
Introduction

Feoli (1973a) quoted a paper that was never published as
it was originally written: ‘Principal component analysis to in-
quire on diagnostic values of characteristic species’ (Feoli,
“dattiloscritto” i.e., mimeographed). In that paper the term
PCA was not used in its strict technical sense, i.e., as de-
scribed by Orlóci (1978) according to the R, Q and D modes,
where the basic similarity matrix between attributes (R
mode) or objects (Q and D modes) is a matrix of scalar prod-
ucts centered by rows. The term was used to indicate all
methods based on eigenanalysis (including Correspondence
Analysis, CA) of any symmetric matrix, centered or not. For
this reason the ordination methods based on eigenanalysis
were classified into two main groups, centered and non-cen-
tered PCA, as was done by Noy-Meir (1973) for ordination
methods. At that time, Feoli was studying matrix algebra and
set theory, rather than statistics, and he found it natural to call
principal components the eigenvectors of any symmetric ma-
trix ranked by the values of the corresponding eigenvalues.

The unpublished paper by Feoli showed an example
based on phytosociological relevés of Gauco-Puccinellietalia
(used also by Feoli 1977a,b) that the species characterizing
clusters (i.e., species with high diagnostic value) have high
scores negative or positive on bipolar axes (eigenvectors) ob-
tained with eigenanalysis, while species without diagnostic
values may have high scores (if common) only on the first
unipolar axes and always low scores on the bipolar axes.
Consequently, ordination scatter plots based on bipolar axes
(such as PCA and CA) always show the common or the rare
species without diagnostic value near the origin of the ordi-
nation axes, and the diagnostic species far from the origin.

After 40 years, the paper looks lost in its original form,
however it was the basis for numerous papers: “Correlation

between single ecological variables and vegetation by means
of cluster analysis” (Feoli 1976), “On the resolving power of
principal component analysis in plant community ordina-
tion” (Feoli 1977a), “A criterion for monothetic classifica-
tion of phytosociological entities on the basis of species or-
dination” (Feoli 1977b), and “Analysis of concentration and
detection of underlying factors in structured tables” (Feoli
and Orlóci 1979), all written after Enrico Feoli met Laszlo
Orlóci in 1973 at the Prague Symposium of the Working
Group on data Processing in Phytosociology (van der Maarel
et al. 1980).

All these mentioned papers were the basis for our paper
(Feoli and Zuccarello 1986), in which we proposed a method
of ordination based on classification (OBC) by introducing
fuzzy set theory in vegetation science in the same year as
Roberts (1986). The main differences of our approach with
respect to Robert’s (1986) one is the fact that we proposed
fuzzy sets based on clusters rather than on single variables.
The paper was followed by several others showing the appli-
cation of the method to real data (e.g., Feoli and Zuccarello
1988, Woldu et al. 1989, Banykwa et al. 1990, Feoli and Zuc-
carello 1994, Biondi et al. 1995, Zuccarello et al. 1999, Feoli
and Woldu 2000, Ceschin et al. 2010). The method was ex-
tended to measure the response of plant associations and/or
other syntaxa to gradients by Zuccarello et al. (1999), An-
dreucci et al. (2000) and Biondi et al. (2004) following the
suggestion of Feoli (1984) of using the similarity between the
relevés, or other vegetation units, along gradients rather than
other kinds of response values. In both Robert’s and OBC
approaches, the similarity values are used as degree of be-
longing to sets even if some times in not so explicit form. In
fact, often, instead of calculating explicitly a similarity index,
we have used the matrix multiplication that, consisting in a
scalar product between vectors, may give rise both to sym-
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metric and non-symmetric similarity matrices. If the vectors
are normalized before the multiplication, the results are co-
sines (i.e., a classic geometric similarity function). It follows
that instead of matrix multiplication, any other similarity (re-
semblance) function can be applied (Orlóci 1972, 1978, Po-
dani 2000, Wildi 2010), contextual or invariant (Feoli et al.
2006), that is considered appropriate for the type of data. In
Feoli and Zuccarello (1986; reprinted in Feoli and Orlóci
1991) we showed, with a simulated coenocline, that OBC
gives similar results of ordinations based on eigenvectors and
on axes obtained with non metric multidimensional scaling
(NMDS) (see Orlóci 1978). The reason why the ordinations
given by OBC are similar to ordinations given by axes ob-
tained by eigenanalysis (i.e., eigenvectors) is due to one rele-
vant theorem of matrix algebra mentioned in vegetation sci-
ence by Noy Meir (1973) and Feoli (1977b), demonstrating
that disjoint matrices have independent sets of eigenvalues
(and eigenvectors) for each of their submatrices (Wilkinson
1965). It follows that the eigenvectors of similarity matrices
should be correlated with fuzzy sets obtained with OBC,
since the clusters may identify sub-matrices, more or less dis-
joint (sharp), that are corresponding to sub-matrices of simi-
larity matrices and therefore to sub-matrices of the original
data matrices. These eventually would correspond to blocks
of species and relevés (Feoli and Orlóci 1979, Podani and
Feoli 1991) that could show differential or characteristic spe-
cies (diagnostic species) or discriminating chemical physical
variables (diagnostic environmental variables). The advan-
tage of using “fuzzy sets” based on clusters for describing
vegetation variation in space and time with respect to the
eigenanalysis and non-metric multidimensional scaling
(NMDS) techniques is the obvious fact that clusters are al-
ways characterized by discriminating attributes (diagnostic
species or other environmental attributes) that could be used
to explain the vegetation variation either from the ecological
point of view (“environmental filtering”, “assembling rules”)
or from evolutionary-biogeographic- historical points of
view according to similarity theory (Feoli and Orlóci 2011).
This fact renders the “fuzzy axes” always directly interpret-
able and may be used for ordering both objects (relevés or
other entities) and attributes (species or other environmental
variables of different kind) as done in the above mentioned
papers. The superiority of fuzzy set analysis with respect to
eigenanalysis and non-metric multidimensional scaling was
discussed in terms of predictivity by Roberts (2008, 2009).
Woldu et al. (1989) and Amadei et al. (2003) showed that the
correlation between environmental factors increases when
“biological” classifications are used to obtain environmental
fuzzy sets (concept introduced by Feoli and Zuccarello in a
slightly different way than that of Roberts’s papers). Roberts
(2008, 2009) suggested to orthogonalize the fuzzy axes for
direct ordination (or constrained ordination), while Feoli and
Zuccarello (1988) proposed to use PCA with FSs and Olano
et al. (1998) showed that the use of eigenanalysis improves
the interpretation of the relationships between fuzzy sets.
With the present paper, we do not want to review clustering
methods based on eigenanalysis as those using the eigenvec-
tors as data “transformation-reduction” before clustering, or

the methods recently developed in other disciplines under the
name of spectral clustering (e.g., von Luxburg 2007; Shu and
al. 2011 and references therein), that use eigenvectors for
splitting sets of objects or attributes in classes according to
their position on the eigenvectors of similarity matrices such
as the famous algorithm TWINSPAN developed in vegeta-
tion science (Hill 1979). We also do not want to review the
numerous methods used to obtain fuzzy sets and their hierar-
chical classifications for which we send the reader to Marsili-
Libelli (1989), Moraczewski (1993a,b, 1996) for discussions
within the vegetation science, to Zimmerman (1996) for gen-
eral applications and to internet for recent trends. With this
paper our focus is to show that the FSs obtained with a clas-
sification procedure and justified by “discriminating-charac-
terizing” attributes at any possible hierarchical level of a hi-
erarchical classification and the eigenvectors of the
corresponding similarity matrices are strictly related and that
ordination and classification are two faces of the same coin,
either when we use them to order or classify vegetation units
(plots, relevés or syntaxa) or species and other kind of attrib-
utes (or explanatory variables). 

A simple example showing the facts without much
mathematics

Introduction

For a data matrix X of n objects there are two extreme
situations: the maximal homogeneity, i.e., when all the n ob-
jects are equal with respect to the set of m selected attributes
(in this case, the corresponding variables are constant), and
the maximal heterogeneity, when all the objects are com-
pletely different. In the first case the matrix has only one
positive eigenvalue (that is equal to the sum of the diagonal
elements of the similarity matrix). In the second case, the ma-
trix X has a number of positive eigenvalues equal to t, the
minimum of n or m (t=min{m,n}). If we use a scalar product
as a measure of similarity, the number of eigenvalues is al-
ways t and their sum is equal to the sum of the squared
lengths of the corresponding n or m vectors in the matrix X
(of course according to their transformation). This is due to
the singular value decomposition (SVD) theorem (Wilkinson
1965) for which any numerical matrix X can be decomposed
in three matrices:

X=UV’

where U is the orthogonal matrix of eigenvectors corre-
sponding to the rows of the matrix X,  is the diagonal matrix
of the square root of the positive eigenvalues of the matrix
X’X or XX’ and V is the matrix of the eigenvectors corre-
sponding to the columns of X. If the matrix X is a similarity
symmetric matrix S the SVD theorem reduces to the spectral
decomposition theorem (SD) that can be written:

Sm=UU’ 

or

Sn=VV’ 
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depending on whether similarity is calculated between rows
(m) or between columns (n) of X.  In this case  is the diago-
nal matrix of the eigenvalues of Sm or Sn that are the same
for the two matrices when and only if for similarity we use a
scalar product (Sn= X’X or Sm= XX’) as in the case of “Prin-
cipal Component Analysis” (PCA) and of “Correspondence
Analysis” (CA). The two methods are well explained in de-
tail by Orlóci (1978). In all other cases, the eigenvalues are
different and the biplot (Orlóci 1967, 1978) is “possible”
only if we use proper transformations as for example those
suggested for fuzzy sets by Feoli and Zuccarello (1988) and
used by Banykwa et al. (1990).

 If we think in terms of clusters, in the case of perfect
homogeneity there is only one cluster, while in perfect het-
erogeneity, the clusters cannot be more than the minimum
number of m and n (t=min(m,n)). In between these two ex-
treme situations we can have an “infinite” number of possi-
bilities to group the n objects or the m attributes in clusters
(i.e., 2(m,n)-1). As the heterogeneity of X is increasing the
number of eigenvalues increases and the capacity of the sin-
gle eigenvectors to represent (numerically or graphically) the
data structure of the matrix will decrease. The efficiency (E)
of the single i-th eigenvector to represent the structure of the
matrix is given by the ratio between the corresponding i-th
eigenvalue and the sum of the eigenvalues of the similarity
matrix (E =i/

t i, with i=1,..,t). The efficiency of k eigen-
values is E = ki/

t i. For a similarity matrix with elements
equal to 1 in the diagonal and less than 1 outside the diagonal
(the classic similarity matrix) the sum of eigenvalues is equal
to the sum of the diagonal elements (i.e., n or m). If the matrix
is completely homogeneous (all 1s in the matrix) there is only
one eigenvalue equal to n or m. Feoli (1977a) showed that for
disjoint matrices the first eigenvalue is that of the biggest
sub-matrix in terms of number of rows by number of col-
umns. It follows that for a non-disjoint matrix, the objects or
attributes will have scores on the first eigenvector propor-
tional to the squared length of their vectors in the similarity
matrix and that all objects or attributes that have similar vec-
tors in the similarity matrix will have similar scores on the
first eigenvector. It is therefore obvious to expect that when
for a data matrix X there are sharp clusters of objects and
attributes, the objects and attributes of the same cluster would
have similar scores on the eigenvectors of the sub-matrices
corresponding to the clusters. Feoli (1977a) also showed that
for similarity matrices with 1s in the diagonal, at parity of the
number of elements per cluster, the elements of the sharpest
cluster has the highest scores on the first eigenvector, it fol-
lows that the second sharpest cluster has the highest scores
on the second eigenvector and so on. For centered scalar
product matrices the first eigenvector (first component of
PCA or first canonical axis of CA) shows the highest positive
scores and the lowest negative scores for the two most dis-
similar clusters, with positive scores for the sharper cluster
among the two. 

To prove the correlation between eigenvectors and de-
grees of belonging to clusters (Fuzzy sets) we use a simple
matrix that is suitable to show with a numerical example how

the scores on eigenvectors are influenced by the structure of
the matrix, i.e., by the presence of clusters in the data set. 

Data and methods

The matrix X (Table 1) is very simple, however it is suit-
able to show without theorem demonstrations (already given
by Noy Meir 1973 and Feoli 1977b) and/or by many simula-
tions (e.g., Gauch and Whittaker 1972, Feoli and Feoli
Chiapella 1980, Kenkel and Orlóci 1986), that fuzzy sets
(FSs) corresponding to clusters are strictly correlated to the
eigenvectors of similarity matrices both of objects and attrib-
utes and therefore with the diagnostic value (indicator value)
of the attributes. We have considered two similarity func-
tions, the one of Jaccard (J) and the scalar product of data
transformed according to deviation from expectation as in
correspondence analysis (CA). The first gives similarity ma-
trices with at least one unipolar (non centered) eigenvector,
the second similarity matrices with all bipolar (centered)
eigenvectors. X is already structured according to cluster
analysis applied to the two similarity matrices. There are
three evident clusters of objects (A, B, C), and 4 clusters of
attributes (1, 2, 3, 4). We present in Table 2 only the similar-
ity matrix Q (Table 2a), between the 9 objects, and in Table
2b the similarity matrix R between the 10 attributes calcu-
lated with the index of Jaccard, because these matrices result
significantly similar to those of the scalar product by rows
and columns of CA with the Mantel’s test (Mantel 1967).
The two matrices show respectively three and four sub-ma-
trices with values evidently higher than those outside them.
The sharpness of the clusters A, B, C of objects calculated
with the index suggested by Feoli and Bressan (1972) as the
ratio between the average similarity within the cluster and the
average similarity the cluster has with the other clusters is 2.6
for cluster A, 3.25 for cluster B and 3.07 for cluster C. While
for clusters of attributes, the sharpness is 7.2 for cluster 1 (at-
tributes a, b, c), 6.09 for cluster 2 (attributes d and e), 11.64
for cluster 3 (attributes f, g, h) and 2.68 for cluster 4 (attrib-
utes i and l).

There are several ways to calculate the degrees of be-
longing of objects and attributes to clusters to obtain the ma-
trices F of FSs, e.g., by applying fuzzy clustering algorithms

Table 1. A hypothetical data matrix X with 9 objects (columns)
and 10 attributes (rows). The matrix tends to be disjoint with
three sub-matrices corresponding to the three clusters A, B, C.
The attributes belong to 4 groups. The first group (1) is concen-
trated in cluster A, the second (2) in cluster B, the third (3) in
cluster C, the fourth (4) is spread in the three clusters.
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(Marsilli Libelli 1989 and references therein), or by using
similarity to centroids, medoids, prototypes, etc. of clusters.
It can be easily shown that the results are very similar. Origi-
nally the method OBC uses the average similarity of objects
and attributes to centroids of clusters, however the degrees of
belonging of objects to the clusters can be calculated accord-
ing to three criteria (Feoli et al. 2006): the minimum similar-
ity (mi), the maximum similarity (ma) and the average simi-
larity (av), that the objects or the attributes have with the
clusters. To calculate the degrees of belonging of attributes
to clusters A, B, C we consider only the criterion (av), how-
ever we show also the degrees of belonging of the objects to
the clusters A, B, C according to the other two criteria. The
degrees of belonging of attributes to clusters A, B, C are ob-
tained by multiplying the matrix of the fuzzy partition F(Po),
based on the criterion (av), by the matrix X after the normali-
zation of the vectors in order to get cosines. The resulting
fuzzy matrix of cosines F(v) = F(Po)’X (i.e., a matrix of de-
grees of belonging of attributes to fuzzy sets defined by the
clusters of objects)  is transformed in a fuzzy partition F(Pv)
by dividing each value dij (degree of belonging) by the row
total dij, with j indicating the j-th fuzzy set. 

 The vectors of F(Po) and F(Pv), i.e., the Fuzzy Sets (FS)
for objects and attributes have been correlated with the eigen-
vectors of Q and R matrices and with the eigenvectors ob-
tained by correspondence analysis (CA). For the correlation
we have used the Pearson’s correlation coefficient. The FSs
of F(Pv) and the corresponding eigenvectors of R and CA
have been compared with the index of diagnostic value pro-

posed by Feoli (1973b) and described also by Orlóci (1978).
This index is measuring the sharpness of isolation of the
group of objects with a certain state of a given attribute (char-
acter state) with respect to the objects that are lacking it. The
index is given by the ratio between the average similarity of
the objects having the character state i (Si+ ) and the average
similarity they have with those lacking it (Si- ). Orlóci (1978)
presents the index in its relative form, i.e., Wi= 1– Si- /Si+. It
differs from the “indicator values” as those suggested by
Feoli (1976) for single characters state (species) or for groups
of species by Feoli and Orlóci (1979) and those discussed by
Dufrêne and Legendre (1997) and more recently by De
Cáceres and Legendre (2009), because these are based on
distributions of the character- states (species) in non-overlap-
ping classes of objects, while the index I considers overlap-
ping sets of objects defined by the character states them-
selves. In this paper we propose to calculate indicator values
of attributes with respect to clusters of objects by using the
fuzzy partition F(Pv). The overall indicator value of each at-
tribute  is  calculated  by  the  Gini-Simpson  index  (G-Si =
pij

2), where pij is the degree of belonging of attribute i to
cluster j in the fuzzy partition F(Pv). This overall indicator
value may be calculated also by other measures e.g., the re-
dundancy, i.e., the complement to evenness based on Shan-
non’s formula. We consider only the index of Gini-Simpson
because it is obviously highly negatively correlated with
evenness calculated by Shannon’s formula. To obtain the de-
grees of belonging of objects to set defined by clusters of at-
tributes, in order to get the fuzzy partition F(Po/v), i.e., a
fuzzy partition of objects conditioned by the classification of
attributes, we have applied the same procedure as that ap-
plied to calculate the partition F(Pv). In this case the fuzzy
partition F(Pv) obtained from matrix R (Table 2b), of 10
rows and 4 columns (group of attributes), is multiplied by X
to obtain the matrix of cosines F(o/v), i.e., F(o/v)=F(Pv)’X
after normalization of rows and columns vectors respec-
tively. F(o/v) is transformed into a fuzzy partition F(Po/v) in
the same way followed to obtain F(Pv). From this matrix it
is easy to obtain the indicator value of groups of attributes by
averaging the degrees of belonging of the objects in their cor-
responding groups.

All the computations have been done by the program
package MATEDIT (Burba et al. 2008, the program is avail-
able free of charge from E. Feoli).

Results

Table 3 presents the FSs (the matrix of fuzzy partition)
corresponding to the three clusters A, B, C the first 3 eigen-
vectors (J) of the similarity matrix Q (Table 2a) and the
eigenvectors of Correspondence Analysis (CA). 

Table 4 presents: 1) the values of within average similar-
ity of sets of objects in Table 1 defined by the presence of the
single attributes (Si+); 2) values of average similarity of the
sets, defined by the single attribute with the sets without the
corresponding attribute (Si-); 3) the index I of diagnostic
value (Feoli 1973b). The table presents also: 4,5,6) the fuzzy

Table 2.a. Similarity matrix Q between the 9 objects of Table 1
according to the Jaccard’s coefficient. A, B and C are repre-
senting respectively three clusters: sL indicates the square
lengths of the vectors. b. Similarity matrix R between the 10 at-
tributes of Table 1 according to the Jaccard’s coefficient; sL in-
dicates the square length of the vectors (see text)
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partition F(Pv) of the attributes to the sets A, B, C; 7) the
Gini-Simpson index; 8,9,10) the first 3 eigenvectors of the
matrix R and 11,12,13) the first 3 eigenvectors of Correspon-
dence Analysis (CA).

 Table 5 presents the correlation between the fuzzy sets
of objects and the eigenvectors of Q and CA, while Table 6
presents the correlations between the fuzzy sets of attributes
and the eigenvectors of R and the eigenvectors of CA for
rows. Table 7 presents the fuzzy partition of the objects in the

sets defined by the groups (clusters) of attributes and the in-
dicator values of the groups of attributes.

From Table 3 and Table 5 we can see that: 1) the first
eigenvector of Q (that is unipolar because all the values in Q
are positive) is highly positively correlated (r =0.91 to 0.92)
with the fuzzy set corresponding to cluster B, the sharpest
cluster (sharpness 3.25), and also with objects having the
highest length in the Q matrix, see Table 2a); 2) the second
eigenvector of Q (bipolar) is highly positively correlated

Table 3. Degrees of belonging of the 9 objects in Table 1 to the sets A, B, C (Fuzzy Sets, FS) according to their minimum (mi),
maximum (ma) and average (av) similarity values to the clusters as suggested by Feoli et al. (2006). The table presents also the
eigenvectors (J) of the similarity matrix Q (Table 2a) and eigenvectors of correspondence analysis (CA) according to the algorithm
of analysis of concentration (AOC, Feoli and Orlóci 1979). In bold are indicated the relatively higher scores.

Table 4. This table presents: 1) the values of within average similarity of sets of objects in Table 1 defined by the presence of the
single attributes (Si+); 2) values of average similarity of the sets, defined by the single attribute with the sets without the correspond-
ing attribute (Si-); 3) the index I of diagnostic value obtained by the ratio Si+/Si- (Feoli 1973). The table presents also: 4,5,6) the
Fuzzy partition F(Pv) (in this case the degrees of belonging are cosines) of the attributes to the sets A, B, C according to the method
of Feoli and Zuccarello (1986, 1988); 7) the Gini-Simpson index (G-S= pij

2, with pij equal to the ij-th degree of belonging in
F(Pv)); 8,9,10) the first 3 eigenvectors (J) of the matrix R (Table 2b) and 11,12,13) the first 3 eigenvectors (CA) corresponding to
the rows of the matrix X according to Correspondence Analysis based on the algorithm of Analysis of Concentration (AOC) of Feoli
and Orlóci (1979). In bold are indicated the relatively higher scores.

Table 5.  Correlation coefficients between the Fuzzy sets A, B, C and the eigenvectors (J) of matrix Q (Table 2a) and the eigenvec-
tors of CA (Table 3). In bold are indicated the relative high correlations (negative or positive).
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(r=0.97 to 0.98) with fuzzy set corresponding to cluster C
(the cluster with the second sharpness value 3.25) ; 3) the
third eigenvector of Q (bipolar) is positively correlated with
fuzzy set corresponding to cluster A (r=0.83 to 0.84) that is
the least sharp cluster (sharpness equal to 2.6); 4) the first
eigenvector of CA (bipolar) is highly positively correlated
with fuzzy set of the cluster C (r=0.97) and negatively with
fuzzy set of cluster A (r=- 0.77), that are the two clusters less
similar; 5) the second eigenvector of CA is highly positively
correlated with fuzzy set of cluster B (r=0.94), that is the
sharpest cluster; 6) the third eigenvector of CA does not pre-
sent significant correlation with fuzzy sets. 

 Table 4 confirms what was written by Feoli in its never
published manuscript of 1973, i.e., that the attributes with
high I values (diagnostic value) have high scores (positive or
negative) on the bipolar eigenvectors corresponding to the
most efficient eigenvalues of the similarity matrix, while the
2 attributes with relatively low diagnostic values (common
attributes) have low scores on such eigenvectors. This fact
was also very clear from the paper of Feoli and Orlóci (1979)
where, in the biplot of Figure 1 (of that paper), the clusters of
species common to all the clusters were settled near the ori-
gin of the axes. If we consider the fuzzy partition we can ob-
serve that the attributes with high I also have high degrees of
belonging to the clusters. This degree of belonging may be
used as an indicator value of the attributes with respect to the
clusters of objects.

 In the unipolar eigenvector the non diagnostic attributes
have high scores because they contribute to the overall simi-
larity of the data matrix X more than the other attributes. 

Table 6 shows that the correlations (positive or negative)
between the fuzzy sets of attributes and the eigenvectors of
R and of CA is very high, proving again that clusters are re-
lated to the eigenvectors of similarity matrices. Table 7
clearly shows the correspondence between the objects and
the clusters of attributes whereby it could be used to classify
the objects on the basis of their maximum degrees of belong-

ing to the clusters of attributes. In this case the classification
of the objects in three clusters is easily confirmed, and the
average values of degrees of belonging of the objects to the
three clusters can be used to estimate the indicator value of
the groups of attributes. It is clear from such values that the
first three groups of attributes have high indicator value
while the fourth one very small, as expected.

Discussion and conclusion

With a simple data set we have shown that the ideas of
producing ordinations by classifications (e.g., OBC) and
classification by ordination as in TWINSPAN (Hill et al.
1975, Hill 1979, Gauch 1982) or in the method proposed by
Feoli (1977b) and in spectral clustering (e.g., von Luxburg
2007; Shu and al. 2011) are mathematically sound. We have
not applied TWINSPAN to the data set because so small that
the classification of objects and attributes can be easily ob-
tained from the eigenvectors of CA of Tables 3 and 4 by split-
ting them according to the TWINSPAN’s suggestions (e.g.,
positive versus negative values). We have also not applied
the method of Feoli (1977b) and the spectral clustering be-
cause the classification according to these methods can be
obtained easily by visual inspection of the matrix X (Table
1). In any case we do not recommend the application of
TWINSPAN without a previous cluster analysis because the
method can easily split natural clusters when they are equi-
distant from the clusters that are opposite on the first eigen-
vector. We have to remember that eigenanalysis and cluster
analysis always give results that are depending on the struc-
ture of data matrices and that submatrices of matrices that
tend to be disjoint usually have their independent set of
eigenvalues. We have to consider that ordination axes based
on eigenanalysis, i.e., eigenvectors, show patterns in multidi-
mensional spaces in which the vectors of rows and columns
of the data matrix find their position according to the scores
they have in the data matrix. Therefore, if there are clusters,
the eigenvectors are revealing such clusters both for objects
and attributes in the same space!

Thanks to the theorem of SVD and to the theorem for
which each sub-matrix of a disjoint matrix has its inde-
pendent set of eigenvalues and eigenvectors, we can say that
the eigenvectors of a similarity matrix are individuating clus-
ters if they exist. If they do not exist the first eigenvalue is
very efficient in representing the matrix and the vectors with
the highest length in the data matrix will have the highest
scores in the first eigenvector. On the basis of this fact Feoli
(2012) suggests to measure the diversity of vegetation sys-
tems on the basis of the entropy of the eigenvalues of the
similarity matrices. The “existence” of clusters testifies the
heterogeneity and diversity of vegetation and therefore the
“existence” of discriminating variables. It follows that we
can suggest that the degrees of belonging of attributes to clus-
ters of objects and the degrees of belonging of objects to clus-
ters of attributes can be used as good measures of indicator
values of the attributes or groups of attributes. In this way the
indicator value would not only take into consideration the

Table 6. Correlation coefficients between the degrees of be-
longing of the fuzzy partition for attributes F(Pv) of the attrib-
utes to the sets A, B, C and the eigenvectors (J) of the matrix R
(Table 2b) and the eigenvectors (CA) of the rows of X accord-
ing to Correspondence Analysis. In bold are indicated the rela-
tive high correlations (negative or positive).

Table 7. Fuzzy partition of the 9 objects (Table 1) to the sets
defined by the 4 groups of attributes and the average degrees of
belonging of the three clusters A, B, C to the 4 sets. In bold are
indicated the maximal values for each column.
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frequency (or abundance) of the single species or species
groups (or other variables) to the clusters as done by the in-
dices based on chi-square (e.g., Feoli 1976) or others de-
scribed, discussed and proposed by Podani and Csányi
(2010) and more recently by De Cáceres et al. (2012), but
also the overall similarity between the clusters as it is done in
Analysis of Concentration (AOC, Feoli and Orlóci 1979) for
species groups. 

We can conclude this paper by saying that matrix algebra
can help in finding explanations for the similarities between
classification based on ordination and ordinations based on
classifications (Fuzzy sets) and may be used to suggest ways
of measuring the diagnostic values of attributes (species or
other characters) in a unified context and in a hierarchical
perspective. It is obvious that the correlation between the
eigenvectors of a given similarity matrix and fuzzy sets can
be done for fuzzy sets defined at different hierarchical levels,
as it is also obvious that such levels can be obtained with
methods that measure the sharpness of the classifications at
different hierarchical levels (e.g., Feoli and Lausi 1980, Dale
1988, Pillar 1999). We have considered in this paper an index
of similarity different from the simple scalar product (i.e., the
index of Jaccard) because we wanted to show that fuzzy sets
obtained with clustering are highly correlated with eigenvec-
tors of the corresponding similarity matrices irrespective the
similarity index used and therefore that the ordinations based
on classification could also be used for mixed data when
similarity are calculated with indices like those of Gower
(1971) and Goodall (1964, 1966, 1993). 
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