central part and one support for each head. All four

supports are assumed to be distributed over two finite

elements and modelled as springs resisting vertical

deformation. Also, a small but non-zero spring

stiffness is assumed for the in-plane directions of the

supports of both heads in order to cancel any rigid

body motion. The reinforcement bars are modelled

using a linear elastic truss formulation since no plastic

deformations are expected. All rebars are connected to

the concrete using a spring-type interface, where the

stiffness in the normal direction degrades with the

tensile damage xþ of the concrete in order to account

for the loss in bond between the reinforcement and the

concrete during cracking in a simplified manner. The

two restraining steel struts are also modelled using a

linear elastic truss formulation, where a constraint is

added to suppress any out-of-plane deformation. Their

connection to the concrete heads is assumed to be

without any rotational stiffness.

The average element size is set to 0.1 m resulting in

a mesh that in total consists of approximately 10,000

hexahedrons for the concrete, and 1600 edge elements

for the reinforcement and the restraining struts, see

Fig. 3. The time-stepping is set up with a maximum

allowed step size of 0.1 days, although the actual step

size determined by the adaptive algorithm often

becomes smaller in order to resolve the continuous

variation of the ambient conditions and non-linear

effects of the model, e.g., damage growth with strain

localization.

4.3 Results

During the test program, an extensive amount of

sensors were installed in the concrete beam including

temperature and strain sensors at various location.

Fibre optical cables were installed in the middle

section of the beam to measure its deformation. Also,

the force in the reinforcement and the restraining struts

are monitored throughout the test program. Buffo-

Lacarriére et al. [21] gives a more detailed description

of the installed sensors.

4.3.1 Temperature results

One of the most critical quantities measured during

this type of test is the temperature evolution at

different locations in the beam; especially during the

early-age where the self-heating is very pronounced,

but also at later times where the variation in temper-

ature is mainly due to the ambient conditions. The

measured temperature at four different locations in the

mid-section of the beam is shown as dashed lines in

Fig. 4 for the first 10 days of the test program. The

corresponding results from the simulation are shown

as solid lines, which are overall in good agreement

with the measurements. The peak temperature during

the hardening phase is almost in perfect agreement at

the three central locations, where it is clear that the
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bottom part of the cross-section reaches a slightly

higher peak temperature (compare blue and yellow

lines in Fig. 4). One reason for this might be that the

top surface is more exposed to the wind causing a

higher surface heat transfer coefficient; such an

assumption is used in the simulations. For the

temperature sensor closest to the surface, the simula-

tions slightly underestimate the measurement data,

where it seems that too much heat is lost to the

environment.

After the formwork removal, the internal temper-

ature of the concrete beam is mainly controlled by the

ambient conditions, both the temperature (black line in

Fig. 4) and also the solar radiation (black area curve in

Fig. 4). The latter causes the internal temperature of

the concrete beam to be several degrees above the

measured ambient temperature in some parts of the

cross-section, as seen from both the measurements and

simulation results in Fig. 4. While the measurements

and simulation results are in good agreement for the

location closest to the surface, the simulation seems to

underestimate the temperature for the inner parts of the

cross-section. The cause of this underestimation could,

for example, be related to poorly assumed thermal

conductivities or other material properties. Another

possibility could be the mutual radiation between the

concrete and the ground or other effects the ground

may have on the boundary heat flux, which is not

considered in the simulation. However, the overall

trend observed from the measurements is recreated by

the simulation.

The temperature variation can be further studied in

Fig. 5 showing the temperature distribution at the mid-

section of the beam during the third day after casting.

The figure, also, shows the in-plane deformation of the

cross-section with respect to its undeformed configu-

ration at casting. In the first part of the figure (t ¼ 2:5

days), one can see the remaining elevated tempera-

tures from the self-heating, where the central parts of

the cross-section have a significantly higher temper-

ature compared to its outer parts. As time moves on,

the temperature decreases until t � 2:8 days when the

east face of the beam is exposed to the sun, as shown

by the thick border of the cross-section. This exposure

significantly raises the temperature in the cross-

section close to surfaces radiated by the sun, and also

causes the beam to deform towards the east. When the

sun is eventually shadowed by the building at t � 3:2

days at which only a small portion of the top surface is

exposed to the sun, the internal temperature of the

concrete starts to drop, and the cross-section moves

closer to its undeformed state. As seen for example in

t ¼ 3:2 days, the solar irradiation causes the thermal

field of the beam to become highly irregular. Lastly,

during the night the temperature continues to decrease

so that the outer parts of the cross-section again

becomes colder than its inner parts.

4.3.2 Mechanical results

Several sensors were installed during the test program

to monitor the deformation of the beam. In Fig. 6

measurements of the strain-like relative displacement

obtained from three cast in 2.5 m fibre optical cables

placed along the mid portion of the beam at different

vertical positions are shown as dashed lines. Results

from the simulations evaluated as the difference in

displacement over the length of the cables are shown

as solid lines. As can be noticed in the figure two sets

of solid lines are included. The set with thick lines

corresponds to a situation where the tensile strength

properties of the concrete (i.e. fþ1) are homogenous.

Such an assumption causes the localization of cracks

to be less well-defined and cracks may not appear at

the same location as observed during the test program,

making it difficult to directly compare it to the relative

displacement over the optical fibres. For example,
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Fig. 4 Comparison of simulated (solid) and measured (dashed)

temperature history of the RG8 beam at different locations in the

midsection. The black area curve at the bottom of the

figure indicates when the top surface of the beam is exposed

to the sun
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during the simulation two localized cracks form over

this distance (see Fig. 8), while during the test

program only one single crack was observed. More-

over, these two cracks appear 7 days after casting in

the simulation as seen by the jump in displacements in

Fig. 6, whereas the single crack observed in the test

program appears already after 3 days. For reference, it

can be mentioned that two or more crack planes was

observed for the other two beams of the CEOS.fr

project [43]. However, these have different reinforce-

ment content and were cast under different ambient

conditions, so the results are not directly comparable.

To investigate the observed deviation, a second

simulation indicated by the thin solid lines in Fig. 6

was performed. In this simulation, a weak-zone is

introduced in the mid-section as suggested by Buffo-

Lacarriére et al. [43] motivated by the high concen-

tration of instrumentation at this location. The weak-

zone is introduced by reducing fþ1 with 5 % over a

length corresponding to a single mesh element. This

modification forces a single crack to appear in the

weakened section, and it does so at approximately the

same time as observed during the test program, i.e. at

t � 3 days after casting. After removal of the form-

work, the simulations seem to underestimate the

contraction of the beam slightly as seen for the

displacement magnitude when the first crack appears

(t � 3 days). This might point to an issue with for

example the assumed mechanical boundary conditions

or the connection between the concrete heads and the

two steel struts which have been simplified, causing

the restraint to be overestimated. It could also be

related to the material response underestimating, for

example, the thermal contraction during the cooling

phase after the removal of the formwork. However,

after cracking it should be emphasized that the overall

trend and magnitude of the deformation is recreated by

the simulations, where the top of the beam is exposed

to a larger contraction than the bottom due to the

increased curvature caused by the cracking. In order to

fully verify the mechanical response of the beam, a

more thorough analysis of the mechanical boundary

conditions is definitely required. Moreover, it might be

necessary to include the random spatial distribution of

especially mechanical strength properties and possibly

other properties as well.

Lastly, the simulated crack pattern is shown in

Figs. 7, 8 and 9 for the east and west faces of the beam

Fig. 5 Temperature

distribution and deformation

of themidsection at different

ages. The gray outline shows

the undeformed cross-

section and the black lines

indicate when and where

solar irradiation is active.

The deformation is scaled by

a factor 250, and the north

arrow point inwards while

east is to the right
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Fig. 6 Comparison of simulated (solid) and measured (dashed)

strain-like relative longitudinal displacement history of the RG8

beam in the midsection
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Fig. 7 Estimated crack

width of open cracks after

6.5 days, north is to the left

of the figure

Fig. 8 Estimated crack

width of open cracks after

60.5 days, north is to the left

of the figure

Fig. 9 Estimated crack

width of open cracks after

60.5 days for a case where a

single crack is introduced in

the mid-section. North is to

the left of the figure
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as well as for a horizontal cut plane at mid-height of

the beam and at different times. The crack width wc is

in the figures evaluated at the element centroid and

estimated as

wc ¼ e1h i � fþ

Ê

� �
ldis, ð29Þ

where e1 is the maximum principal component of the

total strain tensor e. The crack width is estimated in the

order of 0.25 mm after 60.5 days, which can be

compared to an estimated crack width in the order of

0.1 mm obtained from the fibre optical cables at 3.5

days [21]. Looking at Fig. 7 that shows the obtained

crack pattern at 6.5 days after casting, it can be

observed that larger cracks have mainly formed at the

two ends of the beam. This fact is likely a consequence

of the geometric discontinuities at these locations.

Continuing to the end of the analysis in Fig. 8

(t ¼ 60:5 days) the number of cracks have increased

significantly. The simulated crack pattern is now

dominated by two new cracks in the middle part of the

beam in addition to those at the ends that were also

present in Fig. 7. Moreover, several surface cracks are

now visible, especially at the east face, which is likely

caused by a combination of the continuous drying of

the cross-section and the thermal dilation. Interesting

to notice is the effect of the solar irradiation on the

cracking, where the east face shows both larger cracks

and the extensive surface cracking compared to the

west face that is shadowed by the building seven

meters from the beam during the afternoon. The same

general conclusions can be made from Fig. 9, showing

the crack pattern from the simulation where a weak-

zone was introduced.

4.3.3 Comment on the numerical solution

A significant goal of the present study is to show how

the model formulation and solution strategy of a fully-

coupled HTCM for early-age concrete can be adapted

for structural scale applications. For comparison, a

simulation of the RG8 beam was also done with the

fully-coupled model presented by Gasch et al. [11].

The overall computational time increased by a factor

of five when using that model, while only insignificant

differences were observed for structural scale quanti-

ties as those presented in previous sections.

5 Conclusions

This paper presents a multiphase model for the hygro-

thermo-chemo-mechanical behaviour of early-age

concrete intended as a predictive analysis tool for

use in structural applications. The formulation of the

model is a modified version of the fully-coupled

HTCM model by Gasch et al. [11] in which the

concrete is considered as a three-phase material

consisting of a single solid phase and two fluid phases.

Through a number of simplifications of the model by

Gasch et al, mainly the decoupling of the hygro-

thermo-chemical problem from the mechanical prob-

lem, it is shown how it is possible to adopt a more

efficient solution strategy to reduce the computational

cost of the model. For the studied structural scale

application, this reduced computational cost is

obtained without any notable loss in accuracy. This

model property can be vital for three-dimensional

cases, where the number of degrees of freedom can be

significant. Using this modified model, essential

effects for the early-age behaviour concrete, e.g.

cement hydration, self-desiccation, self-heating and

strength growth, as well as mechanical effects also

vital for mature concrete such as cracking, drying

shrinkage and creep can be considered while main-

taining a reasonable computational effort. With this

type of model, questions central to improve the

understanding of early-age cracking of concrete

structures can be investigated. Such questions among

others include the importance of creep for relaxing the

restrained deformations, and whether one should place

most care on the thermal or moisture treatment of a

structure.

To show the applicability of the model, one of the

end-restrained beams from the French research project

CEOS.fr was simulated also considering the effects of

realistic environmental conditions. The latter was

done using measured data of the ambient relative

humidity, temperature, wind speed and solar radiation.

This data was used to define the boundary fluxes of the

hygro-thermal problem accurately. Furthermore, the

behaviour of the concrete was calibrated using labo-

ratory data on the used concrete mixture. The simu-

lations showed how the proposed model was able to

recreate the behaviour of the end-restrained beam

while there was still some discrepancies when qual-

itatively comparing the measurements and simula-

tions. These discrepancies were mainly observed for

Materials and Structures (2019) 52:85 Page 17 of 21 85



the mechanical response, where the boundary condi-

tions are less well-defined and the behaviour more

non-linear due to cracking. While not a truly predic-

tive analysis, the simulations showed how the model is

useful in modelling and understanding structural

damages due to restrained deformations.
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Constitutive and physical relationships

The constitutive equations that are required to com-

plete the hygro-thermo-chemo-mechanical model are

summarized in Tables 3 and 4. All equations are

derived or taken directly from Gasch et al. [11] if no

other references are given in the tables.

Table 3 Constitutive equations for the hygro-thermo-chemical part of the model

Affinity function [14]

AC ¼
Ai þ Ap � Ai

� �
sin p

2
1� nC�nCp

nCp

� �� �� �

1þ v
nCp �nC

nC1�nCp

� �4
" # � Ap

1þ v

� �
nCp � nC

nC1 � nCp

* +

Aggregate volume fraction
�As ¼ a=c

qA a=c
qA þ knw

qN þ kgw
qW

	 

nC þ 1

qC

h i

Unhydrated cement
�Cs ¼ 1� nC

qC a=c
qA þ knw

qN þ kgw
qW

	 

nC þ 1

qC

h i

Hydrated cement

�Hs ¼
1
qC þ

knw
qN

	 

nC

a=c
qA þ knw

qN þ kgw
qW

	 

nC þ 1

qC

h i

Gel pore space
�Gs ¼ kgwn

C

qW a=c
qA þ knw

qN þ kgw
qW

	 

nC þ 1

qC

h i

Equation of state qi ¼ qiref 1� ai T � Trefð Þ
� 

, i 2 W;A;C;Hð Þ

qig ¼ Mi

RT
pig, i 2 D;Wð Þ

Gel degree of saturation
sWs ¼

1� exp gs � 10nC
� �

u
� � ��1

1� exp gs � 10nC
� �� �1

Capillary degree of saturation
sw ¼

exp gs � 10nC
� �

u
� 

� 1

exp gs � 10nC
� �

� 1
, and sg ¼ 1� sw

Total degree of saturation
sWtot ¼

�s�GsSWs þ �sw

�s�Gs þ �

Darcy’s law
�sf vf ;s ¼ � kfrk

lf
rpf , f 2 w; gð Þ

Relative permeability [51] kfr ¼ 10s
l 0:05�Ar�ð Þ � 10 0:05�Ar�ð Þsl, f 2 w; gð Þ and l 2 g;wð Þ

Intrinsic permeability k ¼ 10Ak 1�jð Þk1I
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ÊCe :
d

dt
�sssð Þdt0

Creep rate factors
wr ¼ exp 5000 K

1

T0
� 1

T

� �� �
sWtot
� �2

ws ¼ exp 3000 K
1

T0
� 1

T

� �� �
sWtot

Materials and Structures (2019) 52:85 Page 19 of 21 85

https://doi.org/10.1016/S0045-7949(02)00104-9
https://doi.org/10.1016/S0045-7949(02)00104-9
https://doi.org/10.1016/j.engstruct.2014.10.009
https://doi.org/10.1016/j.engstruct.2014.10.009
https://doi.org/10.1061/(ASCE)0733-9399(2000)126:3(284)
https://doi.org/10.1061/(ASCE)0733-9399(2000)126:3(284)


Concrete Compos 31(5):301. https://doi.org/10.1016/j.

cemconcomp.2009.02.015

5. Di Luzio G, Cusatis G (2013) Solidification-microprestress-

microplane (smm) theory for concrete at early age: theory,

validation and application. Int J Solids Struct

50(6):957–975. https://doi.org/10.1016/j.ijsolstr.2012.11.

022

6. de Freitas Teixeira JA, Cuong PT, Faria R (2015) Modeling

of cement hydration in high performance concrete structures

with hybrid finite elements. Int J Numer Methods Eng

103(5):364–390. https://doi.org/10.1002/nme.4895

7. Hilaire A, Benboudjema F, Darquennes A, Berthaud Y,

Nahas G (2014) Modeling basic creep in concrete at early-

age under compressive and tensile loading. Nucl Eng Des

269:222–230. https://doi.org/10.1016/j.nucengdes.2013.08.

034
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quennes A, Dubois JP, Gayete J, Grondin F, Kolani B,
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