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A b s t r a c t  

This paper presents an approach to estimating the probability dis-
tribution of annual discharges Q based on rainfall-runoff modelling using 
multiple rainfall events. The approach is based on the prior knowledge 
about the probability distribution of annual maximum daily totals of rain-
fall P in a natural catchment, random disaggregation of the totals into 
hourly values, and rainfall-runoff modelling. The presented Multi-Event 
Simulation of Extreme Flood method (MESEF) combines design event 
method based on single-rainfall event modelling, and continuous simula-
tion method used for estimating the maximum discharges of a given ex-
ceedance probability using rainfall-runoff models. In the paper, the flood 
quantiles were estimated using the MESEF method, and then compared 
to the flood quantiles estimated using classical statistical method based 
on observed data. 

Key words: rainfall event, precipitation generating, rainfall-runoff mod-
elling, probability distribution of annual maximum discharges, anteced-
ent runoff conditions, flood quantiles. 
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1. INTRODUCTION 
It is projected that climate changes (SPA 2020 (2013)) and inconsistent sys-
tem of urban planning (including accelerated catchment sealing process) 
(KPZK 2030 (2013)) will have a significant impact on causing negative 
changes in water regime in Poland until 2030. According to Kowalczak 
(2011), it is changes in land use (land sealing) that should be seen as the ma-
jor cause of floods, while the changing climate will contribute to changing 
the precipitation character. Forecasts estimate that despite almost unchanged 
annual precipitation total, the character of this phenomenon will become 
more random and heavy rainfalls (above 20 mm/day) will likely become no-
ticeable, especially in the southern part of Poland. 

Seeing how these reasons pose challenges that demand appropriate 
methods of engineering hydrology, the authors undertook to analyse a new 
approach to estimating probability distribution of maximum annual dis-
charges. This approach makes it possible to consider future changes in urban 
planning of a catchment as well as consider the changeable character of pre-
cipitation. Both of these phenomena have a significant impact on the in-
crease in maximum discharge and the change in their probability distribu-
tion. 

The presented method is based on the information about probability dis-
tribution of maximum daily rainfall totals in catchment, their random distri-
bution into hourly values (disaggregation), and multi-event rainfall-runoff 
modelling. It also involves considering different moisture conditions of the 
soil in the catchment, because catchment moisture condition before the rain-
fall event resulting in a flood wave is essential for the discharge values 
(Pathiraja et al 2012). 

The method combines the design event method based on single event 
modelling (Pilgrim and Cordery 1993) and the continuous simulation meth-
od (Boughton and Droop 2003, Calver and Lamb 1995), both used for esti-
mating probable maximum discharges with the application of rainfall-runoff 
models. For brevity, the new method is called Multi-Event Simulation of Ex-
treme Flood (MESEF). 

The design event method assumes that the estimation of a flood of se-
lected exceedance probability results from a design rainfall of the same 
exceedance probability. A hyetograph is used as the input data for the rain-
fall-runoff model, with the precipitation duration equal to (or greater than) 
the time of concentration in the catchment (DVWK 1984) and usually with a 
method of disaggregation into smaller time steps. 

The major advantage of the design event method lies in its simplicity of 
use and easiness in interpreting results. On the other hand, many of its ele-
ments raise questions. It is debatable, for instance, what rainfall duration 
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should be considered – whether it should be equal to or greater than concen-
tration time (DVWK 1984), whether over 8.5 hours (Nowicka et al. 1997) or 
24 hours (USDA 1986). Also, the issue of establishing the antecedent runoff 
conditions in the catchment has not been definitely resolved; at present, av-
erage conditions are assumed or maximum catchment saturation prior the 
rainfall event is implied. A similar simplification is used in relation to tem-
poral distribution of rainfall; it is common to apply fixed temporal distribu-
tions (4 types) (USDA 1986), or a distribution with a peak in the middle of a 
rainfall event (DVWK 1984), or to simply search for a distribution that will 
generate the maximum runoff (Banasik 2009). 

The second method – the continuous simulation method – requires a sto-
chastic rainfall generator. The generated continuous rainfall sequences pro-
vide input for the continuous rainfall-runoff model (Cameron et al. 1999). 
Continuous sequences of modelled runoff are then obtained, and their maxi-
mum values (as in the case of the observed data) are subjected to statistical 
analysis to identify the probability distribution and calculate quantile values. 

Considering the application of rainfall-runoff models for estimating 
quantile values of probable maximum discharges, the design event method is 
a classical approach. At the same time, the continuous simulation method is 
recognized as its practical alternative. 

So far, the continuous simulation method has not been used in Poland in 
practical application, although there have been first attempts to use it for de-
signing a storm drain system (Licznar 2009). It is worth noting that this 
method eliminates most of the disadvantages of the design event method. 
What is more, Pathiraja et al. (2012) observed its superiority in considering 
catchment moisture condition in modelling, which is important on account 
that underestimating its correct simulation could result in underestimating 
discharge peak values. Boughton and Droop (2003) pointed out the possibil-
ity to eliminate the necessity to match the duration and rainfall time distribu-
tion in modelling, which raises many questions and concerns in the design 
event method. However, the rainfall-runoff models used in this method are 
more complex, i.e., they have more parameters, and hence the calibration of 
these models is more difficult. It is also essential that a stochastic rainfall 
generator with parameters adjusted to the local conditions be used in the 
method, because it allows for generation of long synthetic rainfall series. 

Alongside the application of both methods separately, there have also 
been approaches combining them both, e.g., SCHADEX (Paquet et al. 
2013), or other described by Francés et al. (2008), as well as applications re-
lated to the use of the Monte Carlo method for multidimensional probability 
distributions (Rahman et al. 2002). The SCHADEX method uses an ap-
proach described as semi-continuous. A continuous rainfall-runoff model 
(MORDOR) is used along with rainfall data from multiannual period whose 
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fragments are substituted with synthetic rainfall events. This approach makes 
it possible to obtain the probability distribution of maximum discharges 
without making assumptions about the condition of the catchment prior to 
the rainfall – the condition results from a real historical period. SCHADEX 
method was applied in Poland for the first time by Osuch et al. (2013), using 
the Nysa K�odzka catchment as a case study. Somewhat different solutions 
are proposed in the approach presented by Francés et al. (2008). Their meth-
odology implies identifying annual discharges Q on the basis of modelling of 
nonrandomized synthetic rainfall events for different known moisture condi-
tions. 

The present study evaluates whether the MESEF method could be used 
to receive the probability distribution of maximum discharges on the basis of 
multi-event rainfall simulation. In order to prove the validity of the proposed 
method, the quantiles received from the MESEF were compared with the 
quantiles received from the classical statistical method. 

2. STUDY  AREA 
The MESEF method was applied in the Czarny River catchment, situated in 
south-eastern Poland with the area of 95.2 km2 to the Polana gauge (Fig. 1). 
The elevation differences in the catchment reach 600 m. The drainage sys-
tem is very well developed, and its density reaches almost 3 km/km2. Over 
80% of this catchment is forestland. 

 

 

 

 

 

 

 

 

 

Fig. 1. The Czarny River 
catchment with the net-
work of precipitation sta-
tions. 
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Sequence of annual maximum daily rainfall totals Po and annual dis-
charges Qo from a 36-year period (1977-2012) from the Polana precipitation 
and Polana gauge stations, respectively, were chosen for analyses. A simpli-
fying assumption was made that the data from the Polana station are equiva-
lent to the areal precipitation of the entire catchment.  

The Czarny catchment planning did not change in a significant way 
throughout the period from which the data in the article was sourced. In oth-
er words, the catchment retained its natural character thanks to which the 
land use changes did not affect the discharge values, and, in consequence, 
could be chosen as representative for the purposes of the article. This partic-
ular catchment is therefore a solid starting point for analyzing the influence 
of catchment planning changes on changes in discharge maximum values. 

3. MESEF  –  ASSUMPTIONS  AND  STAGES 
The MESEF method is based on the assumption that rainfall-runoff model-
ling replicated for multiple rainfall events, originating from the probability 
distribution of annual maximum daily rainfall totals Po, will make it possible 
to obtain the probability distribution of annual maximum discharges Qo. This 
distribution is developed on the basis of peak discharge values obtained from 
modelling. An assumption was also made about rainfall disaggregation: in 
order to break down the maximum daily precipitation into hourly values, 
beta probability distribution function, with parameters � and �, was used. 
The values of these parameters were generated from a known two-
dimensional distribution of � and � based on measurement data. The MESEF 
method assumes conducting rainfall-runoff modelling for three types of an-
tecedent runoff conditions (ARC) in the catchment: dry, normal, and wet 
(Hawkins et al. 2009). 
The MESEF method is conducted in three stages. 
� Rainfall generation: 

– identification of the probability distribution of observed Po , 
– generating synthetic values of Ps from the identified probability distri-

bution,  
– generating pairs of parameters � and � from their two-dimensional 

frequency distribution, 
– creating hyetographs with an hourly time step by disaggregation of 

synthetic Ps ; 
� Rainfall-runoff modelling: 

– identification of parameters of the selected model on the basis of phys-
iographic characteristics of the catchment, 

– calibration of the model for the assumed ARC in the catchment, 
– creating synthetic runoff hydrographs on the basis of rainfall hyeto-

graphs for three kinds of ARC by modelling; 
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� Estimating probability distributions of synthetic Qs for the best proportion 
ARC, description of the procedure of finding the best proportion ARC in 
Section 6: 

– estimating the flood quantiles.. 
 

The following chapters contain detailed description of the work carried 
out during the specific stages of the MESEF. 

4. RAINFALL  GENERATION 
In general, synthetic hyetographs are generated by a rainfall generator. In or-
der to generate a hyetograph, it is necessary to provide annual maximum 
daily rainfall totals and the � and � parameters of the beta distribution. The 
proposed MESEF method requires an analysis of many rainfall events (many 
hyetographs). This is why synthetic daily totals generation from the prob-
ability distribution of observed Po was used, as well as generation of the beta 
distribution parameters � and � from their two-dimensional frequency distri-
bution. 

It was assumed that the observed annual maximum daily rainfall totals 
Po have the three-parameter Weibull distribution W(�, �, �) (Fig. 2), where �, 
� > 0  and the density function was expressed by the following formula 1: 
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Fig. 2. Empirical (circles) and theoretical (solid line) probability exceedance func-
tion of Po from the 36-year period (1977-2012) from the Polana precipitation station 
(Weibull distribution  � = 1.7107,  � = 36.137,  � = 22.827). 
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The parameters of this distribution were estimated using the maximum like-
lihood method. 

The description of the generator’s operation was based on the example of 
generating 100-element rainfall sample. From the Weibull distribution, 100 
synthetic Ps values were generated. In order to estimate the uncertainty relat-
ed to generating precipitation, there were ten 100-element samples generated 
from Weibull distribution. All of the generated samples underwent Pearson 
goodness-of-fit test �2 (�2

 P) with Weibull theoretical distribution. None of 
the samples was rejected by that test at the level of significance  alpha = 0.05, 
even though the test statistics differed. Finally, in order to limit the uncer-
tainty of the MESEF method, it was assumed that the best input for the rain-
fall-runoff model will be the sample whose test statistics had the lowest 
value, in other words – the one that performed best in �2 test. It can be ex-
pected that greater number of generated precipitation samples will allow 
choosing the best of them, i.e. closest to the theoretical distribution. 

Each of 100 synthetic Ps values was broken down into hourly values us-
ing density function  fB(y; �, �)  and the method of generating � and � param-
eters of the beta distribution Be(�, �), where  �, � > 0, and the density 
function was expressed using the following formula 2: 

 � � � � � � � �

� �

111 1 for 0,1
,, , ,

0 for 0,1
B

y y y
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where B(�, �) is the beta function. 
The properties of this distribution, i.e., the arbitrary asymmetry (depend-

ent on the values of the parameters � and �) and its double-sided limitation 
make it applicable in the distribution of the daily precipitation into the values 
for smaller time steps (Wi�zik 2010). 

Because � and � parameters have an influence on how the rainfall totals 
are broken down into hourly values (Fig. 3), information was searched for 
concerning the possible values of these parameters. 

In the end, the range and the frequency of occurrence of the values of � 
and � parameters of the beta distribution Be(�, �) were used. These were ob-
tained by fitting beta distribution to daily precipitation broken down into 
hourly values, based on the multiannual period of 1961-1985 for Cracow, 
with an assumption that the data used are representative of catchments in the 
Carpathian region. Making such an assumption, the authors are aware that it 
may cause a kind of bias in generating � and � parameters of the beta distri-
bution Be(�, �); however, only these data with a one-hour step were availa-
ble for their calculations. 
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(a)                              (b) 

  

Fig. 3. Exemplary hyetographs of annual maximum daily rainfall totals: 
(a) P = 51.2 mm, (b) P = 53.4 mm, (c) P = 36.7 mm, broken down into 24 hourly 
values, for which the values of the beta parameters (�, �) are: (a) � = 0.313, 
� = 0.725, (b) � = 45.391, � = 17.131, and (c) � = 8.251, � = 4.418. 

Only rainfalls with at least 10 mm daily total were used for the calcula-
tions. As a result, 274 pairs of parameters (�, �) were obtained with values 
ranging from 0 to 60 (Table 1). 

In order to generate values of the parameter pairs (�, �), a two-dimen-
tional distribution of the frequency of occurrence was used in accordance 
with Table 1. Generating of pairs (�, �) should be performed in three stages: 
i.e., firstly an interval ��i from the marginal distribution of � is generated, 
then ��j from the conditional probability distribution  P(� � ��j|� � ��i), 
and then, independently of each other, � and �  from the uniform distribution 

(c) 
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Table 1 
Frequency of parameters (�, �) occurrence of the beta distribution  

in the (0,60) � (0,60) domain*) 

  � Total 
  (0, 1) [1, 2) [2, 5) [5, 10) [10, 20) [20, 30) [30, 60)

  a.f. r.f. 
[%] 

a.f. r.f. 
[%]

a.f. r.f. 
[%]

a.f. r.f. 
[%]

a.f. r.f. 
[%]

a.f. r.f. 
[%]

a.f. r.f. 
[%]

a.f. r.f. 
[%] 

� 

(0,1) 18 6.6 7 2.6 6 2.2 0 0 0 0 0 0 0 0 31 11.3 
[1,2) 2 0.7 14 5.1 13 4.7 5 1.8 0 0 1 0.4 0 0 35 12.8 
[2,5) 3 1.1 7 2.6 17 6.2 12 4.4 6 2.2 2 0.7 2 0.7 49 17.9 
[5,10) 1 0.4 11 4.0 9 3.3 7 2.6 5 1.8 1 0.4 4 1.5 38 13.9 

[10,20) 0 0 2 0.7 7 2.6 6 2.2 9 3.3 7 2.6 3 1.1 34 12.4 
[20,30) 0 0 0 0 2 0.7 7 2.6 19 6.9 19 6.9 3 1.1 50 18.2 
[30,60) 0 0 0 0 1 0.4 3 1.1 27 9.9 6 2.2 0 0 37 13.5 
Total 24 8.8 41 15.0 55 20.1 40 14.6 66 24.1 36 13.1 12 4.4 274 100 

*)The calculations were performed in 2013 by Stanis�aw W�glarczyk, Cracow Uni-
versity of Technology, Institute of Water Engineering and Water Management. 
Explanations: a.f. – absolute frequency, r.f. – relative frequency. 

(a)      (b) 
 

 
Fig. 4. Two-dimentional distribution of parameters � and �: (a) 2D histogram of 
(�, �) values in the (0,60) � (0,60) domain based on calculations by Stanis�aw 
W�glarczyk, and (b) generated 100 pairs of (�, �) parameters used in that work.  

of the appropriate intervals ��i and ��j. This, in practice, comes down to 
generating 100 pairs of parameters (�, �) from the areas marked out by the 
occurrence interval boundaries of parameters � and � (Fig. 4). 
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Fig. 5. Exemplary generated hyetographs. 

Parameters � and � are independent of the daily rainfall totals. This means 
that since there was no correlation found either between parameter � and dai-
ly totals of rainfall P, or parameter � and daily totals of rainfall P, parameters 
� and � can be generated independently of synthetic Ps generation. 

Using the beta density function fB (y; �, �) for disaggregation of synthetic 
Ps for hourly values Ph allowed for 100 rainfall hyetographs to be obtained 
(Fig. 5), and they constitute the input data for the rainfall-runoff model. It 
means that only one pair (�, �) was applied to every generated rainfall total. 

5. RAINFALL-RUNOFF  MODEL  
Version 3.5 of the Hydrologic Engineering Center Hydrologic Modeling 
System (HEC-HMS) (Scharffenberg and Fleming 2010) was used for model-
ling the runoff from the investigated catchment. 

The Soil Conservation Service (now the Natural Resources Conservation 
Service) Curve Number loss method (SCS CN), based on the knowledge of 
total precipitation, soil type, land cover type, and soil moisture at the begin-
ning of the rainfall, was used to determine the value of effective rainfall. All 
of these factors are taken into account in the CN parameter (Mishra and 
Singh 2003). The Unit Hydrograph method (SCS UH), used to determine the 
value of the peak discharge, total runoff volume, hydrograph shape, and time 
history, was chosen for the rainfall-runoff transformation. To determine the 
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baseflow, the Recession Method was used. It allows the approximation of a 
typical streamflow behaviour also after the rainfall event. This situation – the 
descending part of the hydrograph – is depicted in the form of an exponential 
recession curve (Scharffenberg and Fleming 2010).  

The choice of these simple methods was driven by their widespread use, 
small number of parameters, as well as their applicability in ungauged 
catchments due to the possibility of parameter estimation on the basis of 
catchment characteristics. Moreover, the loss and transformation models al-
low to diversify the parameter values of the HEC-HMS model according to 
the catchment antecedent runoff conditions which have an influence on the 
values of peak discharges. This is significant for the MESEF method pro-
posed in this paper. 

Data from three flood hydrographs from 1997, 2007, and 2008 were used 
for calibration and verification of the model parameters. The data included 
precipitation from the Polana station and discharges from the Polana gauge 
on the Czarny River. The calibration procedure was conducted using HEC-
HMS software. Five parameters from the model underwent calibration: the 
initial abstraction, CN parameter, TLag parameter, baseflow threshold coeffi-
cient, and recession constant. Different ARC which had impact on the value 
of the CN parameter and the value of the dependent TLag parameter were al-
lowed for in the calibration procedure. During this procedure, it has been ob-
served that sensitivity of SCS CN loss model for changes of an initial ab-
straction is not as significant as in the case of other models (Lee and Huang 
2013). 

In order to assess the quality of the chosen rainfall-runoff model, a direct 
comparison between the observed and simulated peak discharges was carried 
out (Table 2). The values of relative errors show at least good quality of the 
model and this is why it could be used for generating synthetic discharge hy-
drographs. 

Table 2 

Comparison between the observed and simulated peak discharges 

Year Observed peak discharges 
[m3/s] 

Simulated peak discharges
[m3/s] 

Relative error 
[%] 

1997 111.0 107.61   3.1 
2007   63.4   54.89 13.4 
2008 111.0 115.12   3.7 

 
Rainfall-runoff modelling was conducted for a set of generated rainfall 

events, for three kinds of antecedent runoff conditions (ARC) in the catch-
ment: dry (ARC I), normal (ARC II), and wet (ARC III) (Fig. 6). 
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(a)                                                              (b) 

                                                                (c) 

 

 

 

Fig. 6. Exemplary discharge hydro-
graphs for a set of 100 synthetic rain-
fall events for ARC: (a) dry ARC I, 
(b) normal ARC II, (c) wet ARC III. 

 

6. FINDING  THE  BEST  PROPORTION  OF  ARC  FOR  SYNTHETIC  
PEAK  DISCHARGE  VALUES  QS 

According to Hawkins et al. (2009), the absolute average conditions ARC 
may be variable depending on factors such as local climate, soil, vegetation, 
and land use. This is the purpose behind finding the most frequently occur-
ring runoff conditions. In the case of the Czarny catchment, these conditions 
were searched for by means of estimating the best proportion of antecedent 
runoff conditions ARC for 100 synthetic rainfall events. 

The analyses performed in this part of the work were supposed to answer 
the question about the conditions required to be fulfilled by the synthetic da-
ta Qs to identify the probability distribution of observed Qo. It was assumed 
that the probability distribution of observed Qo was the actual distribution, 
and attempts were made to make the synthetic data yield the best possible fit 
to that distribution, including events with a very small exceedance probabil-
ity. 

6.1  Estimation of the probability distribution of Qo 
From among several analysed probability distributions (W�glarczyk 2010, 
Stedinger et al. 1993), i.e., the two-parameter gamma, Gumbel (Fisher-
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Tippett type I), Weibull (Fisher-Tippett type III), GEV, and log-normal, the 
two-parameter log-normal distribution demonstrated the best fit to the obser-
vations Qo (Table 3, Fig. 7). The density function of the log-normal distribu-
tion LN(μ, �), where μ, � > 0, was expressed by the following formula 3: 

 � �
� �� �2

0
02

0 0

0

ln1 exp for 0
, , .22�

0 for 0

q
q

f q q

q

� � ��	 � ��  	
� �� ! "	

#	�

$
$ % %%  (3) 

The parameters of this distribution were estimated using the maximum 
likelihood method. 

Table 3 
Statistic values of the Kolmogorov–Smirnov goodness-of-fit test  

for examined probability distributions for observed Qo  
from the 36-year period (1977-2012) from the Polana gauge* 

Probability  
distribution 

Kolmogorov–Smirnov Sample 
size 

Critical value at 
the alpha level of significance 

Statistic  
value Rank alpha = 0.2 alpha = 0.1 

log-normal  
(two-parameter) 0.0756 1 36 0.1742 0.1991 

GEV 0.0795 2
gamma 0.0868 3 
Weibull 0.0937 4 

Gumbel max 0.1152 5 
*)Source of data: Institute of Meteorology and Water Management, Polish National 
Research Institute. 

Fig. 7. Empirical (circles) and theoretical (solid line) probability exceedance func-
tion of Qo from the 36-year period (1977-2012) from the Polana gauge (log-normal 
distribution: μ = 3.4149,  � = 0.71172). 
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6.2  Creating combinations Qsci of synthetic peak discharge values Qs for 
different ARC 

In order to create combinations Qsci sequences of synthetic peak discharge 
values Qs for three kinds of ARC were used. 300 synthetic peak discharge 
values Qs were read off from the 300 synthetic hydrographs (Fig. 5), i.e., 100 
values for each of the three kinds of ARC (Fig. 8), namely Qs_I, Qs_II, and 
Qs_III. 

In the next stage, the combinations Qsci (i = 1, …, 38) of the values of 
Qs_I, Qs_II, and Qs_III were created to find the best fit between the probability 
distribution of the combination Qsci and the theoretical probability distribu-
tion of the observed Qo data. 

For this purpose, an appropriate number of values was generated from 
each of the Qs_I,  Qs_II, and Qs_III sets, creating – as a result – new 100-element 
series of randomly intermixed discharge values for different ARC. Generat-
ing was performed for 38 possible combinations, creating thirty-eight 100-
element discharge series. Thus, the combination 2-0-1 indicates, for exam-
ple, that from Qs_I 67 values were generated, which accounts for 2/3 of the 
elements of the entire series, while from Qs_III 33 values were generated, 
which accounts for the remaining 1/3 of the elements of the entire series. In 
this case no discharge value was generated from Qs_II. It means that this 
combination was affected by dry (2/3 of all values) and wet (1/3 of all val-
ues) runoff conditions in the catchment. 

Fig. 8. Synthetic peak discharge values Qs for three types of ARC. 

6.3  An analysis of compatibility of the synthetic probability  
distributions of Qsci and the probability distribution of observed Qo 

The created combinations Qsci were tested for goodness-of-fit to the theoreti-
cal probability distribution  for the observed data Qo.  The goodness-of-fit  of 
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Table 4 
Test statistic values for the Kolmogorov–Smirnov (K-S), Anderson–Darling (A-D), 

and Pearson (�2 P) goodness-of-fit tests  
calculated for thirty-eight 100-element combinations of synthetic Qsci 

i Qsci combinations
where  i = 1, …, 38 K-S K-Scrit. A-D A-Dcrit. �2 P �2

 crit. 
1 1-0-0 2.49 

1.36 

26.17 

2.50 

61.60 

16.92 

2 0-1-0 2.85 16.74 46.80 
3 0-0-1 5.66 101.25 312.40
4 1-1-0 1.06 4.16 17.80 
5 1-0-1 4.35 15.11 74.60 
6 0-1-1 2.36 46.86 131.40
7 0-1-2 4.55 53.81 173.20
8 0-2-1 3.35 25.82 63.80 
9 1-0-2 3.35 29.03 133.00

10 1-1-1 2.11 11.68 45.00 
11 1-2-0 1.25 3.00 14.60 
12 2-0-1 1.49 9.05 38.80 
13 2-1-0 1.97 12.27 31.80 
14 0-1-3 4.68 60.85 190.40
15 0-3-1 3.05 21.75 53.60 
16 1-0-3 3.76 40.20 160.60
17 1-1-2 3.15 24.28 92.00 
18 1-2-1 2.15 10.61 34.40 
19 1-3-0 1.55 4.15 15.60 
20 2-1-1 1.25 6.96 25.60 
21 3-0-1 1.79 11.66 40.60 
22 3-1-0 2.17 16.72 42.40 
23 0-1-4 4.96 71.79 234.60
24 0-2-3 4.75 57.37 182.20
25 0-3-2 3.85 37.32 98.80 
26 0-4-1 3.05 21.85 57.80 
27 1-0-4 4.26 53.72 204.00
28 1-1-3 3.78 35.23 144.20
29 1-2-2 3.15 25.44 85.60 
30 1-3-1 2.25 10.13 30.60 
31 1-4-0 1.95 6.65 23.40 
32 2-0-3 3.15 24.61 117.00
33 2-1-2 2.35 14.66 59.80 
34 2-2-1 1.61 7.11 25.00 
35 2-3-0 1.21 2.99 15.60 
36 3-0-2 1.86 10.53 53.60 
37 3-1-1 1.44 9.32 28.80 
38 3-2-0 1.37 7.38 24.40 

Note: grey colour means that test did not reject the combination. 
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Fig. 9. Continued on next page.
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Fig. 9. Continued on next page. 
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Fig. 9. Combinations of probability exceedance function of synthetic Qsci (full cir-
cles) and observed discharges Qo (solid line) at Polana cross-section in the Czarny 
catchment for different ARC. Combinations not rejected by the two tests are marked 
by framing.  

both distributions was assessed using three tests: Kolmogorov–Smirnov 
(K-S), Anderson–Darling (A-D), and Pearson �2 (�2 P) (Table 4), under an 
assumption that the compatibility of distributions for a given combination 
must be not rejected by at least two tests. 

The results of the K-S test did not reject the compatibility of both distri-
butions in four cases, for the combinations: 1-1-0, 1-2-0, 2-1-1, 2-3-0, the 
�2 P � in three cases for the combinations: 1-2-0, 1-3-0, 2-3-0, while the A-D 
test rejected the compatibility for all the combinations. In consequence, there 
were two tests (K-S and �2 P) that did not reject the compatibility of both dis-
tributions in only two cases, for the combinations: 1-2-0 and 2-3-0 (Fig. 9). 
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An analysis of the basic combination types 1-0-0, 0-1-0, and 0-0-1 which 
represent discharge series from dry, normal, and wet conditions, respective-
ly, did not reveal that it was only one of those conditions that would bear the 
greatest similarity to the observed data (Fig. 9). This finding was also con-
firmed by the K-S, A-D, and �2 P tests, whose statistic values for 1-0-0 are 
2.49, 26.74, 61.60, for 0-1-0 are 2.85, 16.74, 46.80, and for 0-0-1 are 5.66, 
101.25, 312.40, respectively, and which significantly exceed the critical test 
values: 1.36, 2.50, and 16.92, respectively. In the case of combinations 1-2-0 
and 2-3-0, for which the goodness-of-fit of both distributions was not reject 
by at least two tests, the statistic values are much lower than the critical val-
ues, and they are: 1.25 (K-S), and 14.6 (�2 P) for 1-2-0, and 1.21 (K-S), 
and15.6 (�2 P) for 2-3-0, respectively. However, compatibility of distribu-
tions of these combinations were rejected by the A-D test, but their statistic 
values are not much greater than the critical test values at the significance 
level  alpha = 0.05. 

Based on the test of statistic values it can be concluded that the synthetic 
discharge values in proportions 1-2-0 and 2-3-0 of the ARC conditions in the 
river Czarny catchment demonstrate the best compatibility with the observed 
data. 

In these optimal combinations, the synthetic discharge values come from 
only dry (from 33 to 40%) and normal (from 60 to 67%) antecedent condi-
tions in the catchment. Wet antecedent runoff conditions (ARC III) do not 
affect the synthetic discharge values. 

7. ESTIMATING  PROBABILITY  DISTRIBUTION  OF  SYNTHETIC  QS  
FOR  THE  BEST  ARC 

For two specific best proportions of antecedent runoff conditions ARC  
(1-2-0 and 2-3-0), estimated for the Czarny catchment in the Polana cross-
section, discharge exceedance probability curves of Qs were created. At the 
same time, in order to increase the credibility of the flood quantiles from the 
probability distribution for very small exceedance probability, the modelling 
was performed on a 10 000-element rainfall sample. Then, 10 000 synthetic 
values of Ps from the identified probability distribution and 10 000 pairs of 
parameters � and � from their two-dimensional frequency distribution were 
generated, so that for every one rainfall value there is one pair of (�, �) pa-
rameters. This way, there were 10 000 hyetographs with an hourly time step 
created by disaggregation of synthetic Ps, which were the input data for the 
rainfall-runoff model. In the process of modelling, there were three 10 000-
element series of peak discharges for three kinds of ARC obtained, which 
were further mixed in proportions 1-2-0 and 2-3-0, thus creating two 10 000-
element combinations Qsci. In consequence, for both combinations, probabi-
lity distributions were estimated (Fig. 10). The values of synthetic flood 
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Fig. 10. Empirical (circles), theoretical (solid grey line), MESEF 1-2-0 (dotted line), 
and MESEF 2-3-0 (solid black line) flood quantiles for the Czarny catchment in the 
gauge station Polana. 

quantiles for the asked probabilities p were compared to the quantiles from 
the observed data. 

8. COMPARING  FLOOD  QUANTILES  ESTIMATED  USING  THE  
MESEF  AND  THE  CLASSICAL STATISTICAL  METHOD 

In order to verify the efficiency of the proposed method, it was necessary to 
compare the flood quantiles Qp estimated using the MESEF and the classical 
statistical method (SM). SM is a direct method, common in Poland, used in 
controlled catchments and based on the observed values of maximum dis-
charges Qo. A comparison was carried out for two combinations: 1-2-0 and 
2-3-0 (Table 5). 

As it can be observed, in case of both combinations, the flood quantiles 
estimated using the MESEF method reveal slightly higher values than those 
estimated using the statistical method (for  p 	 0.5%). Only for  p = 0.1%  
the flood quantile estimated using the MESEF method is slightly lower than 
the quantile estimated using the statistical method (SM). 
What is more, relative errors of flood quantiles for the 1-2-0 and 2-3-0 com-
binations were calculated in order to find out which of the established pro-
portions of antecedent moisture conditions ARC would bear the greatest 
similarity to the observed discharges. It can be observed here that for the  
2-3-0 proportion, the relative error – in almost all of the cases, except for the 
p = 0.1% – reveals lower values than for the 1-2-0 proportion. It can be in-
ferred from this information that the peak discharge probability distribution 
was most similar to the discharges for the 2-3-0 proportion of antecedent 
runoff conditions ARC. 
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Table 5 

Comparison of flood quantiles estimated using the statistical method (SM)  
and the MESEF method for two combinations: 1-2-0 and 2-3-0 

p 
[%] 

Qp 
(SM) 

Qp(1-2-0)
(MESEF)

Qp(2-3-0)
(MESEF)

Difference 
�&

a) 
(1-2-0) 

Difference 
�'

b) 
(2-3-0) 

Relative 
error 	&c)

(1-2-0) 

Relative  
error 	'd) 

(2-3-0) 
[m3/s] [m3/s] [m3/s] [m3/s] [m3/s] [%] [%] 

0.1 242.0 236.7 236.0 5.4 6.0 2.2 2.5 
0.5 190.2 196.7 191.8 –6.4 –1.5 3.4 0.8 
1 147.2 173.7 170.4 –26.5 –23.2 18.0 15.7 
2 123.2 153.1 148.8 –29.9 –25.7 24.3 20.9 
5 94.1 120.5 117.0 –26.4 –22.9 28.0 24.3 

10 74.0 95.4 92.2 –21.4 –18.2 28.9 24.6 
20 55.2 70.7 67.9 –15.5 –12.7 28.1 23.0 
30 44.5 55.2 52.7 –10.7 –8.2 24.0 18.4 
50 31.1 35.4 33.3 –4.4 –2.2 14.0 7.1 

a��& = Qp(SM) – Qp(1-2-0)(MESEF),  b��' = Qp(SM) – Qp(2-3-0)(MESEF),  
c)(& = �&)/Qp(SM) × 100%,  d)(' = �')/Qp(SM) × 100%. 

Table 6 
Comparison of flood quantiles estimated using classical methods:  

statistical (SM) and area regression equation (RE) 

p 
[%] 

Qp(SM) Qp(RE) Difference �*
a) Relative error 	*b) 

[m3/s] [m3/s] [m3/s] [%] 
0.1 242.0 149.4 92.7 38.3 
0.5 190.2 117.0 73.2 38.5 
1 147.2 102.3 44.9 30.5 
2 123.2 88.0 35.2 28.6 
5 94.1 69.0 25.1 26.7 

10 74.0 54.8 19.2 25.9 
20 55.2 40.0 15.2 27.5 
30 44.5 32.0 12.5 28.1 
50 31.1 16.5 14.6 47.0 

a��* = Qp(SM) – Qp(RE),  b)(* = �*/Qp(SM) × 100%. 

Additionally, another method was verified that is widespread in use in 
Poland for estimating flood quantiles using the area regression equation 
(RE). RE is a method used in uncontrolled catchments with an area from 50 
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to 2000 km2 (RZGW 2014). The true values used, similarly to the assess-
ment of the MESEF method, were quantiles based on observed data obtained 
from the SM method (Table 6). 

The flood quantiles obtained using the regression equation (RE) reveal 
significantly lower values than the quantiles obtained using the statistical 
method (SM) for all cases. This is confirmed by the calculated values of the 
relative error. The highest significant relative error applies to flood quantiles 
with a  p = 50% exceedance probability and it is 47%. The obtained results 
show limitations of the RE method; therefore, the proposed MESEF method 
could prove to be a good alternative. 

9. CONCLUSION  AND  PERSPECTIVES 
The article presents a new approach to estimating flood quantiles based on 
rainfall-runoff modelling using multiple rainfall events. This approach is a 
new idea in a practical application in Poland, including: applying rainfall 
generator, disaggregation of rainfall by generating parameters � and � of the 
beta distribution Be(�, �), as well as discharge modelling that considers dif-
ferent catchment antecedent runoff conditions ARC. The proposed MESEF 
method was applied in a natural catchment of the Czarny River, in a cross-
section Polana. The values of flood quantiles obtained from the MESEF 
method are similar to the quantiles obtained using the statistical method 
(SM), and are burdened with smaller error than the quantiles estimated using 
the regression equation (RE). This means that they are of good similarity to 
the discharges from observed data. 

It can be concluded that the new approach, which is based on generated 
precipitation and considers catchment antecedent runoff conditions ARC, 
marks a good direction to estimating flood quantiles in small catchments to 
100 km2. It is interesting whether the same proportion of ARC would be con-
firmed in other catchments. Further research in this area might produce valu-
able information. 

Finding new methods for estimating flood quantiles is important, espe-
cially in the context of considering changes in both climate and catchment 
planning – the new factors influencing floods. What is more, the obtained 
flood quantiles are based on many rainfall events rather than a single one, as 
opposed to the currently used classical design event method. In result, flood 
distributions obtained by rainfall modelling make it possible to analyse the 
efficiency of technical and non-technical flood control methods in both 
gauged and ungauged catchments. 

It should be noted here that the applicability of the MESEF method 
needs to be additionally tested in different catchments, and the authors 
would like to elaborate on the problem in their future publications as part of 
the on-going research. 
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