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Abstract

To mitigate cable oscillations in cable-stayed bridges, a common approach involves
using a strategically positioned viscous damper near the cable’s anchorage and bridge
deck. However, for longer cables, this method may be insufficient due to installation
constraints. In such cases, supplementing the damping system with a high-damping
rubber (HDR) damper near the cable’s anchorage point on the bridge tower becomes
imperative to enhance the cable’s damping ratio. Conventional designs often overlook
crucial factors like viscous damper support stiffness and stay cable bending stiffness
when integrating dampers into cable-stayed structures. This study presents findings
on achieving an effective damping ratio in stay cables by using both a viscous damper
and an HDR damper, considering the influence of viscous damper support stiffness
and stay cable bending stiffness. The results indicate that the combined deployment
of these dampers achieves a damping efficiency approximately equivalent to the sum
of their individual effects. Importantly, decreased viscous damper support stiffness
significantly affects the damping effectiveness, leading to a rapid decline in the stay
cable’s damping ratio. While stay cable bending stiffness also influences the damp-
ing ratio, its impact is relatively less pronounced than that of viscous damper support
stiffness. The study outcomes enable a more accurate prediction of the achievable
damping ratio for a stay cable with additional components, considering both damper
support stiffness and stay cable bending stiffness. Furthermore, the study explores
parameters of both the viscous damper and HDR damper, such as the viscous coef-
ficient, loss coefficient, HDR damper stiffness, and damper placement, evaluating

their influence on the first damping ratio of the stay cable. The survey results provide
valuable insights for determining optimal parameters for both dampers, maximizing
the damping efficiency of cable-stayed bridges.

Keywords: Viscous damper, Cable damping ratio, High-damping rubber damper,
Viscous damper support stiffness, Bending stiffness
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1 Introduction

Stay cables serve as the primary load-bearing elements in cable-stayed bridges and are
characterized by their notably low damping ratio, making them structurally flexible in
the horizontal plane (Abdel-Ghaffar and Khalifa 1991; Javanmardi et al. 2022). Through-
out their operational lifespan, these stay cables are susceptible to oscillations induced by
a variety of external forces, including wind-induced vibrations (Matsumoto et al. 2001,
2003; Kumarasena et al. 2005; Fujino et al. 2014; Hung and Thao 2020a; Nguyen et al.
2022), the combined effects of rain and wind (Gu 2009; Vo et al. 2016; Hung and Thao
2020b), and dynamic loads applied to the bridge (de S& Caetano 2007). To effectively
mitigate these oscillations, engineers often employ mechanical dampers, including vis-
cous dampers (Pacheco et al. 1993; Main 2002; Main and Jones 2002a, b; Nielsen and
Krenk 2003) and high-damping rubber (HDR) dampers (Jones 1967; Nakamura et al.
1998; Fujino and Hoang 2008; Cu and Han 2015; Le et al. 2020).

Traditionally, these dampers are affixed to the stay cables, strategically positioned near
the attachment points on the bridge deck. This placement is driven by considerations of
aesthetics and maintenance convenience, but it tends to limit their impact to a relatively
short section of the cable’s overall length, thereby reducing their effectiveness. Further-
more, the damping ratio of stay cables with these dampers depends on a complex inter-
play of cable and damper parameters. To accurately predict the damping ratio of a stay
cable equipped with a damper, extensive study has explored various cable parameters.
This includes an in-depth examination of factors such as the influence of cable bending
stiffness (Main and Jones 2007; Fujino and Hoang 2008), cable sag (Nielsen and Krenk
2003; Wang et al. 2005; Fujino and Hoang 2008), and cable inclination angle (Sun and
Huang 2008; Fujino and Hoang 2008). Study efforts have also delved into the numer-
ous influences stemming from damper parameters, encompassing an assessment of
the damper’s internal stiffness (Zhou and Sun 2006; Beskhyroun et al. 2011), the non-
linear viscosity coefficient of the damper (Main and Jones 2002b; Sun et al. 2019), the
stiffness properties of the viscous damper support (Sun and Huang 2008; Fujino and
Hoang 2008), and considerations related to the mass of the damper (Duan et al. 2019a,
b). Many studies examining the effects of cable and damper parameters on the cable’s
damping forces, as previously mentioned, have focused on cable systems with a single
damper. However, in the context of cable-stayed bridges with expansive spans, exempli-
fied by prominent structures like the Tatara Bridge in Japan or the Stonecutters Bridge
in Hong Kong, where the lengths of stay cables exceed an impressive 300 m, achieving
the required damping ratio with just one damper presents a significant challenge. In
response to this challenge, the proposal to install two dampers strategically positioned
at different locations has emerged as an appealing and practical solution (Zhou and Sun
2006; Caracoglia and Jones 2007; Sun and Chen 2015; Chen et al. 2020; Di et al. 2021;
Wang et al. 2022; Liu et al. 2023).

An exploration into the impact of attaching two viscous dampers on the damping ratio
of stay cables revealed that when two viscous dampers are closely positioned on the same
side of the cable’s end, there is no significant enhancement in the damping ratio of the stay
cable (Caracoglia and Jones 2007). Conversely, attaching two viscous dampers at two sepa-
rate locations on opposite sides of the cable’s end can substantially increase the maximum
attainable damping ratio of the stay cable. Similar study results were corroborated by Hoang
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and Fujino (2008). Furthermore Nguyen and Vo (2020b) conducted a study aimed at deter-
mining the damping ratio of stay cables when two HDR devices were incorporated. Di et al.
(2020) presented study results that illustrate the augmentation of the damping ratio of stay
cables through the utilization of both a viscous damper and a damping rubber damper. To
streamline analytical models, most studies evaluating the damping ratio of stay cables with
two dampers often omit the consideration of the cable’s bending stiffness. In studies under-
taken by the author concerning stay cables outfitted with two HDR dampers (Nguyen et al.
2021), and two friction dampers (Nguyen and Vo 2020a), it was observed that an increase in
the cable’s bending stiffness significantly changes the damping ratio of the stay cable.

Building upon the groundwork laid by the author in previous studies (Nguyen and Vo
2020a; Nguyen et al. 2021), this study aims to introduce a comprehensive theoretical model,
which is designed to rigorously assess the damping ratio of stay cables, taking into con-
sideration the presence of both a viscous damper and an HDR damper. Notably, the pre-
sent model accounts for the viscous damper support stiffness and the bending stiffness of
the stay cable, thus providing a more accurate representation of real-world scenarios. To
enhance the model’s practicality, the viscous damper support stiffness is translated into an
equivalent viscosity coefficient for the viscous damper. The analytical results presented in
this paper undergo meticulous cross-referencing and validation against findings published
by researchers from previous works (Kumarasena et al. 2005; Fujino and Hoang 2008;
Hoang and Fujino 2008; Cu and Han 2015).

The analysis explores the influence of various parameters associated with both dampers
on the damping ratio of the stay cable, encompassing the viscosity coefficient, stiffness, loss
factor, attachment location, and viscous damper support stiffness. Emphasizing the sub-
stantial impact of the latter, a decrease in its stiffness results in a noteworthy reduction in
the damping ratio. In cable-stayed bridges with extensive spans, epoxy resin is commonly
used to shield stay cables, enhancing their bending stiffness. The study scrutinizes the
effect of bending stiffness on the damping ratio, revealing that, generally, for long-span stay
cables, an increase in bending stiffness leads to a significant improvement.

The results enable a more accurate prediction of the maximum damping ratio for the stay
cable, considering both a viscous damper and an HDR damper. This consideration, incorpo-
rating the support stiffness of the viscous damper and the bending stiffness of the stay cable,
provides significant advantages over conventional designs. The study further investigates a
three-way relationship involving the first damping ratio, attachment location, and viscos-
ity coefficient of the viscous damper, extending to relationships with the viscous damper
support stiffness and the HDR damper’s spring factor and loss coefficient. Survey results
facilitate determining optimal parameters for the viscosity damper, including its viscosity
coefficient and attachment location, as well as optimal parameters for the HDR damper,
such as the loss coefficient and rubber stiffness. Identifying these parameters is crucial for
achieving the maximum damping effect in stay cables.

2 Methodology

2.1 Computational model and vibration equations for a stay cable equipped with a viscous
damper and an HDR damper

Examining a scenario involving a stay cable under tension force denoted as S, the

configuration to be explored involves attaching both a viscous damper and an HDR
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damper to this cable, as visually presented in Fig. 1. In this context, the x-coordinate
axis is defined to align itself parallel to the stay cable’s longitudinal axis. The viscous
damper is securely connected to the cable at position /;, whereas the HDR damper
is fastened at position /5. The viscous damper support exhibits a degree of stiffness,
denoted as Ks. Regarding the cable’s inherent characteristics, it possesses an overall
length of L and a unit mass, symbolized as m. For the sake of analytical simplicity,
it is assumed that any minor frictional interactions between the cable and the sur-
rounding air can be disregarded. Additionally, there is the presumption that the ten-
sile forces experienced within the cable are significantly greater than the gravitational
forces acting on the stay cable itself, the rotational stiffness at both ends of the stay
cable is relatively small and can be neglected. To elucidate the dynamic behavior of
this intricate system comprehensively, reference is made to established works, specifi-
cally sources (Fujino and Hoang 2008; Hoang and Fujino 2008; Nguyen et al. 2021).
Drawing insights from the conclusions of these sources, an equation governing the
transverse oscillations observed in this stay cable, characterized by the presence of
two attached dampers, is derived. Importantly, this equation considers the stay cable’s
bending stiffness, denoted as EJ, and is mathematically expressed as

%u(x, t) %u(x, t)

o — S = A D8 — 1) + D~ 1), ()

0%u(x, t
" u(x )Jr

at2 B

where § (x — lj)(j = 1,2) represents the Dirac delta function, C stands for the viscosity
coefficient of the viscous damper, Kp represents the spring factor of the HDR damper,
/. is the loss coefficient of the HDR damper, and fj (x, £) and f5(x, £) refer to the respec-
tive damping forces of the viscous damper and the HDR damper. At the point where the
viscous damper is attached, the viscous damper support stiffness K is converted into an
equivalent viscosity coefficient C,, as

du(ly,t) C

%,t) = Cog——,with Cpp = ———.
fl( ) eq 9t eq 1+i771%

At the point where the HDR damper is attached,
fox, ) = Kp( + idu(l3,t), (3)

where i stands for an imaginary unit (> = —1); 1 signifies the oscillation frequency of
the stay cable.

U \‘J’/
Fig. 1 Computational model of a stay cable with a viscous damper and an HDR damper
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By employing the Fourier variable separation method, the solution to Eq. (1) takes the

form,
u(x, t) = X)) T(1). (4)

Applying boundary conditions at the cable anchor positions, the continuity conditions,
and balancing conditions for vertical forces at the damper attachment points as

X(0)=X(L)=0
X0)=X (L) =0" (52)
Xt = X (1) = X (i)
{xu;) = x(5Y) =x(5)" 50
f f a3 u(ly,
(8l — ) + B (8] - B8] ) = a2
. 3 . ’
S(%|x:l§+ - %’x:l;_) +E]< x5 x=l;+ - ?)7? le;) = I<D(1 + l)‘)u(l;’t)

(5¢)

After transformation, it becomes possible to establish the frequency equation of the stay
cable,

B . el G LR

S o En)onl (1 - 1) -

—(EIZ"nZ—l){th T]—%)L\/in]-t-cot[’n\/»ﬂ ceq, } ©
5 +(cot[<1—7 12) \/7n]+cot(llL\/> ) KD(1+1/)

— Kp  i(A+id)
F JmS

Let h; be the complex eigenvalue corresponding to the j™ oscillation mode,

by = o) + idy = 1(S,Jm/ -2, 7)

U 0
0j = Re(hyj) = w—’(l)(—gj); ¢j = Im(hy) = jl) 1-¢&, ®)

0
¢ = Im(hy) = w—’(lﬂ/l - &2, 9)
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where Y represents the fundamental oscillation frequency of the stay cable, & denotes
the damping ratio of the stay cable in the j oscillation mode.

Substituting Egs. (7, 8, 9 and 10) into Eq. (6) and expanding after separating the real
and imaginary parts, the system of Egs. (11) and (12) is obtained, for the real part,

sin 2asin2c—sinh2bsinh2d + sin 2csin2e—sinh2dsinh2f
_1\2 _ 2 MMy MoMs
[(A-1 4B7] sin 2asin2e—sinh2bsinh2f 4

M M3
sin 2asinh2d-+sinh2bsin2c + sin2csinh2f +sinh2dsin2e

M M; Mo M:
+4B(A — 1] L sinzasintiaf +sinh2bsinze "
M M3
+2(1 —A) [(% + %) T + (Sl;’l\f['fb + sthZd) Ty + (st[\rj{Zlu + %)Ts + (sthlzb + Sl;l\/l[ff Ty

+4'B{(sin2a + sin2c) Ty — <si;1\/}1112b + si;l/}fd) Ty + (st;lela + sj'\r/tée) Ty — (si%zlzb + Siﬁljf> Tg]

M My
+4(Th T3 — T2Ta) = 0,
(11)
and for the imaginary part,
sin 2asinh2d-+sinh2bsin2c + sin 2csinh2f +sinh2dsin2e
— [(A —-1)?% - 432] MM, ) My
+ sin 2asinh2f +sinh2bsin2e
M1 M3
sin 2asin2c—sinh2bsinh2d 4 sin 2csin2e—sinh2dsinh2f
M1 M: Mo M:
+4B[A — 1] _:_siit 2asin2e—sinh2bsinh2f _243
MiMs3 "
sin2a | sin2c sinh2b | sinh2d sin2a | sinle sinh2b _ sinh2,
+2[17A]|:(M1 +M2>T27(M1 + My >T1+ My +Ms Ty — M + M3 Ts

_43[(s5\r/1[21a n %)H i (sithlzb n sir}(/ﬁ[tfd)Tz_i_ (si\r/l[Zla 4 %723@)%4_ (sij‘,/;l,lzb n ”"‘thf)ﬂ]
+4[T1 T4 + T T3] =0,

(12)
in which
A= A(02 - ¢2),B = Ao, (13)
1=s(i=4-pJas=s(-4 -} ”
c= n%cr,d = n%d),e = n%a,f = nlf‘qb,
M = cosh®b — cos*a = cosh® |m (1 — % — % ¢>} — cos? [n (1 — % — %)a},
My = cosh*d — cos*c = cosh? n%w — cos? JT%)U] (15)
M3 = cosh’f — cos®e = cosh® n%q& — cos? n%a},
Ie) -84

I = @%» T = @%

(#50) +(1-50)" (#50) +(1-559) (16)
T3 =®p :2—:;;;: Ty = ®pf=Y,
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KsL ®p = @. (18)
S

The parameter A encompasses the unique characteristics of the initial data related to
the stay cable, whereas ® and @y respectively represent the fundamental properties of
the viscous damper and the viscous damper support stiffness. Additionally, ®p accounts
for the fundamental properties of the HDR damper. In accordance with the initial speci-
fications governing the stay cable, the viscous damper, and the HDR damper, the solu-
tion to Egs. (11) and (12) is utilized to ascertain the values of ¢ and ¢. Subsequently,
these o and ¢ values are employed to determine the damping ratio &; for the j™ mode of
oscillation in the stay cable using Eq. (10).

Equations (11) and (12) depict a complex nonlinear equation system with two crucial
variables: o and @. In Fig. 2, an intricate iterative algorithm is presented, carefully crafted
to address the challenges of solving this system. Its primary objective is to determine the
damping ratio of the stay cable, considering both a viscous damper and an HDR damper.
Furthermore, this algorithm considers the nuances in the viscous damper support stift-
ness and the intrinsic bending stiffness factor EJ of the stay cable. To embark on this
computational journey, the process is initiated by inputting the initial parameters gov-
erning the stay cable, the viscous damper, the viscous damper support stiffness, and the
HDR damper. With this foundational work in place, a structured iterative approach is
employed to tackle the nonlinear system of Egs. (11) and (12), persisting until conver-
gence criteria are met. What emerges from this intricate process is a wealth of valuable
insights. For each distinct set of initial parameters, A, @, @s, @p, A, 11 /L, and I /L, critical
information is extracted. Specifically, the damping ratio &; can be determined, shedding
light on the energy dissipation characteristics of the stay cable. Additionally, the oscil-
lation frequency 7; can be pinpointed, providing insights into the inherent vibrational
behavior of the stay cable within its j# mode of oscillation.

2.2 Verification of analytical model
To verify the analytical outcomes derived from the model, comparative analyses with
prior study results are performed as outlined below:

Case 1: A stay cable fitted exclusively with a viscous damper

In this case, the study results are juxtaposed with those of Fujino and Hoang (2008).
In detail, the initial parameters related to the HDR damper in the author’s computa-
tional model are assumed to be zero (Kp = 0,1 = 0,/y = 0). To ensure consistency, the
stiffness parameter for the viscous damper is adjusted to align with the values used as
K = 7Cly /(L(mS)®). Consequently, Egs. (11) and (12) are reformulated, for the real
part,
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-Input data: Stayed-cable
El,S,L,m,n

-Input data: Viscous damper
Cl,K:

-Input data: HDR damper
Kp, A1

Mode i=1

F

| Solution = & |

Solution = Solution + &

[

Solve seriesof Eq. 11 and Eq.12

Check the convergence
condition of solution

Calculate damping ratio
of cable

Save
Plot figure

Fig. 2 Algorithm flowchart for solving nonlinear equations to determine the damping ratio of a stay cable
equipped with a combination of viscous and HDR dampers

. I . 1
2 2 sin[2r(1—F)o] sin(2w Fo)
[A(U _¢)_1}{ MlL + MQL (bs

) 1 ol ) ) (19)
smh[Zn(l—Tl)(ﬁ] sin(2m fl(ﬁ) _ Bg 7 _
+2AU¢< o + e 20 —< 5 U)2+<1_ 5 ¢)2 =0
®s &g

and for the imaginary part,

3 I . 1
2 2 sinh[2m (1—1)¢] sin(2m L @)
[1-a(0? - ) [ 220l | o)

(-80) 0

sin[Zn(lf%)o] sin(2m %0)

+2Aa¢[ i + }—2@(@

The iterative procedure, showcased in Fig. 2, is utilized to resolve Egs. (19) and (20),
aiming to ascertain the damping ratio of the stay cable when incorporating a viscous
damper. The study outcomes acquired by the author’s team are subsequently juxtaposed
with those documented in a prior investigation (Fujino and Hoang 2008), as visually pre-
sented in Fig. 3.
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The results presented in Fig. 3 unveil an intriguing correlation. When exclusively
examining scenarios involving a stay cable equipped with an appended viscous damper,
with meticulous consideration of factors such as bending stiffness EJ and the viscous
damper support stiffness Kj, the study’s outcomes harmoniously align with the ground-
breaking work conducted by Fujino and Hoang (2008). This alignment of results not only
supports the credibility of the investigation but also underscores the robustness and

consistency of the experimental approach.

Case 2: A stay cable equipped solely with an HDR damper

In this case, the results from a stay cable model with an HDR damper are calculated
and compared with those presented by Fujino and Hoang (2008) and Cu and Han (2015).
In this case, the initial parameters related to the viscous damper in the author’s model
are set to zero (C = 0,/; = 0). To align with the input parameters specified in Fujino
and Hoang (2008) and Cu and Han (2015), the stiffness parameter of the HDR damper is
redefined as K = [;Kp/S. Consequently, Egs. (11) and (12) undergo a reformulation, for
the real part,

sin[2r(1 — 2)o1  sin(2n o) o+ ¢
20p——— =0,
l 73 + o + D3y 22 (21)
and for the imaginary part,
sinh[2m(1 — 2)¢]  sin(2n2¢) ¢ — Jo
20p——— = 0.
[ M + M, D3 pw (22)

By applying the iterative algorithm illustrated in Fig. 2, the solutions can be obtained
by solving the system of Eqgs. (21) and (22). This computational approach is instrumental
in obtaining a precise cable damping ratio, especially when an HDR damper is attached

0.6
——  Our model without HDR damper
05 —— Fujino and Hoang (2008)
0.4 .
—_ 1,/L=0.03, K5 =70000
=
=03 EJ=60.5 kN.m?
3
0.2
0.1
=% 10 20 30 20 50 60
®

Fig. 3 Comparison of results for the case with a viscous damper attached
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to the stay cable. The analytical results provide a comprehensive insight into the stay
cable’s first damping ratio in this specific configuration. Notably, these results align
remarkably well with the previously published study outcomes detailed in Fujino and
Hoang (2008) and Cu and Han (2015). Figure 4 serves as a visual testament to the con-
gruence between the present study and the established body of knowledge.

In this case, a rigorous comparative analysis is conducted with those detailed by Hoang
and Fuyjino (2008). It is of utmost importance to acknowledge that the stay cable model
elucidated in Hoang and Fujino (2008) regrettably disregards the pivotal influences of
the intrinsic bending stiffness EJ inherent to the stay cable and the inherent damper
support stiffness. In response to this critical oversight, the initial parameters within the
model are fine-tuned, aligning them with the conditions elucidated in the work of Hoang
and Fujino (2008). Specifically, EJ is set zero and two distinct scenarios for the stiffness
parameter K, one of which is Ks = 0o and the other, 6000 kN/m, are examined in strict
accordance with the precise input parameters specified in their investigation. This leads
to recalibrate Eqgs. (11) and (12), thereby offering a nuanced reflection of the precise
conditions under scrutiny, and culminating in the formulation of the following expres-

sions, for the real part,

sin2asin2c—sinh2bsinh2d + sin2csin2e—sinh2dsinh2f + sin2asin2e—sinh2bsinh2f 4
MM, MyM3 MiMs

sinh2b | sinh2d )\ g sin2a | sin2e sinh2b | sinh2f DT, — (23)
+2[< Mo T )O+<M1 + My )T3+< Mt )T4]740T4_O'
and for the imaginary part,
_ | sin2asinh2d+sinh2bsin2c + sin2csinh2f+sinh2dsin2e + sin2asinh2f+sinh2bsin2e
M M; My M3 M M3 (24)

+2|:<six421u +si1r\l/éc)@+ <si1n\421a +sijr\1/[§e>T4_ (Si};élllzb+5ir}l\z:f)T3:| +4'[@T3]=()‘

Directing the attention to the application of the iterative algorithm presented in
Fig. 2, a computational journey to grapple with the complex system of Egs. (23) and

0.30
——  Our model with HDR damper
0.25+ —— Fujino and Hoang (2008)
—— Cu and Han (2015)
0.201

0=0,=1.5

0 | 2 3 4 5
K

Fig. 4 Comparison of results for the case with an HDR damper attached
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(24) is embarked on. This endeavor is dedicated to unveiling the mysteries of the
damping ratio in stay cables, particularly when they are equipped with both a vis-
cous damper and an HDR damper. It’s important to note that this path without con-
sidering the inherent damper support stiffness (Ks = 0o) and the inherent bending
stiffness of the stay cable (EJ = 0) is traversed. The finding in Fig. 5 shows that the
analysis regarding the damping ratio of the stay cable, curated by the author, exhib-
its a remarkable agreement with the results chronicled in Hoang and Fujino (2008),
especially when Ks = co. However, the narrative takes an intriguing turn when Kjg
is set to 6000 kN/m. Here, a noticeable decline in the damping ratio of the stay cable
becomes evident, as depicted by the trends in Fig. 5. This revelation underscores the
pivotal role played by the viscous damper support stiffness in shaping the operational
effectiveness of the damper. Furthermore, it emphasizes the substantial impact of this
stiffness parameter in significantly reducing the maximum attainable damping ratio
for the stay cable.

The analytical results concerning the first damping ratio of the stay cable, as derived
by the author across all three rigorously validated models, exhibit a commendable
alignment with previously documented study results (Fujino and Hoang 2008; Cu and
Han 2015). This synchronization reaffirms the credibility and robustness of the oscil-
lation analysis model proposed by the author. Notably, this model comprehensively
considers critical factors, such as the viscous damper support stiffness and the bend-
ing stiffness intrinsic to the stay cable. As proceed, this comprehensive model will
serve as an invaluable tool for delving into the ramifications of parameters associated
with both the viscous damper and the HDR damper. These investigations will shed
light on how these parameters influence the maximum attainable damping ratio of
the stay cable, providing crucial insights into the optimization of damping systems in

subsequent sections.

0.006
—— Our model (EJ=0, Ks=x)
0.005+F —— Hoang and Fujino (2008)
——  Our model (EJ=0, Ks=6000)
0.004 -
a
= 0.003+
= ikl K, =100, =04, 1,/L=1/L= 0.01
N
0.002 +
K. =6000
0.001 - 25
(K. Kp(l+iz)
D005 20 40 60 80 100
(©)

Fig. 5 Comparison of results for the case with a viscous damper and an HDR damper attached
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3 Results and discussions
3.1 Influence of the viscosity coefficient C of the viscous damper on the first damping ratio
of the stay cable

The viscosity coefficient C of the viscous damper is denoted by the parameter
© = C/(mS)%°. To delve deeper into the subject, an exploration of the variation in the
first damping ratio &; of the stay cable across the entire spectrum of @ values is embarked
on, ranging from 0 to 100. These values correspond to a diverse set of initial conditions,
encompassing the installation position of the damper, /;/L = (0.01, 0.02, 0.03, 0.04, 0.05),
the spring factor of the HDR damper, Kp = 1150kN/m, the loss coefficient of the HDR
damper 4 = 0.4 and the viscous damper support stiffness Kg = 2000kN/m. The results
of this investigation are vividly depicted in the graphical representation presented in
Fig. 6. This examination of how @ influences &; provides an intricate perspective on the
interplay among these various parameters.

The results gleaned from the analysis unveil a consistent pattern: for each set of ini-
tial parameters, including /;/L, Kp, Ks, and 4, the first damping ratio &; of the stay cable
steadily increases with the escalation of ®. However, once &; reaches its zenith value,
denoted as &1,u4x, any further increase in & prompts a gradual decline in &;. Conse-
quently, at the point where the first damping ratio peaks &1,,4x, the optimal parameter
Op¢ can be pinpointed. Subsequently, the optimal viscosity coefficient for the viscous
damper C,,; can deduced through the equation @y, = Copt/(mS )05,

As the ratio [;/L increases, signifying the damper’s placement closer to the midpoint
of the stay cable, the damping ratio of the cable experiences a commensurate increase,
indicative of the damper’s enhanced effectiveness. However, considerations of aesthet-
ics and the ease of device manufacturing and maintenance frequently dictate the selec-
tion of damper placement within the range of 2-5% of the cable’s length. With distinct
positions represented by varying /;/L values, the maximum attainable damping ratio for
the stay cable naturally varies as well. Consequently, in the design of stay cable damping
systems employing viscous dampers, it is customary to preselect the damper’s location
for the sake of convenience in device manufacturing and maintenance. Subsequently, a

0.020 .

~* Maximum damping ratio (&;,,,,) —— (11/L)=0.01

—— (1/L)=0.02

0.015F —— (13/L)=0.03
™\ —— (13/L)=0.04

,,“ \ (1,/L)=0.05

70010} AN
1=0.4, Kp, =1150, Kg=2000
0.005} S
W=y 20 40 60 80 100
(©)

Fig. 6 The relationship between the fundamental properties of the viscous damper & and the first damping
ratio & of the stay cable
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thorough evaluation and computation of the optimal viscosity coefficient for the viscous
damper are conducted to optimize vibration reduction efficiency for the stay cable.

3.2 Influence of the viscous damper support stiffness on the first damping ratio of the stay
cable

The stiffness of viscous damper support Ks plays a crucial role in the dynamics of stay
cables. This stiffness is quantified by the fundamental parameter ®g, calculated as
®s = KsL/(nS), where L represents the length of the cable and S is the tension force
of the stay cable. In this section, a comprehensive investigation is delved into, explor-
ing how variations in @g impact the first damping ratio &; of the stay cable. The explo-
ration covers a wide spectrum of ®g values, ranging from 5 to 100, reflecting diverse
scenarios. A set of initial parameters is considered given as the installation positions of
the damper /1 /L selected from the range (0.01, 0.02, 0.03, 0.04, 0.05), the location of the
HDR damper //L fixed at 0.03, and additional parameters such as the loss coefficient of
the HDR damper (4 = 0.4) and the spring factor of the HDR damper (Kp = 1150kN /m1)
remained constant.

The results shown in Fig. 7 reveal the significant impact of the viscous damper support
stiffness K, on the achievable first damping ratio &; of the stay cable. As K5 diminishes,
the damping ratio of the cable experiences a sharp decline. This pattern underscores the
high sensitivity of stay cable damping systems to variations in the viscous damper sup-
port stiffness. In practical stay cable damping design, it is often convenient to assume
that the viscous damper support’s stiffness is infinitely rigid (Ks = oo). However, this
assumption can lead to substantial disparities between the actual measured damp-
ing ratio and the theoretically predicted values. Within the examined range of ®@g from
5 to 100, notable reductions in the damping ratio are observed as the damper attach-
ment position along the stay cable /1 /L is shifted from 0.01 to 0.05. These reductions
are quantified as follows: 46.26%, 62.36%, 62.93%, 58.73%, and 52.42%, respectively. Such
substantial variations underscore the pivotal role played by the viscous damper support
stiffness in the precise calculation and prediction of the maximum attainable damping
ratio for the stay cable.

3.3 Influence of the spring factor of the HDR damper on the first damping ratio of the stay
cable

The spring factor of the HDR damper Kp plays a pivotal role in the dynamics of
a stay cable system. It’s characterized by the parameter ®p, which is defined as
®p = KpL/(7S). To investigate the relationship between the HDR damper’s stiffness
and the first damping ratio &; of the stay cable, a wide range of @p values, ranging from
0 to 10, with several initial conditions are considered. These initial conditions are care-
fully selected to represent real-world scenarios. Damper attachment positions /; /L and
ly/L, both equal to 0.03, reflecting typical installation practices are examined. The loss
coefficient of the HDR damper 4 is varied from 0.4 to 2.0 to account for different mate-
rial properties. Additionally, the viscous damper support stiffness K is kept constant in
2000 kN/m, a value commonly encountered in practice.

The results shown in Fig. 8 provide an understanding of how the spring factor of the
HDR damper impacts the first damping ratio &; of the stay cable. Initially, & increases
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Fig. 7 The relationship between the fundamental properties of the viscous damper support stiffness &s and
the first damping ratio &; of the stay cable

with the increase of @p, reflecting the enhanced damping capacity of the HDR damper.
However, a fascinating twist occurs when &; reaches its zenith, denoted as &1,,,4x. Beyond
this point, as @p continues to rise, £ begins to decline. This decline highlights the intri-
cate interplay between the HDR damper’s stiffness and the cable’s damping character-
istics. The significance of these results extends to practical applications in the field of
cable damping design. Engineers and designers often face the challenge of optimizing
damper devices to achieve the desired damping performance. At the &1,,,,x point, where
the maximum damping ratio is attained, the optimal value of @p, denoted as @pq, is
pinpointed. This value unlocks the optimal stiffness Kp,,; of the HDR damper device
through the relationship @popsr = Kpop:L/(S). In essence, it provides a precise blue-
print for designing dampers that offer optimal vibration reduction efficiency for stay
cables. Furthermore, the investigation underscores the sensitivity of the optimal HDR
damper stiffness to variations in the loss coefficient / of the HDR damper material. Dif-
ferent material properties necessitate distinct values of Kp,p. This nuanced understand-
ing paves the way for tailored solutions, ensuring that cable damping systems are finely
tuned to their specific operational requirements.

3.4 Influence of the loss coefficient of the HDR damper on the first damping ratio
of the stay cable

The relationship between the first damping ratio &; of stay cables and the loss coefficient
/. of the HDR damper is also examined. The investigation is carried out by varying 4,
within the range (0-20), influencing to &;, while maintaining specific initial conditions.
These conditions included fixed damper attachment positions, /1 /L, and [ /L, set at 0.03,
and a consistent © value of 11. The viscous damper support stiffness Ks remained unwa-
vering in 2000 kN/m.

Figure 9 illuminates the intricate relationship between the loss coefficient 4 of the
HDR damper and the damping ratio &; of the stay cable. Initially, as 4 increases, &;
experiences a harmonious ascent, indicating the HDR damper’s enhanced damp-
ing performance, culminating at &j,,,. However, beyond this critical threshold, &;
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Fig. 8 The relationship between the fundamental properties of the HDR damper @ and the first damping
ratio & of the stay cable
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Fig. 9 The relationship between the loss coefficient of the HDR damper 4 and the damping ratio &; of the
stay cable

gracefully diminishes with each incremental 1 increment. When the juncture of &}«
is reached, the optimal 4 value, denoted as Ay, can be precisely determined. This
pivotal value is instrumental in achieving maximum efficiency in mitigating cable
vibrations, considering aesthetic aspects, ease of installation, and maintenance. Fur-
thermore, the investigation underscores the sensitivity of the optimal stiffness of the
HDR damper Kp. Distinct Kp values correspond to specific 4y values. Therefore,
when designing cable damping systems employing HDR dampers, it is prudent to
preselect damper attachment positions, considering aesthetics, practical installation,
and maintenance convenience. Subsequently, an analysis can be conducted to ascer-
tain the optimal values for both Kp and /, ensuring the highest level of efficiency in

reducing cable vibrations.
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3.5 Influence of the stay cable’s bending stiffness on the first damping ratio of the stay
cable

The damping ratio of a stay cable isn’t solely contingent on the characteristics of
attached dampers like viscous or HDR ones. They also hinge on intrinsic cable attrib-
utes such as length L and tension S. For extended cables, a common practice involves
reinforcing them by applying epoxy resin coatings, significantly enhancing their
bending stiffness EJ. This augmented stiffness is quantified through a dimensionless
parameter, A = an]/ (SLZ).

The investigation is further carried out to unveil how the initial damping ratio &; of
the stay cable responds to variations in the A parameter, spanning the range (0-0.25).
The results, presented in Fig. 10, illuminate a striking revelation: within this param-
eter spectrum, the first damping ratio of the stay cable can surge by up to 12%. This
substantial amplification bears immense significance and warrants consideration
when delving into the cable’s oscillation analysis. Note that the survey results assume
neglecting the rotational stiffness at both ends of the stay cable, and align entirely
with the increase of factor Ry, (Le et al. 2020).

3.6 Influence of combining two viscous and HDR dampers on the first damping ratio
of the stay cable

In this section, the combined influence of two distinct dampers, namely the viscous
damper and the HDR damper, on the damping ratio of a stay cable is examined. The
objective is to understand how variations in the parameters of the HDR damper, spe-
cifically its stiffness Kp and the loss coefficient 4 of the HDR damper, affect the opti-
mal setting of the viscous damper, represented by the parameter ®y;.

As illustrated in Fig. 11, a notable increase in the peak value of the first damping
ratio &; for the stay cable is observed. This suggests that adjusting the spring factor of
the HDR damper can significantly enhance the cable’s damping ratio. However, the

—— 11/L=0.01
10H— 1,/L=0.02
—— 11/L=0.03

0=11, Ks=2000, K, =1150, 2=0.4

1

0.00 0.05 0.10 0.15 0.20 0.25
A

Fig. 10 The relationship between the stay cable’s bending stiffness through a dimensionless parameter A

and the first damping ratio &; of the stay cable
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Fig. 11 The relationship between the fundamental properties of the viscous damper & and the first
damping ratio &; of the stay cable across various Kp values

Table 1 The first damping ratiogngcvariations with different HDR damper stiffnesskpvalues

KpkN/m 800 1200 1500 1800 2500
£/ max 00197 00182 00169 00158 00139
Oopt 5

optimal setting for the viscous damper denoted as ©,;, remained remarkably consist-
ent across these variations, as depicted in Table 1.

In Fig. 12, the impact of altering the loss coefficient 4 of the HDR damper within the
HDR damper is explored. Once again, an increase in the peak value of &; is witnessed,
signifying an improved damping ratio. Mirroring the previous scenario, the optimal
parameter ®,y; for the viscous damper remained nearly unaltered, as evidenced in
Table 2.

The results imply that the parameters governing the behavior of the rubber damper,
such as its stiffness Kp and loss coefficient 4, operate relatively independently of the opti-
mal settings for the viscous damper. In essence, the efficacy of these two distinct dampers
doesn’t significantly influence one another. Instead, the combined damping effectiveness
of both dampers can be approximated by summing their damping contributions.

3.7 Damping efficiency of viscous and HDR dampers on various vibrational modes of stay
cable

In practical scenarios, stay cables can exhibit diverse modes of oscillation, each possess-
ing unique characteristics. To comprehensively assess the damping efficacy of a com-
bination of both viscous and HDR dampers across these distinct vibrational modes (n
=1, 2, and 3), a detailed investigation is conducted. The damper attachment posi-
tions are uniformly set at [;/L = l5/L = 0.03, with the viscous damper support stiff-
ness Ks at a constant of 2000 kN/m and the parameters of the HDR damper, including
Kp = 1150kN/m and 4 = 0.4.
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Fig. 12 The relationship between the fundamental properties of the viscous damper & and the first
damping ratio &; of the stay cable across various 4 values

Table 2 The first damping ratio&;meyvariations with different loss coefficients of the HDR damperi

values

A 0.15 0.25 0.40 1.00 1.50 2.50
&1 max 0.0079 0.0086 0.0097 0.0133 0.0156 0.0181
O opt 5

Figure 13 showcases the remarkable effect of the optimal viscous damper coefficient
Ope1 on the first damping ratio £1 in mode # = 1, leading to the attainment of the maxi-
mum value &1,,,x. However, the first damping ratio of the stay cable in modes n = 2 and
n = 3 experiences a significant reduction at this specific ®,,1 value. These results under-
score the necessity of optimizing damper parameters tailored to the distinct vibrational
modes commonly encountered in stay cables during the design phase. This approach
ensures the highest degree of vibration reduction efficacy while considering practical
installation, maintenance, and aesthetic factors.

3.8 Variation in the oscillation frequency of the stay cable with damper attachments

The natural oscillation frequency ! of the stay cable is inherently determined by var-
ious initial parameters such as its length L, tension force S, bending stiffness EJ, and
unit weight m. However, when dampers are introduced into the system, the oscillation
frequency n; of the cable-damping system undergoes discernible alterations. Analyz-
ing these frequency changes before and after the integration of the damper using the
frequency ratio 11/}, as depicted in Fig. 14, reveals a noticeable rise in the system’s
oscillation frequency compared to the original cable configuration. Furthermore, the
placement of the dampers along the cable, characterized by /;/L, significantly influences
the extent of this frequency enhancement. Nevertheless, overall, the observed increase
in frequency for the suspended cable, following the attachment of the damper, remains
relatively modest, not exceeding 3%.
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Fig. 13 The relationship between the fundamental properties of the viscous damper & and the first
damping ratio &; of the stay cable across vibrational modes (n=1, 2, and 3)
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Fig. 14 The relationship between the fundamental properties of the viscous damper ® and the oscillation
frequency changes before and after the integration of the damper 1, /w?

3.9 Damping efficiency when two dampers installed on the same side of the stay cable

The damping efficiency when two dampers are installed on the same side of the stay
cable is also investigated. As shown in Fig. 1, the positions of the two dampers are
defined by /; and /5. The values of /; and /5 can vary within the range of 0 to L. To con-
sider the effect of installing two dampers on the same side of the stay cable, the funda-
mental damping ratio of the cable &; is investigated according to the change of parameter
® in the range of 0 to 100, corresponding to the locations of the dampers as /; /L = 0.03
and /5 /L = 0.02. The comparative results in Fig. 15 show that the damping efficiency
when installing two dampers on the same side of the stay cable is much lower than in the
case of installing two dampers on both sides of the stay cable. The maximum damping
ratio of the stay cable when installing two dampers on the same side of the stay cable is
only about 61.6% compared to the case where two dampers are installed on both sides of
the stay cable. Therefore, when installing dampers, each damper should be installed on
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each side of the stay cable to maximize the maximum vibration reduction effect of the

stay cable.

3.10 Optimal parameters of the viscous damper and HDR damper

In practical scenarios, the damping ratio of a specific stay cable, with constant length L,
unit weight 1, tension force S, and bending stiffness EJ, simultaneously relies on sev-
eral factors, encompassing the properties of the viscous damper (viscosity coefficient C,
viscous damper support stiffness Kg and the HDR damper (stiffness Kp, loss coefficient
of the HDR damper 4). When these parameters of the dampers are optimized, the cable
achieves its maximum possible damping ratio. To pinpoint these optimal values, one
can employ sensitivity analysis, which reveals the intricate three-dimensional interplay
between the cable’s first damping ratio £, the parameter ® representing the damper’s
viscosity, and the damper attachment position /1 /L. Figure 16 graphically illustrates this
complex relationship, offering insights into how the selection of specific damper attach-
ment positions (determined based on factors such as aesthetics, ease of installation, and
maintenance) can lead to the identification of the optimal ®,,; value for the damper’s
viscosity coefficient.

Figure 17 unveils a three-dimensional relationship that intertwines the first damping
ratio of the stay cable &; with two vital parameters ® which reflects the viscous damper’s
damping efficiency, and 4 signifying the loss coefficient of the HDR damper. Tailored to
the precise installation location of the HDR damper denoted as I /L (determined by aes-
thetic considerations, practical installation constraints, and maintenance convenience),
and the previously determined optimal value ®,,; as showcased in Fig. 16; this intricate
relationship guides the selection of the optimal loss coefficient A,y for the HDR damper.

Similarly, Fig. 18 unveils a trilateral relationship that parallels the preceding fig-
ures. This intricate correlation intertwines the first damping ratio of the stay cable
&with two pivotal parameters: ®p symbolizing the fundamental properties of the
HDR damper and / representing the loss coefficient of the HDR damper. Contingent
upon the specific mounting location of the HDR damper denoted as /5 /L (determined

0.016 ' i '
Fo ~eee Our model with 1 /L= 0.03; 1./L=0.02
0.014F | e Our model with 1 /L= 0.03; /L= 0.02
' “i\‘
e
0.012F t i
0.01F | ]
0.008F | T
®,=3; K =2000 kN/m; A=3; EJ= 12910 kN.m’
0.006— : : ,' : :
0 20 40 60 80 100

[C]
Fig. 15 Effectiveness comparison of installing two dampers on one side and both sides of the stay cable
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Fig. 16 The relationship between (&©®-/1 /L)
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Fig. 17 The relationship between (£+-0-7)

through considerations of aesthetics, installation feasibility, and maintenance conven-
ience), and informed by the previously ascertained optimal Aoy value from Fig. 17, the
optimal stiffness coefficient @p,,; can be selected for the HDR damper.

As a practical example, let’s consider a specific stay cable installation with dampers,
precisely placed at positions /1/L = l5/L = 0.03. Utilizing the insights gained from
the three-dimensional relationship between &;-@-/1/L (Fig. 16), the optimal param-
eter representing the viscosity coefficient of the viscous damper can be deduced. This
optimal value, denoted as ®,,; = 5, is then employed as a reference point. Moving
forward, the three-dimensional landscape of &;-®-/ (illustrated in Fig. 17) is navigated
through, centered around the established @,,; value of 5. Here, the optimal loss coef-
ficient for the HDR damper, settling on Z,,; = 3.3, is selected.
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Lastly, with the 4, value of 3.3, the three-dimensional realm of &;-®@p-/ (Fig. 18) is
delved into. In this domain, the optimal stiffness coefficient for the HDR damper is
identified, landing on a value of @p = 2. With these precisely tuned parameters for
the dampers, the pinnacle of damping efficiency for the stay cable is achieved, boast-
ing a maximum attainable first damping ratio of &1,,4x = 1.8345%.

Additionally, the combined impact of the viscous damper support stiffness Ks and the
viscosity coefficient C of the viscous damper on the first damping ratio &; of the stay
cable is explored. This intricate relationship is illustrated in a three-dimensional repre-
sentation, as shown in Fig. 19. In general, it can be observed that a decrease in the vis-
cous damper support stiffness K leads to a notable reduction in the effectiveness of the
damper in mitigating cable vibrations. Simultaneously, variations in the viscosity coef-
ficient C of the viscous damper also influence the first damping ratio &;. Understanding
the interplay between these factors is critical for precise predictions of the maximum
achievable damping ratio for stay cables. It allows us to optimize the design and place-
ment of dampers, enhancing their efficiency in reducing cable vibrations.

4 Conclusions

This study presented an oscillation model for a stay cable, introducing a novel vibration
motigation approach that combines a viscous damper and an HDR damper affixed at
both cable ends. This model takes into consideration not only the stay cable’s bending
stiffness but also the critical factors of viscous damper support flexibility. Furthermore,
it goes beyond the theoretical realm by providing practical insights through rigorous
validation, yielding results that align with previously established studies. From the
comprehensive analysis executed within this model, several conclusions emerge:

+ The proposed model excels in its capacity to furnish more precise predictions
concerning the upper limits of achievable damping ratio for stay cables when
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Fig. 19 The relationship between (£®s-0)

equipped with both viscous and HDR dampers. Its unique ability to account for
viscous damper support stiffness and stay cable’s bending stiffness enhances the
accuracy of these forecasts.

« The result underscores that a reduction in viscous damper support stiffness sub-
stantially diminishes the cable’s maximum attainable damping ratio. Conversely,
when neglecting the rotational stiffness at both ends of the stay cable, an increase
in the stay cable’s bending stiffness significantly enhances the maximum attainable
damping ratio.

+ A profound insight emanates from the analysis that the vibration mitigation effect
resultant from the combination of viscous and HDR dampers is an amalgamation
of their vibration-reducing prowess.

+ The mounting of dampers onto the stay cable modestly influences its oscillation
frequency. Importantly, these changes in frequency are inversely proportional to
the proximity of the damper attachment points to the stay cable’s anchor loca-
tions. It is also noticed that the damping efficiency when installing two dampers
on the same side of the stay cable is much lower than in the case of installing two
dampers on both sides of the stay cable.

+ Through a survey probing the intricate three-dimensional relationship between
the cable’s damping ratio and the damper parameters, this study allows for the
precise identification of optimal values for viscous and HDR dampers. These val-
ues ensure the maximization of cable oscillation reduction while considering an
array of critical factors, including stiffness variables and attachment locations.

In summation, this research extends the frontiers of comprehension regarding the
dynamic behaviour of stay cables furnished with combined damping solutions. It not
only broadens the theoretical understanding but also offers invaluable practical guid-
ance in the design of systems that efficaciously mitigate cable vibrations, all the while
accommodating the nuances of stiffness parameters and attachment locales.
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