
ORIGINAL ARTICLE

Improved method to measure the strength and elastic
modulus of single aggregate particles

Natalia V. Silva . Sérgio C. Angulo . Aline da Silva Ramos Barboza .

David A. Lange . Luı́s M. Tavares

Received: 8 February 2019 / Accepted: 28 June 2019 / Published online: 6 July 2019

� The Author(s) 2020, corrected publication 2020

Abstract The standard methods used to determine

the mechanical properties of single aggregate particles

have shortcomings. Indeed, methods that are com-

monly used to measure the strength of irregular

particles do not provide their elastic modulus and are

also only semi-quantitative. The aim of this work is to

determine more accurately both the tensile strength

and the elastic modulus of single coarse aggregate

particles using the point load test fitted with tungsten

carbide semi-spheres and coupled with a linear

transducer. In the experiment, the poles of the particles

are made flat and parallel at the points of contact with

the semi-spheres of the apparatus, allowing to estimate

the elastic modulus of aggregates in accordance to

Hertz contact theory. Glass particles of different

shapes (spheres, cubes, and prisms) were used as

referencematerial to validate the experimental method

and establish the optimal conditions to conduct the

test. These conditions consisted of a deformation rate

of 0.2 mm/min, a blunt 4.0-mm diameter cylinder

piston for spherical particles, while two 14.0-mm

diameter semi-spheres in the case of rectangular

particles (cubes/prisms). It is also hereby proposed to

measure the tensile strength of irregularly-shaped

particles by a modified version of Hiramatsu and

Oka’s formula using the equivalent core diameter. The

proposed method was then applied to measure the

strength and modulus of coarse granite aggregate

particles (25.0 to 9.5 mm). It demonstrated that the

variability of the elastic modulus and tensile strengths

of the individual aggregate particles was quite signif-

icant, confirming the importance of using the proposed

improved method to qualify materials for structural

(high strength) concrete, or to simulate/predict the

mechanical behavior of concrete.
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List of symbols

Ac Minimum cross-sectional area

B Breakage point

C Emprirical constant

D Diameter of spherical body

D Distance between loading points

Dn Nominal diameter

De Equivalent core diameter

E* Effective modulus of contact

Et Elastic modulus of the punch

Ep Elastic modulus of the particle

En Fracture energy

Ev Specific-volume fracture energy

F Applied force

Fb Breakage force

Fel Force during elastic deformation

kp Particle stiffness

kt Punch stiffness

KN-el Contact stiffness during elastic deformation

mp Particle mass

s Displacement

S Total displacement

Ds Displacement variation

Vp Volume of the particle

W Minimum width

Y Yield point

rt Tensile strength

lp Poisson’s coefficient of the particle

lt Poisson’s coefficient of the punch

b Shape factor

qp Particle density

1 Introduction

Coarse aggregates represent about 45% of the volume

of the concrete. They influence the structural perfor-

mance of concrete, with an impact in the elastic

modulus and the compressive strengths of concretes

higher than 50 MPa [1–4]. In spite of the significance

of the contribution of aggregates in concrete, there is

not yet a widely accepted standard method available to

measure the mechanical properties of single aggregate

particles. Methods that are available are limited to

determining the load involved in fragmentation (due to

impact) of particles assembled in groups, allowing

only qualitatively to assess their strength [5].

Presently, mechanical properties of single aggre-

gate particles are often determined using uniaxial

quasi-static compression tests [6], in which one of the

most used configurations is the Point Load Test (PLT)

[7]. PLT has the advantage of using universal testing

machines, that are commonly found in civil engineer-

ing laboratories. Tests were used to qualify particles of

many rock types (gneiss, granites, quartzite, diorite,

basalt, limestone, marble) for geotechnical applica-

tions [15–17], railway ballast [18, 19], or coarse

aggregates used in concrete [20]. Tensile strengths of

the rock particles (from 4 to 30 mm of size) are

significantly variable, varying from about 3 to 9 times

even for a material with the same mineralogical

origin. For instance, the tensile strength of granite

particles contained in the 10–30 mm size range varied

from 10 to 45 MPa [18, 19].

Different approaches have been used to conduct the

test: some researchers prefer to work with force control

systems [6, 8, 9], while others favor displacement

control [10–15], without a consensus on which condi-

tion is preferable. In American Standard ASTM D

4179, the control is done by force rate (4.40–44.00 N/s)

whereas in Japanese’s standard JIS Z 8841; the control

is done by displacement rate (0.15–0.30 mm/s).

The ASTM D 5731: 2016 standard procedure uses

the concept PLT to estimate the point load strength

index of irregular rocks particles. In this test, the end

part of the compressive fixtures is semi-spherical with

5 mm radius to ensure a point load contact. However,

different fixtures have been proposed for single-

particle point load tests. Blunt cylindrical indenters

or large parallel platens have been used for estimating

the tensile strength of regular-shaped (spheres [16, 17],

cubes and prisms [15]) as well as irregularly-shaped

particles [18–20].The types of fracture for regularly-

shaped particles were similar to those expected using

the point load test method. While testing irregularly-

shaped particles has the benefit of convenience, it is

responsible for generating large scatter in the data

[7, 20], since optimal loading conditions cannot be

ensured. On the other hand, testing particles shaped

into spheres or other regular geometries has the benefit

of full control of loading conditions but at the expense

of large effort in sample preparation.

Some studies have shown that it is possible to

estimate the elastic properties of single particles

during the quasi-static uniaxial compression test by

Hertz contact theory. To satisfy this theory (plane-

spherical contact), two rigid flat plates have been used

to apply the load to spherical particles or those that are
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perceived as such and a Linear Variable Differential

Transducer (LVDT) to determine the particle dis-

placement during the elastic contact [21, 22]. This test

arrangement has limited application for coarse aggre-

gates, since they are never truly spherical and the

effort to machine them into this shape is formidable.

On the other hand, the risks of assuming that stresses in

irregularly shaped particles are indeed equivalent to

those in a sphere are too large. Furthermore, particle

irregularity and the accumulation of damage during

deformation of the particle may affect the develop-

ment of the Hertz contact area, making it imprecise for

determining of the elastic modulus. In testing irregu-

larly-shaped particles, Portnikov and Kalman [21]

showed that only 63% of the tests could be considered

valid, and this amount seemed to improve as the

particles approached a spherical shape.

The objective of the work is to determine the tensile

strength and elastic modulus of single coarse aggregate

particles using PLT coupled with an LVDT, without

the need to assume that irregularly-shaped particles are

spheres. A new test arrangement to determine elastic

modulus of particles was proposed through cutting the

particle surfaces and then subjecting them to compres-

sion using semi-spherical fixtures fitted to the appara-

tus, so that geometrical requirements for application of

Hertz contact theory are properly met. In this setup, a

well-defined force–displacement curve and more

accurate/valid results are obtained, since the superficial

irregularities of the particles are eliminated. The

method is initially validated for glass, a reference and

model material, and then its applicability to aggregates

is demonstrated for granite particles contained in the

25.0–9.5 mm size range.

2 Background

2.1 Measurement of strength of single particles

According to the theory of elasticity, the strength of a

particle can only be defined when the state of stresses

generated by loading is known [23]. Hiramatsu and

Oka [24] applied a pair of concentrated loads in

artificially produced epoxy particles of different

shapes (spheres, cubes, rectangular prisms, etc.), and

demonstrated by photoelasticity that the stress states

of the particles with different shapes were quite similar

in the vicinity of the load axis.

Analyzing the maximum stress theoretically for a

spherical particle, the authors [20] proposed estimat-

ing the tensile strength (rt) using Eq. 1, considering

only the breakage force (Fb) and the distance between

the points of application of the compressive loads (D):

rt ¼
0:9Fb

D2
ð1Þ

It is known that the strength of brittle materials is

affected by the size, position, and distribution of defects

in the solid body [25]. Suchdefects result in internal stress

concentrations in the brittle solids limiting their strength,

as explained using principles from Griffith’s theory. For

particulatematerials, the larger the volumeof theparticle,

the higher the probability that critical defects are

contained in it, and the lower their tensile strength [9].

Several experimental studies have shown that evenwhen

particles with homogeneous composition, such as glass,

are tested, their breakage strength is very scattered

[9, 12, 26].

Regarding the influence of particle size or volume

(that includes the variation of height and shape of

particles) on tensile strengths, Brook [27] proposed an

expression (Eq. 2), which corrects the strength esti-

mation of irregularly-shaped rock particles by using an

equivalent core diameter (De). De represents the

diameter of the core that has the same minimum

cross-sectional area as the irregular body, and that is

calculated using Eq. 3. The largest dimension of an

elongated particle is usually tested in contact with the

plane. Ac is the minimum cross-sectional area of the

irregular body (minimum width—W 9 distance

between the point loads—D), given by Eq. 4. This

expression is considered valid under some particle

geometric rules [27, 28].

rt ¼
Fb

D2
e

ð2Þ

De ¼
ffiffiffiffiffiffiffiffi

4Ac

p

r

ð3Þ

Ac ¼ W � D ð4Þ

In the literature, strengths have been measured for

different shapes of railway ballast aggregates using the

De concept [28]. Indeed, a standard procedure with

this concept is used nowadays to estimate the point

load strength index of irregular rocks particles (ASTM

D 5731: 2016).
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2.2 Measurement of the elastic properties

During compression, the contact area of a spherical

particle of diameter d in contact with a blunt (flat) stiff

punch is a circle of growing diameter [29]. The

relationship between the force (Fel) and the displace-

ment (s) during elastic deformation of the particle

follows a power law relationship, as described by

Hertz contact theory [30]:

Fel ¼
4

3
E�

ffiffiffi

d

2

r

s3=2 ð5Þ

where E* is the effective modulus of contact, given by:

E� ¼
1� l2p

� �

Ep

þ
1� l2t
� �

Et

¼ kp � kt
kp þ kt

ð6Þ

Equation 6 is a result of the stiffness of the

materials in contact, that is, of the particle (kp) and

the load application punches (kt):

kp ¼
Ep

1� l2p

� � ð7Þ

kt ¼
Et

1� l2t
� � ð8Þ

E and l are the elastic moduli and Poisson’s

coefficients of the materials involved in the contact,

respectively. Generally, the stiffness of the punches is

known, and then the elastic modulus of the particle

under compression can be determined from obtaining

the effective modulus of contact from the force–

displacement curve. Whenever Et � Ep the term kt in

Eq. 6 can often be disregarded.

When the load is applied at the two poles of the

particle, two symmetric contact areas are formed, and

the total displacement measured (S) is the sum of the

displacement of both contacts (S = 2 s). Then Eq. 5

leads to Eq. 9. The mean contact stiffness during

elastic deformation in the normal direction (KN;el)

(Eq. 10) can then be calculated from the gradient of

Eq. 9.

Fel ¼
1

3
E� ffiffiffi

d
p

S3=2 ð9Þ

KN;el ¼
dFel

dS
¼ 1

2
E� ffiffiffi

d
p

S1=2 ð10Þ

Due to the parabolic relationship between F and s,

the contact stiffness increases with displacement (S),

in a strain-hardening response that is typical of a

Hertzian contact. This value will increase reaching a

maximum value in the yield point (Y) [21, 22], where

elastic–plastic deformation may occur. The point has

been confirmed from the growing deviation between

the experimental and theoretical Hertz force–defor-

mation curve, as well as in the reduction of the median

stiffness contact [21].

Another approximate method of estimating the

effective contact modulus is by using Eq. 11, as

suggested by Tavares [7]. It is estimated from the

relationship between the strength of the particles (rt—
Eq. 1) and the fracture energy (En—Eq. 12). The

fracture energy needs to be corrected by mass (mp) and

particle density (qp), calculating the volumetric

specific fracture energy—Ev (Eq. 13):

rt ¼ E�ð Þ2=5� EV � bð Þ3=5 ð11Þ

En ¼
Z

S

0

F � Ds ð12Þ

Ev ¼
En

mp

qp ð13Þ

where b =
mp

D3
nqp

or Vp/Dn
3 is the particle shape factor,Dn

is the nominal particle diameter (represented by the

second largest particle size, Fig. 7—‘‘Appendix’’) and

Vp is the particle volume.

3 Experimental design, materials and methods

3.1 Method development: influence of parameters

Soda-lime glass was used as the reference material as

it is brittle [31] and isotropic, with homogeneous

composition, non-porous, and with well-known

mechanical properties. Tensile strength (rt), Poisson’s
ratio (l) and elastic modulus (E) of soda lime glass

were taken as 69 MPa, 0.23 and 69 GPa, respectively

[25]. Different geometries of test pieces were tested,

namely spheres (diameters equal to 4.0, 9.5 and

15.8 mm), cubes (15.0 9 15.0 9 15.0 mm) and rect-

angular prisms (15.0 9 30.0 mm). High-precision

glass spheres were obtained from a commercial
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supplier. The other glass geometries (cubes and

rectangular prisms) were prepared from cutting

15.0 mm-thickness glass plates using a water jet

cutting machine with garnet as abrasive (Omax,

Model 2652 Precision JetMachining Center).

Mechanical tests were conducted using an

INSTRON electromechanical dual-column testing

machine (model 5569), equipped with a 50 kN load

cell. Different fixtures were required for the various

particle shapes tested (Fig. 1). A 70 mm hard steel

(ASTM D6) thread flange was used to fix the different

endings to the fixture. Both ending parts (upper and

lower) were fitted to the testing machine with the aid

of 12.7 mm-diameter pins. The lower plate was

designed to attach to the LVDTs, while the upper

plate was designed to be in direct contact with the

LVDTs. In the upper apparatus, an acrylic protector

was attached to two threaded openings (to protect from

an unexpected detachment of fragments from speci-

men breakage). Punches with three different endings

were designed for load application: 4.0 and 38.0 mm

diameter flat cylindrical tempered steel and 14.0 mm

diameter semi-spherical tungsten carbide (WC).

In order to apply Hertz contact theory (contact

between flat-spherical body) and the strength equa-

tions, spherical particles were tested with a flat (blunt)

punch, whereas particles containing flat surfaces

(cubes and prisms) were tested using the semi-

spherical punch. In the case of the semi-spherical

punch, sponge and brass rings were used to assist in

proper sample placement, and both presented a larger

diameter than the semi-sphere. During the test, when

the compressive load was applied, the sponge ring was

compressed, thus avoiding the particle from spinning

and providing the expected contact between the

sample and the semi-sphere bottom fixture.

As part of the test procedure development, exper-

iments were conducted at different test conditions,

namely displacement rate and type of ending parts (flat

cylinders and semi-spherical ending), to analyze their

influence on the precision and accuracy of the

measurements.

3.1.1 Effect of rate of displacement for glass

Deformation rate has been known to affect the

propagation of cracks and the strength of brittle

materials [32, 33]. Quasi-static conditions [7] corre-

spond to displacement rates in which the duration of

contact is sufficient to allow stresses to propagate and

balance throughout the particle [7]. These experiments

aimed to analyze if an increase in displacement rate

could influence the measured mechanical properties

(tensile strength and elastic modulus) of the particles.

The displacement rates of 0.1, 0.2, 0.5 and 1.0 mm/

min were tested. For each displacement rate studied,

ten 9.5 mm diameter glass spheres were tested by

applying a compression load using the 38.0 mm

cylindrical termination punch, so that a total of 40

tests were conducted. Results were used only to

Fig. 1 Testing fixtures: upper and lower (with LVDTs supports) plates, punches, acrylic protection and all fixtures attached to the

testing machine. Details of the placement of the particles on the semi-spherical punch (right)
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analyze the accuracy and precision of the method,

through comparisons of averages and standard devi-

ations. No attempt was made to describe probabilistic

distributions of strengths and elastic moduli values of

the glass particles.

3.1.2 Flat cylinder endings and sphere sizes

In the experiments it was investigated if a reduction in

contact area would affect the elastic modulus or the

strength. Based on the results of experiments given in

3.1.1, the following tests were conducted at the set

strain rate of 0.2 mm/min. Glass spheres with nearly

identical size (d = 9.5 mm) were tested with the flat

4 mm-diameter cylinder ending, with a total of 10

tests, and results were compared to those obtained

using the 38.0 mm cylindrical termination, with

everything else constant. In order to investigate the

influence of the diameter of the bead on the mechan-

ical properties of glass, 4.0 mm and 15.8 mm diam-

eters spheres were tested using the flat 4.0 mm-

diameter cylinder ending.

3.1.3 Semi-spherical endings tested in cubes

and rectangular prisms

The use of semi-spherical tungsten carbide of

14.0 mm diameter endings at the fixture was tested

on glass cubes and prisms. The purpose of this test

configuration, in which the load application punch is

the spherical body, and the sample surface is flat, is the

estimation of the elastic modulus of the particle by

Hertz contact theory. Ten glass cubes (15.0 9

15.0 mm) and ten rectangular glass prisms (15.0 9

30.0 mm) were subjected to testing.

In addition, different equations used to estimate

strength (Eqs. 1, 2) were compared, besides the effect

of particle shape on strength, through comparison of

strengths measured with spheres, cubes, and prisms,

all at a nearly constant distance between points of load

application (D = 15.0–16.0 mm).

3.2 Testing single aggregate particles

A sample of about 3 kg of natural coarse granite

aggregates supplied in the metropolitan region of São

Paulo (Brazil) was collected. Sample preparation con-

sisted of sieving so that the material contained in the 25.0

to 9.5 mm size range was selected for testing. The test

method was applied to 40 selected particles contained in

this fraction. Aggregates in this size range represent the

coarsest size commonly used in concrete. Due to its

volume, those are more likely to have the largest (critical)

defects and, consequently, to have the lowest strength.

In order to allow estimating the elastic modulus using

Hertz elastic contact theory, the plane-spherical contact

between the particle and the load application punch was

ensured. Since the aggregate particles presented irregular

and rough surfaces, cutting of two opposing surfaces

along the largest dimension of each particle were

generated with the aid of a high precision cutting

equipment (Accuton-50, Struers).

3.3 Determination of the mechanical properties

The tensile strength and the elastic modulus were

calculated from the measured force–displacement

curve, with the aid of the load cell and the LVDT,

until breakage. The tensile strength of spheres was

determined using Hiramatsu and Oka’s approach

(Eq. 1) [24]. In the case of particles with cubic and

prismatic shapes the equation proposed by Brook [27]

and ASTM D5731: 2016 [34] was also applied using

the equivalent diameter (De) (Eq. 2). In this De is the

equivalent core diameter that has the minimum cross-

sectional area of the particle, which in this work was

considered at the load application point.

A two-stage process was used for estimating the

elastic modulus of the particles (Fig. 8—‘‘Appendix’’).

In the first stage, the extent of the curve corresponding to

the region of elastic deformation of the particle was

analyzed. For each fractured particle, the median contact

stiffness (KN) was estimated from the linear fitted slope

of the measured points after dividing the experimental

curve into 25 sections, according to the procedure

proposed by Portnikov and Kalman [21]. The elastic

region is characterized by increasing median contact

stiffness with cumulative displacement until the yield

point (Y), from which the elastic–plastic deformation

associated with amoderate decrease in stiffness initiated.

In the second step, it was verified if the elastic

deformation region (until the yield point—Y) adhered

to the Hertz theoretical curve, based on a simplified

version of Eq. 9, given by Fel = C*s1.5 where C is an

empirical constant obtained in fitting the force-displace-

ment data until the yield point.

Whenever data adhered to the Hertz contact theory,

the contact area of the deformable particle in this
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elastic region presented a comparatively circular or

elliptical geometry, and then the modulus of elasticity

could be calculated using Eq. 6. The effective mod-

ulus of contact (E*) was determined with E* = 3C/
ffiffiffi

d
p

, where d is the diameter of the spherical body

taking part in the contact. High stiffness materials

were used in punch to prevent them from deforming or

damaging during the test. In the case of the flat

cylindrical of tempered steel punch, Et,steel was taken

as 210 GPa and lt,steel as 0.28, whereas in the case of

the semispherical tungsten carbide punch, Et,wc was

taken as 406 GPa and lt,wc as 0.30.
Poisson’s ratio for glass particle was taken as

lp, glass 0.23 [25] and for granite (lp, granite) 0.24 [35].

The Hertzian particle stiffness (kp) was estimated from

Eq. 6. The Fracture energy was estimated from the

area of the force versus displacement graph (Eq. 12).

For the granite aggregates, reference Hertz theo-

retical curves were constructed for comparison with

the experimental force–displacement curves. These

curves were constructed considering extreme values of

elastic modulus found in the literature for the granite

aggregates, namely 40 GPa (Ep, minimum) and 70 GPa

(Ep, maximum) [35].

4 Results and discussion

4.1 Method development: influence of parameters

4.1.1 Effect of rate of displacement for glass

This study was conducted with the aim of identifying

the most appropriate condition to run the experiments,

rather than a detailed study of strain rate effects on the

mechanical properties. Figure 2 presents loads versus

displacement curves for glass spheres (d = 9.5 mm)

tested with the flat cylindrical punch (38.0 mm

diameter) at different displacement rates (0.1 to

1.0 mm/s). The fitting Hertz theoretical curve and
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Fig. 2 Force (left Y-axis) versus displacement until the

breakage of glass spheres (d = 9.5 mm) with the 38.0 mm-

diameter flat cylindrical punch at different strain rates—a 0.1,

b 0.2, c 0.5 and d 1.0 mm/s. Contact stiffness (right Y-axis) was
analyzed for one of the results in each graph
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the contact stiffness are also plotted on the graph for

one of the results (curve analyzed) since no large

differences between results were observed. The yield

point (Y) was not seen, so that the behavior may be

considered perfectly elastic, without any plastic

deformation, as already observed by other authors

[21].

For the lower displacement rates (0.1 and 0.2 mm/

min), the curves are less variable than the curves

obtained at higher rates (0.5 and 1.0 mm/min). Indeed,

Table 1 shows that tensile strengths (Eq. 1) and elastic

moduli were less variable at the lower displacement

rates (0.1 and 0.2 mm/min). On the basis of results

from this, the deformation rate of the test was set to

0.2 mm/min.

4.1.2 Flat cylinder endings and sphere sizes

The effect of reducing the diameter of the flat cylinder

punch and the effect of changing the sphere size on

mechanical properties is at this moment studied, from

experiments with the deformation rate set to 0.2 mm/

min. In these experiments, the sphere is in contact with

two flat cylinder punches (4.0 mm diameter and area

of approximately 12.6 mm2), which is significantly

lower than the circle area of the cylinder punch with

38.0 mm diameter (area * 1,13 mm2) used in item

4.1.1, so that the flat area was reduced approximately

90 times.

Figure 3a presents force versus displacement pro-

files of the glass spheres subjected to compression

with the flat cylinder ending (diameter 4.0 mm). All

curves presented perfectly elastic behavior until

breakage, as shown for one curve of the results of

each spheres diameter in Fig. 3b.

The results for spheres with d = 9.5 mm were

similar to those obtained for the flat cylinder ending

with the larger area (Fig. 2). We observed that the

response curves are more variable when the area of the

flat cylinder punch is reduced, which is likely due to

the reduction of the moment of inertia of the tool.

However, it was not considered critical and, since it is

more practical to align the fixture and the sample, it

was decided to carry out additional experiments with

the 4.0 mm diameter flat cylinder punch.

The change in sphere diameters from 4.0 to

15.9 mm increased the contact stiffness; however,

the particle stiffness (or Elastic modulus) for the glass

Table 1 Mechanical

properties of 9.5 mm glass

spheres at different

displacement rates

(#)10 particles tested for

each displacement rate; (*)

d = D = 9.5 mm

Mechanical parameters Displacement rate(#)

0.1 mm/min 0.2 mm/min 0.5 mm/min 1.0 mm/min

Breakage force (kN)

Average 8.26 8.23 8.45 9.05

SD 1.02 1.02 1.38 1.12

C.V. 12.2 12.4 16.3 12.4

Displacement maximum (mm)

Average 0.288 0.291 0.302 0.313

SD 0.0247 0.0246 0.0364 0.0281

C.V. 8.6 8.4 12.06 9.0

Tensile strength (MPa)*

Average 82.0 81.7 83.8 89.8

SD 10.0 10.1 13.6 11.1

C.V. 12.2 12.4 16.3 12.4

Particle stiffness (GPa)*

Average 68.0 65.5 65.3 64.5

SD 0.99 1.11 3.8 4.3

C.V. 1.5 1.6 5.8 6.7

Elastic modulus (GPa)*

Average 64.4 62.1 61.9 61.1

SD 0.94 1.02 3.61 4.07

C.V. 1.5 1.6 5.8 6.7
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spheres of different sizes did not change in the same

order (Table 2), being similar for the larger spheres

(d = 9.5 and d = 15.9 mm).

The force necessary for fracture increased with the

size of the sphere (Table 2); however, this increase did

not represent an increase in tensile strength. Indeed, a

reduction of tensile strength (* 0.6 times, on average)

was observed with an increase in size of the glass

spheres, as expected [9, 22, 23], given the increases in

the number and size of defects with the volume of the

particles.

4.1.3 Testing of cubes and rectangular prisms using

semi-spherical endings

Figure 4 shows the experimental force versus dis-

placement curves of the glass cubes and prisms tested

using the 14 mm diameter semi-spherical tungsten

carbide ending. It shows that Hertzian contact was also

valid for the two rigid semi-spheres endings in contact

with the flat glass specimen, since the behavior of the

force versus displacement curve (or contact stiffness)

was similar to that obtained for the spherical particles

compressed between flat-ended fixtures, that is, fully

elastic behavior until rupture. The diameter used in

Eq. 9 is the diameter of the tungsten carbide semi-

sphere.

The values of effective modulus of contact of the

glass cubes (15.0 9 15.0 mm) and of the glass prisms

(15.0 9 30.0 mm) were slightly higher than those of

the 15.9 mm diameter glass spheres. This is not

surprising, given the higher elastic modulus (and

stiffness) of the tungsten carbide semi-spheres

endings (Et,wc = 406 GPa and lt,wc = 0.30) used in

the experiments with cubes/prisms in comparison to

those of the steel plates (Et,steel = 210 GPa and

lt,steel = 0.28), used in the compression of glass

spheres. As such, the term kt in Eq. 6 should be

accounted for, in particular when the elastic properties

of materials in contact change.

Differences between the effective modulus of

contact of the cubes and the prisms compared with

that of spheres reduced when the particle stiffness was

analyzed. The average particle stiffness (kp) of the

cubes and the prisms was only slightly higher than that

of the sphere, as the influence of tool kt was properly

accounted for. Indeed, the values of elastic modulus of

the cubes and the prisms (Table 3) were consistent

with those expected (* 69 GPa) and also similar to

those already reported in Table 2 for spheres.

In the expression proposed by Hiramatsu and Oka

[24] (Eq. 1), the tensile strength of the particle is

estimated considering only the distance between the

point loads (D). These values were nearly the same for

tests using cubes/prisms (D = 15.0 mm) and part of

the spheres (D = 15.9 mm). Nevertheless, since the

volumes of the particles were different, it is incorrect

to assume that the tensile strengths of spheres, cubes,

and prisms would be the same, even if the load

application distance (D) would not vary. It is known

that the tensile strength varies as a function of the

volume of the particle [9, 26], since the larger the

volume of the particle the higher the probability to find

large defects inside them. The experiment highlighted

these differences, as well as on surface finish and route

used in material production. Indeed, the volumes of
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Fig. 3 a Force versus displacement until breakage of glass spheres (d = 15.9, 9.5 and 4.0 mm) with 4.0-mm flat cylindrical punch.

Displacement rate of 0.2 mm/min. b Contact stiffness (right Y-axis) analyzed from results for one curve of each glass sphere diameter
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the prism (15.0 9 30.0 mm), the cube (15.0 9

15.0 mm) and the sphere (diameter 15.9 mm) were

quite different: * 6750, 3375, and 2145 mm3,

respectively.

Using Hiramatsu and Oka’s equation, tensile

strengths of the cubes (15.0 9 15.0 mm) and of the

prisms (15.0 9 30.0 mm) were assumed to be equiv-

alent to that of a sphere (diameter 15.0 mm)

of * 1767 mm3 volume. The tensile strengths appear

overestimated, as the 15.0 mm-diameter sphere vol-

ume is 2–4 times lower than that of the cube and prism.

The glass particles of different shapes showed the

types of rupture considered valid by ASTM D 5731:

2016 and Brook [27] (Fig. 9—‘‘Appendix’’). Using

the ASTM D 5731: 2016 equation —Eq. 2, the cross-

section area (usually the minimum one) is the most

critical parameter to estimate the tensile strength of the

particle, as the fracture is induced through this plane.

This formula takes into consideration two particle

dimensions, as opposed to only one in the Hiramatsu

equation. The cross-sectional areas of the cubes and

prisms were identical (* 225 mm2). The equivalent

core diameter was then calculated using Eq. 3 (De-

= 16.93 mm) and tensile strengths were estimated

using Eq. 2. The volume of the 16.93 mm-diameter

sphere is equivalent to 2538 mm3 and was found to be

similar to that of the cube and prisms.

Tensile strengths estimated considering the equiv-

alent core diameter (ASTM procedure) were in closer

agreement (R2 = 0.84) with the volumes of irregular

(different shaped) particles, ensuring results that were

consistent with the literature [9, 12, 26] (Fig. 5a). In

Fig. 5b the unique relationship between tensile

strength and the specific-volume fracture energy-

adjusted by particle shape factors, as suggested by

Tavares and King [36] (Eq. 11) was demonstrated to

be valid. Results from using this equation were close

to those obtained using the mean value of the particles

(spheres, cubes, and prisms) obtained by fitting the

value to the Hertz relationship (* 68.5 GPa).

Table 2 Mechanical properties of glass spheres with the flat

cylindrical punch (4.0 mm diameter)

Mechanical

parameters

Flat cylinder punch (4.0 mm diameter)(#)

Sphere

(d = 4.0 mm)

Sphere

(d = 9.5 mm)

Sphere

(d = 15.9 mm)

Breakage

force (kN)

Average 2.29 9.16 15.18

SD 0.24 0.66 1.56

C.V. 10.7 7.2 10.2

Displacement

maximum

(mm)

Average 0.149 0.309 0.370

SD 0.013 0.021 0.027

C.V. 8.7 6.8 10.2

Tensile

strength

(MPa)

Average 129.6(?) 90.9(*) 54.2(**)

SD 14.5 6.5 5.6

C.V. 11.2 7.2 10.2

Particle

stiffness

(GPa)

Average 81.9 (?) 68.5(*) 67.0(**)

SD 6,1 3.8 3.9

C.V. 7.4 5.6 5.9

Elastic

modulus

(GPa)

Average 77.6 (?) 64.9(*) 63.4(**)

SD 5.8 3.6 3.7

C.V. 7.4 5.6 5.9

Fracture

energy (J)

Average 0.139 1.162 2.331

SD 0.028 0.159 0.389

C.V. 20.11 13.65 16.69

(#)10 particles tests for each size sphere, (?)d = D = 4.0 mm;

(*)d = D = 9.5 mm; (**)d = D = 15.9 mm
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Fig. 4 Force (left Y-axis) versus displacement until breakage of

glass cubes/prisms using semi-spherical endings. Displacement

rate of 0.2 mm/min. Contact stiffness (right Y-axis) estimated

for one of the results
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4.2 Testing single aggregate particles

It is worth noting that tests with aggregates only

started after the calibration of the test apparatus using

reference material (prismatic glass particle), to ensure

accuracy in terms of elastic moduli determination,

which was rather constant in the case of glass prisms.

In order to consider results of tensile strength valid, the

types of rupture also need to be considered valid.

Indeed, most of coarse aggregate particles (80%)

broke in two planes (Fig. 10—‘‘Appendix’’) as results

of mechanical testing with the semi-spherical ending

(14.0 mm diameter). This type of rupture is consid-

ered valid by ASTM D 5731: 2016 and Brook [27],

also validating the application of Eq. 2 to determine

the strength of the aggregate particles.

The fitted Hertz theoretical model is also shown for

comparison (Eq. 8) in Fig. 6a. Theoretical reference

curves were constructed using values of elastic

modulus and Poisson’s ratio available in the literature

for granite (Ep,granite = 40 and 70 GPa and lp,granite-
= 0.24). Most of the measured values of elastic

modulus of the particles were within the range of these

values from the literature [35]. Typical contact stiff-

ness curves for the granite aggregate particles tested

are shown in Fig. 10b.Whereas the yield point pointed

in the literature [21, 22] is observed; granite aggre-

gates exhibited predominantly elastic behavior, with

only a modest elastic–plastic region.

Table 3 Mechanical

parameters of glass cubes/

prisms using the semi-

spherical tungsten carbide

(WC) endings

(#)10 particles tests for each

geometry (cube and prism),

(*)D = 15.0 mm,

(**)d = 14.0 mm

Mechanical parameters Semi-spherical WC endings (14.0 mm diameter)#

Cube

(15.0 9 15.0 mm)

Prism

(15.0 9 30.0 mm)

Breakage force (kN)

Average 9.06 8.89

SD 1.84 1.66

C.V. 30.3 18.7

Displacement maximum (mm)

Average 0.240 0.238

SD 0.032 0.031

C.V. 13.6 12.8

Tensile strength (MPa)*[0.9Fb/D
2]

Average 36.3 35.6

SD 7.3 6.6

C.V. 20.2 18.5

Tensile strength (MPa)[Fb/De
2])

Average 32.4 31.8

SD 6.6 6.0

C.V. 20.4 18.7

Particle stiffness (GPa)**

Average 72.53 71.71

SD 1.43 1.66

C.V. 2.0 2.3

Elastic modulus (GPa)**

Average 68.69 67.91

SD 1.36 1.57

C.V. 2.0 2.3

Fracture energy (J)

Average 0.907 0.873

SD 0.315 0.267

C.V. 34.7 30.6
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The method used to estimate the modulus of

elasticity based on Hertz contact mechanics appears

to be valid since the experimental curves were in good

agreement with Hertz contact theory curves fitted on

the basis of values of elastic moduli found in the

literature for granite [35]. The condition required is the

preparation of a flat surface of the aggregate and

spherical contact from the tungsten carbide apparatus,

as previously tested and validated for glass, the

reference material.

Both modulus of elasticity and strength results

showed significant variation, ranging from 18 to 67

GPa (3.7 times) and 3.2 to 14.5 MPa (4.5 times),

respectively. The strength results presented variations

that were similar to those found in the literature, that

is, 3 to 4 times for granite particles [18, 19]. A

population of aggregate particles of the same type of

rock may present different mechanical properties,

depending on their location within the mineral deposit

and/or their state of weathering, since different

populations of flaws, both in terms of size and

distribution, may be present in each of them.

5 Conclusions

In this study the tensile strength and the elastic

modulus of single coarse aggregate particles were

determined using PLT coupled with an LVDT,

without assuming that irregular particles are spheres.

For this, single particle compression tests were

performed initially using glass particles as reference

material to validate experimental conditions and,

afterwards, tested in coarse granite aggregates.

The mechanical properties of single glass particles

of different shapes were precisely estimated using

compression-point load tests with an LVDT measure-

ment fitted to parallel steel plates. A strain rate of

Fig. 5 a Tensile strength

versus volume of glass

spheres and cube [9, 12, 26],

b correlation between

tensile strength and Ev�b
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Fig. 6 a Force versus displacement curves until breakage of the

40 granite aggregate particles during the compression tests

(using semi-spherical endings) and b contact stiffness (right Y-

axis) for the most variable results for the granite aggregate

particles. Displacement rate of 0.2 mm/min
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0.2 mm/min was recommended since it allowed

obtaining more uniform force–displacement profiles.

Spherical particles can be tested using steel flat-

cylinder endings (diameter 4.0 mm), whereas particles

with flat contact surfaces, such as cubes and prisms,

can be tested with two tungsten carbide semi-spheres

at the ending of the fixtures. Tensile strengths of

different-shaped particles seem to be more accurately

predicted by Hiramatsu and Oka’s equation using the

equivalent core diameter (ASTM procedure). The

Hertzian elastic body contact theory can be used to

estimate the elastic modulus.

The testmethodwasdemonstrated tobeappropriate to

estimate the strength and elastic modulus of coarse

granite aggregates. The tungsten carbide punch with a

diameter of 14.0 mmwas used for the application of the

load and particles were previously cut to create two

opposing flat surfaces that were parallel to their largest

dimension. More consistent results were obtained using

this method than those found in literature that assume

irregular particles as spheres [21], since Hertz elastic

contact conditionswere guaranteed, and concentration of

tension of irregular particles was avoided. Elasticmoduli

and tensile strengths of the coarse granite aggregate

particles were found to vary significantly, which demon-

strates the importance of testing in order to qualify these

materials for structural (high strength) concrete, and/or,

to simulate/predict the mechanical behavior of concrete.
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Appendix 1

See Figs. 7, 8, 9 and 10.

Fig. 7 Schematic illustration showing nominal diameter and

length of particle

Fig. 8 Typical compression force–displacement curve until

breakage (left axis) and calculated contact stiffness (right axis)
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