Giner-Morency and Wong Advances in Aerodynamics
Advances in Aerodynamics (2022) 4:36

https://doi.org/10.1186/s42774-022-00129-7

RESEARCH Open Access

: : : ®
A species-transport model for circulation it

in a leading-edge vortex

Clara Giner-Morency and Jaime G. Wong’

favongouabenacs Abstract

Department of Mechanical In this study, we propose a model to predict circulation growth along the span of a
Engineering, University rotating wing, in which circulation transport is represented as species transport. Fluid
of Alberta, Edmonton T6G 1HS, particles entering the vortex shear layer at the leading edge are initialized as vorticity-
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anace containing mass and are advected by the flow along the span. A circulation budget

is presented, consisting of a generation and transport term, the latter derived from

the vorticity transport equation, which leaves only two unknowns for the modeller to
determine: the shear-layer thickness and the spanwise flow distribution. We find that
the model is insensitive to the value chosen for the shear-layer thickness, as varying the
thickness by an order of magnitude only changes the output by a few percent. Mean-
while, we use Bernoulli equation in a rotating coordinates system as a basic model for
spanwise flow. To verify the accuracy of the model, the predicted circulation values are
compared against experimental circulation values and show good agreement to meas-
urements close to the axis of rotation, which corresponds to the spanwise locations

at which the spanwise flow model best matches experimental data. It is suggested,
therefore, that this model produces accurate results subject to an appropriate spanwise
flow model.

Keywords: Leading-edge vortices, Circulation transport, Vortex growth, Rotating
wings

1 Introduction

Leading-edges vortices (LEVs) often present highly three-dimensional flow charac-
teristics, which makes modeling difficult. However, understanding their dynamics is
essential for understanding biological locomotion, or using such locomotion to develop
engineered flyers [1-3]. The present work will provide a circulation growth model for
a rotating wing that accounts for some of these three dimensional characteristics. The
model will estimate the circulation distribution from the flux of circulation through the
leading-edge shear layer and its transport through the spanwise flow.

1.1 The circulation balance of an LEV

Modelling the circulation growth of an LEV in three-dimensional flows, such as
flapping or rotating wings, is challenging because the circulation at any given span-
wise location and the spanwise transport of circulation at that location tend to be
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coupled. For instance, many previous modelling efforts have required knowledge
of the vorticity field to determine spanwise flow [4]. One possible simplification is
to model circulation transport as species transport, neglecting the complex vor-
tex tilting behaviour, when the case permits [5, 6]. In this paradigm, the circulation
transport is characterized by two terms: the circulation feeding rate (3I'/9t);, and
its spanwise transport via spanwise flow (9I'/0¢) .. The circulation balance is thus
expressed as:

(BF) _ <8F> (8F> O
ot total ot in ot out’

where I represents the circulation. For a stable LEV in steady state, such as that found
on rotating wings, this balance must be zero. This simplication has been previously vali-
dated for a translating delta-wing, where spanwise flow is relatively constant [6].

The circulation feeding rate into the LEV is characterized by the vorticity genera-
tion within the shear-layer. As shown by Didden, a relationship can be established
between the rate of circulation growth and the shear-layer velocity for a vortex gener-
ated by a piston-cylinder [7]:

) =l (2)
at ), 2

where u is the shear-layer velocity. A numerically identical result can be obtained for an
LEV formed on a wing through a distinct derivation, in which mass enters and feeds the
leading edge vortex through the shear layer at the wing’s leading edge, and likewise for
the circulation generated in a boundary layer [6-8].

Since the circulation flux through the leading-edge shear layer depends strongly on
the shear-layer velocity, the distribution of shear-layer velocity along the span must
be determined. The shear-layer velocity profile has been investigated in many studies,
as its evaluation is tied to the understanding of the vortex growth [6, 9, 10]. However,
most of the available models or relationships to define the shear-layer velocity pro-
file are confronted with unknown parameter limitations, such that their insights are
difficult to adapt into a completely predictive tool. For example, Roshko provides a
shear-layer velocity relationship to characterize bluff body wakes with the free-stream
velocity Ux and the base-pressure coefficient Cy [11]:

u=Uxy/1— Cy. 3)

Due to the fixed separation point of the shear-layer feeding an LEV, and their closed
streamlines, there may be an analogy to the bluff body analysis of Roskho. However, even
putting aside the effort to validate this analogy, it would be difficult to adapt as it would
require the knowledge of the spanwise pressure profile. Indeed, knowing the pressure
gradient distribution along a wing’s surface would likely eliminate the need for a vortex
growth model, as the ultimate goal of such models is often to predict lift.

Other studies have attempted to model the shear-layer velocity by the acceleration
of the flow around the blockage effect of the LEV [12, 13]:
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where d is the shear-layer thickness, Ry gy is the radius of the vortex area, and r gy rep-
resents the distance from the vortex center, as depicted in Fig. 1. This model has been
independently applied to both rotating and flexible wings [12, 13]. The effective veloc-
ity ueg is the local flow velocity, which is evaluated with the rotational speed Q2 and the
spanwise location from the axis of rotation z as u.g = 2 - z for the specific case of a wing
in pure rotation, as will be investigated in this study.

This model requires modelling the vortex area itself, in addition to the circulation of
the vortex. As circulation enters the LEV with mass through the leading-edge shear-

layer, the relationship between area (or radius) and mass is straightforward via density:

2,
Ripv(t) = 4| Em ®, (5)

where the mass per unit span »' is evaluated by integrating the mass entering the vortex
through the leading-edge shear layer, minus the mass removed through spanwise flow

Wl(t)lz=,0/(dui;quz—//A w(z,r,t)~ndA>dt, ©)

where z is a spanwise position and Az is a spanwise element analogous to a strip-the-

as:

ory calculation, which approximates an airfoil flow as a spanwise arrangement of locally
two-dimensional flows [14]. The shear-layer velocity u is expressed by both the inner
and outer shear-layer velocities ; and u,. This expression for the mass flux into the LEV
includes an extra term to account for the mass transport due to spanwise flow. Here,
w(z, r, t) represents the spanwise component of velocity and A represents the area of the
LEV.

As the spanwise flow removes mass along the spanwise direction, it also removes cir-
culation. The circulation transport can be determined by integrating the vorticity-trans-
port equation over the vortex area. Taking an average across the vortex area, this value
has been determined to be [5]:

u(d,t)=u,

Ueff

Chord

I S
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Fig. 1 Integration approximated area for the velocity field around the boundary of the shear layer of a LEV,
represented as a semi-cylinder of radius R ey (t, 2)
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where the overbar here represents a spatial average. There are many ways to approach
the implementation of the above equations as a predictive model. However, it is worth
noting that by neglecting vortex tilting, we have already made the assumption that cir-
culation follows the mass in the flow. This is a reasonable assumption far from the tip
vorticies [15]. Therefore, we propose a particle-based model that tracks mass and circu-
lation simultaneously. This combines previous work that either tracked only circulation
[6], or tracked circulation and mass as distinct properties without such a particle-based
approach, and includes implicitly the assumption above of low vortex tilting [12, 13]. In
this way, we can de-couple the role of spanwise flow from the growth of circulation, and
therefore model spanwise flow separately, as described in later sections.

1.2 Species transport model
Recent attempts to model the spanwise transport of circulation by species transport have
proven helpful in accounting for the large number of unknowns in such a modelling pro-
cess. However, these models attempted to track circulation alone. As the area of the LEV
could not be computed with only circulation known, this limited the means by which the
shear-layer velocity could be estimated. Here, we propose to adapt the shear-layer model
presented in Section 1.1 to such particle-based models by tracking mass simultaneously.
The basic outline of the model is shown in Fig. 2. At each time step, particles repre-
senting mass are initialized uniformly across the wing span. Each particle is assigned a
mass and circulation based on the shear-layer properties at that time step, and is then
allowed to advect along the span, as shown in Fig. 3. As seen in Fig. 3, the fluid particles
are advected along the span within a streamline in the LEV (identified as the blue helical
streamline) and they are characterized by their mass and their circulation. For exam-
ple, the fluid particle k, when crossing a plane of interest (identified by the green shaded
area), is characterized by a mass M and a circulation I'y. At any given timestep, the total
mass or circulation at a spanwise location is the sum of all the particles at that location
— both those generated that time step, and those advected into that location over time.
Modelling the mass of the vortex with this particle-based method requires modifying
the equations shown in Section 2. For instance, the mass flux into a spanwise section,
shown in Eq. 6, no longer has to consider spanwise flow explicitly, as the motion of the
particles will account for that. Therefore, particles are instead initialized by the value:

My = (3u2-d) At Az
Fk:%u%At
...............
—4z i : i i i Span
Z) Z] Z) [l Zi

Fig. 2 Atevery time-step t, N fluid particles representing vorticity-containing mass are initialized uniformly
along the spanwise domain Z discretized in i bins. Each particle represented by the subscript k is initialized by
the local mass My and circulation ' divided equally among all the particles contained in the same bin
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Particles representing
mass and circulation

Q -
Fig. 3 In the species transport model proposed here, an example streamline (shown as a continuous blue
line), is replaced by discrete particles representing mass and circulation (shown as red dots). At any given

spanwise location (represented here by a green plane), the total circulation is the sum of that contributed by
each particle in that region

U+ u
m(t)|, = p <d120Az> dt . (8)
Meanwhile, the shear-layer velocity estimate in Eq. 4 was derived using a different
method for determining circulation. Removing that term gives the shear-layer velocity
as:

2
R(z, t)) . ©)
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As such, the only variable that the modeller must assign a value a priori is the shear-
layer thickness d in order to assign an initial value to any given particle. We expect the
model to be robust and insensitive to the parameter d variation. Indeed, an increase
of the parameter d value leads to an increase of the mass flow rate, but also leads to a
decrease in the vorticity of the shear-layer, such that the net impact of the parameter d
on circulation is expected to equally cancel, which would satisfy Didden’s relationship
mentioned in Eq. 2. One therefore only requires a model for spanwise flow in order to
model the entire LEV growth.

1.3 Spanwise flow circulation transport models

The circulation transport described in the previous section is sensitive to the spanwise
flow. The spanwise flow component in the present work plays an important role as it
defines mass-particle transport along the span. Previous studies have described the
spanwise flow distribution in a LEV on a rotating wing considering both the centrifu-
gal acceleration distribution and the pressure gradient along the span. Moreover, these
terms appear to be coupled. For instance, Van Den Berg and Ellington suggested that the
spanwise flow is governed by the dynamic pressure gradient resulting from the velocity
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distribution along the span, itself generated by the centrifugal acceleration resultant
from the rotation of the wing [16]. Following this idea, Maxworthy characterized the
pressure gradient along the span for a quasi-steady LEV on a rotating wing [4]. Max-
worthy’s model determined the pressure gradient that resulted from both the centrifugal
effects as well as the distribution of circulation. Unfortunately, Maxworthy’s model may
be better suited to retroactively investigate a flow than as a predictive model, since it
requires the vortex area, which is one of the terms we seek to compute. While this model
provides key insight into the flow within the LEV, it cannot be easily adapted to the pre-
sent case.

Therefore, to estimate the magnitude of the spanwise flow distribution for a rotating

wing, we will implement a simpler model.

2 Methodology

To validate the circulation growth model, we will test the predicted values against exper-
imental results under matching flow conditions. Particle Image Velocimetry (PIV) is
used to evaluate the flow field at several spanwise positions, as well as in the spanwise
direction. In addition to validating the total circulation values, the PIV measurements
can be used to evaluate the shear-layer velocity and spanwise flow estimates produced by
the model.

2.1 Shear-layer velocity estimation

To model the circulation generation, the distribution of the shear-layer velocity must
be estimated. As the characteristic shear-layer velocity profiles demonstrated the
inner shear-layer velocity is small when compared to the outer shear-layer veloc-
ity, the outer shear-layer velocity is the primary value characterizing the shear-layer
velocity itself at the leading-edge. Experimental velocity values are obtained by sam-
pling the velocity at the location of maximum shear. Values were sampled at sev-
eral locations along a line normal to the velocity vector at this location of maximum
shear, and the maximum velocity along this line is taken as the outer shear-layer

velocity.

2.2 Spanwise flow estimation

As mentioned previously, the present study wishes to model the spanwise flow distri-
bution along the rotating wing as it plays an important role in the circulation advec-
tion. Previous studies have observed a helical streamline in the vortex core of an LEV
[17]. In order to avoid modelling as many additional unknowns as possible, we will apply
Bernoulli’s equation to the present problem along the helical streamline, such as that
shown in Fig. 3, to estimate spanwise flow. As we are applying Bernoulli’s equation to a
viscous flow, we do not expect perfect agreement. However, LEVs have been surprisingly
well described by inviscid models in the past [18], and we will validate that approxima-
tion here as well. The spanwise flow distribution given by Bernoulli’s equation in rotating
coordinates for an inviscid flow is:

P w?  Z2Q2

pg 2 2

= const, (10)
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where P represents the local pressure, g represents the gravitational acceleration and z
represents the distance from the axis of rotation, such that Z7 would represent the wing
tip position within that spanwise domain. Assuming the spanwise flow is zero at the axis
of rotation, the constant on the right-hand side of Eq. 10 is just a reference pressure %Po.
Therefore, assuming a linear pressure gradient in the LEV [19], the equation becomes:

WZZ%%2+QZ2, (11)
where Q represents the physical rotational speed and where the difference in pressure
between a point at z and the axis of rotation is %—Iz)z. It will be shown later on that, at least
for our case, the entire pressure gradient term is small, in which case the resulting span-
wise flow can be reasonably modelled as:

w? = Q%Z%. (12)

While this model is imperfect, of course, it is worth noting that previous results con-
cerning LEV stability can be recovered despite its simplicity. For instance, if we take the
spanwise transport of circulation, that is, the right-hand side of Eq. 7, and normalize I
by Usoc = QZ7c, normalize the gradient in z by Z7, and the spanwise flow by QZ7, then
the normalization follows as:

_or w ar  Zr _or 1
W— — - =w— —— AR =1l, (13)
9z QZr )\ 3z (QZ7r)c 0z (QZr)?

where it is presumed that this spanwise transport of circulation forms a Pi group,
ITp = f (I3, ...), characterized by the aspect ratio (AR = ZTT) of the wing. Therefore, the
dimensional transport of circulation should scale with 1/AR, such that lower aspect

ratios correspond to more stable LEVs, which corresponds to the findings of Lentink and
Dickinson [20, 21].

2.3 Parameter space selection

The circulation growth model assumes limited vortex tilting, and therefore the param-
eter space has been selected in order to minimize the effect of tip vorticies. A continu-
ously rotating wing also generates a stable LEV, which, while not strictly required, does
simplify the measurement process. Therefore, we will evaluate the model in the case
of a thin flat plate in rotation, at an angle-of-attack of 45 degrees. The angle-of-attack,
which is representative of instantaneous angles of attack achieved by small biological fly-
ers, was selected such that a strong LEV would form consistently. Reynolds numbers are
selected to be low (Re = 1000 and Re = 2500), in order to maximize the effect of viscos-
ity in order to test the assumption that viscous effects were small. The Reynold number
is then defined as:

P QZrc

Re = —""—, 14
I (14)
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such that the Reynolds numbers are evaluated at the wing tip, where p represents the
density and i represents the water viscosity. The selected position is defined as the dis-
tance from the axis of rotation but will be referred to as their position from the root
of the wing. Their values include the 0.5 ¢ gap distance from the axis of rotation to the
root of the wing. The wing has a chord of ¢ = 50.8 mm (2in), a span of b = 210 mm
and a thickness of r = 3.2 mm (1/8 in), giving an overall aspect ratio of 4. The wing was
rotated within a cubic tank of 1 m3. The dimensions satisfy the wing clearance criteria
described by Jones et al. [22].

The spanwise locations are all in the inner-half of the span, in order to minimize the
effect of the tip vortex and, therefore, minimize the effect of vortex tilting. Measure-
ments were therefore taken at 1/4, 1/3, and 1/2 of the span length, from the root to the
wing tip. The wing was rotated at a constant rate by a stepper motor. To achieve the
low rotational speeds required by the selected Reynolds numbers, a 27:1 planetary gear
reduction was placed between the stepper motor (Longrunner 22B, 200-step-per-revo-
lution) and the drive shaft.

2.4 Optical set-up

Two optical set-ups were used to capture the flow within the vortex core and the span-
wise flow, respectively, as shown in Fig. 4. The PIV setup consists of a Photron FAST-
CAM Mini WX-50 high-speed camera with a Tamron 100 mm/2.8 lens. A 6.5W
continuous wave-laser was used to illuminate the flow field, seeded with polymer micro-
beads of diameter 50 x 10~°m. The image resolution was 2048 x 2048 px? with a pixel
size of 10um and a resolution of 7.32 x 1072 mm/px. The field of view was approxi-
mately 150 mm for all test cases, with small variations between spanwise locations. The
specific frame rate varied between individual test cases as a function of the local flow
velocity. Vector fields were computed in LaVision Davis 10.

PIV measurements captured velocity fields to describe both the spanwise flow and to
compute the circulation using separate laser planes. The spanwise flow data was cap-
tured when the span of the rotating wing was perpendicular to the camera’s axis, where
the laser sheet that illuminated the entire wing span was normal with the camera’s axis
and passed through the axis of rotation. Meanwhile, the velocity fields used to compute
circulation were captured when the span of the rotating wing was parallel to the camera’s
axis. The laser sheet was again perpendicular with the camera’s axis, such that in this
case the laser plane was also normal to the wing span, and offset from the axis of rota-
tion such that it would illuminate the desired spanwise location. The laser sheet’s plane
was moved for each spanwise location set of measurements.

Measurements were repeated at several azimuthal angles, in order to observe any
time-dependence in the LEV strength or shear-layer velocity. The selected revolution
angles range varies from 90 degrees to 225 degrees with increments of 45 degrees, such
that effects from the impulsive start are excluded. Therefore, from here on, azimuthal
angle and time may be used interchangeably. The wing started its rotation by being posi-
tioned with the desired revolution angle with the camera’s axis, such that the camera
trigger is synchronized with the azimuthal angle. As PIV images were collected continu-
ously, individual azimuthal angles were selected from PIV images by comparing wing
geometry to pre-determined known positions in the raw images.
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Fig.4 Experimental set-up for a the spanwise flow measurements and b the LEV circulation growth
measurements. In both cases, the laser sheet plane is parallel to the camera, however in the first case (a),
the laser-sheet is centered with the axis of rotation; while in the second case (b), the laser-sheet is centered
with the spanwise location of interest. The high-speed camera also captures the velocity fields of the flow for
different planes of interest. To measure the spanwise flow, the velocity fields are captured when the rotating

wing is parallel with the camera’s plane; and to compute the circulation, the velocity fields are captured when
the rotating wing is perpendicular with the camera’s plane

Rotational speed

Laser coupled with diverging prism
Laser sheet in the x-z plane

A median normalization was applied prior to vector calculation to subtract the back-
ground image for each run. Ten runs were recorded for each case. After the median nor-
malization, only frames where the LEV presents perpendicular to the camera were kept
to be processed. Flow fields were calculated with a multi-grid/multi-pass cross-correla-
tion algorithm. For each study case, an overlap of 50% was applied to the first two passes

Page 9 of 18
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with the initial interrogation window and an overlap of 75% was applied to the last two
passes. While symmetric interrogation windows such as squares and similar shapes are
the most computationally efficient, asymmetric interrogation windows, such as ellipses,
can provide greater dynamic range in areas of high shear and thus, best capture large
velocity gradients in the shear-layer. Such asymmetric interrogation windows were uti-
lized when optimization of PIV measurements was necessary, with their orientation and
aspect ratio chosen automatically by the software based on velocities determined in the
first pass of a multi-pass scheme.

A characteristic LEV structure is illustrated with the instantaneous vorticity field in
Fig. 5a. Rather than selecting a threshold value to define the vortex, we intend to cap-
ture circulation near the wing, as defined geometrically in Fig. 5 by the control volume
shown as a black rectangle containing the entire LEV region. In this figure, the vorticity
distribution is extracted from direct measurements taken at the location 1/4 of the span
for the Re = 1000 test case and for the azimuthal angles of 90 degrees. However, for the
purpose of showing the qualitative vortex shape and size, this case is representative of
the others. Figure 5b presents the standard uncertainty of velocity from this case, and is,

20

o
] /Uso

0u/Uso

0 0.5 1
x/c

(b)

Fig. 5 a A typical normalized vorticity field extracted from the quarter-span of the Re = 1000 case, showing
the integration window used to determine circulation. b The uncertainty of the PIV velocity vectors,
normalized by the free-stream velocity
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Fig. 6 aThe mass growth within the LEV along the span of a rotating wing is an approximately linear
distribution while b the circulation growth along the span of a rotating wing is growing faster. Both the mass
m and the circulation I'* distributions are presented in function of the span position z* and in function of the
time, or the equivalent revolution angle t* = 6. The figure presents the Re = 2500 case, but the behaviours
for the Re = 1000 are similar
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again, representative of others. PIV uncertainty was computed in LaVision Davis using
the methods developed by Wieneke [23].

3 Results and discussion

Outputs from the model are presented in Fig. 6 for the Re = 2500 case. The Re = 1000
case is similar. As the model is tracking particles representing circulation-containing
mass, the mass distribution within the LEV is presented as well in Fig. 6. As shown in
Fig. 6, the distribution of mass into the LEV is approximately linear with the span while
the circulation growth grows slightly faster along the span.

The circulation estimated by the model is compared to experimentally measured cir-
culation values in Fig. 7. The experimental circulation values, computed directly from
the velocity fields obtained from PIV measurements, are presented as broken lines. The
predicted circulation values, generated by the model when inputting both spanwise flow
and shear-layer velocity models, are presented as shaded ranges. The shaded region for
the modelled values represents the range of circulation estimates obtained by varying
the shear-layer thickness d by one order of magntiude, fromd = 10> mtod = 1072 m.
As the shear-layer thickness is the only parameter the modeller can vary, this demon-
strates that it has a negligible outcome on the output of the model. This is desirable, as
the model is still useful without any a priori knowledge of the flow field, and the model-
ler only requires a rough guess of the shear-layer properties. Matching colors indicate
identical spanwise position for easier visualisation. As shown in Fig. 7, the model is
robust and minimally sensitive to the shear-layer thickness parameter input.

The modelled shear-layer velocity controls the circulation feeding term, while the mod-
elled spanwise flow distribution controls the circulation transport. Eventually these terms
find equilibrium, and the vortex is considered stable. However, the modelled circulation is
in best agreement closer to the axis of rotation (1/4 and 1/3 of the span). This coincides to
the regions along the span with the greatest agreement between modelled and measured
spanwise flow, indicating that the quality of the spanwise flow model is the primary limit-
ing factor in a circulation model of this type, which is discussed in the following section.

This similarity between the two test cases indicates that the viscous effects describing
the LEV dynamics, such as those of the viscous diffusion, are small when compared to the
convective effects, at least with respect to the strength of the LEV. This result is consistent
with previous findings that the Reynolds number affects secondary structures around an
LEV, but not the bulk circulation [24]. This suggests that the timescales characterizing the
vortex growth are faster than those characterizing the viscous diffusion within the LEV.

3.1 Spanwise flow approximation by Bernoulli’s equation
The experimental spanwise flow is shown in Fig. 8, alongside the modelled values. Fitting
the modified Bernoulli equation to the experimental data, the pressure gradient term

(See figure on next page.)

Fig. 7 Predicted circulation versus time for each spanwise position for a Re = 1000 and b Re = 2500. The
shaded area represents the prediction interval relative to the shear-layer thickness d parameter sensitivity. The
predicted values are overall similar to the experimental circulation values and the circulation values predicted
by the semi-empirical model. The behaviours for both Reynolds numbers are similar as the model was found
to be insensitive to Reynolds numbers
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Fig. 8 Curve fits of the spanwise flow when constrained to match the form suggested from Bernoulli
equation in rotating coordinates for a Re = 1000, and b Re = 2500. In both cases, the spanwise flow is
primarily driven by rotational acceleration rather than the pressure gradient
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contributes very little to the overall spanwise flow, using the rotational term contributing
more than 95% of the total magnitude. While the Bernoulli equation in rotating coordi-
nates estimates the magnitude of the spanwise flow with both rotational and pressure
terms, fitting the equation terms to the experimental data shows that the spanwise flow
is driven mostly by the rotational acceleration, and the pressure variation dP/dz repre-
sents less than 5% of the total spanwise flow.

The modelled values therefore include only the rotational components, based on the
physical rotation rate of the wing. As seen in Fig. 8, the modelled spanwise flow val-
ues are initially a good fit with the experimental data, but deviate from the experimental
data with increased span. This suggests that the pressure gradient role probably grows
in importance further away from the axis of rotation, to the point where it is no longer
negligible. This is the likely reason that the predicted circulation values in Fig. 6 are in
good agreement closer to the axis of rotation, but are overestimated farther along the
span. As the circulation transport depends directly on the spanwise flow, this results in
the over-estimate of circulation by the model previously observed in Fig. 7. However, it
also shows that the model performs adequately as long as the spanwise flow estimates

are accurate.

3.2 Shear-layer velocity profile approximation

The modelled shear-layer velocity is compared to the experimental shear-layer velocity in
Fig. 9 for both Re = 1000 and Re = 2500. There is little difference between the Reynolds
number cases, which was expected due to the insensitivity to Reynolds number on LEV
topology seen in the literature [18, 24]. The experimental shear-layer velocity, shown as
the blue dashed line, grows along the span. The modelled shear-layer velocity presented
in the solid line is also a nearly-linear distribution along the span within the experimen-
tal range. While the modelled shear-layer velocity is somewhat under-estimated at the
root of the wing, the values converge as we reach the half-span location. A primary goal
in setting our shear-layer model was to minimize the number of free-parameters given
to the modeller in order to highlight the limitations of the particle-based methodology,
and we therefore believe that better agreement is possible in future models if this condi-
tion is relaxed. In general, the model is less sensitive to accurate shear-layer velocities
and thicknesses than to spanwise flow values, and therefore we believe the values given

here are acceptable for the purposes of the model.

4 Conclusion

The purpose of this exercise was to provide a predictive model for the LEV circulation dis-
tribution along the span of a rotating wing. The model for spanwise circulation transport
is derived from the approximation of the vorticity transport equation as species transport,

(See figure on next page.)

Fig. 9 Predicted shear-layer velocity profile along the span versus experimental shear-layer velocity
distribution (from 1/4 to 1/2 the span) for a Re = 1000 and b Re = 2500. The predicted values are identified
by a solid line only for the spanwise region of interest and become a dot line to represent the projected
values of the spanwise region between the root and 1/4 of the span. When normalized by the wing tip
velocity, the shear-layer velocity profiles for both Reynolds numbers are similar, if not identical



Giner-Morency and Wong Advances in Aerodynamics (2022) 4:36

1.2

Model
- o :Experimental

0 0.5 1 1.5 2 2.5

1.2

0.2} i Model
- o :Experimental

0 0.5 1 1.5 2 2.5
z/c
(b)

Fig. 9 (Seelegend on previous page.)

Page 16 of 18



Giner-Morency and Wong Advances in Aerodynamics (2022) 4:36 Page 17 of 18

such that circulation is tied to the mass entering the LEV’s shear-layer. The model origi-
nally only accounted for circulation transport, and not mass transport, requiring the use of
empirical values for the shear-layer velocity. The addition of mass transport to the model
here permitted the use of a shear-layer model, reducing the dependence on empirical data.

When given an appropriate and accurate spanwise flow model, the transport model accu-
rately predicted the circulation of an LEV. However, in regions where the spanwise flow
model underestimated the spanwise velocity, circulation values were over-estimated as the
spanwise transport of circulation was under-estimated. This shows the need for a better
model for the spanwise flow in a leading-edge vortex. Nevertheless, the model proved to be
a simple and effective methodology to estimate the LEV circulation growth along the span
for a rotating wing, in situations where vortex tilting is not expected to be significant.
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